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Introduction

“We’ve all got both light and dark inside us. What matters is the part we choose to act
on. That’s who we really are.”
- Sirius Black

The study of string similarity measures lies at the core of many computational
problems across diverse domains, including bioinformatics, natural language
processing, data compression, plagiarism detection, and error correction.
Given two strings, quantifying how “similar” or “different” they are is often the
crucial first step in comparing genomes, classifying documents, detecting patterns,
or ensuring data integrity in communication systems.

String similarity is typically captured using well-defined distance metrics, each
emphasizing different aspects of the transformations required to convert one string
into another. Among these, Edit Distance, Hamming Distance, and Indel Distance
are among the most widely studied and applied. Each metric provides a unique
computational perspective on reasoning about strings, characterized by distinct
algorithmic strengths and limitations.

This thesis explores fundamental aspects of string similarity measures, empha-
sizing metric embeddings that transform complex metrics like edit distance into
simpler metrics such as Hamming distance (and vice-versa). Metric embeddings
are mappings that approximately (or exactly) preserve distances up to bounded
distortion, enabling efficient algorithmic solutions by leveraging simpler geometry
and well-understood computational frameworks. These embeddings have profound
applications in approximation algorithms, sketching, streaming algorithms, and
establishing conditional lower bounds.

1.1 Preliminaries and Notation

Let X be a finite alphabet, and denote by ¥* the set of all finite strings over
Y. The length of a string x is denoted by |z|. Typically, we denote strings by
lowercase letters x,y or uppercase letters X, Y. The set of all strings of length n
over alphabet ¥ is denoted by X". For a string X, the i*" character is denoted
by either x; or X[i]. A substring from position p to ¢ is denoted by z[p, ¢], with
z[p,q) = z[p,q — 1] and z[p,...] = z[p,|z|]. If ¢ < p, then z[p,q] is the empty
string €. Concatenation of two strings x and y is denoted by z - y. All logarithms
used in this thesis are base 2 unless stated otherwise.
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Given strings x € X" and y € X™, we define several important distance
measures as follows.

1.1.1 String Distance Measures

Hamming Distance

The Hamming distance (denoted by Apg,n,) measures the number of differing
characters at corresponding positions in two strings of equal length:

AHam($7y) = |{Z B 7é yz}l

This metric is central in coding theory and error detection, specifically
handling substitution errors. Hamming distance can be computed optimally in
O(n) time, simply by comparing corresponding symbols.

Edit Distance (Levenshtein Distance)

The edit distance (denoted by A.q;¢) between two strings is defined as the minimum
number of operations: insertions, deletions, and substitutions, required to
transform one string into another. It satisfies the properties of a metric, including
the triangle inequality.

The classic dynamic programming algorithm by Wagner and Fischer [1] com-
putes A.gi(x,y) in O(n?) time, where n is the length of the strings. While there
have been improvements with polylogarithmic speedups [2, 3], the best known
exact algorithm runs in O(n + k?) time [4], where k = Agit(z, y).

Under the Strong Exponential Time Hypothesis (SETH), it is conjectured that
no algorithm can compute edit distance in truly subquadratic time in the worst
case [5]. Despite this, recent advances have led to approximation algorithms that
achieve constant-factor approximations of edit distance in almost-linear time [6, 7,
8, 9], marking significant progress in practice.

Indel Distance

The Indel distance considers only insertions and deletions and directly relates to
the longest common subsequence (LCS). It is defined as:

Indel(z,y) = |z| + |y| — 2 - LCS(z, y).

Indel distance inherits computational properties similar to edit distance, including
the quadratic lower bound under SETH and similar approximation algorithmic
approaches.

Longest Common Subsequence (LCS)

The LCS measures similarity by the length of the longest sequence present in both
strings in identical order. While useful for similarity assessments, LCS does not
constitute a metric as it violates the triangle inequality. Computationally (exact
computation), it shares complexity characteristics with Indel distance, including
known lower bounds.
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1.1.2 Alignment

We now define the important notion of string alignment, which underlies edit and
Indel distances.

Definition 1.1 (Alignment). Given two strings X = xixe...x, and Y =
Y1Y2 - - - Ym, an alignment is a partial function A : [I,n] — [1,m] such that
for alli < j, we have A(i) < A(j). This defines a monotonic mapping between
positions in X and Y .

The alignment can be visualized as a bipartite graph between the characters of
X and Y, where there is an edge between x; and y; if and only if A(i) = j. Each
character may participate in at most one alignment edge, and the edges must not
CT0SS.

The cost of an alignment is the number of unmatched characters (insertions
and deletions) plus the number of mismatched aligned characters (substitutions),
i.e., positions where x; # y; but there is an edge between x;,y;. The minimum
alignment cost over all valid alignments equals the edit distance Aqqi(X,Y).

For Ajae, alignments are further restricted to match only identical characters
(x; = y;), i.e., if there is an edge between x; and y; then x; = y;. The cost
then consists solely of unmatched characters (insertions and deletions), and the
minimum such cost equals Njqe(X,Y).

Definition 1.2 (Straight Alignment / Identity Alignment). A straight alignment
(also called an identity alignment) between two strings x and y of equal length
is defined by aligning each character at position i in x with the character at the
same position i in y.

Formally, for x,y € X", the alignment A(i) =i for all i € [1,n] is a straight
alignment. This alignment performs no edits if x =y, and its cost is exactly the
Hamming distance between x and y otherwise.

When A(7) = j, we say that character z; is aligned to character y;. Concep-
tually, the alignment A describes a transformation from z to y via insertions,
deletions, and substitutions. An insertion in x may equivalently be viewed as a
deletion in ¥, so it is often convenient to consider only deletions and substitutions,
but deletions performed on both strings.

Given an alignment A, we can also measure its effect on a substring of x. We
say that “A performs k edits on the substring z[p, q]” if there are k edit operations
(insertions, deletions, or substitutions) that occur within the span of z[p,q|. If
edits affect characters outside the substring , such as insertions just before x,, or
just after x,, we explicitly note that those edits occur at the beginning or end of
the substring.

Below are several facts about edit distance and alignments that will be used
repeatedly throughout this thesis:

Fact 1.3. Let x and y be two strings, and let s be another string. Then,
Aedit(l‘yy) = Aedit(s *ZL,S - y) = Aedit(x S5y S)'

That is, adding a common prefix or suffix to both strings does not change the edit
distance.
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Fact 1.4. Let x and y be two strings of the same length. Suppose alignment A
aligns character x[i] to y[j]. Then the cost of A satisfies:

cost(A) > 2|i — j|.

Fact 1.5. Let x and y be two strings and let A be an alignment from x toy. If A
performs no edits on the substring z[p, q|, then x[p,q| must occur as a contiguous
substring of y.

1.2 Metric Embeddings

An embedding from a metric space (X, dy) into another metric space (Y, dy) is a
function f : X — )Y such that for all z1, 25 € X,

dx (11, 12) < dy(f(z1), f(22)) < D - da(z1,72),

for some distortion factor D > 1. Such an embedding approximately preserves
pairwise distances and enables the simulation of computations in (X, dy) using
algorithms designed for the simpler space (), dy).

If D = 1 and the distance is preserved exactly for all pairs, i.e., dy(f(x1), f(z2))
= dy(x1,22), the embedding is called an isometric embedding. More generally,
if dy(f(z1), f(z2)) = ¢ dx(z1,29) for some fixed scaling constant ¢ > 0, the
embedding is referred to as a scaled isometric embedding.

There are several key criteria for evaluating the quality of an embedding:

1. Distortion: This measures the multiplicative error in preserving distances.
Lower distortion implies higher fidelity.

2. Rate: Defined as the ratio of the dimension of the input space to that of the
output space. Lower rates may be undesirable in applications like sketching
or compression. The closer the rate is to 1, the better.

3. Computational Efficiency: The time complexity required to compute
f(z) for any given x € X is also critical, especially in large-scale or streaming
contexts.

1.2.1 DMotivations for Embeddings

Metric embeddings are powerful algorithmic tools that enable the approximation
of complex metric spaces using simpler, more computationally tractable ones. In
the context of string similarity, embedding a computationally hard metric such
as edit distance into an easier metric like Hamming distance has wide-ranging
applications.

Many algorithmic problems that rely on Hamming distance, such as sketching,
streaming, clustering, and nearest-neighbor search, admit highly efficient or even
optimal algorithms. In contrast, the same problems under edit distance often lack
such efficient solutions due to its higher computational complexity. Therefore, a
distortion-bounded embedding from edit distance into Hamming distance could
allow us to apply fast Hamming-based algorithms to approximate solutions under
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edit distance. Naturally, the usefulness of such reductions depends on the quality
of the embedding, and some applications demand additional structural properties
from the embedding, as discussed in Chapter 3.

Interestingly, as we explore in Chapter 4, embeddings in the reverse direc-
tion—from Hamming into edit distance—are also of significant theoretical interest.
Proving tight conditional lower bounds for problems under Hamming distance is
often more tractable. An optimal embedding from Hamming to edit distance would
effectively reduce these problems to their edit-distance counterparts, transferring
the lower bounds as well.

Beyond these algorithmic motivations, embeddings can help us investigate
finer structural questions: How similar are edit and Indel distances? How does the
structure of the space X" differ from that of {0,1}™, even under the same distance
function? Understanding such relationships deepens our grasp of the geometric
and algorithmic landscape of string metrics. These questions are explored in
Chapters 5 and 6.

1.3 Thesis Roadmap

This thesis comprises six chapters derived from four research papers:
Chapter 2: Embedding edit distance into Hamming space.
Chapter 3: Applications of these embeddings.
Chapter 4: Reverse embeddings—Hamming into edit distance.
Chapter 5: Embeddings between edit distance and Indel distance.
Chapter 6: Alphabet reduction techniques as embeddings within metrics.

These contributions collectively advance our understanding of string similarity
measures, providing practical tools and theoretical insights for algorithm design
and complexity analysis.
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Edit to Hamming
Embedding

“The truth. It is a beautiful and terrible thing, and should therefore be treated with great
caution.”
- Dumbledore

In this chapter, we explore techniques for embedding strings from the edit
distance metric into the Hamming metric with provably bounded distortion.

Note. Trivial embedding such as the identity mapping can have large distortion.
For example, consider the strings: » = {01}™2 and y = {10}"/2. Then:

AHam($7 y) =n and Aedit<x7 y) = 27
which gives the inequality:

Aedit(xa ?/) S AHam(x7 y) S (n/2) : Aedit(xa y)

In Section 2.1} we begin with an accessible introduction to a simple yet powerful
embedding technique known as the CGK embedding. In the subsequent sections,
we present our new embedding, which achieves similar distortion guarantees but
offers additional structural and algorithmic advantages.

o The results presented in this chapter form a significant part of the work
published in [10].

2.1 CGK Embedding

The CGK embedding, introduced by Chakraborty, Goldenberg, and Koucky [11],
is a randomized mapping from strings under the edit distance metric into strings
under the Hamming distance metric. For any two binary strings x,y € {0,1}"
with edit distance A.4i(x,y) = k, the embedding ensures that the Hamming
distance between their images f(z,7) and f(y,r) is at most quadratic in k, i.e.,
Acait(1,9)/2 < Apam(f(x,7), f(y,7)) < O(k?), with high probability over the
choice of random string r. A crucial property of this embedding is its efficient
computation in a streaming fashion, requiring only a single pass over the input
and using linear time and small space. This embedding significantly simplifies
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algorithmic problems by reducing the complexity of edit distance computations
to the more tractable Hamming distance.

Embedding Algorithm. The embedding algorithm proceeds as follows:

1. Initialize a pointer ¢ = 1 to the start of the string x and prepare an empty
output string.

2. For each position j =1, ..., 3n, perform:

(a) If i < n, append the current bit z; to the output string, and increment
the pointer ¢ by a random bit h;(z;) € {0,1}.

(b) If i > n, append a zero to the output string.
Here, h; are independent random functions mapping {0, 1} — {0, 1}.

Theorem 2.1 (CGK Embedding Distance Guarantee). For any strings x,y €
{0, 1} with Acgit(x,y) = k, the randomized embedding f satisfies:

1

5 " Beait(,9) < Asam(f(2,7), fly,7)) < OK?)

with probability at least 2/3 over the choice of random bits r.

Proof Idea. The proof relies on analyzing the embedding algorithm as a random
walk on the integer line. Initially, both embeddings of x and y are identical
until the first difference is encountered. At this point, the embeddings become
unsynchronized, and the random increments ensure independent progress. The
crucial observation is that the embeddings synchronize quickly again, and the
total number of unsynchronized steps is bounded by the time it takes for a random
walk to reach a particular target, resulting in the quadratic bound. This random
walk analogy provides a clear probabilistic interpretation and leads to the formal
guarantee stated above.

2.2 Edit to Hamming Embedding via Locally
Consistent Decomposition

We introduce a new randomized embedding from the edit distance metric to
the Hamming metric that achieves distortion guarantees similar to the CGK
embedding. However, our construction provides a key additional advantage:
locality.

This locality property ensures that when a symbol is appended to the end of a
string, or a symbol is removed from its beginning, the embedding can be updated
efficiently using the embedding of the original string. This makes our approach
particularly well-suited for dynamic and streaming environments, where strings
are processed incrementally. Informally, our main theorem is stated as follows:
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Theorem 2.2 (Informal Main Theorem). For any strings x,y € X" with Aegi(z,y)
< k, there exists a randomized embedding f : X" — '™ satisfying:

Acait(w,y) < Dpram(f (), f(y)) < O(K?)
with probability at least 3/4.

We prove the theorem by using a novel string decomposition algorithms
combined with a simple encoding.

2.2.1 Related work

The problem of embedding edit distance to other distance measures, like Hamming
distance, 1, etc. has been studied extensively. In [11], the authors have given a
randomized embedding from edit distance to Hamming distance, where any string
x € {0,1}" can be mapped to a string f(z) € {0,1}>", given a random string
r € {0, 1}, such that, Awir(7,9)/2 < Amam(f(2), f(y)) < O(Dcan(z,y)?)
with probability at least 2/3. Batu, Ergun and Sahinalp [12] have introduced
a dimensionality reduction technique, where any string x of length n can be
mapped to a string f(x) of length at most n/r, for any parameter r, with a
distortion of (5(1”) They used the locally consistent parsing technique for their
embedding. Ostrovsky and Rabani [13] gave an embedding from edit distance
to ¢, distance with a distortion of 20(viegnlogloen) — jowhari [14] also gave a
randomized embedding from edit distance to ¢; distance with a distortion of
O(lognlog® n). He used the embedding given by Cormode and Muthukrishnan
[15] who showed that any string x of length n can be mapped to a vector f(z)
of length m = O(2"1°¢")  such that for any pair of strings z,y of length n each,
Acair(z,1)/2 < ||f(z) = f(y)|l, < O(lognlog™n) - Acgir(z,y). Since the size of
the vector was too large, [14] used random hashing to get his final embedding.

2.2.2 Decomposition Technique

To construct this embedding we provide a new technique to align two strings x
and y in oblivious manner. In nutshell, we provide a decomposition procedure that
breaks x and y into the same number of “short” blocks so that at most k& pairs
of blocks in the decomposition of x and y differ, and all other pairs of blocks are
matching in an optimal alignment. So the edit distance of x and y is the sum of
edit distances of the differing blocks. To be more specific our blocks are not short
in their length but they are short in the sense that each of them can be described
by a context-free grammar of size O (k). Our decomposition algorithm constructs
the grammars. Our decomposition is based on locally consistent parsing of strings
a technique similar to the one used in 16} 12, [14, |17]. Our main technical result
is:

Theorem 2.3 (String decomposition). There is an algorithm running in time
@(nk) that for each string x of length at most n produces grammars GY,...,G%
such that with probability at least 1 — O(1/y/n), x = eval(GY) - --eval(G¥) and
each of the grammars is of size @(k} Furthermore, for any two strings x and y

of edit distance at most k with grammars G%,...,G¥ and GY,...,GY, resp., that
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are produced by the algorithm using the same randomness, the following is true
stmultaneously with probability at least 4/5:

1. s=4¢,
2. G¥=GY, foralli e {1,...,s} except for at most k indices i, and
3. Acait(x,y) = 3; Acair(eval(G?), eval (GY)).

Here, for a grammar G, eval(G) denotes its evaluation. Our decomposition
can be used immediately to give an embedding of edit distance into Hamming
distance with distortion O(k).

Another distinguishing feature of our decomposition procedure compared to
the technique of CGK random walks is its parallelizability. CGK random walk
seems inherently sequential whereas our decomposition procedure can be easily
parallelized. We believe that our decomposition will allow for further applications
beyond our simple embedding, and sketches and streaming algorithm that we
show in the next chapter.

2.2.3 Encoding a grammar

We will encode the grammars obtained from the above decomposition algorithm
using a simple encoding.

We will set a parameter N > n® to be a suitable integer: Let Fxg : {0,1}* —
{1,..., N} be a hash function picked at random, such as Karp-Rabin fingerprint
[18], so for any two strings u,v € {0, 1}*, if u # v then Prp, [Fkr(u) = Fkr(v)] <
(lul + |v])/N.

Set M =3S-[1+1log|I'|]]. We will encode a grammar G over I' of length at
most S given by our decomposition algorithm by a string Enc(G) over alphabet
{1,...,2N} of length M. The encoding is obtained as follows: First, order the
rules of the grammar G lexicographically. Then encode the rules in binary one by
one using 3 - [1 4 log |T'|] bits for each rule. (The extra bit allows to mark unused
symbols.) This gives a binary string of length at most M, which we pad by zeros
to the length precisely M. We call the resulting binary string Bin(G). Compute
he = Fxr(Bin(G)). We replace each 0 in Bin(G) by hg, and each 1 in Bin(G) by
N + h¢ to obtain the string Enc(G). Clearly, Enc(G) is a string over alphabet
{1,...,2N} of length exactly M. The encoding can be computed in time O(M).
For completeness, we encode any grammar G of length more than S or that uses
rules with more than two symbols on the right as Enc(G) = 1.

