(k) = number of k-colorings of G

KIV(G if E(G) =10

Tg(k) =

0 if e is a loop
TGg—e(k) — mg/e(k) otherwise




(k) = number of k-colorings of G

KIV(G if E(G) =0
(K) (k = 1)7g/e(K) if eis a bridge
i =
G 0 if e is a loop

TGg—e(k) — mg/e(k) otherwise




Observation
mg(K) is a polynomial in variable k of degree at most |V (G)|.

g is the chromatic polynomial of G.

Q: Compute the chromatic polynomial of




For a connected graph G and p € [0, 1]:

@ Gp = the random graph obtained by deleting each edge
independently with probability p.

@ Rg(p) = probability that G, is connected

1 if E(G) =0
Ral(p) = (1 —P)Rg/e(P) if e is a bridge
W= Ra—e(p) if e is a loop

pRc-e(P) + (1 — P)Rg/e(p) otherwise

Rg is the reliability polynomial of G.




For a connected graph G,

S = the number of spanning trees of G

1 if E(G) =10
S = SG/e if e is a bridge
SG_e if eis a loop

SG-e + Sg/e Otherwise




For a graph Gand A C E(G):
@ x(G) = the number of components of G.
@ rg(A) = the number of components of (V(G), A).
o rg(A) = rg(A) — 5(G) > 0
® cg(A) = ra(A) — (V(G) - |A]) = 0

Definition
Tutte polynomial of a graph G is

Ta(x,y)= > (x—1)eA(y—1)e®.
ACE(G)

Q: Compute Tutte polynomial of




For a graph Gand A C E(G):
@ x(G) = the number of components of G.
@ rg(A) = the number of components of (V(G), A).
o rg(A) = rg(A) — 5(G) > 0
® cg(A) = ra(A) — (V(G) - |A]) = 0

Definition
Tutte polynomial of a graph G is

Ta(x,y)= > (x—1)eA(y—1)e®.
ACE(G)

T5(2.2) = 259




For a graph Gand A C E(G):
@ x(G) = the number of components of G.
@ rg(A) = the number of components of (V(G), A).
o rg(A) = rg(A) — 5(G) > 0
® cg(A) = ra(A) — (V(G) - |A]) = 0

Definition
Tutte polynomial of a graph G is

Ta(x,y)= > (x—1)eA(y—1)e®.
ACE(G)

For G connected:

@ rg(A) =0iff (V(G), A) is connected.
@ cg(A) =0iff (V(G), A) is a forest.



For a graph Gand A C E(G):
@ x(G) = the number of components of G.
@ rg(A) = the number of components of (V(G), A).
o rg(A) = rg(A) — 5(G) > 0
® cg(A) = ra(A) — (V(G) - |A]) = 0

Definition
Tutte polynomial of a graph G is

Ta(x,y)= > (x—1)eA(y—1)e®.
ACE(G)

Ts(1,2) = number of connected spanning subgraphs
Ts(2,1) = number of spanning forests
Ts(1,1) = number of spanning trees



Lemma

1 ifE(G) =0
. o :
Ta(x,y) = 4 Tere(X,y) / e/'sabr/dge
Y- Tae(X.y) if e is a loop
To—e(X.¥) + Tgre(Xx,y) otherwise.
E(G)=10

Ta(x,y) = (x — 1)@ (y — 1)%O) — 1




e is a bridge:

rg(A) =1 = rg(AU {e}) = rg/e(A)
ca(AU{e}) = ca(A) = cg/e(A)

Ta(x, )
Z (x=1)76() (y—1)e6(A)
CE(G
— Z ((X_1)fe ) (y—1)°eA) +(X_1)rG(Au{e}>(y_1)cG(Au{e})>
E(G)\
— ((X—1 )are(AH (y1)Ca/e(A) 1 (x—1)76/e(A) () )CG/e(A))
E(G/e
= Z x—1)ere) (y—1)eereA) — x . Tg o(x, ).
ACE(G/e)



eis a loop:

rg(A) = re(AU{e}) = ra—e(A)
ca(AU{e}) — 1 = ca(A) = cg-o(A)

