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Introduction
The edit distance problem asks the question of how many changes (insertions

and deletions of characters) are required to convert one string to another over the
same alphabet. The expected properties of edit distance for uniformly selected
strings were extensively studied. The initial investigation of Chvátal and Sankoff
[1] from 1975 provided some bounds, showed some averages of observed values
of edit distance, and established a few basic properties of mean edit distance. In
particular they proved that for an alphabet with k characters the expected length
of the longest common subsequence normalized by length of the string converges
to some constant γk as the length approaches infinity, which directly implies that
also edit distance normalized by length converges to some constant.

In some sense we are aiming to obtain similar or equivalent results for the
problem of Dyck edit distance in this thesis, as expected properties of Dyck edit
distance for uniformly selected string remain mostly unexplored.

Dyck alphabet is a set of pairs of parentheses (each pair consisting of opening
and closing character). Dyck language over that alphabet includes the sequences
of parentheses which are well-parenthesized. The problem of Dyck edit distance
asks the question how far a given string is from being in the Dyck language in
terms of number of required insertions and deletions to transform it to a string
which is in the Dyck language. (We provide formal definitions later.)

What expected properties of Dyck edit distance are is a natural question to
ask. Problems in many settings turn out to involve Dyck languages – parsing
many programming and XML-like languages or arithmetic expressions. Dyck edit
distance is also related to the problem of RNA folding where opening and closing
characters can match even in the opposite order.

Lot of effort has been invested into finding values of γks for edit distance.
Yet the precise values remain unknown. Sankoff and Mainville [2] conjectured
that γk

√
k → 2 as k goes to infinity. Kiwi, Loebl, and Matoušek [3] proved the

conjecture in 2004.
Dančík in his doctoral thesis [4] gave both new lower and upper bounds. He

defined finite state automata and analyzed their behavior on random strings
using Markov chains, getting new lower bounds on γks. For upper bounds so
called collations (sequences with matched pairs) and limiting their number by
combinatorial analysis were used.

In their 1999 article Baeze-Yates et al. [5] used Markov chains to get upper
bounds on edit distance and also used methods based on Kolmogorov complexity
to get improved lower bounds on edit distance.

It turns out that some of the methods (mentioned above) that were successfully
applied to bound γk can also be applied in the area of Dyck edit distance. For
example, we try to utilize Kolmogorov complexity to get lower bound on Dyck edit
distance. However, many other methods do not seem to be (easily) transferable.
Especially approaches that involve studying properties of matchings in bipartite
graphs cannot be utilized, since only one string is given on input in the problem
of Dyck edit distance, not two.

The structure of the thesis is as follows: In Chapter 1 we formally introduce
the required terminology. In Chapter 2 we prove several important asymptotic
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# of pairs in alphabet Observed ratio Lower bound Upper bound
2 0.2262 0.0948 0.5115
3 0.3235 0.1700 0.6458
4 0.3875 0.2270 0.7148
5 0.4350 0.2723 0.7469
6 0.4711 0.3094 0.7642
10 0.5636 0.4115 0.8067
100 0.8395 0.7613 0.9489

Table 1 Overview of our bounds on Dyck edit distance and empirical values

properties about Dyck edit distance and its relation to ordinary edit distance. In
particular we show existence of asymptotic constants equivalent to γk. In Chapter
3 we explore how Dyck edit distance depends on the maximum allowed distance
between characters that can be matched together. In Chapter 4 we use methods
based on Kolmogorov complexity to get asymptotic lower bounds. In Chapter
5 we explore the case of Dyck alphabets with only one pair of symbols, where
the properties are very different and expected Dyck edit distance is not linear in
length of the string. We conclude by suggesting areas that could be investigated
in the future.

In Table 1 we show a quick summary of some of the bounds we derived. We
measure Dyck edit distance asymptotically by looking at the ratio of count of
characters that need to be deleted in order to make the string well-parenthesized
to its length. (See Definition 1.1.7) Upper bounds were obtained by the method
of Kolmogorov complexity. Lower bound for alphabet with two, three, and four
types of parentheses was obtained by the method of Theorem 8. Lower bound for
alphabet with one hundred types of parentheses was obtained from Theorem 9.
Remaining lower bounds come from Theorem 7.
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1 Preliminaries
In this chapter we formally define Dyck edit distance and put it in context of

classic string edit distance (LCS distance).

1.1 Definitions
To begin, we clarify basic terminology of strings. An alphabet is just a finite

set of characters or symbols. A string is a finite sequence of characters of an
alphabet. When we talk about mean properties of strings of some length over an
alphabet, we implicitly assume uniform distribution over those strings. We will
use capital Greek letters for alphabets, small Greek letters for strings and small
Latin letters for characters (symbols).

We will use the following definition of string edit distance:
Definition 1.1.1 (Edit distance). Let σ, χ be two strings over the same alphabet.
We define edit distance ed(σ, χ) of this pair of strings to be the minimum number
of character insertions and deletions required to reach χ starting from σ.

We also call edit distance LCS distance due to its relation to the length of the
longest common subsequence of the two strings σ, χ.

We should remark here that substitutions of characters are often also allowed
along with insertions and deletions. Such edit distance is called Levenshtein
distance [6]. We opted not to consider substitutions in this thesis for both
ordinary edit distance and Dyck edit distance however.
Definition 1.1.2 (Maximum (non-crossing) matching between strings). Let σ, χ
two strings over the same alphabet. We say that a set of ordered pairs of indices
is a (non-crossing) matching between σ, χ if

• Indices of σ are used as the first elements of the pairs and each at most
once.

• Indices of χ are used as the second elements of the pairs and each at most
once.

• Pairs are non-crossing i.e. for any pair (i, j) and another (k, l), it must hold
that i < k implies j < l and vice versa.

• For all pairs (i, j) in the matching the character in position i in σ and the
character in position j in χ must be equal.

