
NTIN 086 Selected Topics from Computational Complexity I winter 2017/2018

Second homework assignment

Turn-in by November 29, 2017

Problem 1. Let G = (L ∪R,E) be a bipartite graph with vertices from L of degree d. For
S ⊆ L, let Γodd(S) = {u ∈ R; |Γ(u) ∩ S| is odd}.
a) Show that if for δ > 0 and S ⊆ L, |Γ(S)| ≥ ( 1

2 + δ)d|S| then Γodd(S) ≥ 2δd|S|.
b) Show that if |R| < |L| then there is a non-empty set S ⊆ L such that Γodd(S) = ∅.

Problem 2. Let G be a d1-regular graph and H be d2-regular graph. Let G′ = G ⊗ H,
that is G′ = (V ′, E′) where V ′ = V (G)×V (H), and ((u, v), (u′, v′)) ∈ E′ iff (u, u′) ∈ E(G) and
(v, v′) ∈ E(H).

a) Determine the eigenvalues of G′.

b) For an integer k > 0, determine the eigenvalues of the graph obtained from G by adding k
selfloops to each vertex.

Problem 3. Let G be a hyper-cube on 2n vertices, that is a graph with vertices V = {0, 1}n
and edges between vertices differing in exactly one coordinate. For a set S ⊆ V , show that the
number of edges with both endpoints in S satisfies: |E(S)| ≤ 1

2 |S| log2 |S|. Determine when the
equality occurs.

Problem 4. Let G be a d-regular graph with edge expansion h(G) = ε > 0. Determine
asymptotic upper- and lower-bound on the diameter of G.
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