
NTIN 086 Selected Topics from Computational Complexity I winter 2017/2018

Third homework assignment

Turn-in by January 10, 2018

Problem 1. Define the function prefix-XOR from n bits into n bits by PXOR(x1, . . . , xn) =
y1, . . . , yn, where each yi = x1 ⊕ x2 ⊕ . . .⊕ xi. Show that any constant depth circuit consisting
of unbounded fan-in OR and AND gates, and unary NOT gates that computes PXOR must
have ω(n) wires.

Problem 2. Define the function prefix-OR from n bits into n bits by POR(x1, . . . , xn) =
y1, . . . , yn, where each yi = x1 ∨ x2 ∨ . . . ∨ xi. Show that there is a constant depth circuit with
linear number of wires consisting of unbounded fan-in OR and AND gates, and unary NOT
gates that computes POR.

Problem 3. The goal of this exercise is to prove that any d-regular G on n vertices with a
self-loop at every vertex has λ(G) ≤ 1− 1

dn2 . Let A be its adjacency matrix.

a) Show that each normalized eigenvector x with an eigenvalue λ, where x ⊥ (1, 1, . . . , 1),
satisfies 1− λ =

∑
i<j ai,j(xi − xj)2. (Hint: Look at xT (I −A)x.)

b) Conclude that for each eigenvalue λ 6= 1, 1 − λ ≥ 1
dn2 . (Hint: Look at some suitable path

in G.)

c) Show, that if each diagonal entry of A is at least γ, then all eigenvalues are at least −1 + 2γ.

Problem 4. Show that for every prime power q the following (affine plane) graph K is
a (q2, q, 1/

√
q)-graph. The vertices of K are GF (q2). Connect (a, b) and (c, d) by an edge iff

ac = b+ d. (Hint: Study the eigenvalues of K2, which is an extremely simple matrix.)
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