We call a matching maximum between σ, χ if it is of maximum size among
matchings between σ, χ. The size of these maximum matchings we denote as
mm(σ, χ).

It can be seen that the length of the maximum non-crossing matching is also
the length of the longest common subsequence of the same strings. The following
observation establishes the relationship between edit distance and length of longest
common subsequence (LCS):
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Observation 1. For any two strings σ, χ of lengths a, b over the same alphabet

mm(σ, χ) = a + b− ed(σ, χ)
2 .

Definition 1.1.3. We say that ∆ is a Dyck alphabet if it is a finite set of characters
that are grouped into ordered pairs (types, or kinds), i.e., the first character of
every pair is opening and second is closing character. We say that any string δ
over a Dyck alphabet ∆ is a Dyck string.
Definition 1.1.4 (Dyck edit distance). Let δ be a Dyck string over ∆. Let χ be a
well-parenthesized Dyck string over ∆ with the lowest edit distance from δ. We
say that Ded(δ) = ed(δ, χ) is the Dyck edit distance of δ.

There is often more than one possible choice of χ in the previous definition.
Imagine Dyck alphabet consisting of opening symbols (1, . . ., (n and closing
symbols )1, . . ., )n. Where for all i the characters (i and )i form a pair. For
example, the string (1(2. . . (n)1)2 . . .)n has Dyck edit distance 2n− 2. It may be
optimally balanced by deleting all but one pair of parentheses. Another set of
options is adding 2n− 2 parentheses. This may also be done in a variety of ways,
e.g., (1)1(2)2 . . . (n(1)1(2)2 . . .)n or (1(2. . . (n−1)n−1)2)1(n(n−1. . . (2(1)1)2 . . .)n.

This extra freedom in finding how to optimally balance the string, on top of
choosing the individual symbols that should be deleted or added, is also present
in the problem of finding the edit distance of two strings.

Matchings for the purposes of Dyck edit distance are quite different as the
next definition introduces:
Definition 1.1.5 (Maximum matching (in a Dyck string)). Let δ be a Dyck string
over ∆. A set of pairs of indices is a Dyck matching if all of the following is true:

• Each index is used at most once.

• For any pair (i, j) it must hold i < j.

• Pairs are non-crossing i.e. for any pair (i, j) and another (k, l), it must hold
that i < k implies j > l and vice versa.

• Every character at the first index in any pair is opening, the second must be
closing, and both must be of the same kind.

We call a matching of δ maximum if it is the maximum among δ‘s matchings.
Observation 2. Length of any Dyck δ string is equal to its Dyck edit distance plus
twice the size of its maximum matching. Or stated precisely

mm(δ) = |δ| −Ded(δ)
2 .

Observation 3. The string χ in definition 1.1.4 may be obtained from δ just by
deleting symbols that are not part of a selected maximum matching.

We define Dyck ratio as a convenient measure of normalized Dyck edit distance
alike γk in case of LCS distance.
Definition 1.1.6 (Dyck ratio of a string). Let δ be a Dyck string of length ℓ. We
define dr(δ) = Ded(δ)/ℓ to be the Dyck ratio of δ.
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Definition 1.1.7 (Asymptotic Dyck ratio). Let ∆ be a Dyck alphabet. We define
Dyck ratio of ∆ for length ℓ to be

dr(∆, ℓ) = Eδ∈∆ℓ [dr(δ)] =
∑︁

δ∈∆ℓ dr(δ)
|∆ℓ|

.

And we define the asymptotic Dyck ratio of ∆ to be

dr(∆,∞) = lim
ℓ→∞

dr(∆, ℓ),

if it exists.
We will show that asymptotic Dyck ratio always exists in the next chapter.

1.2 Comparing edit distance and Dyck edit dis-
tance

We show that it is possible to reduce the edit distance problem to Dyck edit
distance problem in linear time, suggesting that Dyck edit distance is a more
complex problem. Reduction in the opposite direction is not so quickly obtainable,
we use approximate reduction to prove Theorem 7.
Theorem 1. Edit distance problem is reducible to Dyck edit distance problem in
linear time.

Proof. Let Γ be any alphabet and γ1, γ2 ∈ Γ∗. We define Dyck alphabet ∆Γ so
that for every character g ∈ Γ there is a pair of characters (g and )g in ∆Γ. For the
problem ed(γ1, γ2) we transform the input in the following way: For all characters
g in γ1 we replace them by (g, obtaining δ1. Conversely for all characters g in γ2
we replace them by )g and then we reverse that string, obtaining δ2. We then
concatenate δ1 and δ2 to obtain δ. Now we claim ed(γ1, γ2) = Ded(δ).

It can be seen that this transformation of γ1, γ2 to δ can be done in linear
time. So it remains to show ed(γ1, γ2) = Ded(δ).

Let us denote some maximum matching of γ1 and γ2 as M . We can observe
that the transformation t : (i, j) ↦→ (i, |γ1|+ |γ2| − j − 1) yields a set of pairs of
indices that constitute a valid Dyck matching in δ. (This can be easily verified
from definitions of matchings and the transformation used to obtain δ.) So there
is a (Dyck) matching of the same size as M in δ.

Let us have any Dyck matching N of δ. Apparently, in N all pairs of matches
cross the point where the two original strings were concatenated, simply because
there are only opening characters on one side and closing characters on the other.
Now we can notice that t also transforms N into a matching between γ1 and γ2.

So for any matching in δ there is matching of same size between γ1 and γ2.
We have therefore established that the size of maximum matching between γ1 and
γ2 is the same as size of maximum matching in δ.