By the property of Fkgr the following holds.

Lemma 2.4. Let G, G’ be two grammars of size at most S output by our decom-
position algorithm. Let Fxr be chosen at random.

1. Enc(G) € {1,...,2N}M.
If G = G’ then Enc(G) = Enc(G’).
If G # G’ then Enc(G) = Enc(G") with probability at most 2M /N .

If Enc(G) # Enc(G’) then Agam(Enc(G), Enc(G')) = M, that is they differ
in every symbol.
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2.2.4 Our Embedding

Given our string decomposition theorem and the encoding procedure, we
define our embedding as follows: Let n and & < n be two parameters, and let
p > 2N + 1 be a prime such that p > (nM)3. For a string x € X* of length at
most n, we compute its embedding by first running the decomposition algorithm
of Theorem to obtain grammars G, G, ..., G, Each grammar G; is encoded
using Enc(G;) from Section [3.2.3] with the same randomly chosen hash function

Fxgr. The final embedding is the concatenation:
f(z) = Enc(G) - Enc(Gs) - - - Enc(Gy).

Now, we can prove the following formal theorem for our embedding, proving
it’s distance guarantees.

Theorem 2.5. Let z,y € X* be strings of length at most n such that Acqu(z,y) < k.
Let f(z) and f(y) be obtained using the same randomness for the decomposition
algorithm and the same choice of Fxr. Then, with probability at least 3/4, we
have:

Aedit('ruy> S AHam(f('r>7 f(y)) S @(kQ)

Proof. Assume the decomposition algorithm on z and y satisfies all conclusions
of Theorem

1. For = we get eval(GY) - eval(G%) - - - eval(G?),
2. For y, we get eval(GY) - - - eval(GY), with s < n,
3. Each grammar is of size at most S,

4. Aegir(x,y) = 3 Acair(eval(GF), eval(GY)), and
5. At most k indices i satisfy G7 # G7.

Assume Fgg is chosen such that Enc(GY) # Enc(GY) for each differing pair.
Then:

L. Agam(f(x), f(y)) > M > Acgi(z,y), since if Aggi(z,y) > 0, at least one
pair of grammars differ.

2. Apam(f(x), f(y)) < M -k = O(k?), since at most k pairs differ.

Failure probabilities:

1. Decomposition failure probability is at most 1/5 for large n.

2. Probability that Enc(G?) = Enc(GY) for any differing pair is at most
2kM /N < 1/n, by choice of N.

Thus, total failure probability < 1/54 1/n < 1/4, and the theorem follows.
[
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2.3 Ouwur Decomposition technique in detail

We first provide the intuition for our technique. We would like to break a string
x into small blocks obliviously so that when a string y is broken by the same
procedure, the difference between x and y caused by the edit operations is confined
within the corresponding blocks of x and y, and the overall decomposition is not
affected by them. For random binary strings x and y this could be done fairly
easily: look on all the (overlapping) windows of logn consecutive bits in each of
the strings and for each window decide at random whether to make a break at
that window or not. To make it consistent between x and y use some random hash
function H : {0, 1}°¢™ — {0,..., D — 1} so that if the hash function evaluates to
0 on a given window then start a next block of the decomposition. If we chose
D suitably, say D > 10k logn, then we are unlikely to start a new block in any
window which is affected by the the at most k£ edit operations on x and y. In that
case we obtain the desired decomposition. Hence, decomposing random strings x
and y is easy.

The issue is what to do with non-random strings. Consider for example strings
x and y that are very sparse, so they contain y/n ones sprinkled within the
vast ocean of zeros. The hash function H will see mostly windows of 0’s and
occasionally a window of the form 0°10°&(")~~1 The decomposition will have no
effect on such strings despite the fact that the string might contain ©(/n) bits of
entropy.

However, we can compress such sparse strings: replace stretches of zeros by
some binary encoded information about their length, and try to break the strings
again. Still, this will fail if in our example the stretches of zeros are replaced
by stretches of some repeated pattern such as (01)*. So we need slightly more
general compression which will compress any logn bits into log(n)/2 bits. By
repeating the sequence of steps: split and compress, we will eventually get the
desired decomposition of each string.

Our actual algorithm mimics the above intuition. It is technically easier to
work with a larger alphabet, so we extend the input alphabet > by adding special
compression symbols into the work alphabet I'. (Without loss of generalization
we can assume that ¥ is of size O(n?) otherwise we can hash each symbol of our
input strings using some perfect hash function into an alphabet of size O(n?)
without affecting the edit distance of a given pair of strings.) To split a string we
will use a random O(k)-wise independent hash function H : T — {0,...,D — 1},
for D = ©(klogn). If the hash function is zero on a pair of consecutive symbols
in a string, we start a new block of the decomposition on the first symbol in the
pair.

Then in each resulting block we replace stretches of repeated symbols by a
special compression symbol from I' representing the block, and we use a pair-wise
independent hash function C': > — (I'\ ¥) to compress non-overlapping pairs of
symbols into one symbol. This latter step requires some care as we have to make
sure that we select non-overlapping pairs in the same way in z and y. For the
selection of non-overlapping pairs we use the locally consistent coloring of Cole
and Vishkin [19, 20, [21] where the selection of pairs depends only on the context
of O(log* n) symbols. The compression reduces the size of each block by a factor
of 2/3. We repeat the compress and split process for O(logn) iterations until
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each compressed block of x is of size at most 2. Decompression of each block then
gives us the desired decomposition of x. (See Fig. for an illustration.)

It is natural and convenient to represent each of the blocks by a context-free
grammar which corresponds to the compression process. We can argue that the
grammars will be of size O(D logn) with high probability. So we can represent
each string by a sequence of small grammars so that if x and y are at edit distance
at most k then at most k pairs of their grammars will differ, and the sum of the
edit distances of differing pairs is the edit distance of x and y. Note, that edit
distance of two strings represented by context-free grammars can be computed
efficiently [22]. These are the main ideas behind our decomposition algorithm,
and we provide more details in Section [3.2.2

Building a sketch from the string decomposition is straightforward: We encode
each grammar in binary using fixed number of bits, and we use off-the-shelf sketch
for Hamming distance to sketch the sequence of grammars. As the Hamming
distance sketch does not recover identical bits but only the mismatched bits we
make sure that if two grammars differ then their binary encoding differ in every
bit. Over binary alphabet this might be impossible but over large alphabets one
could use error-correcting codes to achieve the desired effect of recovering the
differing grammars; for simplicity we use the Karp-Rabin fingerprint of the whole
grammar to encode the binary 0 and 1 distinctly. See Section for the details
of our encoding and Section for details of the sketch for edit distance.

To design a rolling sketch for edit distance where we can extend the represented
string by a new symbol or repeatedly remove the first symbol of the represented
string we will employ our decomposition technique together with the rolling sketch
for Hamming distance of Clifford, Kociumaka, and Porat [23]. We will argue that
appending a new symbol to a string affects only some fixed number of grammars
in the decomposition of a string. There is a certain threshold 7" so that except for
the last T" grammars the decomposition of a string stays the same regardless of
how many other symbols are appended. Hence, we will keep a buffer of at most T’
active grammars corresponding to the recently added symbols, and upon addition
of a new symbol we will only update those grammars. We are guaranteed that the
grammars before this threshold will stay the same forever, so we can commit them
into the rolling Hamming sketch (in the form of their binary encoding.) Similarly,
we will keep a buffer of up-to T active grammars that capture the symbols that
were deleted from the sketch most recently. Once they become “mature” enough
we can commit them by removing their binary encoding from the rolling Hamming
sketch. (See Fig. for an illustration.) This allows to maintain a rolling sketch
for edit distance.

Evaluation of an edit distance query on two rolling sketches will use their Ham-
ming sketch to recover differing committed grammars. Together with the active
grammars of inserted and deleted symbols this provides enough information for
evaluating the edit distance query. Technical details are explained in Section [3.1.3]
In Section we give a table of parameters used throughout the chapter.

2.3.1 Notations and preliminaries

Dict(z) = {z[i,i + 1],7 € [n — 1]}, is the dictionary of string x, which stores all
pairs of consecutive symbols that appear in z.

24



Grammars Let ¥ C T be two alphabets and # € I'. A grammar G is a set of
rules of the type ¢ — ab or ¢ — a”, where c € (I'U{#})\ X, a,b e " and r € N. ¢
is the left hand side of the rule, and ab or a” is the right hand side of the rule. #
is the starting symbol. The size |G| of the grammar is the number of rules in G.
We only consider grammars where each a € T'U {#} appears on the left hand side
of at most one rule of G, we call such grammars deterministic. (We assume that
rules of the form ¢ — a” are stored in implicit (compressed) form.) The eval(G)
is the string from X* obtained from # by iterative rewriting of the intermediate
results by the rules from G. If the rewriting process never stops or stops with
a string not from ¥*, eval(G) is undefined. Observe, that we can replace each
rule of the type ¢ — a” by a collection of at most 2[logr]| new rules of the other
type using some auxiliary symbols. Hence, for each grammar G there is another
grammar G’ using only the first type of the rules such that eval(G) = eval(G’)
and |G| < |G| - 2[log |eval(G)[]. Using a depth-first traversal of a deterministic
grammar G we can calculate its evaluation size |eval(G)| in time O(|G]). Given
a deterministic grammar GG and an integer m less or equal to its evaluation size,
we can construct in time O(|G|) another grammar G’ of size O(|G|) such that
eval(G') = eval(G)[m,...]. G' will use some new auxiliary symbols. Given a
deterministic grammar G, using a depth-first traversal on symbols reachable from
the starting symbol # we can identify in time O(|G|) the smallest sub-grammar
G’ C G with the same evaluation.

We will use the following observation of Ganesh, Kociumaka, Lincoln and
Saha [22]:

Proposition 2.6 ([22]). There is an algorithm that on input of two grammars G,
and G, of size at most m computes the edit distance k of eval(G,) and eval(G))
in time O((m + k?) - poly(logm + n)), where n = |eval(G,)| + |eval(G,)|.

Locally consistent coloring The following color reduction procedure allows

for locally consistent parsing of strings. The technique was originally proposed by
Cole and Vishkin [19] and further studied by Linial [20, 21].

Proposition 2.7 (|19, 20, 21]). There exists a function Foyy, : I'* — {1,2,3}"
with the following properties. Let R = log" |I'| + 20. For each string x € I'* in
which no two consecutive symbols are the same:

1. |Foyn(z)| = |z| and Foyr(x) can be computed in time O(R - |z|).

2. Forie {1,...,|x|}, the i-th symbol of Foyi(x) is a function of symbols of
x only in positions {i — R,i— R+ 1...,i+ R}.

3. No two consecutive symbols of Foyy(x) are the same.

4. Out of every three consecutive symbols of Foyy(x) at least one of them is 1.

5. If |x| =1 then Foyi(z) = 3, and otherwise Foyy(x) starts by 1 and ends by
either 2 or 3.

The first three items are standard for R = log™ |I'| + 10. The other two can
be obtained by a simple modification of the output of the standard function. In
the output, replace first in parallel each sequence 232 by 212, and then each
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sequence 323 by 313. This guarantees the fourth condition. To satisfy the fifth
condition, if |x| = 1, set Foyy(x) = 3, if |z| = 2, set Foyr(x) = 12, if |z| = 3, set
Fovi(z) = 123, and if |z| = 4, set Foyy(z) = 1212, If |2 > 4 then replace the
sequence at the beginning of the output as follows: if it starts by a word from
{2,3}{2,3}1 replace it by 121, if it starts by {2,3}1{2,3}{2, 3} replace it by 1212,
if it starts by {2,3}1{2,3}1 replace it by 1231. Then at the end of the sequence,
replace 1{2,3}1 by 123, and 1{2,3}{2,3}1 by 1212. This will increase the local
dependency to at most R = log™ |I'| + 20.

2.3.2 Decomposition algorithm

In this section we describe our main technical tool that we have developed. It
is a randomized procedure that splits a string = into blocks BY, B3, ..., By and
for each block it produces a grammar of size at most S = O(k). Furthermore, if
BY,B%, ..., B¥ is the decomposition for a string x and BY, B, ..., B is the decom-
position for a string y, obtained using the same randomness, where A g (x,y) < k
then with good probability, s = " and Bf = B} for all but & indices i. The edit
distance of x and y can be calculated as Acgi(z,y) = > Acai(BY, BY) where i
ranges over the differing blocks.

First we provide an overview of the algorithm, specific details are given in
the next sub-section. The decomposition procedure proceeds in O(logn) rounds.
In each round, the algorithm maintains a decomposition of x into compressed
blocks. In each round each block of size at least two is first compressed and then
split. The compression is done by compressing pairs of consecutive symbols into
one using a randomly chosen pair-wise independent hash function Cy : I'? — T,
where ¢ is the round number (level). Non-overlapping pairs of symbols are chosen
for compression using a locally consistent coloring so that every three symbols
shrink to at most two. Prior to the compression of pairs we replace each repeated
sequence a” of a symbol a, r > 2, by a special character r,,.

The splitting procedure uses a O (k)-wise independent hash function H, : I'? —
{0,..., D — 1} to select places where to subdivide each block into sub-blocks,
where D = O(k) is a suitable parameter. We start a new block at each consecutive
pair of symbols ab, where Hy(ab) = 0.

After O(logn) rounds, each block is compressed into at most two symbols and
we output a grammar that can generate the block.

For the correctness of the algorithm we will need to establish several properties
of the algorithm. Some of these properties are related to behaviour on a single
string x, others analyze the behaviour of the procedure on a pair of strings x and
y of edit distance at most k.

The properties we want from the algorithm when it runs on = are the following:
In each round, each block should be compressed by factor at least 2/3 while the
size of the required grammar capturing the compression should be (5(1{;) The
former is achieved by the design of the compression procedure. The latter goal
is provided by the property of the splitting procedure which makes sure that
each block B = byb, - b, resulting from a split has small dictionary Dict(B) =
{bibiz1,i = 1,...,m — 1}. In particular, we require |Dict(B)| = O(k). The
grammar size will be proportional to this dictionary.

For the compression procedure we require that it preserves information so the
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function Cj is one-to-one on each Dict(B). Since the total size of all dictionaries
is bounded by @(n) this can be easily achieved by picking C; at random provided
that its range size is Q(n?).

Additionally, we need the following property to hold on a pair of strings x and
y of edit distance at most k with good probability: The splitting procedure should
never split x or y in a region which is affected by edit operations that transform
x to y (for some canonical choice of those operations.) The total size of those
regions will be again (5(]{;) so we can satisfy this property if each pair of symbols
has probability at most 1/O(k) to start a new block. This constrains the choice
of the range size for the splitting function H,.

In the next section we describe the decomposition algorithm fully, and then
we establish its properties.

2.3.3 Algorithm description

Let n be an upper bound on the length of the input string and £ < n be
given. Set L = [logz,n| + 3 to be an upper bound on the decomposition
depth. Let ¥ be an input alphabet of size at most n®, 3. = {c1,ca,...,Crn3}
and X, = {r,,,a € Y UX.,r € {2,3,...,n}} be auxiliary pair-wise disjoint
alphabets. Let I' = X U X, U X, be the working alphabet, and # be a symbol
not in I'. Notice [I'| = O(n’® + |X|). We call symbols from X0 = ¥ level-0
compression symbols, and for £ > 1, symbols from ¥ = {c;, ({ — 1)n3 < i < ¢n}
are level-{ compression symbols. Additionally, symbols from ¥ = {r,, € ¥, a is
a level-(¢ — 1) compression symbol} are also level-f compression symbols.

Let R = log" |I'|+20, D = 110R(L+1)k and S = 30D L log n+6 be parameters.
The algorithm is a recursive algorithm of depth at most L. It starts by selecting at
random several hash functions: For / =1, ..., L, it selects at random a compression
hash function C : IT? — ¥! from a pair-wise independent hash family, and for
¢ =0,...,L, it selects at random a splitting function H, : I'* — {0,...,D — 1}
from a (5D logn)-wise independent hash family.

Main building blocks of the algorithm are two functions, Compress and Split.
The first one compresses strings by a factor of 2/3, and the other splits strings at
random points. Their pseudo-code is provided as Algorithm 1 and 2. We describe
them next.

Compress. The function Compress(B, ) takes as input a string B over alpha-
bet I of length at least two, and an integer £ > 1, which denotes the level number.
Divide B into minimum number of blocks By,...,B,,, B = B1ByBs...B,,, so
that in each B; either all the characters are the same, i.e. B; = a" for some
a € I'and r > 2, or no two adjacent characters are the same. The first step is
to compress the B;’s which contain repeated characters by simply replacing the
whole B; with the symbol r, g, where a is the repeated character. Then for the
remaining blocks, the following compression is applied: Let B; be an uncompressed
block. Each character of B; is colored by applying Foyy,(B;). Divide B; into
blocks B; = B By . .. B, such that for each B} only the first character is colored 1.
Now, according to Proposition length of each Bj is either 2 or 3. If B} = ab,
replace it with Cy(ab) else if B} = abc, replace it with Cy(ab) - ¢, where a,b,c € T'.
The actual pseudo-code given below performs the compression of blocks of repeats
in two stages, where in the first stage we replace the repeated sequence a” by
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To, - 7, and then in the next stage we remove the extra symbol #. This simplifies
analysis in Lemma Assuming that Cy can be evaluated in time O(1), the
running time of Compress(B,¢) is dominated by the time needed to compute
Feyy-coloring of blocks which is O(R - |B|) in total.