TG(X7 y)
= Z (x—1)"c(A) (y—1)ca(A)

CE(Q)

— ((X_ )7e(A) (y—1)%(A) +(X_1)rG(Au{e}>(y_1)cG(Au{eD)
ACE(G)\{e}

>

= Z ((X—1 )rG—e(A) (y_1 )CG—e(A) + (X_‘] )rG—e(A) (y_‘] )CG—e(AH‘1 )
ACE )

(G—e
=y Z (Xf‘] )rGfe(A)(yf‘] )CG—e(A) =y- TGfe(Xv y)
ACE(G—e)



e is neither a bridge nor a loop:

r6(A) = rg-e(A) ra(Au{e}) = rgre(A)
ca(A) = ca-e(A) ca(Au{e}) = cg/e(A)
TG(X7 y)
— (x—1)"e(A) (y—1)%(A)
ACE(G)
— (( X—1)76(A) (y—1)0a(A) 4 (x_1)a(AeN) ()1 )Ce(Au{e}>>
ACE(G)\{e}
- Z <(x—1 )re_e(A) (y—1 )CG—e(A) + (x—1 )fe/e(A)(y_1 )CG/e(A)>
ACE(G)\{e}

e
= TG—e(va) + TG/e(X’Y)-



N L P
AR

3

= X 4+ X+

T;k(x,v) = T%( (x,7)+ 7; (%)

-]
k-l
= X 4+ TCK_, [X/y)

k-1 -2
=X +X 4o+ x+ Y




Us(n, b, 1. d, c) = n"(OdIE@Ix(G)-IV(G)| (V(G)-~(&) T b/c, I/d).

Lemma

V(G if E(G) =0
U b-Ug/e if e is a bridge
71 Ug, if e is a loop

d-Ug-e+c-Uge otherwise.

Corollary

o g = Ug(k, k—1,0,1,—1) = k"(O)(—1)V(G)I-+(G) T5(1-k, 0)

o Rg = Ug(1,+p.1,p, +p) = peE@) (1p) @I -1 T5(1, p 1)
@ Sg = UG(1,1,1,1,1): TG(171)




e is neither a bridge nor a loop:

#(G) = (G — e) = x(G/e)

Ug = m(@) gIE@)+x(@)-IV(@)| dV(OI-K(G) T4 (b/c, I/ d)
= (O GE@I+@ VO VOI-KE) (T, _, + Tg/e)

_ nm(Gfe)d\E(Gfe)|+1+A(Gfe)f\ V(G—e)| C‘ V(G—e)|-r(G—e) To e

+ nr(G/e) glE(G/e)|l+r(G—e)—|V(G/e)| o V(G/e)[+1-r(G]/e)

=d-Ug_e(n,b,l,d,c) +c- Ugse(n,b,1,d,c).

TG/e




Lemma

If Gy and Go intersect in at most one vertex, then
TG1UG2 - TG1 TG2

By induction on |E(Gy)|. E.g., if G> contains a bridge e:
@ eis a bridge of Gy U Go.

Teug, = X T(GuGgy)/e = X TG,u(Gy/e)

= TG1 X - TGg/e = TG1 TG2'




(C)

=X +)(+ AXHY & [)(-}- A’-}}')




For a connected plane graph G and its dual G*:
@ enotabridge: (G—e)* = G*/e
@ enotaloop: (G/e)* =G —e
@ eisaloopin Giff eis a bridge in G*
@ eis abridge in Giff eis aloop in G*




Lemma
For a connected plane graph G,

TG(Xay) = TG*(y7X)'

Q: Show that a connected plane graph and its dual have the
same number of spanning trees.




Computing Tg(x, y)
@ inPat(1,1),(—1,-1),(0,-1),(-1,0), (x,1/(x = 1)+ 1).
@ forplanar GinP at (x,2/(x — 1)+ 1)
@ #P-hard otherwise

Y