Now by the observations above ed(γ1, γ2) = |γ1| + |γ2| − 2mm(γ1, γ2) =
|δ| − 2mm(δ) = Ded(δ), which concludes the proof.
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1.3 Calculating Dyck edit distance
To obtain some of the bounds and get empirical values of Dyck ratio, we will

need to efficiently determine Dyck edit distance.
Dyck edit distance can be obtained using a simple algorithm based on dynamic

programming. Assume we have a Dyck string of length n and one fixed maximum
matching of it. The main idea of the algorithm is that the optimal solution to the
problem for length n can be obtained in one of two ways:

• Either the first character is matched in the maximum matching to the last
one and then Dyck edit distance is identical to the Dyck edit distance of a
substring of length n− 2 missing the first and last character.

• Or the string can be split into a non-empty prefix and a non-empty suffix
such that characters from the prefix do not match into the suffix in the
maximum matching.

The running time of this algorithm is O(n3) and we state the full pseudo-code
as Algorithm 1. We will return to this algorithm later to make some adjustments.
Faster algorithms were developed by Brigmann et el. [7] and improved by Chi et
el. [8]. They rely on Boolean matrix multiplication and run in O(n2.687). In fact
it was proven that calculating Boolean matrix multiplication is at least as hard as
calculating Dyck edit distance [9].

There is also a faster algorithm due to Fried et al. [10] running in O(n2k), or
even O(n + k4.86), where k is the Dyck edit distance. However, as we will show
later we expect k to be on the order of n for a typical Dyck string, so they only
offer an improvement in special cases, which we will mostly not address here.

Number of approximation algorithms were also developed with various tradeoffs
between speed and accuracy. For example, Das et al. [11] invented a quadratic-time
PTAS.

Unfortunately, for our purposes in this thesis none of the discovered algorithms
can outperform Algorithm 1 which we will therefore use.
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Algorithm 1: Algorithm to determine Dyck edit distance of a string
Data: Dyck string δ of length l
Result: e, the Dyck edit distance
Initialize array (matrix) E of size l × l to zeroes.
for i← 0 to l − 1 do

E[i, i]← 1
end
for i← 2 to l do

for j ← 0 to l − i do
b← 1 + E[j + 1, j + i− 1]
for s← 1 to i− 1 do

u← E[j, j + s− 1] + E[j + s, j + i− 1]
if b > u then

b← u
end

end
if δ[j] and δ[j + i− 1] can be matched then

u← E[j + 1, j + i− 2]
if b > u then

b← u
end

end
E[j, j + i− 1]← b

end
end
e← E[0, l − 1]
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2 Properties of Dyck ratios
In this chapter we only consider Dyck alphabets with at least two character

pairs.

2.1 Existence and Concentration
We will now gradually show that the asymptotic Dyck ratio exists for all

alphabets and that it is concentrated.
Theorem 2. Dyck edit distance is subadditive, i.e., for all Dyck alphabets ∆ and
all even n, m ≥ 2 it holds

n · dr(∆, n) + m · dr(∆, m) ≥ (n + m) · dr(∆, n + m).

Proof. The fact that concatenation of two strings has Dyck edit distance at most
the sum of Dyck edit distances of the two parts is apparent. We can then show:

(n + m) · dr(∆, n + m) = (n + m) · Eδ∈∆n+m [dr(δ)]
= Eδ∈∆n+m [(n + m)dr(δ)]
= Eδ1∈∆n [Eδ2∈∆m [(n + m)dr(concat(δ1, δ2))]]
≤ Eδ1∈∆n [Eδ2∈∆m [n · dr(δ1) + m · dr(δ2)]]
= Eδ1∈∆n [n · dr(δ1)] + Eδ2∈∆m [m · dr(δ2)]
= nEδ1∈∆n [dr(δ1)] + mEδ2∈∆m [dr(δ2)]
= n · dr(∆, n) + m · dr(∆, m)

Here concat symbolizes the concatenation of its arguments.

Theorem 3. The asymptotic Dyck ratio exists for all Dyck languages.
Definition 2.1.1 (Subadditive sequence). We say that a sequence {an}∞

n=0 is sub-
additive if

∀i, j ∈ N : ai + aj ≥ ai+j.

To prove this theorem we will refer to Fekete’s subadditivity lemma [12]:
Theorem 4 (Fekete’s subadditivity lemma). For every subadditive sequence {an}∞

n=0,
the limit limn→∞

an

n
exists and is equal to the infimum inf an

n
.

Proof of Theorem 3. Let ∆ be a Dyck alphabet. Provided limℓ→∞ dr(∆, 2ℓ) exists,
the asymptotic ratio also exists. This is apparent since dr(∆, n)− dr(∆, n + 1)
goes to zero as n increases.

It suffices to show that the series of dr(∆, 2ℓ) converges. This however follows
from Fekete’s sub-additivity lemma for the sequence {n · dr(∆, n)} and Theorem
2.
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# of pairs Mean observed Dyck ratio
2 0.2262
3 0.3235
4 0.3875
5 0.4350
6 0.4711
10 0.5636
100 0.8395

Table 2.1 Empirical values of Dyck ratio for alphabets with different number of pairs
of symbols obtained by sampling strings of length 3000

We list values of Dyck ratio obtained by sampling in Table 2.1. We generated
1000 strings of length 3000 for each alphabet character by character by uniform
sampling. We then used Algorithm 1 to obtain the Dyck edit distance.

We show the dependence of Dyck ratio and string length in Figure 2.1.
Theorem 5. The function dr(·) is concentrated for any Dyck language ∆, i.e. for
any length ℓ, any postivie ε, and uniformly selected δ ∈ ∆ℓ there is a constant c
such that

Pr(|dr(δ)− dr(∆, ℓ)| ≥ ε) ≤ exp
(︂
−cε2ℓ

)︂
.

To prove this theorem we will leverage property of bounded differences and a
related inequality due to McDiarmid [13].
Definition 2.1.2 (Bounded differences property). A function f : Sℓ → R satisfies
the bounded differences property if substituting the value of the ith coordinate
xi changes the value of f by at most c. More formally for all i ∈ Z, s ∈ S and
vector X ∈ Sℓ

|f(X1, . . . , Xi−1, Xi, Xi+1, . . . , Xℓ)− f(X1, . . . , Xi−1, s, Xi+1, . . . , Xℓ)| ≤ c.

