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Many “extremal” problems are simple when restricted to random graphs.
For example, let us fix a real number p such that 0 < p < 1. What is the
smallest possible number of triangles in an n-vertex graph with at least p(g)
edges? This is a fairly difficult problem, which was only recently completely
solved by Razborov. However, if the graph is random (in the sense that each
pair of vertices forms an edge independently with probability at least p), then
clearly the graph will contain at least roughly p? (g) triangles.

Regularity lemma is an useful tool which essentially tells that every suffi-
ciently large graph can be approximated by a bounded number of “random-
like” subgraphs. Before we can state this result precisely, we need to intro-
duce a number of definitions.

For a graph G and disjoint non-empty sets A, B C V(G),

e let ¢(A, B) denote the number of edges of G with one end in A and the
other end in B, and

o let d(A, B) = L)

Note that d(A, B) is the density of edges between A and B—if we choose
a € A and b € B at random, the probability that ab € E(G) is d(A, B).

We now need a suitable notion of a “random-like” graph. It suffices to
require that the edge density in every sufficiently large subgraph is close to
the edge density of the whole graph.

Definition 1. Let G be a graph and let §,¢ > 0 be real numbers. A pair
(A, B) of disjoint non-empty sets A, B C V(G) is (9, ¢)-regular if

e all A C A and B’ C B such that |A’| > §|A| and |B'| > 0|B| satisfy
|d(A’, B") — d(A, B)| < e.
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We say that the pair is e-regular if it is (e,¢)-regular.

Let us argue that this really describes random graphs well enough. We
will need a basic result from the probability theory.

Theorem 1 (Chernoff inequality). Let 0 < p <1 be a real number. Let X1,
..., X, be independent random wvariables, taking value 1 with probability p
and value 0 with probability 1 — p. Let X = """ | X;. Then for every t >0,

+2
Prob(|X — pn| > t) < 2e™ 2n+i/3)

Lemma 2. Let 0 < p < 1 and e > 0 be real numbers. There exists an integer
ng such that the following holds. Let G be a random graph such that each pair
of vertices forms an edge independently with probability p. Let A, B C V(G)
be disjoint, such that |A| = |B| > ng. Then (A, B) is an e-regular pair with
probability at least 1 — .

Proof. Let |A| = |B| = N. Let A’ C A and B’ C B be sets of size at least
eN. By Theorem 1,

62 !/ ! 54
Prob(|e(A’, B') — p|A'||B'|| > ¢|A'||B'|/2) < 2¢ swrerm 15T < 2 s N

. 3 —4
and equivalently, letting kK = S(pia/G)’

Prob(|d(A’, B') — p| > £/2) < 2",

Note that there are at most 4" pairs of subsets of A and B, and thus the
probability that there exist sets A’ C A and B’ C B of size at least e N such
that |d(A", B') — p| > ¢/2 is less than

4N2€—HN2 _ 6(10g4)N+10g2—I€N2 S 6/2

for N large enough.

In particular, Prob(|d(A, B)—p| > £/2) < ¢/2 for N large enough. Hence,
with probability at least 1—¢, we have |d(A, B)—p| < ¢/2 and |d(A’, B')—p| <
e/2 for every A C A and B’ C B of size at least eN. It follows that
|d(A’, B") — d(A, B)| < ¢ for all such sets A" and B'. O

1 Properties of regular pairs
Let us now show that regularity implies some of the properties expected

of a random graph. Firstly, almost all degrees are close to those expected
according to the edge density.



Lemma 3. Let G be a graph and let (A, B) be a (4, ¢)-regular pair in G for
some 0 < 6,e < 1. Then

e the number of vertices of A with more than (d(A, B) + €)|B| neighbors
in B is less than 6|A|, and

e the number of vertices of A with less than (d(A, B) — ¢)|B| neighbors
in B is less than 6| A|.

Proof. Let Ay and A, be the sets of vertices of A with more than (d(A, B) +
)| B| and less than (d(A, B) — ¢)|B| neigbors in B, respectively. Suppose
for a contradiction that |A;| > 0|A| for some i € {1,2}. Let A’ = A; and
B’ = B. By the (4, ¢)-regularity, we have

|d(A", B") — d(A, B)| < e.
However,

A', B) — d(A, B)|A"|| B|

a4, B — d(a, B)| = %

|A'|| B
_ 1> ,ea(degp(v) —d(A, B)|B|)| _ e|B||A| .
|A'|| B |A'[| B| ’
which is a contradiction. ]

In fact, we can get the following stronger claim.

Lemma 4. Let G be a graph and let (A, B) be a (4, ¢)-regular pair in G for
some 0 < d,e < 1. Let B' C B have size at least 6|B|. Then

e the number of vertices of A with more than (d(A, B) +¢)|B’| neighbors
in B’ is less than J|A|, and

o the number of vertices of A with less than (d(A, B) — €)|B’| neighbors
in B is less than 6|Al.

Proof. Let A; and Aj be the sets of vertices of A with more than (d(A, B) +
2¢)|B’| and less than (d(A, B) —¢)|B’| neighbors in B’, respectively. Suppose
for the contradiction that |A;| > 0| A| for some i € {1,2}. Let A’ = A;. By
the (9, €)-regularity, we have

d(A', B') — d(A, B)| < e.