Algorithm 1 Compress(B, /)
Input: String B over alphabet I' of length at least two, and level number /.
Output: String B” over alphabet T

Divide B = B1By,Bs . .. B,, into minimum number of blocks so that each maximal
subword a” of B, for a € I' and r > 2, is one of the blocks.

2 for each i€ {1,...,m} do

w

© 0w N O O
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if B; = a”, where r > 2 then Set B] = r,, - # and color r,, by 1 and # by
2%

els Set B = B; and color each symbol of B] according to Fovy(B;);
end
Set B'=B|B,---B,,, B" =¢,and i = 1.
while i < |B'| do

if B'[i +1] =+# then B" = B". B'[i];

else B" = B"-Cy(B'[i,i + 1]);

1 =1+ 2.

if i < |B'| and B'[i] is not colored 1 then B" = B"-B'[i],i=1i+1;
end
Return B”.

Split. The function takes as input a string B over alphabet I' of length at least
two, and an integer ¢ > 1. The function splits the string B into smaller blocks.
The algorithm works as follows: For each i € {2,...,|B|—1}, if Hy(B[i,i+1]) = 0,
start a new block at position ¢. The running time of Split(B,¢) is dominated by
the time to evaluate H, at | B| — 2 points.

Algorithm 2 Split(B, ()
Input: String B over alphabet I' of length at least two, and level number /.
Output: A sequence of strings (By, By, ..., Bs) over alphabet T

Let iy <---<igbeallie€{2,...,|B] — 1} where Hy(B[i,i+ 1]) = 0. Set s = 0 if
no such ¢ exists.

Let io =1 and Z.s—&—l = ’B| + 1.

For j=0,...,s, set B; = Blij,ij11).

Return (By, By, ..., By).

The main recursive step of the algorithm is encompassed in function Process.
The function gets a block B € I'* as its input. The block might have already
been compressed previously, so the function also gets dictionaries that allow
decompression of the block. If the block is already of length at most two, then the

faq = rp s for some b € T and s € N, then set B = rp,s - #. However, such a situation
should never happen during the execution of the algorithm as level-¢ compression symbol can
be introduced only at level /.
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function outputs the block. Otherwise it compresses the block B using Compress,
then it subdivides the compressed block using Split, and invokes itself recursively
on each sub-block. For the output, each block is represented by a grammar. The
grammar is reconstructed from the compressed block and its dictionaries by a
simple bread-first search algorithm provided in the function Grammar.

Algorithm 3 Process(B, (D1, Ds, ..., Dy 1),{)

Input: String B € I'*, a sequence of dictionaries D; C I'? for decompressing B,
and level number /.

Output: A sequence of blocks of B each encoded by a grammar.

if |B| <2 then Output Grammar(B, (Dy, Ds,...,Dy_1),¢ — 1) and return ;
A = Compress(B, ().

(BQ, Bl, cee ,BS) = Spllt(A, E)

For i =0,...,s, Process(B;, (D1,...,Dy_1,Dict(B)),{ + 1).

To decompose an input string x into blocks, we first apply function Split(zx, 0)
to « and then invoke Process(B, (), 1) on each of the obtained blocks B. Breaking
the string x into sub-blocks guarantees that each block passed to Process has
small dictionary whereas the dictionary of x could have been arbitrarily large.

Algorithm 4 Grammar(B, (D, Da, ..., Dy),?)

Input: String B € I'*, a sequence of dictionaries D; C I'? for decompressing B.
Output: The smallest grammar G for B based on the dictionaries D; and hash
functions C1, ..., Cy.

Let C = {c € X, : c appears in B or r., appears in B for some r}. // Symbols
needed to decompress B
G = {# — B}.
for j=4¢,...,1do
for each ab € D; do
if Cj(ab) € C then G = G U{C;(ab) — ab},
C=CU{ceX;ced{a,b}orr., €{a,b} for some r} ;
end
end
For each r,, appearing in any of the rules in G, add r,, — a” to G.
Return G.

2.3.4 Correctness of the decomposition algorithm

Our goal is to establish the following theorem which is a stronger version of

Theorem 2.3k

Theorem 2.8. Let x and y be a pair of strings of length at most n with Aqqu(z,y) <
k. Let GY,...,G* and GY,...,GY be the sequence of grammars output by the
decomposition algorithm on input x and y respectively, using the same choice of
random functions C1,...,Cp and Hy,...,Hy. The following is true for n large
enough:
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1. With probability at least 1 — 2/n, x = eval(GY)---eval(G?) and y =
eval(GY) - - - eval(GY)).

2. With probability at least 1 —2/\/n, for alli € {1,...,s} and j € {1,...,5},
|G 1G5 < S.

3. With probability at least 9/10, s = s', GF = GY, for alli € {1,...,s} except
for at most k indices i, and Acgir(x,y) = >; Acair(eval(GF), eval(GY)).

By union bound, all three parts happen simultaneously with probability at
least 9/10 — 2/n — 1/4/n which is > 4/5 for n large enough.

To prove the theorem we make some simple observations about the algorithm,
first.

Lemma 2.9. For any string B of length at least two, and ¢ > 1,
|Compress(B, ()| < 2|B| + 1 and |Compress(B, ()| < |B|.

Proof. Let B = B1ByBs ... B, be as in the procedure. Every block B; that equals
to a”, for some a and r > 2, is reduced to one symbol by the compression. The
other blocks are colored using Feoyr(-) and compressed. Unless a block B; is of
size one, the coloring induces division of the block B; into subwords of size two or
three, where the former is compressed into one symbol and the latter into two
symbols. Hence, each such a block is compressed to at most 2/3 of its size. So
the only blocks B; that do not shrink are of size one, and are sandwiched between
blocks of repeated symbols (that shrink by a factor of at least two). The worst-case
situation is when m is odd, blocks B; are of size one for odd i, and of size two for
even 7. In that case the original string B shrinks to size [%|B|] + 1. This proves
the first inequality. The second inequality is also clear from the analysis above:
The only time the string does not shrink is if it is of size one. [

Corollary 2.10. On a string B of length at most n, the depth of the recursive
calls of Process s at most L.

Indeed, from the previous lemma it follows that each block after ¢ compressions
and splits is of size at most (2/3)‘|B|+3. Hence, after L = [logs, n] + 3 recursive
calls Process must stop the recursion.

Lemma 2.11. Let B € T™* be of length at most n, and ¢ € {0,...,L}. Let
(By, By, ..., B,) = Split(B,{) where H, : T? — {0,...,D — 1} is chosen at
random from (5D logn)-wise independent hash family. Then with probability at
least 1 — 1/n?, for all j € {0,...,s}, |Dict(B;)| < 5Dlogn.

Proof. If for some j € {0,...,s}, |Dict(B;)] > 5Dlogn, then there exists
1 <r <t <|B| such that |Dict(B]r,t])| = 5Dlogn and for all i € {r,...,t — 1},
Hy(Bli,i+1]) # 0. (Pick r to be the position in B of the second symbol of B; and
r some later position in B;.) For a fixed r and ¢ with |Dict(B][r,t])| = 5D logn,
Pry, Vi€ {r,...,t — 1}, H/(BJi,i + 1]) # 0] < ( . %)5Dlogn by the (5D logn)-
wise independence of H,. Hence, Pry,[31 < r < t < |B|,|Dict(B]r,t])| =

5D logn
5Dlogn and Vi € {r,...,t — 1}, Hy(Bli,i + 1]) # 0] < |BP*(1- 3)
n2€—510gn S 1/n3

1
D

L1 IA
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Lemma 2.12. For BeT*, (<L, D\,D,,...,D, CT?,
Grammar(B, (Dy, . .., Dy),{) outputs a grammar G of size at most 3| B|+6 3, | D],
and runs in time O(|B| + ;| Dyl ).

Proof. The main loop of the algorithm iterates over all the pairs from D;. In each
iteration we can add a rule of the type ¢ — ab to GG. Hence, the number of such
rules in G is at most |B| + 2, |D;|. Last, we add to G rules for symbols from
Y., that appear on right hand sides of rules in G. This increases the size of GG
by at most factor of 3. If C' is stored using some efficient data structure such as
binary search trees or hash tables, each iteration takes (5(1) time. (We assume
that evaluation of C;(-) takes O(1).) Hence, the total running time is bounded by
claimed bound. [

During processing of a string z, there are at most Ln calls to the function
Split. (The actual number of calls is O(n) as the strings shrink exponentially but
our simple upper bound suffices.) The probability that any one of them would
produce a block with dictionary larger than 5D logn is at most Ln/n®. We can
conclude the next corollary which implies the second item of Theorem [2.§]

Corollary 2.13. Forn large enough, on a string x of length at most n, processing
the string x produces a sequence of grammars each of size at most S = 30D L logn+
6 with probability at least 1 — 1/n.

For the grammars produced by the algorithm to be deterministic, we need
that each Cj is one-to-one on Dict(B) for each block B on which Compress(B, ¢)
is invoked. That will happen with high probability by a standard argument:

Lemma 2.14. Let B € T be of length at most n and ¢ € {1,...,L}. Let
Cp: T? = {c;, (0 — 1)n® < i < In®} be chosen at random from a pair-wise
independent family of hash functions. Then with probability at least 1 — |B|/n?,
Cy is one-to-one on Dict(B).

Proof. For two distinct elements from Dict(B), the probability of a collision
for randomly chosen Cy is at most 1/n3. By the union bound, the probability
that C} is not one-to-one on Dict(B;) is at most |Dict(B)[*/n® < |B|/n? as
|Dict(B)| < |B| < n. O

During processing of a string xz, there are at most Ln calls to the function
Compress. For a fixed level ¢ € {1,..., L}, the total size of blocks B for which
Compress(B, ¢) is invoked is at most n. By the previous lemma and the union
bound, the probability that during any of those calls Compress(B,{) uses a
function Cy that is not one-to-one on Dict(B) is at most 1/n. If all the hash
functions C4,Cs, ..., C that are used to compress blocks of x are one-to-one
on their respective blocks then the grammars that Grammar produces will be
deterministic, and they will evaluate to their respective blocks of z. (We can
actually conclude a stronger statement that each C} will be one-to-one on the
union of all blocks at level ¢ with high probability.) We can conclude the next
corollary which implies the first item of Theorem 2.8

Corollary 2.15. For n large enough, on a string x of length at most n, with

probability at least 1 — L/n, processing the string x produces a sequence of grammars
G1,Ga, ..., Gy such that x = eval(Gy) - - - eval(Gy).
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At this point we can estimate the running time of the decomposition algorithm.
We can let the algorithm fail, and produce some trivial decomposition of =z,
whenever Split produces a block with dictionary larger than 5D logn. If it does
not fail, then all grammars are of size at most S which is O(k). There are at most
n of them so time spent in Grammar(...) is bounded by O(nk). The total time
spent in Compress(. .. ) is proportional to the sum of sizes of all non-trivial blocks
over all levels of recursion which is O(nL) = O(n). (A more accurate estimate
on the total size of blocks is @(n) since the blocks are shrinking geometrically
in each iteration.) This means that the time to execute all calls to Compress is
O(nLR) = O(n). The time spent in Split(...) is dominated by the time needed to
evaluate H,. The number of evaluation points at a given level ¢ is proportional to
the total size of all blocks at that level. Since H, can be evaluated at a single point
in time O(Dlogn) = O(k), we get a trivial upper bound O(nLDlogn) = O(nk)
on time spent in Split. Hence, in total the decomposition procedure runs in
time O(nk). (We believe that the total running time can be improved to O(n)
on average. One could argue that in expectation the number of grammars the
procedure produces is @(n /k) as the average block size a string x is decomposed
into should be at least 2(D/logn). So we believe that the total running time
of calls to Grammar is O(n). Using multi-point evaluation of (5D logn)-wise
independent hash functions we could reduce the time for evaluation of H, on a

given level to O(n).)

Proposition 2.16. Given k < n, the running time of the decomposition algorithm
on a string x of length at most n is O(nk) with probability at least 1 — 1/n.

It remains to address the properties of the algorithm run on a pair of strings x
and y of edit distance at most k to establish Theorem 2.8 For the pair of strings
x and y we fix a canonical decomposition of x and y to be a sequence of words
WO, Wy« v vy Why Uy o ooy U, V1, - . ., U € [ such that © = woujwiugws - - - upwy, y =
Wov W1VaWs - + - vwy, and |ugl, |v;] < 1 for all 4. By the definition of edit distance
such a decomposition exists: each pair (u;,v;) represents one edit operation, and
we fix one such decomposition to be canonical. Observe, if we now partition = into
blocks BY, ..., BY so that each B} starts within one of the w;’s, and we partition y
into blocks BY, ..., BY so that each block B! starts at the corresponding location
in w; as BY, then Agit(z,y) = 3; Aeait(BY, BY).

We need to understand what happens with the decomposition of x and y when
we apply the Compress function. Let x = uwv and 2’ = Compress(z, {) = v'w'v/,
for some wu,w,v,u'w'v’ € T'". We say that a symbol ¢ in w' comes from the
compression of w if either it is directly copied from w by Compress, or it is the
image ¢ = Cy(ab) of a pair of symbols ab where a belongs to w, or ¢ = r,, replaced
a block a” where the first symbol of a” belongs to w. w' is the compression of
w if it consists precisely of the symbols that come from the compression of w.
Furthermore, we say a symbol ¢ in w’ comes weakly from the compression of w
if either it is directly copied from w by Compress, or it is the image ¢ = Cy(ab)
of a pair of symbols ab where a or b belong to w, or ¢ = r,, replaced a block
a” where some symbol of a” belongs to w. w’ is the weak compression of w if it
consists precisely of the symbols that come weakly from the compression of w.
Notice, a weak compression of w might contain and extra symbol at the beginning
compared to the compression of w.
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The following lemma captures what compression does to the canonical decom-
position of x and y. (See Fig. for illustration.)

Lemma 2.17. Let x and y be strings over I', and let ' = Compress(z, ) and
y' = Compress(y, {). Let v = wouiwiusws - - - Ugw, and y = Wyl W1VaWs - - - VgWy
for some strings w;, w; and v; where fori € {1,... q}, |wl,|vi| < 4R+ 24. Then
there are wy, wy, ..., Wy, uy, ..., Uy, vy, ..., v € I such that for i € {1,...,q},
[ui], [vi] < 4R+ 24, o' = wiuwiuyws - - ujw) and Y = weviwivhwy - - - vpwy .
Moreover, each w; is the compression of the same subword of w; in both x and y.

For each x = wouiwugws - - - uwy, Yy = wovywiv2ws - - - vaw, and ¢ we fix one
choice of wy, ..., wy, ug, ..., uy, vy, ..., v, satisfying the lemma. We will refer to
it as the canonical decomposition of x’ and 1’ induced by the decomposition of x
and y as given by the lemma.

Proof. The first stage of Compress replaces maximal blocks of repeated symbols
by shortcuts. To simplify our analysis first we will reassign blocks of repeated
symbols among neighboring blocks of w;, u; and v;, resp., so each maximal block
of symbols in x and y is fully contained in one of the words w;, u; or v;.
Fori=1,...,g—1 we define words wgl) and parameters a;,b; € I and k;, k} € N
as follows: If w; contains at least two distinct symbols let w; = afiwl(l)bfg so that
k; and k} are maximum possible, otherwise w; = afi for some a; and k; (k; might

(1)

(1) 4.k .
be zero), and we set w;”’ = ¢, b; = a; and k] = 0. Let wy = wo bo0 for maximum

possible k&, and some symbol by. Let w, = akqw for maximum pos&ble kq
and some symbol aq. Fori=1,...,q, we let uf ) = bk L wga;t. Similarly, v;”) =
X “Tual. Hence, z = wiMulPwlV - ulPwlt and y = wiPol! )w§ ). oDwl ).

Next, if there is a maximal block of symbols a” contained in u{VwV .. ugl)

starting in v and ending in u , s # t, we add all the symbols of the a” to

the end of u{" and remove them from the other ul( ), i=s+1,...,t. (Notice,

wlgl) = ¢ for s <1 < t because of the definition of wfl), and ul(-l) will become empty
for s <i < t.) We do this for all maximal blocks of repeated symbols that span

M We perform similar moves on v( )'s. After all of those moves we

denote the resulting subwords by w(2) (2) , and v( ) (Notice, w( ) = 1) for all
i.) We have: z = w2 uPw? - -l )wl(f) and y = w((f) @ . 2)w ) At this
stage, each maximal block of repeated symbols in x or y is contalned in one of

the subwords wEZ) (2) , and 0(2)

The first stage of Compress replaces each maximal block a”, r > 2, by a

sequence r, 7, and we apply this procedure on each subword wl@), ul@), and vfz)

3) (3)

multiple u;

to obtain corresponding subwords w; , and v . Observe, forv=1,... ,q,
|u§3)|, |v | < 4R + 28. This is because every u; is transformed into u!” by
appending or prepending possibly empty block of repeated symbols, i.e., u§3) =
a"u;b” for some a, b, r, ', or removing its content entirely. Each block of repeats
is reduced to two symbols so each u§3’ is longer than the original by at most 4
symbols. Similarly for u§3).