Theorem 6 (McDiarmid’s inequality). Let f : X1 × X2 × · · · × Xℓ → R satisfy
the bounded differences property with bound c. Consider independent random
variables X1, X2, . . . , Xℓ where Xi ∈ Xi for all i. Then, for any ε > 0,

Pr (|f(X1, X2, . . . , Xℓ)− E[f(X1, X2, . . . , Xℓ)]| ≥ ε) ≤ 2 exp
(︄
−2ε2

ℓc2

)︄
.

Proof of Theorem 5. For any ℓ and Dyck language ∆, dr as a vector function
satisfies the bounded differences property with c = 2/ℓ. The rest follows from
McDiarmid’s inequality. I.e., for δ ∈ ∆ℓ it holds

Pr(|dr(δ)− dr(∆, ℓ)| ≥ ε) ≤ 2 exp
(︄
−ε2ℓ

2

)︄
.
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Figure 2.1 Observed mean Dyck edit distances per string length and number of
character pairs in the alphabet, based on uniform sampling. Both scales are logarithmic.

2.2 Upper bounds on Dyck ratio
We will now try to bound Dyck ratio from above in some way. The following

theorem illustrates a relationship between average edit distance and Dyck edit
distance for corresponding alphabets.
Theorem 7. Let ∆ be a Dyck alphabet with b pairs of symbols and Γ an ordinary
alphabet with b symbols. Then

dr(∆,∞) ≤ 1/2 + lim
n→∞

Eα,β∈Γn [ed(α, β)]
4n

.

Proof. Let us first put some correspondence between Dyck ratio and edit distance
of a pair of strings. Let δ be a uniformly random Dyck string of length 4n. Assume
that we decompose this string into first half σ and second half χ, both of length
2n. Let us denote σ1 the string that is obtained from σ by skipping all closing
symbols. Let us denote χ1 the string that is obtained by reversing the order of
symbols in χ, skipping all opening symbols, and replacing all closing symbols by
the opening symbol from the same pair. The mean length of σ1 and χ1 is n and
the lengths follow binomial distribution,

Now it can be seen that any non-crossing matching between σ1 and χ1 naturally
translates into a non-crossing matching in δ, i.e., for any matched pair (s, x) of
indices from σ1 and χ1, if we look at the original positions of symbols on those
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k (# of pairs) Lower bound on γk Upper bound on Dyck ratio
2 0.7739 0.6130
3 0.6153 0.6923
4 0.5455 0.7273
5 0.5062 0.7469
6 0.4717 0.7642
10 0.3866 0.8067

Table 2.2 Upper bounds on Dyck ratio obtained by converting problem to LCS
distance

indices in δ, we get a pair of indices from δ. The size of maximum matching
between σ1 and χ1 gives us a lower bound on the size of maximum matching in δ.

Let us introduce σ2, χ2 as the truncation of σ1, χ1 to length at most ⌈n− n0.6⌉.
We can now express the Dyck ratio of δ as follows:

dr(δ) ≤
{︄

1/2 + n−0.4/2 + |σ2|+|χ2|−2mm(σ2,χ2)
4n

if |σ1| ≥ n− n0.6, |χ1| ≥ n− n0.6

1 otherwise.

The term 1/2 + n−0.4/2 = 2n−2n0.6

4n
accounts for the characters outside σ2 and

χ2. And |σ2|+|χ2|−2mm(σ2,χ2)
4n

corresponds to the characters that cannot be matched
between σ2 and χ2.

We do not consider the second condition further, because asymptotically it has
probability 0 with respect to choice of δ. This follows from the Chernoff bound
on the lengths of σ1 and χ1.

We may rewrite the term |σ2|+|χ2|−2mm(σ2,χ2)
4n

to ed(σ2,χ2)
4n

. Furthermore, σ2, χ2
are uniformly distributed and apparently the limit of n−0.4/2 goes to 0, so we may
write

dr(∆,∞) ≤ 1/2 + lim
n→∞

Eα,β∈Γ⌈n−n0.6⌉ed(α, β)
4n

= 1/2 + lim
n→∞

Eα,β∈Γn [ed(α, β)]
4n

So the proof is now complete.

In the preceding theorem we are essentially matching symbols to symbols
in the other half of the Dyck string. One may think that this is unusual and
inefficient since most matches would be expected in a short distance. While this
is true, we were not able to get any better result trying to find shorter matchings
in this way.

Interestingly, if we decided to split the Dyck string in Theorem 7 into more
than two parts and then looked at matches between consecutive couples of parts
by converting the problems to LCS edit distance in the same fashion, we would
not get any better bound.

Using the bounds of Dančík [4] on γk we produce upper bounds on Dyck ratio
in Table 2.2

We can also try to place an upper bound on the asymptotic Dyck ratio by
considering the mean Dyck ratio for strings of some fixed length.

16



# of pairs Upper bound on Dyck ratio Length of segments used
2 0.5354 12
2 0.5229 13
2 0.5115 14
3 0.6458 10
4 0.7331 8
4 0.7148 9

Table 2.3 Upper bounds on asymptotic Dyck ratio for alphabets with different number
of pairs of symbols obtained from short segments of different lengths

Theorem 8. Let ∆ be a Dyck alphabet and ℓ a positive integer. Then dr(∆, ℓ) ≥
dr(∆,∞).

Proof. Firstly we notice that what suffices to prove is ∀ε > 0 ∃m∀n : n > m =⇒
dr(∆, m) < dr(∆, ℓ) + ε and it would follow that dr(∆, ℓ) ≥ dr(∆,∞) from
definition of the asymptotic ratio.

