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Some notes from Lecture 1

We have an sequence of integers N = N (n) and sets I' = I'(n) of size [I'| = N
(having in mind as a main example I' = E(K,), the edges of a complete
labeled graph on n vertices).

Definitions. e Binomial subset I', is obtained by including each ele-
ment of I' independently with probability p

e uniform subset I'p; by choosing a subset of size M uniformly at ran-
dom.

o A property is a family of subsets Q@ C 2V (actually, a sequence of
families, for each n, since I' depends on n)

e A monotone increasing (decreasing) property is a property that is
closed under addition (removal) of elements.

Lemma 1. If 0 < My < My < N and 0 < p; < py <1 and Q is an
increasing propery, then

(i) IP{FMl € Q} < P{FM2 € Q}
(it) P{Tp, € Q} <P{l}, € Q}
Lemma 2. Consider any property Q. Let My = Np £ w\/Npq, where
g=1—pandw =w(n) — co. If a € [0,1] is fized and for any M € [0, N]
that lies between M_ and My we have
P{FM S Q} — a,
then
P{I', € Q} — a.

Lemma 3. Let Q be a monotone property. Write po = M/N, qo = 1 — po.
Let a € [0,1] be a constant and assume w = w(n) — oco. If for any sequence

p = po £ wy/B such that p € [0,1] we have

P{T', € Q} — a,

then
P{FM S Q} — Q.



Lemma 4. Suppose P{T', ¢ Q} = o(1/vVM), M = Np. If M, N—M — oo,
then P{I'yy € Q} — 1

Definition. Given a sequence b, > 0, we write a, < by, (or b, > ay)
meaning an /b, — 0.

Definition. A threshold of an increasing property Q in model I', is a func-
tion p = p(n) such that

0, pLp

P{T
{peQ}—>{17 P> p.

Similarly a threshold in the model Ty is a function M = M(n) such that

0, M<M

F{lw Q)= {1, M > M.

Theorem 5 (Bollobds and Thomason, 1987). Fvery nontrivial increasing

property (that is, such that for every n it is neither () nor whole 2¥') has a
threshold.

Definition. Given an increasing property Q a function p = p(n) (M =
M (n)) is a sharp threshold in the model I'y, (T'ar) if for every fized e > 0
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0, M<(1-e)M
<]P){FM€Q}_> {1, Mz(1+a)M>'

0, p <
P{I', € —
Ty Q) {1 o



