Definition

The (ordinary) generating function of a sequence ag, ai, ao, . . .

IS
AX) =" anx".

@ The generating functionof 1,1,1,...is

1
an:1—x'

n>0

@ The generating function of the sequence with elements

an = number of strings of letters a and b of length n

]
22" = 1—2x°

n>0
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an = number of strings of letters a, b, ¢ of length n and
not containing substring aa.

@ g=1,84=8,a=8,a;=7,...

@ A(X) = > ps0anx".




an = number of strings of letters a, b, ¢ of length n and
not containing substring aa.

@ g=1,84=8,a=8,a;=7,...
@ A(X) = >po anx".
A good string is
@ empty or a: Generating function 1 + x. Or,

@ Db or c followed by a good string: Generating function
2x - A. Or,

@ ab or ac followed by a good string: Generating function
2x2 . A.




an = number of strings of letters a, b, ¢ of length n and
not containing substring aa.

@ g=1,84=8,a=8,a;=7,...
@ A(X) = >po anx".
A good string is
@ empty or a: Generating function 1 + x. Or,

@ Db or c followed by a good string: Generating function
2x - A. Or,

@ ab or ac followed by a good string: Generating function
2x2 . A.

A=1+x+(2x +2x?)A
1+ x

A= ——
1 —2x — 2x2



2x2+2x—1=0:

V3 -1 V3+1

X| = 5 Xo = — >
1/x1 = V341, 1/%=1-+3
A 1+x 14X
T1-2x—2x2 T 2(xg — x)(% — X)
_(2v3+3)/6  (2V3-3)/6

T o1 —x/xq 1 —x/x

_ 2\/§6+3 2(1/X1)nxn - 2\/§’6_3(1/X2)nxn

n>0

a0 = 2353y - 23 gy



t, = number of rooted trees with n vertices where each
vertex is either a leaf or has 2 or 3 children; the
order of chilren matters.

(*] tozo,t1:1,t2=0,t3=1,t4:1,t5:2,t6:?,...
° T(x) :ano thx".




t, = number of rooted trees with n vertices where each
vertex is either a leaf or has 2 or 3 children; the
order of chilren matters.

(*] t0=0, t 21,t2=0,t3=1,t4:1,t5:2, t6:?,...
@ T(x)=> p0tnx".
A good tree is B
@ a single-vertex tree: Generating function x. Or,
@ aroot plus 2 good trees: Generating function x - T - T. Or,

@ aroot plus 3 good trees: Generating function xT3.




t, = number of rooted trees with n vertices where each
vertex is either a leaf or has 2 or 3 children; the
order of chilren matters.

(*] t0=0, t 21,t2=0,t3=1,t4:1,t5:2, t6:?,...
@ T(x)=> p0tnx".
A good tree is B
@ a single-vertex tree: Generating function x. Or,
@ aroot plus 2 good trees: Generating function x - T - T. Or,
@ aroot plus 3 good trees: Generating function xT3.

T(x) = x(1 4 T?(x) + T3(x))
T(x)

X I T2 + Tx)?

For f(y) = %ya: we have f(T(x)) = x,and T = f~".
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[Xn] Z aan - an
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Theorem (Lagrange inversion formula)

Suppose F(y) =, fay" with fy # 0 and A(x) = xF(A(x)).
Then -

XAM) = Ty )




T(x) = x(1 + T2(x) + T(x)
Fy)=1+y*+y°
=TIy Y2 )
1
7

n

Z <n—a—b,a,b

a,beZ] :2a+3b=n—1
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Definition
The exponential generating function of a sequence

dp,da1,4as, ... is
XN
AX) =D an" .
n>0

@ The exponential generating function of 1,1,1,...is
R
n! '
n>0

@ The generating function of the sequence with elements

an = number of strings of letters a and b of length n







pn = number of ordered partitions of {1,...,n}, i.e.,
number of tuples (A4, ..., Ak) of non-empty disjoint
setss.t. AyU...UA={1,...,n}

@ p=1,p1=1,0=3,p3=7
® P(X) =3 "ps0Pnir




pn = number of ordered partitions of {1,...,n}, i.e.,
number of tuples (A4, ..., Ak) of non-empty disjoint
setss.t. AyU...UA={1,...,n}

@ po=1,p1=1,p2=3, ps=7?
° P(X) = anopn%

P=14+(e"—1)+(e—1)-(e=1)+(e"—1)°+...
1

2—eX




The radius of convergence of A= "7, anx" is

R = sup{c > 0: |ap| < (1/c)" for all but finitely many n}.

Lemma

LetA=>")",anx" be a power series with radius of
convergence R > 0.

@ A diverges for every x € C such that |x| > R,
@ A converges for every x € C such that |x| < R,

@ there exists x € C such that |x| = R and A diverges at x,
and

@ ifa, > 0 for all n, then A diverges at R.



for x e C:

Graph of |P(x)| = )ﬁ




Observation

Foreverye > 0,
lan| < (1/R+¢)"

holds for all but finitely many values of n, and thus

lanl = O((1/R +¢)").

P(x) = 5

= e
@ Radius of convergence log 2.
@ 1/log2 < 1.443

Pn

_ n
L= 0(1.443")



Let g(x) = '€Z%, so that

eX EHl

1

P(x) = jog2 — x q(x).
Define
q(log2) = lim q(x) =3
X—log 2
_ /2 qx)—1/2
h(x) = P(x) log2 —x  log2 —x
We have
. _ . q(X) B 1/2 _ . A~
X—|>I|Tg2 h(X) N X—I:Ir(?gZ |0g2 — X N X—I:IrggZ qa (X)
. 2—€X—(log2— x)e*
= lim
Xx—log?2 (2 — ex)2
—log2 1 1

T xoig2 26 — 4 xoiog22eX 4
Define h(log2) = 1/4.
e 4 4444



Graph of |h(x)| for x € C:




For h(x):
@ radius of convergence

|27 + log 2| = /472 + log?2 > 1/0.16,

@ [x"h(x) = O(0.16")

Pn n Com 1/2 n
O~ XIP(Y) = 7l + 71AC)
= [Xn]2I<:g2 ' —x1/ og2 T 1M

1

"2 log"t12

+0(0.16") = 0.5 - (1.443...)™1 1 0(0.16").




t» = number of rooted trees with n vertices where each
vertex is either a leaf or has 2 or 3 children; the
order of chilren matters.

) = ZnZO thx".

) is the inverse to f(y) = %75

(

o T(x
e T(x

=

=

T(x)

@ R=1(yp), where f'(yp) =0
@ 1/R<262=t,=0(2.62")