Let us therefore take a positive ε, we set n as ⌈ℓ/ε⌉. We can view a string
of length n as some number of segments of length ℓ and final segment (perhaps
empty) of length less then ℓ. One way to get an upper bound on Dyck ratio
of such string is to only allow matches within the segments and no matches for
characters within the final segment. One can see that the marginal distribution of
every segment is the same as strings of length ℓ. We can therefore conclude by
showing:

dr(∆, n) ≤ ⌊n/ℓ⌋ · (ℓ · dr(∆, ℓ)) + ℓ/n

dr(∆, n) ≤ dr(∆, ℓ) + ℓ/n

dr(∆, n) ≤ dr(∆, ℓ) + ε

We used Theorem 8 to give us some particular upper bounds by enumerating
all segments for given alphabets and calculating their Dyck ratios. The results can
be seen in Table 2.3. In theory there is no limit to how close to the asymptotic
ratio we could get by extending the segments further and further. Since number of
strings grows exponentially with length however, this approach is only sustainable
for short strings and small alphabets.

For larger alphabets we may instead turn to another approach inspired by the
birthday paradox.
Theorem 9. There is a function f : N→ N ∈ Θ(n−1/2) such that for any ∆ a Dyck
alphabet with b ≥ 2 character pairs dr(∆,∞) ≤ 1− f(b).

Proof. Let δ be a uniformly selected string over ∆ of length ℓ. We slice δ into
segments of length 4⌈

√
b⌉. We ignore the last segment as it is insignificant with

respect to asymptotic.
In each segment the probability that there are at least ⌈

√
b⌉ opening symbols

in the first 2⌈
√

b⌉ symbols is at least 1/2. And also the probability that there are
at least ⌈

√
b⌉ closing symbols in the remaining 2⌈

√
b⌉ symbols is at least 1/2.
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The probability that of the ⌈
√

b⌉ opening symbols all of them are distinct is

at least
(︃

b−⌈
√

b⌉
b

)︃⌊
√

b⌋
, which tends to 1/e as b goes to infinity.

Conditioned on that, the probability that at least one of the closing symbols
in the second half of this segment matches one these opening characters is 1−(︃

b−⌈
√

b⌉
b

)︃⌈
√

b⌉
which approaches 1− 1/e as b goes to ∞.

So overall there is some probability bounded by a constant from below that
there is a match in each segment of length 4⌈

√
b⌉. Thus expected edit distance of

δ would be ℓ− ℓ
⌈
√

b⌉ · c for some positive constant shared for all alphabets c.

For example for alphabet ∆ with 100 character pairs we can show that
dr(∆,∞) ≤ 0.9489.
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3 Distance of Pairs in Matchings
If we knew that most characters can be matched to nearby characters, it would

indicate the possibility of obtaining good bounds on Dyck ratio just by looking at
local segments of a string. We could also design efficient approximation algorithms
to determine the Dyck edit distance if distant matches were not required. This
assumption unfortunately does not quite happen to be the case as we discuss in
this chapter.

3.1 Necessary optimal matching distance of a
Dyck string

We already defined the maximum matching in a Dyck string. In this section
we will discuss what is perhaps an interesting property of those – the distances
between indices within matched pairs. In particular we define maximum distance
of a matching.
Definition 3.1.1 (Maximum distance of a Dyck matching). Let D be a Dyck
matching for string δ ∈ ∆n. We define the maximum distance of D to be

md(D) = max
(i,j)∈D

j − i.

It is important to remark that maximum distance is really a property of a
matching, not the string itself. We therefore try to define a similar property for
Dyck strings.
Definition 3.1.2 (Necessary optimal matching distance of a Dyck string). Let M
be the set of optimal Dyck matching for string δ ∈ ∆n. We define the necessary
optimal matching distance of δ to be

min
D∈M

md(D).

We can amend Algorithm 1 for determining Dyck edit distance to also produce
the necessary optimal matching distance. We again assume to have a Dyck string
of length n and one fixed maximum matching of it, this time such that it has the
least maximum matching distance. We again think of how the problem can be
reduced to instances of smaller size:

• If the first character is matched in the fixed maximum matching to the last
one and thus the Dyck edit distance is identical to the Dyck edit distance of
a substring of length n− 2 missing the first and last character, then clearly
the maximum matching distance is n− 1.

• Otherwise the string can be split into a non-empty prefix and a non-empty
suffix such that characters from the prefix do not match with the suffix
in the selected maximum matching. In this case the maximum matching
distance is the larger of necessary optimal matching distances of the two
substrings.
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Hence we can try all possible decompositions and among those that produce
minimum Dyck edit distance we find such decomposition that produces least
maximum matching distance.

The complexity of this modified algorithm remains Θ(n3) when implemented
using dynamic programming. The pseudocode is given in Algorithm 2.

Algorithm 2: Algorithm for determining the necessary optimal matching
distance of a Dyck string

Data: Dyck string δ of length l
Result: e, the Dyck edit distance of δ, v, the necessary optimal matching

distance
Initialize arrays (matrices) E and V of size l × l to zeroes.
for i← 0 to l − 1 do

E[i, i]← 1
end
for i← 2 to l do

for j ← 0 to l − i do
b← 1 + E[j + 1, j + i− 1]
d← V [j + 1, j + i− 1]
for s← 1 to i− 1 do

u← E[j, j + s− 1] + E[j + s, j + i− 1]
q ←Max(V [j, j + s− 1], V [j + s, j + i− 1])

if b = u then
d←Min(d, q)

end
if b > u then

b← u, d← q
end

end
if δ[j] and δ[j + i− 1] can be matched then

u← E[j + 1, j + i− 2] if b = u then
d←Min(d, i− 1)

end
if b > u then

b← u, d = i− 1
end

end
E[j, j + i− 1]← b
V [j, j + i− 1]← d

end
end
e← E[0, l − 1]
v ← V [0, l − 1]

We present some observations of necessary optimal matching distance and its
dependence on Dyck edit distance in Figure 3.1. We generated strings of length
1000 uniformly and then calculated Dyck edit distance and necessary optimal
matching distance. We can notice that there is not much of a correlation. More
importantly large distances are quite frequently required.