Next, coloring function Feyy, is used on parts of x and y that are not obtained
from repeated symbols; the two symbols replacing each repeated block are colored

by 1 and 2, resp. We refer to this as {1, 2, 3}-coloring. At most R first and last
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symbols of each wg?’) might be colored differently in x and y as the color of each

symbol depends on the context of at most R symbols on either side of the symbol,
and that context might differ in # and y. Hence, only symbols near the border of
Z( ) )’s, resp., might get different colors. All
the other symbols of wg?’) are colored the same in both x and y. The coloring is
then used to make decisions on which pairs of symbols are compressed into one.
We will let u be the symbols that come from the compression of symbols in

u§3), the first up-to R+ 2 symbols of wz(S), and the last up-to R+ 3 symbols of wz@l.

Next we specify precisely which symbols of wEg) and wl@l are considered to be

w!® that are in vicinity of ug?’ ’s and 111(3

compressed into symbols belonging to u}. For i =0,...,q, if |wi(3)| > R+ 3, let s7
be the position of the first symbol in wg?’) among positions R+1, R+2, R+ 3 which
is colored 1 in x by the {1,2,3}-coloring. If [w!¥| < R+ 3, let s* = 1. Next, if
|w§3)\ > 2R+ 3 set t7 to be the first position from left colored 1 among the symbols
of wg?’) at positions R+ 1, R+ 2, R + 3 counting from right. If |w§3)\ < 2R+ 3, set
t? to be equal to s¥. For i = 0, if |w(()3)| > R+ 3 then redefine s§ = 1. For i = g,
redefine 2 = |w!®| + 1 and if |w{¥| < R + 3 then redefine s? to tZ. Similarly,
define s and ¢! based on the {1, 2, 3}-coloring of y.

Notice, s¥ # t¥ iff s¥ # t!. Furthermore, if s¥ # t¥ then either i € {q,0}
or |w§3)| > 2R+ 3 so s7 = s/ and t¥ = t! as the symbols R-away from either
®3)

i

end of w;” are colored the same in z and y. We let u, to be the compression
of w!®, [tr |wg)1|] . wg?’)[l, s?) and similarly, v/ to be the compression of
w1 w0 w1, 8Y). We let w, be the compression of w® sV, 1Y),
Hence, u, comes from the compression of at most \uz(-3)| +2R+5<6R+ 33
symbols. Since each symbol after a symbol colored 1 is removed by the compression,
and each consecutive triple of symbols contains at least one symbol colored by 1,
the at most 6 R+27 symbols are compressed into at most (6 R+33)-2/3+2 = 4R+24

symbols. So u; is of length at most 4R + 24. Similarly for ;. O

The following generalization of the previous lemma will be useful to design a
rolling sketch. It considers situation where x and y are prefixed by some strings u
and v, resp., that we want to ignore from the analysis. The proof of the lemma is
a straightforward modification of the above proof.

Lemma 2.18. Let x,y,u,v € I, and let v'z’ = Compress(uz,l) and v'y" =
Compress(vy, £), where ' is the weak compression of x, and y' is the weak com-
pression of y. Let x = ugwouwiusws - - - UgW, and Y = VoWl W1VaWs - - - Vyw, for
some strings w;, u; and v; where fori € {0,...,q}, |w, |v;| < 4R+24. Then there
are Wy, Wy, . ., W, U, Uy, - - Uy, Vo, VY, -+ .,V € I such that for i € {0,...,q},
lui], [vi] < 4R+ 24, 2" = uqwyuiwiugws - - - ugwy and Y = vywviwivywy - - - VW
Moreover, each w) is the compression of the same subword of w; in both x and y.

Let x € ¥*. Let Hy,Hy,...,Hy,Cy,Cs,...,CL be chosen. We define induc-
tively the trace of the algorithm on z at level £ > 0 to consist of sequences
B*((,1),...,B*(,s7) € I'*, of auxiliary sequences A*(¢,1),...,A*((,s}) € I'*
and t7,,...,tf e € N. Their meaning is: B*({,17) is compressed into A”((, %)
and that is split into blocks B*({ +1,j) for §,,; < j < tf,1,,. (See Fig. [2.1] for
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illustration. 7|
Set
B*(0,1),...,B%(0,s5) = Split(z, 0).

For { = 1,..., L we define B*({,1),..., B*({, s7) inductively. Set 7, = 1. For
i=1,...,s% , if |B*(( — 1,4)| > 2, then

A*(¢ —1,i) = Compress(B* (¢ — 1,1), (),
and for (By, By, ..., Bs) = Split(A"(¢ — 1,1), () set
BU(0,£2,) = By, B*(L,t5,+1) =By, ..., B*((,#,+s) = B,

and t§,,, =17, +s+ 1. If [B*({ — 1,4)| < 3, then set B*({,t§;) and A*({ — 1,1)
to B*({ —1,i), and ¢, , = t7, + 1. For j = sj ,, set sj =1}, .

T B*(0,1) B*(0,2) | e .. B*(0, s%)
compress
A=(0,1) A=(0,2) | e e e e e A=(0,s2)
| | | | | |
split | | | | | |
| | | | | |
T T T T T
B*| (1,1) | (1,2) (1,3); (1,4)1(1,5) | e e e e .. (1,7)) - 1 (@1,s7)

compress

oooooo

A® 1(1,1) (1,2)

split
B*(2,1) T B*(2,i+1)

1
o |

Figure 2.1 The hierachical decomposition of x.

Furthermore, for x and y € ¥*, £,7 > 0, define a canonical decomposition of
blocks A*(¢,1), B*(¢,1), AY(¢,4), BY(¢, 1) inductively as follows. Let A*(—1,1) =z
and AY(—=1,1) =y. Let t?,, = 1,17, =2,s", =1, 1%, =1,t/,, = 2, and
s, =1. Let

A*(—1,1) = wougwyugwy - - - upwy, & AY(—1,1) = wovywivews - - - VW

be the canonical decomposition of the pair x and .

For £ > 0 and j € {1,...,s7}, let i be such that t§ ,, < j <t} ., and
m = j —t7 ;. Then B*({,j) is the m-th block of Split(A*(¢ — 1,4),). If the
decomposition of A*(¢ — 1,4) is defined and is equal to wouwyusws - - - ugw,, for
some u;,w; € ['*) then the decomposition of B*(¢,7) is the restriction of the
decomposition of A*(¢ —1,i) to symbols of the m-th block of Split(A*(¢ —1,1),¢).
Otherwise the decomposition of B*(¢, j) is undefined. Similarly for BY(Z, j). (See
Fig.[2.2])

For ¢ > 0 and j € {1,...,s}}, if B*({,7) and BY(¢,j) have defined decom-
positions B*({,j) = woujwiugws - - - ugw, and BY({,j) = woviwvaws - - - VW,

2To avoid double and triple indexes we use our notation B®(¢,i) and A*(¢,4) instead of the
usual By, and A7 .
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for some wu;, v, w; € T, then we let A®((, j) = wyuywiuy - - - w, and AY(L, j)
wyvywyvy - - - w;, be their canonical decomposition induced by B*(, j) and B*(¢, j)
as given by Lemma [2.17

B®(£,3)| wo(£,i) | wi(b,d) | wi(ld) | ua(l,d) | wae, )| ... ... w(£,1)
\\ \ \ ” / // //
N \ \ | | , ,
compress . \ \ , , , ,
w (£, 3)| uy (€, 7)| wi(L,7)| ub(€,2)| wh(€,2)] o0 oo wi (£,14)
| | | |
| |
split | : : |
B+ |7 | A

wo(£+1,5)  wi(€+1,5) wi(€+1,5)

Figure 2.2 Decomposition of B*(¢,7) after compression and split.

To conclude item 3 of Theorem [2.8| we want to argue that  and y are recursively
split into sub-blocks that respect their canonical decomposition. So we want all
splits of blocks to occur in matching parts of x and y. For A*(¢ — 1,i) with
canonical decomposition wyuiwyusws - - - u,w, we say that Split(A*(¢ — 1,4),£)
makes undesirable split if it starts a new block at a position j that either belongs
to one of the uy, ug, ..., u, oris the first or last symbol of one of the wg, w1, ..., w,.
Recall, Split(A®(¢ — 1,i),¢) starts a new block at each position j such that
Hy(A*(¢ —1,4)[j,7 +1]) = 0. Since Hy is chosen at random a given position starts
a new block with probability 1/D.

Similarly, for AY(¢ — 1,4) with canonical decomposition wjviwivs - - - vywy, we
say that Split(AY(¢ — 1,4),¢) makes undesirable split if it starts a new block at a
position j that either belongs to one of the vy, vs, . . ., vy or is the first or last symbol
of one of the wy, wi, ..., wy,. If A%({—1,4) and AY({—1,4) have matching canonical
decomposition (that is ¢ = ¢’ and each w; = w) and both Split(A*(¢ — 1,4), ()
and Split(AY(¢—1,1),¢) make no undesirable split then A*(¢—1,7) and AY({—1,1)
are split in the same number of blocks with matching canonical decomposition as
they are split at the same positions in the corresponding w;’s.

For given ¢ € {0, ..., L}, if no undesirable split happens during Split(A* (¢ —
1,4),¢") and Split(AY(¢' — 1,i),¢'), for any ¢’ < ¢ and i, then for each ¢’ < ¢, the
number of blocks B*(¢',i) and BY(¢,i) will be the same, i.e., s7, = s}, and blocks
B*(¢' i) and BY(¢,i) will have matching canonical decomposition. The total
number of u;’s in canonical decomposition of all B*(¢',4), i = 1,...,t, will be
at most k, and similarly for v;’s. Thus, there will be at most (4R + 24 + 2)k + 2
positions where an undesirable split can happen in Split(A*(¢ — 1,1),¢) for any
i. Similarly, there are at most (4R + 26)k + 2 positions where an undesirable
split can happen in Split(AY(¢ — 1,4),¢). By union bound, the probability that an
undesirable split happens in some Split(AY(¢ — 1,1),¢) or Split(AY(¢ — 1,4),¢), for
some ¢ and i, is at most 2(4R + 28)k(L +1)/D < 11Rk(L +1)/D < 1/10.

Thus, if no undesirable split happens there are at most k indices ¢ for which
the canonical decomposition of B*(¢, %) contains some u;. All other blocks B*(¢, 1)
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have a canonical decomposition consisting of a single block wy, for various wy
depending on ¢ and i. Similarly, the canonical decomposition of BY(¢,4) contains
v; if and only if B*(¢,4) contains u;. Blocks BY({,i) that do not contain v; are
identical to B*(¢,17) so they have the same grammar.

Hence, if no undesirable split happens, item 3 of Theorem [2.8 will be satisfied.

The following theorem generalizes item 3 of Theorem [2.8 and it will be useful
to construct the rolling sketch in Section |3.1.3]

Theorem 2.19. Let u,v,z,y € ¥* be strings such that |uz|,|vy] < n and
Acair(z,y) < k. Let GY,...,G* and GY,...,GY be the sequence of grammars
output by the decomposition algorithm on input ux and vy respectively, using the
same choice of random functions C1,...,C and Hy,...,Hy. With probability
at least 1 — 1/5 the following is true: There exist integers r,r' t,t" such that
s—t=s -1,

x = eval(Gy)[r,...] - eval(G},) - - -eval(GY) &
y=eval(G))[r',...] -eval(G} ) - - -eval(GY), &
Acait(,y) = Acgie(eval(GY)[r, ... ], eval(GY)[r, ... ])
+ > Acan(eval(Gy,,), eval(GY ;).

1>0

Its proof is a minor modification of the proof above. We start with the
canonical decomposition of x = woujw; - - - upwy and y = woviwy - - - vpwy, form
the decomposition ur = uugwouiwy - - - upwy and vy = VVgwevwy - - - Vywy where
up = vy = €, and follow the compression and split procedures. We want to argue
that during each split operation, all splits occur either in w;’s and are the same on
uz and vy, or they occur in u or v where we do not care for them. Again we define
a split to be undesirable if it starts a new block at a position j that belongs to one
of the ug, uy, ..., ug, vo,v1,...,v; or it is the position of the first or last symbol of
W, Wy, . .. or wy. Inductively we maintain that whenever a block B"*(¢, i) contains
a descendant of the compression of u;, its corresponding block B*(¢,i") contains
a descendant of the compression of v;. (Here, the correspondence is counting from
the highest index ¢ to the lowest and similarly for ¢/, so B“*(¢,i) corresponds to
BY(¢,7) if i —i' = sy* —s,”.) If the blocks contain a descendant of uy and vy, resp.,
then we apply Lemma to construct a descendant decomposition after their
compression. For all other blocks that contain some w;, u; or v; we use Lemma
to construct its descendant decomposition. We do not care for decomposition of
blocks B"*(¢,i) that are descendants of u but do not contain ug, and similarly
we do not care for decomposition of blocks B"(¢,i) that are descendants of v
but do not contain vy. (They might be decomposed arbitrarily so the number of
blocks that are descendants of u might differ from the number of blocks that are
descendants of v.) Inductively, there are at most 2(4R+28)(k+ 1) positions where
an undesirable split can happen in blocks B**(¢,7) and B"Y(¢, 1) for given level /.
In total there are at most 2(4R +28)(k+ 1)(L + 1) positions where an undesirable
split can happen. Thus, the probability of making an undesirable split during a run
of the algorithm is bounded by 2(4R+28)(k+1)(L+1)/D < 22Rk(L+1)/D < 1/5.
If no undesirable split ever happens then the symbols that are weak compression of
symbols from z and y are contained withing the corresponding blocks B**(¢,7) and
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BY'(¢,7"). For the blocks B**(¢,i) and B"Y(¢,4") that contain descendants of ug
and vyg it is fine if their prefixes that descend from u and v, resp., which are to the
left of the descendants of ug and vy, are split differently in B**(¢,7) and B"Y(¢,1’).
This does not affect the correspondence between blocks B“*(¢,i) and B (¢,1")
that weakly come from x and y. This concludes the proof of Theorem

2.4 Table of parameters

‘ Definition ‘ Asymptotics ‘ Meaning ‘ Reference ‘
R =1log"|T'| +20 log* n compression locality Section |2.3.1|
L = [logzsn] +3 logn recursion depth Section |3.2.2L Corollary |2.10|

D =110c — R(L + 1)k | klognlog*n | 1/splitting probability | Section[3.2.2] Lemma [2.11]
S =30DLlogn +6 klog® nlog" n | maximum grammar size | Section [3.2.2] Theorem [2.8]
M =3S-[1+1log|T[] | klog?nlog*n | grammar encoding size Section [3.2.3
N >n? n3 Fxr range size Section [3.2.3

Table 2.1 Table of parameters

2.5 Summary

This chapter investigated the problem of embedding strings from the edit distance
metric into the Hamming metric with bounded distortion. A naive approach such
as the identity mapping can lead to distortion as large as ©(n), highlighting the
necessity of more refined techniques.

We began by introducing the CGK embedding [11], a randomized construction
that maps strings of length n into strings of length 3n over the Hamming space.
The embedding ensures that the Hamming distance between the images of two
strings with edit distance k is between Q(k) and O(k?), with high probability.
This construction is notable for its simplicity, efficient one-pass implementation,
and its interpretability through a random walk model that controls the divergence
and resynchronization of two strings.

We then presented a new embedding scheme that achieves similar distortion
guarantees while offering additional structural benefits. The central idea is a
randomized decomposition of a string into a sequence of blocks, each of which
admits a succinct description by a context-free grammar of size @(k) For two
strings differing by at most k edits, this decomposition aligns their structure such
that only O(k) blocks differ, and the edit distance is preserved as the sum of the
distances across corresponding blocks.

A distinguishing feature of our approach is its locality: appending a symbol to
the end of a string or removing one from the beginning affects only a bounded
number of blocks, and the embedding can be updated incrementally without
recomputing from scratch. This makes our construction particularly suited for
streaming and dynamic environments. In addition, our decomposition procedure
admits efficient parallelization, in contrast to the inherently sequential nature of
the CGK embedding.

To represent the blocks in Hamming space, we defined a simple encoding
based on Karp-Rabin hashing, ensuring that any two distinct grammars differ
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in all positions of their encodings with high probability. This property yields an
embedding into the Hamming space that satisfies

Aedit(xv y) < AHam(f(x)v f(y)) < @(kz)

with high probability, where f is our embedding function.

The decomposition algorithm runs in near-linear time @(nk) and ensures
grammars of small size with high probability. We also established that our
embedding admits extensions to sketching and rolling embeddings, which are
developed in the next chapter. These results suggest that our decomposition
framework may have applications beyond the embedding problem itself.
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Applications of the Edit to
Hamming Embedding

“Understanding is the first step to acceptance, and only with acceptance can there be
recovery.”
- Dumbledore

In this chapter we will present two applications of our embedding from previous
chapter. These applications are specific for the type of decomposable embedding
that we presented in the previous chapter.

o The results presented in this chapter are part of the work published in [10]
and the entire paper [24].

3.1 Edit distance sketch

A problem for edit distance that saw a major progress in recent years is sketching.
In sketching we want to map a string = to a short sketch Slg}iD,C (x) so that from
sketches skgg () and skgg(y) of two strings = and y we can compute their edit
distance, either exactly or approximately. Apriori it is not even obvious that short
sketches for edit distance exist. In a surprising construction, Belazzougui and
Zhang [25] gave an exact edit distance sketch of size O(k®log® n) bits. The sketch
size was then improved to O(k*log?(%)logn) bits by Jin, Nelson and Wu [26],
where the A g (x,y) was computed exactly from the sketches with probability at
least 1 — 6, if Aggir(x,y) < k. The current best sketch is of size O(k?log® n) bits
and was given by Kociumaka, Porat and Starikovskaya [27]. [26] gives a lower
bound Q(k) on the size of a sketch for exact edit distance.

