A Simple Analysis of the Harmonic

Algorithm for Two Servers

Marek Chrobak^∗ Jiří Sgall^†

Abstract HARMONIC is a randomized k-server algorithm that chooses the servers with probabilities proportional to the inverses of distances to the request point. We present a simple proof that HARMONIC is 3-competitive for k = 2.

1 Introduction

In the k-server problem we are given a metric space M populated by k mobile serves. At each time step a request r ∈ M is specified, and we need to move one server to r to “satisfy” the request. The decision as to which server to move needs to be made online, without the knowledge about future requests.

An online server algorithm A for the k-server problem is called C-competitive if its cost on any request sequence ϱ is at most C times the optimal (offline) cost on this sequence, plus possibly an additive constant independent of ϱ. The same definition applies to randomized algorithms as well, we just need to replace our cost by our expected cost on ϱ. The competitive ratio of A is the smallest C for which A is C-competitive.

Manasse, McGeoch and Sleator [6] gave a 2-competitive algorithm for 2 servers and they proved that no deterministic online algorithm for k servers can be better than k-competitive. They also formulated the still-open k-server conjecture that a k-competitive algorithm exists for each k. The best known upper bound on the competitive ratio for k ≥ 3 is 2k−1, by Koutsoupias and Papadimitriou [5]. We refer the reader to [2, 4] for more general information on the k-server problem.

HARMONIC is a randomized k-server algorithm proposed by Raghavan and Snir [7]. If the distance between the server s_j and the request point is ℓ_j , the algorithm moves s_j to the request point with probability proportional to its inverted distance to the request, that is ℓ^{−1}_j /( ∑ i ℓ^{−1}_i ). HARMONIC is natural, simple and memoryless. In spite of intense study, its exact competitive ratio for k ≥ 3 is still unknown. The best upper bound, by Bartal and Grove [1], is exponential in k (see also [2]), much larger than the conjectured ratio and the known lower bound of k(k + 1)/2 [7]. We note that the upper bound holds even against the so-called adaptive adversary that can choose requests based on the information on our server locations.

The case of k = 2 was settled by Chrobak and Larmore [3], who proved that for two servers HARMONIC is 3-competitive, thus matching the lower bound. The “lazy” potential function used in

∗Department of Computer Science, University of California, Riverside, CA 92521. Email: marek@cs.ucr.edu. Research supported by NSF grant CCR-9503498, and an NRC COBASE grant (NSF contract INT-9522667).

†Mathematical Institute, AS CR, Žitná 25, CZ-11567 Praha 1, Czech Republic; and Dept. of Applied Mathematics, Faculty of Mathematics and Physics, Charles University, Praha. E-mail sgall@math.cas.cz,

http://www.math.cas.cz/~sgall. Research partially supported by grant A1019901 of GA AV ČR, postdoctoral grant

201/97/P038 of GA ČR, and cooperative research grant INT-9600919/ME-103 from the NSF (USA) and the MŠMT (Czech Republic).

[3] was obtained by computing HARMONIC’s maximal cost when the adversary alternates requests on his current server positions. The resulting potential is a complicated rational function, and the analysis involves tedious calculations.

In this note we present an alternative, simple proof that HARMONIC is 3-competitive for two servers. Our potential function is very simple: the distance between the unmatched servers, plus twice the distance from our unmatched server to the adversary’s closest server. This function can be thought of as an approximation to the potential from [3]. It converges to the lazy potential when the servers are almost matched, and extends in a piecewise linear fashion to all other configurations. We believe that, by studying such approximations for larger values of k, it should possible to derive simple potential functions for proving the optimal ratio (or, at least, a more accurate upper bound).

2 Analysis of HARMONIC

Denote our servers by s_1, s_2 and the adversary servers by a_1, a_2. We divide the game into steps. In one step the adversary moves one server to a new point and requests it. Then our algorithm serves the request. Without loss of generality, assume that the last request was served by a_1 and s_1; thus they are at the same point. Let u be the distance between a_1 and s_2 and v the distance between a_2 and s_2. We define the potential of this configuration as Φ_{uv} = v + 2 min {u, v}. Suppose that in the next step the adversary moves his server by distance d. We want to prove that the potential function satisfies

cost_H + Φ^′ ≤ 3d + Φ_{uv} (1)

where cost_H is the expected cost of HARMONIC in this step and Φ^′ is the expected value of the new potential. Let x denote the distance between a_1 and a_2 (before the move) and let b and c denote the distance of the request point to s_1 and s_2, respectively. We have cost_H = 2bc/(b + c). We distinguish two cases, depending on which adversary server moved to the request point (see the figure below).

Case 1: The adversary moves a_2. Since, by the triangle inequality, Φ_{uc} ≤ 3d + Φ_{uv}, it is sufficient to prove that cost_H + Φ^′ ≤ Φ_{uc}. The expected value of the new potential is cΦ_{cu}/(b + c), and after substituting and rearranging the last inequality is equivalent to c(b + u − c) ≤ 2b min {u, c} (2) Using triangle inequalities involving b, c and u, we have c(b + u − c) ≤ c(b + b) = 2bc and c(b + u − c) = (c − u)(b − c) + bu ≤ 2bu, so (2) holds.

Case 2: The adversary moves a_1. Thus d = b. The expected potential value is cΦ_{cv}/(b+c)+bΦ_{bx}/(b+ c). We have Φ_{bx} ≤ x + 2b ≤ u + v + 2b. Using this and rearranging, inequality (1) reduces to

bu + 2c min {v, c} ≤ b^2 + bc + 2(b + c) min {u, v} (3)

Since u ≤ b+c, the left side is at most b(b+c)+2cv ≤ b^2+bc+2(b+c)v. On the other hand, using triangle inequalities, we can also bound the left side by bu + 2c^2 ≤ bu + 2(b + u)c ≤ bu + bc + b(b + u) + 2uc = b^2 + bc + 2(b + c)u. Thus (3) holds.

We proved that (1) holds in each step. Thus, by amortizing over the whole request sequence, we obtain the following result.

Theorem 1 HARMONIC is 3-competitive for 2 servers against the adaptive adversary.

References

[1] Yair Bartal and Edward Grove. The harmonic k-server algorithm is competitive. To appear in Journal of the ACM.

[2] Allan Borodin and Ran El-Yaniv. Online Computation and Competitive Analysis. Cambridge University Press, 1998. http://www.cup.org/Titles/56/0521563925.html.

[3] Marek Chrobak and Lawrence L. Larmore. HARMONIC is three-competitive for two servers.

Theoretical Computer Science, 98:339–346, 1992.

[4] Marek Chrobak and Lawrence L. Larmore. Metrical task systems, the server problem, and the work function algorithm. In Online Algorithms: State of the Art, pages 74–94. Springer-Verlag, 1998.

[5] Elias Koutsoupias and Christos Papadimitriou. On the k-server conjecture. Journal of the ACM, 42: 971-983, 1995.

[6] Mark Manasse, Lyle A. McGeoch, and Daniel Sleator. Competitive algorithms for server problems.

Journal of Algorithms, 11:208–230, 1990.

[7] Prabhakar Raghavan and Marc Snir. Memory versus randomization in on-line algorithms. IBM Journal on Research and Development, 38:683–707, 1994.