20



200

210

220

230

240

250

260

270

200 300 400 500 600 700 800 900 1000

D
yc

k 
ed

it 
di

st
an

ce

Necessary optimal matching distance

Necessary optimal matching distance for uniformly sampled strings over 2 character pairs

540

550

560

570

580

590

600

610

300 400 500 600 700 800 900 1000

D
yc

k 
ed

it 
di

st
an

ce

Necessary optimal matching distance

Necessary optimal matching distance for uniformly sampled strings over 10 character pairs

Figure 3.1 Scatter plot of Dyck edit distance and necessary optimal matching distance
for strings of length 1000 over different alphabets
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# of pairs Distance 10 Distance 33 Distance 100 Unlimited
2 0.4255 0.3128 0.2642 0.2359
3 0.5220 0.4089 0.3604 0.3315
4 0.5844 0.4723 0.4229 0.3955
10 0.7508 0.6473 0.5998 0.5718
100 0.9593 0.9064 0.8709 0.8456

Table 3.1 Observed Dyck ratio with limited matching distance for alphabets with
different numbers of character pairs on strings of length 1000

3.2 Limited maximum distance for matches
We can again modify Algorithm 1 for determining Dyck edit distance to only

consider matches that have at most a specified maximum distance v. We again
assume to have a Dyck string of length n and one fixed matching of it with distance
at most v that is maximal given this constraint. In some sense the algorithm
now has two phases. We first determine the sizes of optimal matchings for all
substrings of length at most v + 1 by checking the two options for decomposition
as in Algorithm 1.

After that we use the values for the short substrings to calculate Dyck edit
distance for all prefixes of the original string. We do this in order of increasing
length. If the prefix has length over v + 1, it can be seen that there must exist
such a decomposition of the prefix into two non-empty strings that matches
only exist within the two parts. Furthermore, the last character of the prefix
cannot match further than v characters away, this means that it is sufficient to
try decompositions where the second string’s length is at most v + 1 – thus the
precalculated values can be looked up from the previous phase.

Complexity of the algorithm is Θ(n · v2) for the first phase plus Θ(n · v) for
the second.

We obtained some data for limited maximum distance experimentally, it can be
seen in Table 3.1. We generated 300 strings for each alphabet size and calcualted
the Dyck edit distance along with the restriction on maximum maching distance
using the algorithm above. The values seen are averaged over all generated strings.
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4 Kolmogorov Lower Bound on
Dyck Ratio

We will use Kolmogorov complexity to show that strings that are close to
being well-parenthesized can be compressed easily and this implies that there
cannot be too many of them. In particular we will define an embedding of strings
of some length over a chosen alphabet with Dyck ratio up to some constant into
binary strings of limited length. This will give us an upper bound on the count of
such strings with low Dyck ratio.

Let us now define a coding that will compress strings with low Dyck ratio.
Definition 4.0.1 (Match Entropy). We define match entropy for a Dyck ratio r to
be: Hm(r) = −r · log2(r/2)− 1− r · log2((1− r)/2).

In this definition we assume as is customary with entropy that 0/ log2(0) = 0.
Theorem 10. Let ∆ be a Dyck alphabet with b ≥ 2 pairs of symbols. For any
r ∈ (0, 1) such that log(b) + 2 log(1 − r) − 2 log(r) > 0 there is a sequence of
encodings, one for each length of strings over ∆ assigning a binary sequence of
length at most (Hm(r) + (1/2 + r/2) log2(b)) · ℓ + o(ℓ) to a string of length ℓ over
∆ with Dyck ratio of at most r.

Proof. Let δ be a string over ∆ of length ℓ of with Dyck ratio at most r. We will
define the sequence of encodings by describing the encoding for δ.

The encoding will have three parts. Firstly, we will encode the Dyck edit
distance of the string into ⌈log(ℓ)⌉+ 1 bits.

Then we take an arbitrary maximum matching of δ and look at which characters
are matched. For every character in δ we encode one of four values: opening
matched, opening unmatched, closing matched, closing unmatched. This is
done with iterated binary Shannon-Fano coding [14] of source 4ℓ for respective
probabilities of the four symbols:

opening matched dr(δ)/2
opening unmatched (1− dr(δ))/2

closing matched dr(δ)/2
closing unmatched (1− dr(δ))/2

After that we encode for each character in δ the character pair it belongs to
skipping closing matched characters. From the first part of the encoding we can
already can deduce how many characters we will skip, so we can again use iterated
Shannon-Fano coding using uniform distribution on pairs.

(Length of the first part of the encoding is known. So given that Shannon-
Fano coding produces a prefix code, we can simply concatenate all the parts and
decoding will still be unambiguous.)

It can be seen that this encoding is injective, i.e. no two strings over ∆ of
length ℓ of with Dyck ratio at most r would have identical encoding.

It remains to be shown that the whole encoding is sufficiently short. Length
of the first part is o(ℓ). The length of the second part is Hm(δ) · ℓ + o(1). The
length of the third part is ℓ · (1/2 + dr(δ)/2) · log2(b) + o(1).
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We now need to reason that

ℓ · (Hm(δ) + (1/2 + dr(δ)/2) · log2(b)) ≤ (Hm(r) + (1/2 + r/2) log2(b)) · ℓ.

Or equivalently

Hm(δ) + (1/2 + dr(δ)/2) · log2(b) ≤ Hm(r) + (1/2 + r/2) · log2(b)
2Hm(δ) + dr(δ) log2(b) ≤ 2Hm(r) + r log2(b)

The last inequality holds due to the assumption log2(b) + 2 log2(1 − r) −
2 log2(r) > 0. (One can take the derivative of 2Hm(x) + x log2(b) and see that it
is positive on (0, r).)