The major problem in edit distance computation as well as in sketching is how
to align the matching parts of two strings x and y. Finding an optimal alignment
of two strings is the crux in the computation of edit distance and its sketching.
In sketching finding a good alignment is even more challenging as we do not have
both strings in our hands simultaneously to look for the matching. To the best of
our knowledge, to resolve this issue all edit distance sketches use CGK random
walk on strings [11] which allows to embed the edit distance metrics into Hamming
distance metrics with distortion O(k). The walk implicitly fixes some reasonably
good matching between the two strings. Going from the CGK random walk to a
sketch is non-trivial undertaking and all three sketch results rely on sophisticated
machinery to achieve it.
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In this section we show how to use our decomposition technique from the
previous chapter, to align two strings x and y in oblivious manner, along with
already available good Hamming distance sketches to give good edit distance
sketches.

The decomposition technique readily yields a sketch for exact edit distance of
size O(k?):

Theorem 3.1 (Sketch for edit distance). There is a randomized sketching al-
gorithm skgg that on an input string x of length at most n produces a sketch
skgg(;ﬂ) of size O(k?*) in time O(nk), and a comparison algorithm running in
time O(k?) such that given two sketches skﬁ%(m) and skfﬁ(y) for two strings x
and y of length at most n obtained using the same randomness of the sketching
algorithm outputs with probability at least 1 — 1/n (over the randomness of the
sketching and comparison algorithms) the edit distance of x and y if it is less than
k and oo otherwise.

Furthermore, we can also provide a rolling sketch, a sketch in which we can
update the stored string by appending a symbol or removing its first symbol.

Theorem 3.2 (Rolling sketch for edit distance). There are algorithms
Append(sk,,a), Remove(sky,,a), and Compare(sk,, sk,) such that for integer
parameters k < m:

1. Given a sketch sk, representing a string x and a symbol a, Append(sk,,a)
outputs a sketch sk, for the string xa in time O(k?).

2. Given a sketch sky, representing a string ax for a symbol a, Remove(sk,;, a)
outputs a sketch sk, for the string x in time O(k?).

3. Given two sketches sk, and sk, representing strings x and y obtained from
the same random sketch for empty string using two sequences of at most
m operations Append and Remove, Compare(sk,, sk,) calculates the edit
distance of x and y if it is less than k, and outputs oo otherwise. The
algorithm Compare(sk,, sk,) runs in time O(k?).

All the sketches are of size O(k?). The probability that any of the algorithms fails
or produces incorrect output is at most 1/m over the initial randomness of the
sketch for empty string and internal randomness of the algorithms.

We remark that we did not attempt to optimize the running time of either
of our algorithms, or poly-log factors in the sketch sizes, and we believe that
both parameters can be readily improved by usual amortization techniques of
processing symbols in batches of size O(k). We believe that the update time in
the last theorem can be improved to O(1) by buffering O(k) symbols that shall
be inserted or removed without affecting the other parameters of the algorithm.

To design our edit distance sketches, we use existing optimal Hamming distance
sketches together with our decomposition.

41



3.1.1 Hamming distance sketch

For two strings x and y of the same length, we define their mismatch informa-
tion MIS(z,y) = {(i,z[i],y[i]); i € {1,...,|x|} and z[i] # y[i]}. The Hamming
distance of z and y is Agam(z,y) = |MIS(x, y)|.

There exist various sketches for Hamming distance, which allow to compute
Hamming distance with low error probability 28|, [29]. Moreover, [30, 23| also
allow to retrieve the mismatch information. For our purposes we will use the
sketch given by Clifford, Kociumaka, and Porat [23].

Let k£ < n be integers and p > n® be a prime. [23] give a randomized sketch
for Hamming distance skEj;; A{1,...,p—1}* = {0,...,p— 1} computable in
time O(n) with the following properties]]

Proposition 3.3 (|23]). There is a randomized algorithm working in time
O(klog®p) that given sketches skg’a,f;(x) and skgf,‘;;(y) of two strings x and
y of length £ < n constructed using the same randomness decides whether
Apam(z,y) < k, and if so returns MIS(z,y), with probability of error at most 1/n

over the randomness of the sketches and the internal randomness of the algorithm.

They also construct the following update procedures for their sketch. We will
use them to construct a rolling sketch for edit distance.

Proposition 3.4 (Lemma 2.3 of [23]). For x € {1,...,p}* of length less than n
and a € {1,...,p}, in time O(klogp) we can compute:

1. skgjjg(xa) and skgjgg(am), given skgﬁgg,(x) and a.

2. skg:‘};;(x) given skgf};;(xa) or skgilg(ax), and a.

Corollary 2.5 of [23] states that appending a character to a sketch of x can be
done even faster namely in amortized time O(log p).

3.1.2 Edit distance sketch using locally consistent decom-
position

Let n and & < n be two parameters, and p > 2N + 1 be a prime such that
p > (nM)3. For a string z € ¥* of length at most n, we compute its sketch
by running first the decomposition algorithm of Theorem to get grammars
G1,Ga, ..., Gs. Encode each grammar G; by encoding Enc(G;) from Section m
using the same Fig picked at random. Concatenate the encoding to get a string
w = Enc(Gy) - Enc(Gs) - - - Enc(Gy). Calculate the Hamming sketch skg,%ﬁ,7p(w)
on w for strings of length n’ = nM and Hamming distance at most &’ = kM from
Section . Set the sketch skgg(:v) = skl (w). The calculation of skgg(ﬂc)

n' k' ,p
can be done in time O(nk) as the number of grammars is at most n and each
grammar requires (5(k) time to be encoded into binary. The Hamming sketch
can be constructed in time O(nk). (We believe that on average we expect only
O(n/k) grammars to be produced for a given string « so the actual running time

should be O(n) on average.)

LClifford, Kociumaka and Porat have the sketch size only k + 3 elements but we include as
an extra item the randomness of the sketch, which is a single element from {0,...,p — 1} used
to compute Karp-Rabin fingerprint.
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Theorem 3.5. Let x,y € X* be strings of length at most n such that Aqqu(z,y) <
k. Let skgi(x) and skgg(y) be obtained using the same randomness for the
decomposition algorithm and the same choice of Fxr. With probability at least
2/3, we can calculate Aoqy(z,y) from skgg(a:) and skEE(y).

Assume that the output of the decomposition algorithm on x and y satis-
fies all the conclusions of Theorem In particular, for x we get eval(G7) -
eval(G3) - - - eval(G?) and for y we get eval(GY) - - - eval(GY), for some s < n, each
of the grammars is of size at most S, Aegir(z,y) = >; Acan(eval(GY), eval(GY)),
and the number of pairs G¥ and G} where G? # GY is at most k. Assume that
Fxr is chosen so that Enc(G?) # Enc(GY) for each of the pairs where G¥ and GY
differ.

In order to determine A4 (z,y), we recover the (Hamming) mismatch informa-
tion between Enc(GY) - Enc(G3%) - - - Enc(G?) and Enc(GY) - Enc(GY) - - - Enc(GY)
from Skgg(l’) and skgg(y). That gives grammars G? and GY, for all ¢ where
G? # GY. (Whenever the two grammars differ, their encoding differ in every
symbol by Lemma |3.15| so we can recover them from the Hamming mismatch
information.) Calculating the edit distance of each of the pair of differing gram-
mars using the algorithm from Proposition we recover Aqgi(z,y) as the sum
of their edit distances.

The sum is correct unless some of the assumptions fail: The probability that
the grammar decomposition fails (does not have properties from Theorem [2.8))
for the pair z and y is at most 1/5 for n large enough. The probability that the
choice of Fxg fails (two distinct grammars have the same encoding) is at most
2kM /N < 1/n by the choice of N. The probability that the Hamming distance
sketch fails to recover the mismatch information between all the grammars is at
most 1/n. So in total, the probability that the output of the algorithm is incorrect
is at most 1/3.

The running time of the comparison algorithm is (7)(k2): The Hamming
mismatch information can be recovered in time O(kM) = O(k?) (Proposition ,
then we build the < k mismatched grammars in time O(k?), and run the edit
distance computation on the pairs of grammars in time Y, O(k + k2) < O(k?),
where k; is the edit distance of the i-th pair of mismatched grammars. (We
interrupt the edit distance computation if it takes more time than @(kg) which
would indicate Aggi(z,y) > k.)

To decide whether A g;:(z,y) > k we note that on input = and y, the Hamming
sketch either outputs the correct mismatched places if their number is < &’ or
it outputs oo if there are more mismatches than that or the sequences sketched
by the Hamming sketch are of different length. (We assume that the Hamming
sketch knows the number of symbols it is sketching.) In the oo-case we know that
there are more than k different pairs of grammars or the decomposition of x and
y failed, and we can report A g (x,y) > k. In the other case we try to calculate
the edit distance of the differing pairs of grammars. If we spend more than @(kz2)
time on it or we get a number larger than k then we report A g (x,y) > k. This
correctly decides whether A g (x,y) > k with probability at least 2/3.

To prove Theorem we build a more robust sketch by taking clogn inde-
pendent copies of the sketch skgg. To calculate the edit distance of two sketched
strings we run the edit distance calculation on each of the corresponding pairs of
copies, and output the majority answer. A usual application of Chernoff bound
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shows that the probability of correct answer is at least 1 —1/n for suitable constant
c> 0.

3.1.3 Rolling sketch for edit distance

In this section we will construct the rolling sketch of Theorem We will use
two claims that will be proved in Section The first one addresses how much
a compression of a string w might change depending on what is appended to it.

Lemma 3.6. Let ¢ € {0,..., L} andv,u,w € T*. Let w'v/ = Compress(wu, ) and
let w"v" = Compress(wv, £), where w' is the compression of w when compressing
wu and w" is the compression of w when compressing wv. Let t = |w'| —3(R+ 1)

ort=|wu|—|ul —3(R+1). Then w'[1,t] = w"[1,1].

The next lemma addresses how much the overall decomposition of a string x
might change if we append a suffix z to it.

Lemma 3.7. Let x,z € ¥*, |zz| <n. Let Hy,...,H,Cy,...,CL be given. Let

1,G5,...,G% be the output of the decomposition algorithm on input x, and
G, G57, ..., G be the output of the decomposition algorithm on input xz using

the given hash functions. Let T = L(3R + 6).
1. G =Gy foralli=1...,s=T.
2 fa] < T feval (GF).

The second part says that if x is decomposed into s grammars by itself, then
it can be recovered from the first s + 71" grammars for xz. Hence, appending extra
symbols to x cannot increase the number of grammars that cover x by more than
T.

Let m > k and n > 10m? be integers. A rolling sketch for a string obtained
by up-to m insertions (to the right end) and m deletions (from the left end) from
an empty word consists of three data structures: insertion buffer, deletion buffer
and a Hamming distance sketch skg,fﬁp, where k' = (4T + 1)(k +2)M, n’ =nM
and p > n'3 is a chosen prime.

The insertion buffer maintains a buffer of committed grammars

Go_ars1,Gs_ario, ..., Gs and a buffer of active grammars Gi,... G' t < T.
The deletion buffer is similar, it maintains a buffer of committed grammars
Gr_sri1, Gr_aria, - ., G, and a buffer of active grammars G¢,...,G%, ¢ < T.
The Hamming sketch is a sketch of grammars G, o711, G o149, ..., G o7, each

encoded as a string of length M over the alphabet {1,...,2N}.

In addition to that, the sketch keeps track of the current value of r and s,
and remembers a collection of pair-wise independent hash functions C4,...,Cp,
a collection of (5D logn)-wise independent hash functions Hy,..., Hy, and ran-
domness for Karp-Rabin fingerprint to compute binary encoding of grammars.
The hash functions and the randomness of Karp-Rabin fingerprint are chosen
at random when creating the sketch for empty string. This extra information
requires O(k) bits to specify.

Initially, the committed grammars in the insertion and deletion buffers are all
treated as empty sets, there are no active grammars in the insertion or deletion
buffers so t =t =0 and s =r = 0.

44



For u,x € X*, if in total a string uxr was inserted into the sketch then
Gi,...,Gs,Gi, ... G represents uz, that is uz is the concatenation of the evalu-
ation of the grammars. If in total the string u was deleted from the sketch, then
Gi,....G,, Gy, ..., G% represents u. (See Fig. for an illustration.)

committed grammars active grammars

Insertion buffer —» |G-°74T+1 Gs—2r | Gs ” Gi Gi |
|G,.;;-+,| S | G, | S |G,,,w+1| . | Goar <— Hamming sketch

~ jad >~
|G,,4T+1| o |G,,2T+1| | G, ” G4 | o | GY <«—— Deletion buffer

committed grammars active grammars

Figure 3.1 Rolling sketch.

Appending a symbol. When we append additional symbol a to the sketch we
modify input buffers as follows: We update the active grammars Gi, ..., G! by
appending a as explained further below. Say the update produces grammars

... G It < T then the produced grammars will become the active
grammars, and no more changes are done to the sketch. Otherwise we commit
the first ¢’ — T grammars GY, ..., G} _; one-by-one into the committed buffer as
grammars G 1, -+ ,Gsp_7 and we keep the remaining grammars as the active
grammars.

Committing a grammar G4 into the committed buffer will trigger addition
of Gs_ory1 into the Hamming sketch at the end of the represented sequence of
grammars (if s — 27+ 1 > 0), and removing the grammar G, 47,1 from the
committed buffer. For insertion into the Hamming sketch, the grammar Gs_ o711
is encoded into binary as in Section [3.2.3] and then the binary string is encoded
using the Karp-Rabin fingerprint Fkgr of all the grammars Gy_gry1,...,Gsyi1,
instead of only the grammar G;_o7,1. (Thus, a change in any of the neighboring
grammars will trigger a recovery of also the grammar G;_ory; when calculating
a mismatch information from the Hamming sketch.) We repeat this process for
each grammar being committed.

By the second part of Lemma t' <t+T < 2T so we will commit at most
T = O(1) grammars. It takes time O(MT) = O(k) to prepare the binary encoding
of each of the committed grammars, and O(k?) to insert it into the Hamming

sketch. The update of the active grammars takes O(k) time as described below.

So in total this step takes O(k?) time.

Removing a symbol. Deletion buffer works in manner similar to insertion buffer,
we add the removed symbol a to the active grammars, but when committing the
grammar G,,1, we use Fkgr-fingerprint of all the grammars G, _4741,...,Gri1
to encode grammar G,_or,; which is then removed from the beginning of the
sequence of grammars represented by the Hamming sketch (if » — 27+ 1 > 0), i.e.,
we update the Hamming sketch to reflect this removal. Similarly to appending a
symbol, this step takes time O(k?).

Active grammar update. The update of active grammars GY,..., G! when ap-
pending a is done as follows. Gy,...,G,, G, ... Gi represents ux so we need to
calculate the grammars for uza. We claim that only the active grammars might
change: At some point, G5 became committed so at that time there was T" active
grammars following it. If at that point the grammars together represented a string
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z, by appending more symbols to z we cannot change grammars G1,G1, ..., G
according to the first part of Lemma [3.7] So appending a to uz will affect only
the active grammars.

From the analysis in the proof of Lemma it follows that for ¢ € {0,...,1}
it B¥(¢,1),...,B""({,s,") is the trace of the decomposition algorithm on ux at
level ¢, and B***((,1),..., B"**(¢, s;%") is the trace on uzxa, then their difference
spans at most (3R + 6) last symbols of B**(¢,1)--- B**(¢, s,Y).

So instead of decompressing the active grammars completely, adding a and
recompressing them back, we only decompress the necessary part of each trace
B“(¢,1)---B"(¢,s,Y). Let # — v; be the starting rule of the active grammar
G;. Starting from the string vy - vo---v;, for each ¢ = L,... 1, we iteratively
rewrite all level-¢ symbols in the string using the appropriate grammars while
only maintaining at most 7" last symbols of the resulting string. (Care has to be
taken to maintain information about any sequence a” stretching from those 7' last
symbols to the left.)

We add a to the resulting string and re-apply compress and split procedures
for levels 0,1,...,¢ — 1 to recompress only the part of the trace affected by
modifications. As we perform the compression of symbols we maintain a set GG of
all grammar rules needed for decompression. (We initialize G with the union of
all rules from the active grammars G, ..., G minus the starting rules, and we
iteratively add new rules coming from the recompression.) For the recompression
we need to know the context of up-to R + 1 symbols preceding the modified part
of the trace. On the other hand, the modification can affect the recompression of
up-to R + 1 symbols to the left from the left-most modified symbol in the trace.
Those R + 1 symbols all happen to be within the decompressed suffix of the trace
of size at most 7.

Eventually, we get a new level-L trace B***(L, s;** —¢' 4+ 1), ..., B“*(L, s7""),
for some ¢’. Each new grammar G;-i is obtained by taking the grammar G U {# —
Be(L, s7%* — ¢ + j)} and removing from it all useless rules. This can be done in
time O(|G|). (See Section [2.3.1)).

Overall the update of active grammars on insertion of a single symbol will
require O(LT) = O(1) evaluations of split hash functions H, ..., Hy, O(LT) =
O(1) evaluations of compress hash functions Cy, ..., Cy, and O(T(LT+35-, |GY]))
time to produce the new grammars. As the total size of the grammars is O(k)
and the time to evaluate H, at a single point is also @(k), the overall time for the
update of active grammars is @(k) We provide a more detailed description of
the update procedure in Section |3.1.3]

Edit distance evaluation. Consider strings x and y of length at most m and edit
distance at most k. Consider the rolling sketch ski?,lchng (x) for x obtained by
inserting symbols uz and removing symbols w, for some u € ¥* where |ux| < m.
Consider also the rolling sketch for y obtained by inserting symbols vy and
removing symbols v, for some v € ¥* where |vy| < m. Both sketches should use
the same randomness that is to start from the same sketch for empty string.
The rolling sketch for = consists of the insertion buffer with committed gram-
mars G%_ 1y G ypios -, G% and with active grammars GY*, ..., Gi%, and
the deletion buffer with committed grammars Gy._y7, 1, Gra_yri9, .-, G and
active grammars G4, ... G%, ¢ < T. Its Hamming sketch sketches the se-

quence of grammars Gy._or 1, Gre_gpyo;s - -, Gha_gp. Similarly for y, we have the
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committed insertion grammars G¥_ .1, G2 4740, ..., Gy, etc.

