NDMI095 — Probabilistic techniques 11

LS 2017 — Robert Samal, Matas Sileikis
Homework 1 — Hint: Mar 17, Solution: Mar 24

Solutions delivered before the hint is released score up to twice the given
points. Solutions delivered after the solution is given at the recitation section
score at most 2/3 of the points.

You can deliver the solution to me in person in my office (125, 3rd floor)
or before the lecture/recitation, put it in my mailbox (KAM, 2nd floor), or
e-mail to matas@kam.mff.cuni.cz (scanned or typeset). Please make sure
that the solution is legible and sign each sheet.

To pass, about 1/2 of points will be needed, to score A without an oral
exam, about 90% will be needed. (To be specified later.)

(1) [2 points] A median m of a random variable X is a number such
that P{X <m} ,P{X >m} > 1/2. It is known that for binomial random
variable with parameters n and p the median is either |np| or [np]. Con-
clude that for any monotone property Q of subsets of I, integer M € [0, N]|
and p = M /N (here N = |I'|) we have

P{Ty € Q} <2P{l', € Q}.

(2) [3 points]

Let Q be an increasing property of subsets of I', and M = M (n) — oo.
Define p = M /N and assume that § > 0 is fixed and 0 < (146)p < 1. Prove
(optionally using the statements from the lecture) that

(i) EP{T, € Q} — 1, then P{I'yy € Q} — 1

i)
(ii) IfP{l', € @} — 0, then P{T'yy € Q} =0
(iii) FP{Ty € Q} — 1, then P {144, € Q} — 1
)

(iv) If P{T'p € Q} — 0, then P{T'(1_4), € Q} — 0.

(3) [1 point] — corrected 16 Mar 2017
Let P = { graph contains a copy of K3}. It is known that whenever

np — ¢ € {63} [0, 00), then P{G(n,p) ¢ P} — €46 exp {—c*/6}. What is
the threshold of P? Explain whether it has a sharp threshold.



(4) [2 points] Prove that if p = o(1/n), then G(n,p) has no cycles
a.a.s.

(5) [3 points] Prove that if p = log"%, where w, — 00, as n — 00,
then G(n,p) has minimum degree at least 1 a.a.s.

Let fx(z) =Y ;502'P{X =i} be the probability generating function of
a random variable that takes values in {0,1,...}. Given a Galton-Watson
process with offspring distribution X, let Z,, be the number of individuals
at m’th generation (with agreement that Zy = 1).

(6) [3 points] Let 6,,, = P{Z,, = 0} be the probability that the pro-
cess died out before reaching mth generation. Show that 6,, = fx(0m,—1).
Suppose that fx(z) = z has unique solution x = px in (0,1). Show that
Om — px, M — 0.



Hints

(1) Express the probability on the right using the law of total probability
and use the monotonicity of the model I'y,.

(2) Use exercise (1) and Lemma 3 from the notes of Lecture 1.

(3) Let p(e,n) be the value of p such that P{I', € P} = . First question:
find p(1/2,n). Second question: show that if a monotone property has a
sharp threshold then p(e,n)/p(1/2,n) — 1 for every ¢ € (0, 1), where.

(4) Estimate the expected number of cycles.
(5) Estimate the expected number of vertices of degree 0.

(6) First question: condition on the number of children the root has. Second
question: prove that fx is continuous and use that.