So altogether the length is at most (Hm(r) + (1/2 + r/2) log2(b)) · ℓ + o(ℓ),
which finished the proof.

Finally, the following theorem can be used to obtain lower bounds on asymptotic
Dyck ratios.
Theorem 11. Let ∆ be a Dyck alphabet with b pairs of symbols and let r ∈ (0, 1)
satisfy Hm(r)− (1− r) log2(b)/2 < 1. Then dr(∆,∞) ≥ r.

Proof. We look at the sequence of encodings we defined in Theorem 10. We can
conclude that for length ℓ there are at most 2(Hm(r)+(1/2+r/2) log2(b))·ℓ+o(ℓ) = q(ℓ)
Dyck strings of length ℓ with Dyck ratio at most r. This is simply based on total
number of binary sequences of length (Hm(r) + (1/2 + r/2) log2(b)) · ℓ + o(ℓ) or
less.

Since there are (2b)ℓ Dyck strings of length ℓ and from

Hm(r)− (1− r) log2(b)/2 < 1

it follows that there is ε ∈ (0, 1) and n ∈ N such that

∀ℓ > n : q(ℓ)
(2b)ℓ

< ε

.
We denote the quantile function by Q. So in other terms Q(ε, dr(∆, ℓ)) ≥ r

for all sufficiently large ℓ. From concentration of properties of dyck ratio we also
deduce however:

∀ζ ∈ (0, 1) : lim
ℓ→∞

Q(ζ, dr(∆, ℓ))−Q(ε, dr(∆, ℓ)) = 0

For all ζ ∈ (0, 1) it holds that for every η ∈ (0, 1) there is m ∈ N such
that Q(ζ, dr(∆, ℓ)) ≥ r − η for all ℓ > m. From here it follows however that
dr(∆,∞) ≥ r.

Table 4.1 shows some of the calculated lower bounds using Theorem 11.
The bounds we obtained could be improved. One can observe that there we

had a considerable degree of freedom when compressing a string. We chose an
arbitrary maximum matching. There would often be many matchings to choose
from, each of them yielding a different binary sequence of target length that we
would not map anything else to. This means that compressed strings are not very
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Number of pairs of symbols Lower bound
2 0.0948
3 0.1700
4 0.2270
5 0.2723
6 0.3094
7 0.3406
8 0.3675
9 0.3909
10 0.4115
100 0.7613
1000 0.9176

Table 4.1 Lower bound on asymptotic Dyck ratio for different alphabet sizes

dense in the binary sequences. This presents a potential point of improvement of
the lower bounds we obtained.

The count of maximum matchings can vary significantly for a given string.
For example, there would be always only one for already well-parenthesized Dyck
string. But even strings with high Dyck edit distance can still have only one
maximum matching, like the string ))) . . .))) only has empty matching.

On the other hand the number of optimal matchings can be exponential. The
following simple string has

(︂
2n
n

)︂
maximum matchings:

n⏟ ⏞⏞ ⏟
(((. . . (((

2n⏟ ⏞⏞ ⏟
))) . . .)))
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5 Single Pair of Symbols
Perhaps surprisingly, the properties of Dyck edit distance for alphabets with

only one pair of parentheses are different from other alphabets. For larger alphabet,
one can observe empirically that expected Dyck edit distance of a random string
is asymptotically linear in its length. This is not the case for alphabets with only
one pair of symbols however, where Dyck edit distance of a string of length n is
roughly of the order of Θ(

√
n). We will now focus on those.

We will show that we can express Dyck edit distance in terms of random
variables of suitable Markov chains. The following theorem will be fundamental
for that:
Theorem 12. Let ∆ be a Dyck alphabet with a single pair of symbols and let
δ be a string over ∆ of length n. We define qi to be 1 if δi is the opening
symbol and 0 otherwise. And we define X0 = 0 and Xi = Xi−i + 1− 2qi. Then
3 maxi |Xi| ≥ n · dr(δ).

Proof. We will show that there is such a matching M that leaves at most
2 maxi |Xi| indices unmatched. The matching M is composed of the following:
For every opening symbol s we find the shortest balanced substring of δ beginning
with this symbol and match it to the last symbol of this substring (which must
be closing), if such a substring exists. Remaining symbols are unmatched. One
can easily verify that this matching is valid.

It is also optimal. To show this we prove the following claim: If there is an
opening character directly followed by a closing character, there is a maximum
matching where those two are matched together. To prove it by contradiction,
let us take a maximum matching where this is not true, there exactly one of the
characters is matched. So we may replace that match by the pair of symbols
directly next to each other, we thus get a maximum matching including the desired
pair.

This however means that whenever there is an opening character followed
by a closing character, we can match them together and determine the rest of
the matching by looking at a string with those two characters removed. Clearly,
as long as the maximum matching is not empty, there is such a pair, and the
converse is also true. Now however the way M is defined corresponds precisely to
the matches obtained by this procedure, so M is maximum.

Now we must think about which symbols are not matched in M . Suppose
there was an unmatched opening character followed by an unmatched closing
character somewhere later in δ, we could take closest such a pair of positions (i, j).
Between these two positions, there would need to be a (possibly empty) balanced
string. By definition of M matches cannot cross over unmatched characters. We
would then however need to match positions (i, j). So what this implies is that
there is a part of the string C where unmatched closing symbols can exist and
after this part there is another part O where unmatched opening symbols can
exist.
|Xi| indicates the difference between in the count of opening and closing

characters in the prefix of δ of length i. Let’s assume there are c unmatched
closing characters and o number of unmatched closing characters.
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We now want to show that number of unmatched symbols in C is at most
maxi |Xi|. Let’s take the position of the final unmatched closing character p. Now
Xp is less than equal to the number of unmatched closing characters. Otherwise
the difference between closing and opening characters in the prefix of length p
would be less than c and character at p or some other preceding closing character
would need to be matched in M .