We extend the notation so for j € {1,...,t*}, we let G%, ; denote the active
grammar G, and similarly for y. Let d* = s" +1* —r® and d¥ = s¥ + ¥ — r¥.
We assume that the hash functions used to decompose uz and vy into grammars
satisfy the probabilistic conclusion of Theorem [2.19] That means that grammars
Gy,... and GY,... can be aligned from the right so G corresponds to G?_durdy,
for j > r* (they might not be identical because of the edit operations). Without
loss of generality we assume that d* > dv.

Before proceeding with the algorithm we first observe that d* — d¥ < 2T'. Let
p® > r* + 1 be the index of the grammar G, which produces the first symbol
of x when we evaluate all the grammars. Similarly, p¥ > r¥ + 1 is the index of
Gy which produces the first symbol of y. By Lemma applied on z < u and
z < x we get that p* <r* +¢* + T < r* + 2T, and similarly p¥ < r¥ + 2T. By
our assumption on success of Theorem [2.19, s + t* — p* = s¥ — t¥ — p¥. Hence,
STt —sY =t =pt —pY <P 42T — ¥ — 1 < r* — ¥ 4+ (2T — 1). Thus
d* —dV =" +t" —r" —s¥ —tV 47V <" — ¥+ (2T — 1) —r* + ¥ <27 — 1.

If d® < 107" then we can recover all the grammars Gz _or 1, Gre_gpig, - -,
G?._,p from their Hamming sketch by constructing an auxiliary dummy Hamming
sketch sk’ for a sequence of 1’s of length (s* — r*)M and comparing the two
sketches. (M is the length of the encoding of each grammar.) Their mismatch
information reveals all the grammars Gy._op q,...,Gh_op Since d¥ < d¥, we
can similarly recover all the grammars G%,_op. 1, ..., GY _op from their Hamming
sketch.

Thus we know all grammars G% 1, Gla o, ..., G% o and GFy 1, Gy ys, .. .,
GY . We also know grammars G, ..., G4 and GW. .., Gf,g that need to be
subtracted from our grammars. As noted in Section for each of the grammars
we can calculate its evaluation size. From that information we can easily identify
p” and p?, and shorten the grammars G, and Gy to produce only symbols of x
and y, respectively. We can combine all the grammars of x into one grammar G*,
and all the grammars of y into GG, and run the algorithm of Ganesh, Kociumaka,
Lincoln and Saha [22] to calculate the edit distance of z and . Since T = O(1),
that will take time O(|G*| + |GY| + k?) = O(k?).

If d* > 10T then we proceed as follows. Clearly, d¥ > 8T, so s¥ —r¥ > 7T and
§*—1* > 9T. Thus Gfa_opi1, G _gpias -, Gla_op and GYy_op i1, G2y _opyo, - -,
GY,_or consist of at least 7T grammars each, and those grammars are sketched
by their Hamming sketches. Although we assume that there is a correspondence
between the grammar G7, for j > r*, and G]y-fd”dy the sequences Gyo_op 1, .- -,
G%_op and GYy_gp.q, ..., GY_op are misaligned in their Hamming sketches by
d* — d¥ grammars. To rectify this misalignment, we prepend (d* — d¥) M copies of
symbol 1 into the sketch for G¥, o7, 1, ..., GY% _op. Furthermore, if t* < ¢ then
we append (tV — t*)M ones into the sketch for G¥,_or 1, ..., GY%_op, to rectify
the difference in the number of sketched grammars. Otherwise if t* > t¥ then we
append (t* — t¥)M ones into the sketch for G _op, 1, ..., Gla_op.

Now we can calculate the mismatch information from the Hamming sketches
to find out the pairs of grammars G7 and G?;_dz 4aqvs J = 17+ 1, that are different.

If for some j € {r® +1,...,7" + 2T}, G} and GY_4. , 4 differ then because we
use the Karp-Rabin fingerprint of the two grammars to encode also the neighboring
grammars up-to distance 27", we recover from the sketch all the grammars G5 and
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G;’_dudy, for j =r*+1,...,r" 4+ 2T. By counting the evaluation size of each of
those grammars and comparing it with the evaluation size of active grammars
in deletion buffers of z and y, resp., we identify p® and p?Y, and how much the
grammars G}, and Gy should be shortened to produce only symbols of z and y.
After shortening G, and Gy, we calculate the edit distance of their evaluation.
We sum it up with the edit distance of evaluation of each pair of grammars G and
G?_ deqv> for j > p”, that was identified as mismatch by the Hamming distance
sketch or that belongs among the active grammars in insertion buffers of either x
or y. There will be at most T" mismatched pairs involving the active grammars,
and (47 + 1)k pairs identified by the Hamming sketch.

In the remaining case when G and GY_. 4 are identical for all j € {r® +
1,...,7" + 2T}, we might not be able to recover all those grammars from the
Hamming sketches, and we might not be able to identify p* and pY. However,
since G, = Gby, we know that the part of 2 produced by G. is either a prefix or
suffix of the part of y produced by G},. The difference in the size of the two parts
is the edit distance of the two parts. The difference is given by the difference
between the total evaluation size of active grammars in the deletion buffer of
x, and the total evaluation size of active grammars in the deletion buffer of y
together with grammars Gf{y,j, for  =0,...,d*—d¥—1. The latter grammars are
in the committed deletion buffer of y and they agree with G7. 1, ..., Gre 4o _gv-
Hence, the edit distance of the parts of z and y coming from G}, and Gy, can
be determined. All other mismatching pairs of grammars are identified by the
Hamming sketch or are among active grammars of the insertion buffers. So we
proceed as in the previous case to calculate their contribution to the edit distance
of x and y. The edit distance of x and y is the sum of those edit distances.

We see that in both the cases we need the Hamming sketch to be able to recover
at least T" mismatched grammars at the very end caused by the dummy padding,
4T grammars at the beginning corresponding to Gy._opy 1, Gre_oria, -+ Grejor,
2T neighbors of G¥. 57 to the right, and at most (47 + 1)k mismatched grammars
caused by the edit operations between x and y. This is less than M (47 +1)(k +2)
which is the number of mismatches our Hamming sketch can recover.

The time needed to compare the sketched strings can be bounded as follows:
In total the procedure generates at most O(Tk) pairs of grammars of total size
(5(14,2) on which it runs edit distance computation from Proposition . If those
edit distance computations take total time more than @(kQ) we can terminate
them as we know the overall edit distance is larger than k. Recovering differing
grammars from the Hamming distance sketch takes time O(k') = O(k?). Their
follow-up processing such as counting their evaluation size and shortening them is
proportional to their total size which is O(k?). Hence, the time for comparing
strings is O(k?).

Failure probability. The update operations can fail if the grammar decomposition
produces large grammars or the grammars are not deterministic (because of a
collision caused by compression hash functions). This happens with probability
at most 1/n for each update. Since we perform at most m updates, the failure
probability of any update operations is at most m/n < 1/10m? by our choice of
m and n.

When comparing two sketches for strings  and y of edit distance at most k,
Theorem might fail to align their grammar decomposition. This happens
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with probability at most 1/5. With probability at most 2/n the Hamming
sketches might fail to recover the differing pairs of grammars. There is no other
source of failure for strings of edit distance at most k so the probability of the
compare operation failing is at most 1/3. To boost the success probability of
comparison from 2/3 to 1 — 1/2m, we again form a more robust sketch by taking
clogm independent copies of the rolling edit distance sketch and operate on them
simultaneously. For comparison we output the most frequent answer from the
individual sketches. This multiplies the failure probability of update operations
by clogm, so it is still at most 1/2m for m large enough. The comparison will
fail with probability at most 1/2m.

For strings of edit distance more than k the comparison of an individual edit
sketch will fail either because the Hamming sketch would need to recover more
than k pairs of differing grammars or because the total edit distance of the differing
grammars is more than k. In both these failure cases we can always output co to
be on the safe side.

Proofs of Lemma and

Here we prove the remaining two lemmas.

Proof of Lemma[3.6, For the simplicity of case analysis we first compare the
compression of wu and w. Consider the division of w = By ... B,, when calling
Compress(w, £), and the division wu = Bj ... B}, when calling Compress(wu, ¢).
Let w"” = Compress(w, £), from line. Let a be the last symbol of w. We consider
three cases.

If Bj,=a",7r>1,then B; =B foralli=1...,m—1, and B,, is a prefix

of B! . not necessarily proper. In this case, the compression of each B; and B,
1 =1,...,m — 1, is the same, so w” equals to w’ in all but possibly the last
symbol.

Otherwise, B, consists of at least two singleton symbols. If the first symbol
of u is a, then B, = By,[1,|B,| — 1], and B;, ., = a”, for some r > 2. Feyy, will
color the same all symbols of B,, and B/, except for at most the last R symbols.
Hence, B,, and B!, will be compressed the same except for at most the last R
symbols. The last R symbols are compressed into at most R symbols in w”’, and
B], ., will be compressed into a single symbol. In this case we conclude that
W'l |w'|—R—1] =w"[1,|w| - R—1].

If the first symbol of u is not a then B, is a prefix of B/, , and the compression
of By, and B! [1,|B,,|] will differ in at most R last symbols. So w’'[1,|w'| — R] =
w”[1, |w'| — R).

Hence, in all three cases w'[1,|w'| — R — 1] = w"'[1, |w'| — R — 1]. Moreover,
[lw'| = Jw”|| < R+ 1.

A similar argument gives w”[1, |w"| — R — 1] = «"'[1, |w"| — R — 1], and
[|w”| — |w"|| < R+ 1. By the triangle inequality, ||w'| — |w"|| < 2(R + 1). Hence,
w1, |w'| = 3(R+1)] = w"[1,|w'| = 3(R+ 1)]. Since |[v/| < |ul, [w'u/| — |u] < |w'].
The claim follows. ]

Proof of Lemma . Part 1. Consider strings B*(¢,4) from the trace of the
algorithm on x given the hash functions Hy, ..., Hy,C1,...,Cp. (See Section [2.3.4])
Similarly for B¥(¢,1).
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For ¢ =0,..., L we will define integers i, and A, satisfying:
1. For all i < iy, B*(¢,i) = B"*({,1),

2. B*(C10)[1, [B*(L,i0)| — A = B¥ (L, 10)[1, | BT (L, )| — A,
3. Ap+ Y 1 |BT(L,i)| < L(BR+3) + 1.

For ¢ =0, B*(0,1), B*(0,2), ..., B*(0,s§) = Split(x, 0), so we set iy = s{ and
Ay = 1. Since B**(0,1), B**(0,2),...,B%*(0,s8*) = Split(zz,0), s§ < s§* and
B*(0, s§) might differ from B**(0, s¥) by containing the last symbol of x which
might be the first symbol of B**(0, s§ 4+ 1). Otherwise, B*(0, s3) is the prefix of
B**(0, sf) so the properties of ig and A are satisfied.

For ¢ =1,..., L, having defined 7,_; and A, ; we will define i, and A,: Define

Aj_, = Compress(B*({ — 1,ip-1),0) & Ay?, = Compress(B**({ — 1,i4-1), 1),

(Bo, By, ..., By) = Split(42_,,0) & (B}, B,,...,B.,) = Split(A¥,,0).

For simplicity of exposition in this proof we assume that for any B € I'* of
size at most 2, Compress(B, ¢) = B and Split(B, ¢) = (B), so they both perform
no action on B of size at most 2.

Let

w = Bx(é - 1,ig_1)[1, |Bm(f - 1,ig_1)| - Ag_l],
u = Bz(g — l,ig_l)[l + |Bx<£ - 1,i3_1)| - Ag_l, .. .],
V= sz(g — 1,2'571)[1 + ’Bx(g — 1,7;571” — Ag,l, .. ]

By Lemma[3.6) A7 , and Aj?, agree on at least the first A7 | — (3R +3) — |u| =
|A7 | — (B3R + 3) — Ay symbols. (This is trivial when |w| < 2, in particular,
when |B*(0 — 1,i,-1)| < 2 or |[B**({ —1,i-1)| < 2.)

Let 7 € {0,...,m} be the largest i such that for all j < i, Bj = B. Let i,
be the index of block B; among blocks B*(¢,1), B*(¢,2),...,B*({,s7). Notice,
B*((,j) = B**({,j), for all j < i,. Let Ay, > 0 be the smallest integer such
that B;[1,|B;| — A = BI[1,|B;| — Ay]. (So the second property holds for ¢, as
B*({,iy) = B; and B**({,iy) = B..) Since B;[|B;| —A¢+1,...]- Bit1 ... By, forms
a part of a suffix of A7 ; on which A7 , and A§?, differ, A, + 7L, |B;| <
(BR+3)+ Ay, )

Notice, Z;LHHS_i |B=(¢,5)] < Z;Z;_Hl |B*(¢ —1,7)| as each B*(¢, j) on the
left is a part of a compression of some B*(¢ — 1, 7) on the right. Hence,

S$

14
D B+ A

J=te+1
551
<BR+3)+Ai1+ >, |BY(U—1,5)]
J=te—141

<BR+3)+(l—1)BR+3)+1</(3R+3)+1

Eventually, Ap+505, . |B*(L,7)| < L(3R+3)+1. Also B*(L, j) = B**(L, j)
forj=1,...,i—1. Hence, G = G§* for j = 1,... i, —1. Since each |B*((, j)| >
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1, 8§ —iy, < L(3R+ 3) + 1, which implies s7 — (L(3R+3)+2) < s} —T <i,—1
and the claim follows.

Part 2. The proof of this part proceeds similarly to the first part. Let B*(¢,1)
and B**(¢,i) be as above. For ¢ =0, ..., L, we will define a sequence of integers
ie,te, po, T satisfying:

1. ty is the last index ¢ such that B**(¢,i) contains some symbol that comes
from the compression of x, and ry is the length of the prefix of B*({,t,)
that comes from the compression of x.

2. iy <ty and for all i <i,, B*({,i) = B**({,1),
3. Bz(ga ié)[lvpé] = Bmz(gv ig)[l,pg],
4 rg—pe+ 3535, 1B, 5)] < €(BR+3) + 1.

For ¢ =0, B*(0,1), B*(0,2),...,B*(0,s§) = Split(x, 0) and

B*#(0,1), B**(0,2),...,B**(0, s?) = Split(zz, 0),

so we set ig = s&. If |B*(0, s%)| < |B**(0, s3)| we set tg = ip, and rg = py =
|B(0,10)|, otherwise the last symbol of = starts the block B**(0, s§ + 1) so we set
to =1+ 1, po = |B*(0,s3)| and ro = 1. (For completeness we set i1 =t_1 = 1.)
Clearly, the four properties are satisfied by this choice.

For ¢ =1,..., L, having defined i,_1,ts_1, ps_1, 771 we will define i, ¢y, py, and
re. As before, let

Ay | = Compress(B*(£ —1,i,-1),¢) & Aj?, = Compress(B**(¢ — 1,ip_1),?).

Case 1. Consider the case when 1,1 = t,_1. Let

w= Bl —1,ip1)[1,pe-1],

Uy = B (0 —1,ig-1)[1 + pe—1,74],

u, = B0 — 1,00 1)[1 + 701, ..],
v=B"(0 —1,ip-1)[1 + pe—1,...].

Let A}?, = w'ul v/ where w' comes from the compression of w, u/, comes from
the compression of u,, and u, comes from the compression of u,. Let A7_; = w"v’
where w” comes from the compression of w, and v’ comes from the compression of
v. Set ry = |w'ul,|, let p;, < rj be the largest integer so that A7* 1, p)] = A7 |1, p}].
By Lemma 3.6, p; > |w'| = 3(R+ 1) so r, — p; < [w'ul| — [w'|+3(R+1) <
|ul| + 3(R + 1). Furthermore, |u,| < |ugz| <71 —pe1 < (£ —1)-(BR+3) +1,
which follows by properties of p,_1 and 7,1, so 7, — p, < (3R + 3) + 1.

Let (By, By, ..., Bn) = Split(A7?,,¢). Let i > 0 be the smallest integer such
that pj < 3%_o|B;| and let ¢ > 0 be the smallest such that r, < ¥!_[B;|. Set
P =p)— Z;;%) |B;| and ry = ry— Z;;%) |B;|. Let iy be the index of block B; among
blocks B**(¢,1), B**(¢,2),...,B*({,s7*), and let ¢, be the index of B; among
those blocks. Notice, B*(¢,j) = B™*({, ), for all j < i,. We conclude the case by
observing that r,—p,+3525 | B;| = X525 | Byl +(rp— X520 | Bj|) — (0 — X520 |1 Byl) =
p,—1ry <LBR+3)+1.
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Case 2. The case iy_1 < ty,_q is similar. In this case we let w and v to be as
in the previous case and u = B**(¢ — 1,i-1)[1 + pe_1,...]. We let p, < |A;Y,]
be the largest integer so that A7 [1,p)] = A}y [1,p;]. By Lemma [3.6, p, >
|A}Y | —3(R+1) — |u| = |A}Y,| —3(R+1) — |B*™(¢ —1,44_1)| + pe—1. Rearranging
terms: —pj, + |AY | < —pee1 + |BF(0 — 1,0-1)| + 3(R+ 1).
Let @ > 0 be the smallest integer such that p, < Z;":o |B;|. Let p, = p) —
"_0|B;l, and iy be the index of the block B; within B**((,1), B**((,2),.. .,
B (0, 57°). Hence, —pe+ S~ [BH((.5)] = —pe+ X3 Byl = —ph+ X3ty | B
— P+ A < ey 4 B~ Lig )| +3(R+1).

