For even 2-factor F:
@ We defined sgn(F) = (—1)°(F),
@ The following are the same:

e The number of permutations with cycles F.
e The number of pairs (M;, M») of perfect matchings such
that F = My + Mo.

Ax,y)=1ifx<yand —1ifx >y
@ C=vy...v;evencycle:
A(C) = (v, v2) - A(v, v3) - - - A(vt, vy).
@ F even 2-factor:

AP = ] Mo

Ccycle of F




We defined the sign of a perfect matching so that:

Lemma

sgn(M;)sgn(Mz) = sgn(My + Ma)A\(My + M)

For b: E(G) — R, the Pfaffian of (G, b) is
Pf(G, b) = > sen(M) ] b(e).
M perfect matching of G ecE(M)
Pfaffian function: b: E(G) — {—1,1} such that
sen(M)- [ b(e)
ecE(M)
is the same for every perfect matching M of G.

Observation

If b is a Pfaffian function, then
|Pf(G, b)| = number of perfect matchings in G.



Lemma

For any graph G and a function b : E(G) — Z, |Pf(G, b)| can be
computed in polynomial time.

Theorem (Kasteleyn)

For every planar graph G, we can find a Pfaffian function b in
polynomial time.

Corollary

Polynomial-time algorithm to find the number of perfect
matchings in a planar graph G.



The antisymmetric adjacency matrix of (G, b):
Cu,v = b(uv)A(u, v) for uv € E(G), 0 otherwise.




The antisymmetric adjacency matrix of (G, b):
Cu,v = b(uv)A(u, v) for uv € E(G), 0 otherwise.

Terms for non-even-cycled permutations in det(C) cancel:
o 7’ obtained from 7 by reversing an odd cycle K.

Sgn(7T H Ci ! (i) _sgn( ) H /7r(/ H Ci (i)

ie{1,...,n} ie{1,....n}\V(K) ieV(K
= Sgn(ﬂ) H I7r(l H C71'(/
ie{1,...,n\V(K) ieV(K)
= (—1)V" . sgn(r) 11 Cixiy I Cixey
ie{1,...nN\V(K) icV(K)

= —sgn(m H Ci (i)

ie{1,...,n}




The antisymmetric adjacency matrix of (G, b):
Cu,v = b(uv)A(u, v) for uv € E(G), 0 otherwise.

Lemma

det(C) = Pf2(G, b).

det(C) = Z sgn(w)HC,-ﬂT(,-): Z sgn(F, H b(e

T even-c. i=1 T even-c. ecF,
= Z sgn(My + Mp)A\(My + M) H b(e)
M;, M> C G perf. match. ec E(My+Ms)
= Z sgn(My)sgn(Mo) H b(e H b(e
M;, M, C G perf. match. ecE(My) eeE (M)
- ( 3 sen(M) T] b(e)) = P2(G, b).
M C G perfect matching ecE(M)
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Theorem (Kasteleyn)

For every planar graph G, we can find a Pfaffian function b in
polynomial time.




For a face f with boundary vy vs ... v; in clockwise order, let

B(f) = {(v1,v2), ..., (Vt—1, W), (Vi, v1) }.

Choose b so that for every internal face f,
(x) the number of pairs (u, v) € B(f) such that b(uv) # A(u, v)
is odd.
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(x) for every internal face f, the number of pairs (u, v) € B(f)
such that b(uv) # A(u, v) is odd.

Perf. matchings My, Mo: F = My + M», cycle C = vy ... v; of F:
G

t A06%) by Ay, x) blx9)=~]
[T ote) =TT Mui, uir1)buiuiyq)
=1

ecE(C)
= (- 1)|EGc\ [E(C) H H A(u, v)b(uv)

feFi(Ge) (u,v)eB(f)

= (—1)IE(Ge)I-IE(C)] H (=1) = —1.

feFi(Ge)




|E(Ge)|+2 — (|Fi(Ge)| +1) = |V(Ge)| is even.

Perf. matchings My, M>: F = My + M», cycle C = vy ... v; of F:

c
t A06%) by Ay, x) blx9)=~]

C) I o(e) =[] ui uip1)b(uiuii1)
ecE(C) i=1
— (—1)IE(Gc)I-IE(C)] H H Mu, v)b(uv)

feFi(Ge) (u,v)eB(f)

= (—1)IE(Ge)I-IE(C)] H (=1) = —1.

feFi(Ge)




<sgn (My) - H b(e ) . (sgn M,) - H b(e)>

ecE(My) ecE(M,)

= sen(My)sen(M2) [ b(e)
ecE(F)

=sen(F)A(F) [] b(e)

ecE(F)

= II (¢ Hb

Ccycle of F ecE(C

Hence, sgn(M) - [[ocg(m) b(€) is the same for every perfect
matching M of G.