If o ≤ 2c and we are finished. Otherwise by analogous logic we can now argue
that there is a suffix of δ containing all o unmatched opening characters of some
length ℓ that has difference between closing and opening characters of − maxi |Xi|

2
or more. This is because Xn−ℓ −Xn ≤ o.

We see that if we can show that Xis will on average be close to zero, Dyck
edit distance will be also. So we will now focus on bounding maxi |Xi|.
Theorem 13. For any integer n let us define independent random variables Zi ∈
{−1, 1} for 1 ≤ i ≤ n. Based on those we also define X0 = 0, Xi = Xi−1 + Zi for
1 ≤ i ≤ n. Then E[maxi=0,...,n |Xi|] ∈ O(n1/2+ε) for any positive ϵ.

We will prove this theorem using the Chernoff bound [15] and a few observa-
tions.
Theorem 14 (Chernoff bound). Suppose X1, . . . , Xn are independent random
variables taking values in {0, 1}. Let X denote their sum and let µ = E[X] denote
the sum’s expected value. Then for any η ∈ (0, 1),

Pr(|X − µ| ≥ ηµ) ≤ 2e−η2µ/3

Proof of Theorem 13. |Xi| > a and |Xj| > a are positively correlated for any pair
i, j. Pr(|Xn| > a) is the greatest, so we can multiply this probability by n and
use it as an upper bound for the probability of the event that for some i it occurs
|Xi| > a.

We take the Chernoff bound for Y = Xn/2 + n/2 which can be seen to
be a sum of n independent random variables Zi/2 + 1/2 taking value in {0, 1}.
We get Pr(|Y − n/2| ≥ ηn/2) ≤ 2e−η2n/6 and substitute η = n−1/2+ε yielding
Pr(|Y − n/2| ≥ n1/2+ε/2) ≤ 2e−n2ε/6.

In terms of Xn this can be expressed as Pr
(︂
|Xn| ≥ n1+2/ε

)︂
≤ 2e−n2ε/6

Now to bound E[maxi=0,...,n |Xi|] we can do it as follows:

E[ max
i=0,...,n

|Xi|] ≤ n1/2+ε Pr
(︃

max
i=0,...,n

|Xi| ≤ n1/2+ε
)︃

+ n Pr
(︃

max
i=0,...,n

|Xi| > n1/2+ε
)︃

≤ n1/2+ε + 2ne−n2ε/6

∈ O(n1/2+ε)

We may now notice that Zis can be thought of as indicators of whether a
character at position i is opening or closing, so in fact we just received an upper
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bound on expected Dyck edit distance for Dyck alphabets with only a single pair
of symbols.

Then the next theorem directly follows:
Theorem 15. Let ∆ be a Dyck alphabet with a single pair of symbols, then
dr(∆) = 0.

We should also show a lower bound on Dyck edit distance for single pair of
symbols. For that we look at the following property of random walks.
Theorem 16 (Running maximum of Markov process on a line (found in [16])).
Random walk on integer line is a process where in each step with probability 1/2
we stay at the same place, with probability 1/4 we step to the left, and otherwise
we step to the right.

Random walk on an integer line starting at 0 will reach point with value v ∈ N
within the first n steps with probability at least 1− 12v/

√
n.

A lower asymptotic bound on the edit distance is an obvious corollary of this
theorem.
Theorem 17. Let ∆ be a Dyck alphabet with a single pair of symbols, then
Eδ∈∆n [Ded(δ)] ∈ Ω(n1/2).

Proof. Setting in v =
√

n Theorem 16 tells us that we can expect a prefix with√
ℓ more closing symbols than opening symbols in a constant fraction of string

of length ℓ. In each those strings at least
√

ℓ symbols must therefore remain
unmatched in any matching. This, however, suffices to prove the claim.

So we see that the situation for the case described in this section is very
different from other Dyck alphabets. Additionally, we can compute Dyck edit
distance of a string over alphabet with a single pair of characters with a simpler
algorithm.

The idea of this algorithm is to find the prefix that has the greatest difference
between closing and opening symbols. This value m1 will be equal to −m at the
end of the algorithm.

If m1 ≤ 0, we know that in any prefix there are enough opening symbols to
match all closing symbols, therefore the edit distance is the number of excess
opening symbols in the whole string, i.e. r at the end of the algorithm.

Otherwise m1 closing characters will remain unmatched in some prefix. It can
be seen that removing this prefix and running the algorithm on the rest of the
string would yield the previous case. Therefore the final Dyck edit distance is
equal to m1 plus the excess opening characters in the rest of the string which can
be seen to be equal to r −m at the end of the algorithm.
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Algorithm 3: Algorithm for calculating Dyck edit distance with single
character pair

Data: Dyck string δ of length ℓ
Result: e, the Dyck edit distance of δ
m← 0
r ← 0
for i← 0 to ℓ− 1 do

if δ[i] is opening character then
r ← r + 1

else
r ← r − 1

end
if r < m then

m← r
end

end
e← r
if m < 0 then

e← e− 2m
end
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6 Further Research
We note here some possible further research directions:

• Sankoff and Mainville found the asymptotic behavior γk

√
k → 2. Similar

formula may exist for Dyck edit distance. For series of alphabets {∆i} where
∆i contains i character pairs, it may perhaps be of the form

√
k(1− dr(∆i,∞))→ c

for some constant c as k goes to infinity.

• With more computational power the upper bounds on Dyck ratio that were
obtained using analyzing short segments in Table 2.3 could be improved. In
theory we could could get arbitrarily close to the real Dyck ratio this way.

• It would be interesting to see the expected number of maximum matchings
in a Dyck string and also near maximum matchings.

• We may decide to also allow substitutions on top of just insertions and
deletions, and thus consider the alternative definition of the Dyck edit
distance problem. Most properties would be analogous, however the exact
bounds on this modified Dyck ratio would be a bit lower.

• It appears that many of the results of this thesis could be extended to the
problem of RNA folding without great difficulty.
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