Let C}#, = Compress(B**({—1,t,-1),¢) and (B}, B}, ..., B..,) = Split(C}*,, ().
Let 7} be the largest position in C}?, of a symbol coming from compression of z, and
t > 0 be the smallest integer such that 1, < >>5_o |B;|, and set ry = rj — X'2( | B}
Let t, be the index of the block B; within B**(¢, 1), B**(¢,2),..., B ({, si?).
Clearly, 7, < ry_1 80 7o + Z;‘;;_t |B™(0,5)| = re+ X5=b |B)| < 7p < ey

Notice, S50 _iaq [B™ (£, )] < Z;@leﬂ |B*#(¢ —1, 7)|. By partitioning the
sum, rearranging the terms and using the upper bounds derived so far we have:
re = pe+ X5, | B0 )| = —pe + ST BT )]+ S i [ BT ()] +
Z?:;;—t |B¥(0, g)| +1e < —pe1 + B (0= 1,001) |+ 3(R+1) "‘Z;:illjﬂ | B (€ —
L) +rer =rer —pea+ 555 1B=(C—1,§)[+3(R+1) < ({—1)- (3R+3) +
1+3(R+1) </{(3R+3)+ 1, where the second to last inequality follows by the
properties of our numbers for ¢ — 1.

For ¢ = L we get: 7 — pr + Y52 |B*(L,j)| < L(3R + 3) + 1. Since
pr < |B¥(L,ig)|, and r, > 0 we get: S350 [B™((,5)] < L(3R + 3) + 2.
Since each B**(L,j) is of non-zero size, t;, —i;, — 1 < L(3R + 3) + 2. Thus
tp <ip+LBR+3)+3<s}+ LBR+3)+3,asiy < s?. The claim follows. [J

Appending a symbol to a grammar decomposition

In this section we provide a detailed description of the process of updating the
active grammars of a string x when appending a new symbol a. By Lemma (3.7
only the last T' grammars of z might change when adding a new symbol a. As
observed already previously, Lemma also implies that once a grammar becomes
more than (7 + 1)-th grammar from the end it will never change, despite the
fact that the number of grammars that follow it might shrink after adding more
symbols. (Adding more symbols might create periodicity that will be exploited by
the compression.) Our rolling sketch algorithm keeps at most 7" active grammars
that might still change after adding more symbols. It is convenient for our
implementation of the update function to have access also to the previous at most
T committed grammars (to have the proper context for re-compression). Our
rolling sketch algorithm has those committed grammars available in appropriate
buffers. Thus we will assume that the update function is always invoked with
exactly T'+ 1 grammars, unless x is decomposed into less that 7"+ 1 grammars.
Some of the first few grammars from the output of the update procedure should be
discarded as they correspond to grammars that should stay the same. In particular,
if there are t active grammars and s committed grammars then we should discard
the first min(s,7" + 1 — ¢) grammars from its output. The following statement
encapsulates the properties of our update procedure UpdateActiveGrammars().
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Theorem 3.8. Let integers k < n and functions Cy,...,Cy and Hy, ..., Hy be
given. For any a € ¥ and x € ¥* of length at most n with Gy,...,G, being
the grammars output by the decomposition algorithm on input x using functions
Ch,...,Cr, Hy, ..., Hy, UpdateActiveGrammars(Gs_min(s,741)+1, - - - , Gs, @) out-

puts a sequence of grammars G, ..., Gy such that Gy, ..., Gs_win(s,741)
Iy, G} is the sequence that would be output by the decomposition algorithm
on x - a using the functions Cy,...,Cr, Ho,..., Hy. The update algorithm runs in

time O(KLT) = O(k) and outputs t' < 4T L grammars.

Here we assume that the decomposition algorithm does not fail neither on
x nor on x - a with respect to producing correct deterministic grammars so the
first two parts of Theorem are satisfied for x and y = x - a, and the choice of
functions C',...,C and Hy, ..., Hy. For the simplicity of our implementation,
we assume a stronger property of C,...,Cp, that each Cy is one-to-one on the
union of all blocks of z and z - a at level £. (See remark after Lemma [2.14] )

Auxiliary functions Our update algorithm uses several simple and straightfor-
ward auxiliary functions we describe next. Function DecompressSymbol(c, G, ¢, t)
takes a symbol ¢ € T" and if it is a level-¢ symbol compressed by the grammar G
then it returns its decompression truncated to the length of at most ¢ symbols.
Otherwise it returns the original symbols c.

Algorithm 5 DecompressSymbol(c, G, ¢, t)

Input: A symbol ¢, a grammar G, a level ¢, maximum output size ¢ > 2.

Output: Decompresses c if it was compressed at level /. Returns at most ¢
symbols of the decompression.

if c € Xf then let a,b € " be such that ¢ — ab € G. Return ab.

ifce Zf then let a € I',r € N be such that ¢ = r,,. Return amin(tr)
Return c.

Function DecompressString(Z, G, ) decompresses all level-¢ compression sym-
bols in a string Z € I'* using the grammar G, and returns the resulting decom-
pressed string.

Algorithm 6 DecompressString(Z, G, /)

Input: A string Z, a grammar G, and level ¢.

Output: Decompresses z at level /.

Y =e¢.

fori=1to|Z] do Y =Y - DecompressSymbol(Z]i], G, ¢, c0).
Return Y.

Function DecompressSymbolLength(c, £) returns the length of the decompres-
sion of a symbol ¢ at level £.
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Algorithm 7 DecompressSymbolLength(c, £)
Input: A symbol ¢, a level /.
Output: Returns the length of decompression of ¢ at level /.

if c € ¢ then return 2.
ifce Zf then let a € I',r € N be such that ¢ = r,,. Return r.
Return 1.

Algorithm 8 CompressWithGrammar(B, ¢)
Input: String B over alphabet I'; and level number /.
Output: String B” over alphabet I', and set of applied rules G'.

if |B| <1 then return B, 0.
Set G' = 0).
Divide B = B1ByBs ... B,, into minimum number of blocks so that each maximal
subword a” of B, for a € I' and r > 2, is one of the blocks.
for each i€ {1,...,m} do
if B, = a", where r > 2 then
Set B = r,, - # and color r,, by 1 and # by 2.
G =G U{r,, »ad};
end
else Set B! = B; and color each symbol of B according to Foyr(B;)
end
Set B'=B|B,---B.,, B"=¢,and i = 1.
while i < |B’| do
if B'[i+ 1] =+# then B" = B". B[i]
else
B" = DB"-Cy(B'[i,i +1]);
G =G U{Cy(B'[i,i+1]) = B'[i,i + 1]};
end
=1+ 2.
if i <|B'| and B'[i] is not colored 1 then B’ =B"-B'[i],i=1+1
end
Return B”, G'.

Function CompressWithGrammar(B, ¢) is an extension of Compress(B, ¢) that
in addition to compressed block B at level ¢ returns the set of grammar rules used
for the compression of B at this level.

Finally, function FindCompressedPrefix(Z, p, £) returns the length of the small-
est prefix of a string Z that decompresses into at least p symbols at level /.
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Algorithm 9 FindCompressedPrefix(Z, p, ()
Input: String Z, an integer p, level /.
Output: Smallest index j such that level ¢ decompression of Z[1, j] has length
> P.
=0and 5 =0.

while ¢ < p do

J=J+1

p = p + DecompressSymbolLength(Z[j], £);
end
Return j.

Main functions The core of the update function
UpdateActiveGrammars((Gy, . .., G), a) is build around the functions we describe
next. The functions use globally accessible set of grammar rules G that contains
all the rules from Gy,...,G; except for the starting rules. (This set of rules is
deterministic assuming the remark after Theorem [3.8])

The functions will build a sequence of strings Zr, Z;_1,..., Zy each of length
at most 27T". Zp is the concatenation of the right-hand-sides of starting rules of
Gy,...,Gy. For £ = L,...,1, Z, 1 is then build inductively by decompressing a
(suitable) largest suffix of Z, so that Z,_; would be of length at most 7'+ 4 < 27T.
The decompression is provided by function PartiallyDecompress(Z, F, ) which
returns tuple Z’', F', u,r’. In the case that the first symbol of the decompressed
suffix of Z is the level-¢ repeat symbol r, , that would expand Z,_; beyond the limit
of T'+ 4 symbols, we truncate the expansion of that symbol to the length r, = r’.
The return value v indicates how many symbols of Z were left uncompressed
(which would include the partially decompressed symbol r,,). It satisfies that if
u# 0 then |Z'| > T. Strings Zy, ..., Zy satisfy that for £ = L,... 1,if |Z,| > T
then |Z,—1| > T. (In particular, if UpdateActiveGrammars() is invoked with at
least T'+ 1 grammars, then all Z, are of length at least T. The compression of
the first grammar might depend on unseen grammars in that case so we cannot
re-compress it at will.)

Strings Zp, ..., Zy are accompanied by strings of integers Fp,..., Fy over the
alphabet {0,..., L + 1}. The value of Fj[i] indicates at which level the symbol
Zy[i] becomes the first symbol in its block. In particular, Fy[i] < ¢ indicates
that a block starts at position ¢ of Z,. This value is relevant for re-compression
of updated strings Zy,...,Zr. The initial values of Fj are computed using
SplittingDepth(G). Function SplittingDepth(G) is fairly straightforward: For a
grammar G, it inductively decompresses the first two symbols of the evaluation of
G. It finds the lowest level ¢, at which the first two symbols of the decompression
give zero when function H, is applied on them.

After obtaining 7, ..., Zy, UpdateActiveGrammars((Gy, ..., Gy), a) appends
a to Zy, and then re-compresses Z, ..., Zr_1 using a function
Recompress(B, Z, F,u,r,{). We provide more details on function
Recompress(B, Z, F, u, r, {) further below.

Invoking UpdateActiveGrammars((Gy,. .., Gy),a) returns a sequence of up-
dated grammars.
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Algorithm 10 PartiallyDecompress(Z, F, ()

Input: String 7, splitting depth string F', and level /.

Output: Decompressed string 7’

repeat count r’.

, splitting depth string F’, unused count wu,

Set 7/ =cand F' =¢.
for u=|Z| to 1 do

else
r=T—|Z"+1,

Return Z', F' u,r'.
end
nd

o O

F'=Fu]-(L+1)-F';
end

end
Return Z’, F’,0,0.

if Z[u] - ra,T; wher@ ra,r S Ef, then
if |Z/|+r<T+3then 7' =a" -7 and F' = Fl[u]- (L+ 1)1 F'

Z'=a" -7 and F' = (L+1)" - F';

Ise if Z[u] = a, where a € £ then
Z'=b-c-Z' wherea —b-

cis in G;

else Z' = Z[u] - Z" and F' = Fu] - F'
if |Z'| > T then return Z', F',

u—1,0.

Algorithm 11 SplittingDepth(G)

Input: Non-empty grammar G.

Output: The first level ¢ where G would be separated as a new block.

Let v be such that # — v € G.
d=L+1.
for /=1,...,0do

// v are the first two symbols of eval(G).

if |v| > 2 and Hy(v[1,2]) =0 then d = /.

if |v| > 2 then u = u - DecompressSymbol(v[2], G, ¢, 2).

u = DecompressSymbol(v[1], G, ¢, 2)
v = u.

end

Return d.
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Algorithm 12 UpdateActiveGrammars(AG, a)

Input: List of grammars AG = (G, ..., G) representing a string x, and a symbol
a.

Output: Updated list of grammars AG’ representing string x - a.

// Construct a set of rules G, initial compressed string Zy, and splitting depth
string Fr,.
Fori=1,...,t, let # — v; be the starting rule in Gj,.
Set G = ngl Gz \ {# — Ui}-
Set Z;, = vy and Fp, = 0- (L + 1)1,
Fori=2,...,t,set Z; = Z;, - v; and Iy, = Fy, - SplittingDepth(G;) - (L + 1)1,
// Perform partial decompression
for /=L to1do
‘ Zy_1, Fy_1,up, 7o = PartiallyDecompress(Zy, Fy, ().
end
// Perform re-compression
Zy = Zy - a; B = Split(Zy, 0);
for /=1 to L do
B',G" = Recompress(B, Zy, Fy, up, r¢, | Z¢_1|, £)

G=GUG
B=D
end
Let B = (By,...,By).
AG" = ().

fori=1tot do
G'=GU{# — B;}.
Remove from G’ unnecessary rules to get G (as in Section .
Append G’ to AG'.

end

Return AG'.

Function Recompress(B, Z, F,u,r,{) gets a sequence B = (By,...,Bs) of
blocks that represent compression of the updated Z, ; (after adding a) up-to
level £ — 1. It also gets the original Z,, the splitting depth string F}, the number
of symbols u, that were decompressed from Z, to get the original Z, ; and
the parameter r, that indicates that the first r, symbols of Z, ; are a partial
decompression of the repeat symbol Z,[u|. It outputs a sequence of blocks B’ that
represent the updated block Z, compressed up-to level ¢, and a set of rules G’
that were used for compression at level /.

Blocks By, ..., B can be independently compressed and split at level £. The
block By needs a special treatment though as it needs to be combined with its
possible remainder in Z,.

This is done in function RecompressFirstBlock(By, Z, F,u,r,¢). Remaining
blocks for the output Recompress() are obtained from Z, by splitting it into blocks
according to Fy.

o7



119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140

Algorithm 13 Recompress(B, Z, F,u,r, z, /()

Input: B = (By,..., Bs) sequence of blocks, original uncompressed string Z,
splitting depth string F' of Z, u number of uncompressed symbols in Z,
repeat count r, z = |Z,_1|, and level /.

Output: B’ a new sequence of blocks representing B together with Z[1,u], and

set of newly added rules G’.

ifz<Tthen B =(),G =0,4'=0,7=0. // No symbols precede By.

else

B',G',u' = RecompressFirstBlock(By, Z, F,u,r,t). // Compress block By.

j=1
end
// Compress blocks Bj, ..., Bs.

for : =5 to s do

if |B;] <2then B" = (B;); G" =10

else

B!, G" = CompressWithGrammar(B;, ¢).
B" = Split(Bi, ¢).

end

Append B” to B'.

G' =G uUg”.
end
i=u' // Separate remaining blocks in Z.
while 7 > 0 do

while i > 1 and F[i] >{doi=1i— 1.

Add Z]i,u'] as the first item of B’

i=i— 1 =i
end
Return B, G".

Function RecompressFirstBlock(By, Z, F, u, r, ) is the most complicated func-
tion of the whole re-compression process. The function is invoked only if | Z, 1| > T.
The function gets the first level £ — 1 block By that needs to be combined with its
remainder in Z = Z,. The remainder is a suffix of Z,[1, u|, where r indicates that
the first r symbols of the original Z,_; were obtained by the partial decompression
of Zy[u]. If r # 0 then the compression of the part of By that follows its leading
a’s (Zgu] = r,,) is independent of the compression of the part of Z belonging
to By and preceding Z,[u], as v’ —r > 2. Thus we can compress that part of
By, combine it with an appropriate repetition symbol r,,» and append it to the
appropriate suffix of Z,[1,u — 1] (which is already compressed at level £.) If r =0
then we invoke a function CrossOverBlock(By, Z[v/,...],u — v’ + 1,{), where v’
is the first symbol in Z, that belongs to the block of By. Eventually, we split the
compressed block By using Split().
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Algorithm 14 RecompressFirstBlock(By, Z, F,u, ()

Input: Block By, an original uncompressed string Z, splitting depth string F' of
Z, w number of uncompressed symbols in Z, repeat count r, and level /.

Output: B’ a new sequence of blocks representing By together with Z[1,u], and

set of newly added rules G', number v’ of unused symbols in Z.

if r #0 then u =u — 1.

W =u+1. // Find the beginning of block By in the uncompressed part Z.

while v/ > 1 and d[u/] > ¢ do v =u' —1.

if » # 0 then
// Block By starts by partially decompressed symbol r,.

Let a € " and 7" € N be such that Z[u + 1] = r,,.
for i =1 to |By| do if By[i] # a then break;
if Bylil =athen B =¢,G"=0,i=1i+ 1.
else B, G” = CompressWithGrammar(Byli, . ..], £).
B =Z[u u] - to—yyi1- B

end

else

‘ B',G" = CrossOverBlock(By, Z[v/,...],u —u + 1, 7).
end

B” = Split(B', ).
Return B”,G", v’ — 1.

Function CrossOverBlock(B, Z, u, ¢) gets a block B that was compressed up-to
level £ — 1 and needs to be combined with its remainder Z[1, ] that is compressed
up-to level £. (The resulting block should correspond to “Z[1, u]-B".) We know that
|Zo—1| > T > L(3R+ 3) otherwise RecompressFirstBlock() and CrossOverBlock()
would not be called. By the three properties of A, ; and i,_; defined in the
proof of Part 1 of Lemma [3.7| we know that the first 3(R + 1) symbols of Z,_;
were not modified as a result of appending the new symbol to z. Hence the first
min(3(R + 1), |B|) symbols of B correspond to the decompression of Z[u+1,...].

In this part of B we look for any repeated symbol. If we find a repeated symbol
there, we combine the compression of the part of B starting at the repeated symbol
with the original part of Z[u + 1,...] that produced the symbols of B preceding
the repeated symbol (and also with Z[1,u]). By the properties of compression,
repeated symbols break dependence between compressed symbols.

