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Ungraded easy tasks to start with, for better lecture enjoyment.

• Let X, A be sets. Let da for a ∈ A be a metric. Then the function d(x, y) 7→
supa∈A da(x, y) is also a metric. (We used similar function to prove Talagrand inequa-
lity.)

• Azuma implies Chernoff (for Bi(n, p)) when p = 1/2 – but not in general.

• As does Talagrand but with worse constants.

• For each martingale X0, . . . , Xm we have E[Xj | Xi] = Xi for every j ≥ i (*). The
opposite direction is false: there is a sequence of random variables X0, . . . , Xm, which
meets (∗), but does not constitute a martingale.

Graded tasks

1. Suppose p = 1+ε
n

, ε > 0 and ε → 0. Let Z be the total number of offspring born in
the Galton-Watson process with offspring distribution Bi(n, p). It can be shown that

Pr[Z = ∞] = 2ε + o(ε) and for any L = L(n) we have Pr[L ≤ Z < ∞] = 1+o(1)
εL

. You
can assume these facts as granted in the following.

Let X be the number of vertices in components of size at least 16 logn
ε2

. Assuming ε→ 0
sufficiently slowly (like n−c for a constant c > 0 of your choice), show that

(a) E(X) = 2εn(1 + o(1))

(b) (Harder) E(X2) ≤ 4ε2n2(1 + o(1))

(c) Conclude that you can choose a sequence an = o(ε) so that

Pr[X = (2ε± an)n]→ 1.

Motivation: this is an ingredient of proving that the largest component has about 2εn
vertices. 6

2. The difference between the mean and a median of a random variable X is bounded by
the standard deviation σ =

√
V ar[X]. 1

3. Consider the first version (geometric) of Talagrand inequality, with each Ωi being a
{+1,−1}, thus we take a random point in {+1,−1}n. Let A be a convex subset of Rn.



(a) Then the special distance defined in class is simply the Euclidean distance. 0

(b) Let At be the set of points in Rn that have Euclidean distance at most t from A.
Show

Pr[X ∈ A] Pr[X /∈ At] ≤ e−ct
2

for some c > 0. 2

(c) Part (b) is false if A is not convex. 1

4. Let V be a d-dimensional subspace of Rn, let X be a random point of {−1,+1}n

(a) E[dist(X, V )2] = n− d 1

(b) For any t > 0,

Pr[| dist(X, V )−
√
n− d| ≥ t] ≤ Ce−ct

2

for some c, C > 0. 2

5. Let X be as in Talagrand’s inequality – a Lipschitz r-certifiable random variable with
median m. In class we showed

Pr[X ≤ m− t
√
rm] ≤ 2e−t

2/4 .

Show analogical bound for Pr[X ≥ m+ t
√
rm]. 1

6. There is a ∆0 such that if ∆(G) = ∆ > ∆0 and B ≥ ∆(log ∆)3 and no vertex has more
than

(
∆
2

)
−B edges among its neighbors, then χ(G) ≤ ∆ + 1− B

e6∆
. 3

For reference

1. Talagrand’s inequality I Let A be a subset of the product probability space Ω =∏
i Ωi. Then Pr[X ∈ A] Pr[X /∈ At] ≤ e−t

2/4, where At is the set of such x that
dist(x,A) ≤ t, and dist is supremum over all unit vectors α of infy∈A

∑
i:xi 6=yi αi.

2. Talagrand’s inequality II Let X = f(T1, . . . , Tn), f is c-Lipschitz and r-certifiable.
Then for any 0 ≤ t ≤Med[X]

Pr[|X −Med[X]| > t] ≤ 4 exp(− t2

8c2rE[X]
) .

3. Talagrand’s inequality III Let X = f(T1, . . . , Tn), f is c-Lipschitz and r-certifiable.
Then for any 0 ≤ t ≤ E[X]

Pr[|X − E[X]| > t+ 60c
√
rE[X]] ≤ 4 exp(− t2

8c2rE[X]
) .

RS

first part canceled, sorry



1 (a) Bound the probability of a vertex being large (i.e., belonging to a component with
at least k := 16 logn

ε2
vertices) by the probability that certain branching process does

not die out (or dies out late). (b) In order to estimate that two given vertices u and
v are both large, explore the component u one vertex at a time, and but stop exactly
when you find k vertices (or the whole component if it’s small). If v is not among these
k vertices, explore the component of v in the graph spanned by the remaining n − k
vertices. (c) The second moment method.

2 Use one-sided Chebyshev’s inequality Pr[|X ≥ EX+ t] ≤ σ2

σ2+t2
. The two-sided inequa-

lity with bound σ2/t2 gives a weaker bound
√

2σ.

3 No hint will be given, points will stay the same.

4 (a) This is linear algebra, actually. Consider matrix projecting to V ⊥ (the orthogonal
complement of V ). (b) Use Talagrand inequality.

5 Proceed similarly (but you will obtain slightly weaker bound). Choose b such that
m = b− t′

√
rb is the median, and find a bound on b using m.

6 Follow closely the proof from the class. As many people were missing, find a copy from
the book at http://iuuk.mff.cuni.cz/~samal/tmp/MR.pdf.

http://iuuk.mff.cuni.cz/~samal/tmp/MR.pdf