However,

le(A", BY) — d(A, B)|A'||BY||

[d(A", B') = d(A, B)| =

|A'|[B']
_ ‘ZUGA’(degB’(U) —d(A, B)|B/|)}
|A'|| B
B
ANB
which is a contradiction. O

We can also find roughly the expected number of more complicated sub-
graphs in a regular pair. For example, in a pair (A, B) with density p, we
would expect roughly p*| A|?| B|? 4-cycles. Here, let us give just a correspond-
ing lower bound on the number of 4-cycles in a regular pair.

Lemma 5. Let G be a graph and let (A, B) be a (9, €)-reqular pair in G for
some 0 < §,e <1, with |A| = |B| =n and d(A, B) > § + . The number of
4-cycles vivavsvy of G with vi,v3 € A and vo, vy € B is at least

[(1—06)*(d(A, B) —e)* —2/n] n*.

Proof. Let Ag be the set of vertices of A with less than (d(A, B) —e)n neigh-
bors in B. By Lemma 3, |Ag| < on.

We will count only the 4-cycles with v; € A\ Ay. Let B,, be the set of
neighbors of v; in B. Then |B,,| > (d(A,B) —e)n > dn. Let A,, be the
set of vertices of A with less than (d(A, B) — ¢)|B,,| neighbors in B,,. By
Lemma 4, |A,,| < 0n.

Let us now estimate the number ¢ of choices of v; € A\ Ag and vz € A\ A,,,
and their common neigbors vy, v, € B. The number of common neighbors of
vy and vy is at least (d(A, B) — €)|B,,| > (d(A, B) — €)*n. Since |[A\ Ag| >
(1 —08)n and |A\ A, | > (1 — &)n, we have ¢ > (1 — 0)*(d(A, B) — ¢)*n?.

Not all choices counted by ¢ are 4-cycles, since we can have v; = wv3
or vy = vy. However, the number of such “degenerate” 4-cycles is at most
2n3. Therefore, the number of all 4-cycles v,vov3v4 of G with vy, v3 € A and
U9,y € B is at least

c—2n* > [(1-6)*(d(A, B) —e)* — 2/n| n™.
[l

Finally, we need to argue that different regular pairs play nice with each
other. For example, if (A, B), (B,C) and (A,C) are “random-like”, we
would expect there to be roughly d(A, B)d(B,C)d(A, C)|A||B||C| triangles
with one vertex in each of A, B, and C'. Again, we only prove a lower bound.
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Lemma 6. Let G be a graph and let (A, B), (B,C) and (A,C) be (d,¢)-
regular pairs in G for some 0 < 6,6 < 1/2, with |A| = |B| = |C| = n and
d(A, B),d(B,C),d(A,C) > § +¢c. The number of triangles vivavs of G with
v €A, va €B, and vz € C is at least

(1 —26)(d(B,C) — £)(d(A, B) — )(d(A, C) — &)n®.

Proof. Let Aj be the set of vertices of A with less than (d(A, B) —e)n neigh-
bors in B, and let A; be the set of vertices of A with less than (d(A4,C)—¢e)n
neighbors in C. By Lemma 3, |Ay|, |A;| < on.

We will count only the triangles with v; € A\ (49U A;). Let B,, and
C.,, be the sets of neighbors of v; in B and C, respectively. Then |B,,| >
(d(A,B)—¢e)n > dn and |C,,| > (d(A,C)—e)n > dn. By the (, ¢)-regularity
of (B, (), we have d(B,,,C,,) > d(B,C) —e.

To give the lower bound, we estimate the number of choices v; € A\
(Ag U Ay), v € B,, and vz € C,, such that vy and v3 are adjacent. We
have [A\ (AgU A1) > (1 —20)n and e(B,,,C,,) > (d(B,C) — )| By, ||Cy, | >
(d(B,C) —e¢)(d(A, B) —)(d(A, C) —e)n?. Hence, the number of triangles is
at least

(1—26)(d(B,C) —¢)(d(A, B) —¢)(d(A,C) — &)n®.

]

2 Formulation of Szemeredi’s regularity lemma

Definition 2. For a graph G, a partition Vy, Vi, ..., Vi, of V(G) is e-regular
of

o [Vo| <elV(G)],

o |Vi|=1|Vo|=...=|Vi|, and

e for all but at most em?* values of 1 < i < j < m, the pair (V;,V;) is
e-regular.

The integer m is called the order of the partition.

Theorem 7. For any positive integer mgy and real number € > 0, there exists
an integer M > mg such that the following holds. Every graph G with at
least my vertices has an e-reqular partition of order at least my and at most

M.



Exercises

. (%*) Let mg be an arbitrary positive integer and let £ > 0 be a real
number. Show that there exists ng as follows. Let G be any graph with
at least ng vertices and at most 100|V (G)| edges. Let A, B C V(G) be
disjoint. If |A|, |B| > |[V(G)|/my, then (A, B) is an e-regular pair in G.

. (*x) Suppose that (A, B) is a (0, £)-regular pair in G for some 0 < §,¢ <
1. Let A; C A and By C B satisfy |A;| > «o|A| and |B;| > «|B]| for
some « > 0. Prove that (A, By) is a (d/«, 2¢)-regular pair.

. (xx) Let G be a graph and let (A, B) be a (6, ¢)-regular pair in G for
some 0 < 6, < 1, with |A| = |B| = n. Prove that the number of
4-cycles vivusvy of G with vy, v3 € A and vy, vy € B is at most

[(d(A, B) +¢)* + 26] n*

(or give any similar upper bound roughly equal to d(A, B)*n?).



