. Determine ex(Ks;n), ex(2K2;n), and ex(K7 2;n).

. Find a graph G with the following property: Adding any possible edge to
G creates a triangle, but |E(G)| < ex(Ks; [V(G))).

. Show that

o if Iy C F, then ex(Fy;n) < ex(Fa;n) holds for every positive integer
n, and that

e for every graph F' and for all integers ny > nq > 2,
ex(F;ny) S ex(F;ng)
(%) — (%)
Hint: Let G be a graph with no vertices and ex(F';ns) edges such

that F' Z G. Double-count the number of pairs (e, X), where X is a
subset of V(@) of size ny and e is an edge of G[X].

. By double-counting the number of tuples (v, uy,usg,...,u,) such that us,
..., Ug are (not necessarily distinct) neighbors of v, show that ex(Kg p;n) =
O(n?=1/%) holds for all positive integers a and b. Use this to show that
ex(F;n) = O(n?~1/LIVII/2]) holds for every bipartite graph F.

. Let V be a set of size n and let k, r, and A\ be non-negative integers. A
system B C (‘;) consisting of b k-element subsets of V' (called blocks) is a
(n, b, 7, k, \)-design if

e each element of V' is contained in exactly r blocks, and

e any pair of distinct elements of V' is contained in exactly A blocks.

Show that the system (Z) of all k-element subsets of V is a (n,b,r, k, \)-
design for some parameters n, b, r, k, and A, and determine the values of
these parameters.

. Let F be a finite field of size ¢, let
V={(z,y) :z,y e FU{z" : z € F} U {x},
and let Pr C (qzl) be the system consisting of the following sets:

o {(z,ar+b):xz € F}U{a*} for all a,b € {F},
o {(a,y) :y e F}U {x} for all a € {F}, and
o {a*:aeF}U{x}.

For example, Pz, consists of the sets of points joined by a straight line or
a circle in the following picture:



(0,0) (1,0) o*

Show that Pris a (¢>+q+1,¢>+q+1,¢+1,q+ 1,1)-design. Remark:
Pr is called the finite projective plane over F.

7. Let BC (Z) be a (n,b,r, k, \)-design. By double-counting
e the pairs (v, B) such that v € V, B € B, and v € B, and
e the pairs (D, B) such that D € (‘2/), BeB,and D C B,

show that
rmn An(n—1)
p= "1 AT )
k k(k—1)