If |B| < 2R+ 20 then at least 3(R + 1) — 2R — 20 > 2 unchanged symbols
follow B. Thus B ends at its original location as it was split at some level < ¢ and
the first two symbols of the next block at all levels < ¢ are the same as originally.

Finally, if |B| > 2R + 20 and there is no repeated symbol in the first up-
to 3(R + 1) symbols of B then we can compress B to get B’, strip from B’
the compression of the first R 4+ 10 symbols and combine it with the original
compression of those R + 10 symbols from Z. (The first up-to 3(R + 1) symbols
of B consist of singletons. The compression of a singleton depends on the context
of at most R + 3 symbols on either side.)
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Algorithm 15 CrossOverBlock(B, Z, u, £)
Input: Block B, an original uncompressed string Z, number u of unused symbols
in Z, and level /.
Output: B’ and set of newly added rules G'.
// Try to find a repeated symbol in unmodified B.

1= 1.
while i < |B| and i < 3(R+1) and B[i] # Bli+ 1] do i =i+ 1.
if i < |B| and B[i| = B[i + 1] then

// Bli] is a repeated symbol.
B',G" = CompressWithGrammar(B]i, ... ], {).
j = FindCompressedPrefix(Z[u + 1,...],7i — 1, /).
B =Z[l,u+j]-B.
end
else if |B| < 2R + 20 then
j = FindCompressedPrefix(Z[u + 1,...],|B|,¢). // At least two unchanged
symbols follow B.
B =Z[lL,u+j], G'=0.
end
else
B',G' = CompressWithGrammar (B, ().
p = FindCompressedPrefix(B’, R + 10, /).
j = FindCompressedPrefix(Z[u + 1,...], R 4+ 10, /).
B =Z[lu+j—1]-Bp,...].
end

Return B, G".

The correctness of the update algorithm follows from its description.

Time analysis We assume that strings are represented efficiently (e.g. by
balanced trees) so we can extract a sub-string, concatenate strings, etc. in time
O(1). All strings that we will operate on will be of length O(T'). Similarly, we
assume that grammars are represented efficiently so that we can look-up a rule
with a given left-hand symbol, append two grammars, etc. in time @(1)

Then DecompressSymbol() and DecompressSymbolLength() takes time O(1).
The time complexity of each of the functions CompressWithGrammar(),
DecompressString(), FindCompressedPrefix(), PartiallyDecompress() and
CrossOverBlock() is proportional to the length of strings on which it operates so
it is @(T) Time of SplittingDepth() is proportional to the depth of the grammar,
which in our case is at most O(L). Each RecompressFirstBlock() executes O(T)
operations on strings and grammars, and O(T') evaluations of H, (inside the calls
to Split()). Since Hy is O(k)-wise independent, its evaluation takes time O (k). So
RecompressFirstBlock() takes time O(kT).

Similarly, each Recompress() executes upto one call to RecompressFirstBlock(),
O(T) operations on strings and grammars, and O(T') evaluations of H, to split
blocks. Again, its total time complexity is O(kT).

Eventually, UpdateActiveGrammars() executes up-to 7" SplittingDepth(),
O(T) string operations, L calls to PartiallyDecompress() and Recompress(), and

60



then up-to O(LT) invocations of grammar minimization procedure costing O(k)
time each. Thus, the total time for UpdateActiveGrammars() is O(LTk).

The number of grammars the algorithm outputs is at most 3.7, | Z,| < 27°(L +
1) < 4TL.

3.2 Streaming k-edit approximate pattern match-
ing via string decomposition

In this section we give an algorithm for streaming k-edit approximate pat-
tern matching which uses space O(k®) and time O(k?) per arriving symbol.
This improves substantially on the recent algorithm of Kociumaka, Porat and
Starikovskaya [31] which uses space O(k%) and time O(k®) per arriving symbol.
In the k-edit approximate pattern matching problem we get a pattern P and text
T and we want to identify all substrings of the text T" that are at edit distance at
most k from P. In the streaming version of this problem both the pattern and
the text arrive in a streaming fashion symbol by symbol and after each symbol of
the text we need to report whether there is a current suffix of the text with edit
distance at most k£ from P. We measure the total space needed by the algorithm
and time needed per arriving symbol.

Pattern matching is a classical problem of finding occurrences of a given
pattern P in text T'. It can be solved in time linear in the size of the pattern and
text |32, 33, 18]. The classical algorithms use space that is proportional to the
pattern size. In a surprising work [34], Porat and Porat were the first to design
a pattern matching algorithm that uses less space. They designed an on-line
algorithm that pre-processes the pattern P into a small data structure, and then
it receives the text symbol by symbol. After receiving each symbol of the text, the
algorithm is able to report whether the pattern matches the current suffix of the
text. The algorithm uses poly-logarithmic amount of memory for storing the data
structure and processing the text. This represents a considerable achievement in
the design of pattern matching algorithms.

Porat and Porat also gave a small-space online algorithm that solves approx-
imate pattern matching up-to Hamming distance k, k-mismatch approzimate
pattern matching. In this problem we are given the pattern P and a parameter k,
and we should find all substrings of the text 7" that are at Hamming distance at
most k from P. Their algorithm uses O(k*) space, and requires O(k?) time per
arriving symbol of the text. Subsequently this was improved to space O (k) and
time (5(\/%) [35]. There has been a series of works [36, |37} 35, 38, 39, |40} 41}, 42
43] on online and streaming pattern matching, and the line of work culminated
in the work of Clifford, Kociumaka and Porat [23] who gave a fully streaming
algorithm with similar parameters as [35].

In the streaming setting, also the pattern arrives symbol by symbol and we do
not have the space to store all of it at once. An important feature of the algorithm
of Clifford, Kociumaka and Porat is that their algorithm not only reports the
k-mismatch occurrences of the pattern but for each k-mismatch occurrence of P
it can also output the full information about the difference between P and the
current suffix of the text, so called mismatch information.

Beside approximate pattern matching with respect to Hamming distance,
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researchers also consider approximate pattern matching with respect to other
similarity measures such as edit distance. Edit distance A4 (x,y) of two strings z
and y is the minimum number of insertions, deletions and substitutions needed to
transform x into y. The k-edit approximate pattern matching problem is a variant
of the approximate pattern matching where we should find all substrings of T
that are at edit distance at most k& from P. Since there could be quadratically
many such substrings, we usually only require to report for each position in T’
whether there is a substring of T" ending at that position that has edit distance at
most k from P. In the streaming version of the problem we want to output the
minimal distance of P to a current suffix of the text after receiving each symbol of
T. Again we assume that the text as well as the pattern arrive symbol by symbol,
and we are interested in how much space the algorithm uses, and how much time
it takes to process each symbol.

Starikovskaya [41] proposed a streaming algorithm for the k-edit pattern
matching problem, which uses O(k%,/m) space and takes O(k?\/m + k'3) time
per arriving symbol. Here, we denote m = |P| and n = |T'|. Recently, using a
very different technique Kociumaka, Porat and Starikovskaya [31] constructed
a streaming algorithm, which uses O(k?) space and O(k®) amortized time per
arriving symbol of the text.

In this work we substantially improve on the result of Kociumaka, Porat and
Starikovskaya. We give a streaming algorithm for k-edit approximate pattern
matching that uses O(k?) space and O(k?) time per arriving symbol.

Theorem 3.9. Given integer k > 0, there exists a randomized streaming algorithm
Jfor the k-edit approzimate pattern matching problem that uses O(k?) bits of space
and takes O(k?) time per arriving symbol of the text.

We speculate that some amortization techniques could bring the time complex-
ity of our k-edit approximate pattern matching algorithm further down. However,
it seems unlikely to achieve complexity below @(k) per arriving symbol as one
could then solve the plain edit distance problem in sub-quadratic time contradict-
ing the Strong Exponential Time Hypothesis (SETH) [44]. It is an interesting open
question to achieve smaller space complexity than @(kz) Currently, all known
sketching techniques for edit distance that people use for k-edit approximate
pattern matching give sketches of size Q(k?).

The technique of Kociumaka, Porat and Starikovskaya [31] for edit distance
pattern matching to large extent emulates the inner working of Hamming ap-
proximate pattern matching algorithms. To that effect Kociumaka, Porat and
Starikovskaya had to design a rolling sketch for edit distance where multiple
sketches can be “homomorphically” combined into one. This requires sophis-
ticated machinery. Here we use a somewhat different approach. We use the
locally consistent decomposition of strings which preserves edit distance
of Bhattacharya and Koucky [10], which was presented in the previous chap-
ter. The decomposition in essence translates edit distance to Hamming distance.
Hence, we apply the k-mismatch approximate pattern matching algorithm of
Clifford, Kociumaka and Porat [23] on the stream of symbols coming from the
decomposition as a black box. Bhattacharya and Koucky [10] also constructed a
rolling sketch with limited update abilities, namely adding and deleting a symbol.
We do not use that sketch here.
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3.2.1 Related work

Landau and Vishkin [45] gave the first algorithm for the k-mismatch approximate
pattern matching problem which runs in time O(k(m logm-+n)) and takes O(k(m+
n)) amount of space. This was then improved to O(m logm + kn) time and O(m)
space by Galil and Giancarlo [46]. Later, Amir, Lewenstein and Porat [47]
proposed two algorithms running in time O(nv/klogk) and O(n + k*(n/m)). The
latter was improved by Clifford, Fontaine, Porat, Sach and Starikovskaya [35] who
gave an O(n + k?(n/m)) time algorithm. Charalampopoulos, Kociumaka and
Wellnitz, in their FOCS’20 paper [48], also proposed an O(n + k(n/m)) time
algorithm with slightly better polylog factors. An @(n + kn/y/m) time algorithm
was given by Gawrychowski and Uznanski [49], which showed a nice tradeoff
between the O(ny/Eklogk) and O(n + k*(n/m)) running times. Not only that,
they also showed that their algorithm is essentially optimal upto polylog factors,
by proving a matching conditional lower bound. The polylog factors in the running
time were then improved further by a randomized algorithm by Chan, Golan,
Kociumaka, Kopelowitz and Porat [50], with running time O(n + kn(y/logm/m)).
This problem is thus quite well studied.

For the edit distance counterpart of the problem however, there is still a
significant gap between the best upper bound and the known conditional lower
bound. Landau and Vishkin [51] proposed an O(nk) time algorithm for the
problem. This algorithm is still the state of the art for larger values of k. Cole
and Hariharan [52] gave an algorithm running in time O(n + m + k*(n/m))(this
runs faster if m > k3). In their unified approach paper [48], Charalampopoulos,
Kociumaka and Wellnitz also proposed an algorithm running in time O(n + m +
k*(n/m)). The same authors in their FOCS’22 paper [53] gave an algorithm
running in time O(n + k3'5\/ log mlog kn/m), finally improving the bound after
20 years. For the lower bound, Backurs and Indyk [44] proved that a truly
subquadratic time algorithm for computing edit distance would falsify SETH.
This would imply that an algorithm for the k-edit approximate pattern matching
which is significantly faster than O(n + k*(n/m)) is highly unlikely.

Online k-mismatch approximate pattern matching problem was first solved by
Benny Porat and Ely Porat in 2009 [34]. They gave an online algorithm with
running time @(k2) and space @(k3) per arriving symbol of the text. Clifford,
Fontaine, Porat, Sach and Starikovskaya in their SODA’16 paper [35], improved it
to O(k?) space and O(Vk log k+poly(log(n))) time per arriving symbol of the text.
Clifford, Kociumaka and Porat [23] proposed a randomized streaming algorithm
which uses O(klog (m/k)) space and O(log (m/k)(v/klogk + log® m)) time per
arriving symbol. The space upper bound is optimal up-to logarithmic factors,
matching the communication complexity lower bound. All these algorithms use
some form of rolling sketch.

In the streaming model, Starikovskaya proposed a randomized algorithm [41]
for the k-edit approximate pattern matching problem, which takes O(k®,/mlog® m)
space and O((k%\/m + k'3) log* m) time per arriving symbol. Kociumaka, Porat
and Starikovskaya [31] proposed an improved randomized streaming algorithm,
which takes O(k%) space and O(k®) amortized time per arriving symbol of the
text.
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3.2.2 Notations and preliminaries

We will use definitions and notations from the previous chapter. We will also use
the following proposition, which can be obtained from Landau-Vishkin algorithm
[45] see e.g. a combination of Lemma 6.2 and Theorem 7.13 in [48]:

Corollary 3.10. For every pair of grammars G, and G, representing strings
and y, respectively, and given a parameter k we can find in time O((m + k?) -
poly(log(m +n))), where n = |z| + |y| and m = |G| + |G|, the length of a suffix
of x with the minimum edit distance to y among all the suffizes of x, provided that
the edit distance of the suffix and y is at most k. If the edit distance of all the
suffizes of x to y is more than k then the algorithm stops in the given time and
reports that no suffix was found.

Decomposition algorithm

Let us revisit the decomposition from previous chapter, and a specific theorem
from previous section. Bhattacharya and Koucky [10] (from Chapter 2) give
a string decomposition algorithm (BK-decomposition algorithm) that splits its
input string into blocks, each block represented by a small grammar. With high
probability over the choice of randomness of the algorithm, two strings of length at
most n and edit distance at most k are decomposed so that the number of blocks
is the same and at most k corresponding pairs of blocks differ. The edit distance
between the two strings corresponds to the sum of edit distances of differing pairs
of blocks.

More specifically, the BK-decomposition algorithm gets two parameters n
and k, £ < n, and an input x. It selects at random pair-wise independent
functions C4, ..., and S-wise independent functions Hy, ..., Hy from certain
hash families, and using those hash functions it decomposes = into blocks, and
outputs a grammar for each of the block. We call the sequence of the produced
grammars the BK-decomposition of x. Here, parameters L = [logs /2 n| 4+ 3 and

S = O(klog®nlog*n). As shown in [10], the algorithm satisfies the following
property.

Proposition 3.11 (Theorem 3.1 [10], Theorem [2.8| from Chapter 2). Let x be a
string of length at most n. The BK-decomposition algorithm outputs a sequence
of grammars G1,...,G4 such that for n large enough:

1. With probability at least 1 — 2/n, x = eval(Gy, ..., Gy).
2. With probability at least 1 — 2/\/n, for alli € {1,... s}, |Gi| < S.

The randomness of the algorithm is over the random choice of functions Cy,...,CY
and H(),. . .,HL.

The functions Ci, . .., O, can be described using O(log®n) bits in total and
the S-wise independent functions Hy, ..., Hy can be described using O(S log®n)
bits in total. We also need the following special case of Theorem 3.12 [10].

Proposition 3.12 (Theorem 3.12 [10], Theorem from Chapter 2). Let
u,xz,y € I'* be strings such that |uz|,|y| < n and Acgi(x,y) < k. Let GY,... G*
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and GY,...,GY be the sequence of grammars oulput by the BK-decomposition
algorithm on input ux and y respectively, using the same choice of random functions
Ci,...,Cp and Hy, ..., Hy. With probability at least 1 — 1/5 the following is true:
There exist an integer r > 1, such that

r=eval(Gy_, )[r,...]-eval(GS_ s, ..., GY) & y=eval(GY,...,GY),

and

Acgit(x,y) = Acair(eval(G5_ 1), - . . ], eval(GY))

+ 3 Acair(eval(GE_, ), eval(GY)).

=2

The grammars for x can be built incrementally. For a fixed choice of func-
tions C;, H;, and a string x we say that grammars GY,..., G} are definite in its
BK-decomposition GY,...,G% if for any string z and the BK-decomposition
G7?,...,G% of xz obtained using the same functions C;, H;, G = G77, ..,
G = G¥*. Tt turns out that all, but O(1) last grammars in the BK-decomposition
of x are always definite. The following claim appears in [10]:

Proposition 3.13 (Lemma 4.2 [10], Lemma [3.7| from this chapter). Let n and k
be given and R = O(lognlog™n) be a suitably chosen parameter. Let x,z € T*,
|xz| <n. Let Hy,...,Hy,Cy,...,Cy be given. Let G}, G%,...,G* be the output
of the BK-decomposition algorithm on input x, and G7?,G%*, ..., G5 be the output
of the decomposition algorithm on input xz using the given hash functions.

1. Gy =G¥ foralli=1...,5s—R.
2. x| < Z?:hf(ﬁR’sl) leval(G¥#)].

The following claim bounds the resources needed to update BK-decomposition
of x when we append a symbol a to it.

Proposition 3.14 (Theorem 5.1 [10] , Theorem [3.8] from this chapter). Let k < n
be given and R = O(lognlog™n) be a suitably chosen parameter. Let functions
Ci,...,Cp and Hy, ..., Hy, be given. Let a € 3 and x € X* be of length at most
n, and let G7,...,G% be the grammars output by the BK-decomposition algorithm
on input x using functions Cy,...,Cr, Hy,..., Hp.
UpdateActiveGrammars(G§_ s ri1)410 - - - » Gs» @) outputs a sequence of gram-
mars GY, ..., G} such that GY, ... s Gy min(s,R41) GY,...,G} is the sequence that
would be output by the BK-decomposition algorithm on x - a using the same
functions C1,...,Cr, Hy,...,H;. The update algorithm runs in time (5(1{:) and
outputs t' < 4RL grammars.

3.2.3 Encoding a grammar

Let S and M = O(Slogn) = O(klog* nlog* n) be parameters determined by the
BK-decomposition algorithm. [10] shows that each grammar of size at most .S can
be encoded as a string of size M over some polynomial-size alphabet {1,...,2a},
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where the integer o can be chosen so that 2M/a < 1/n. The encoding Enc
satisfies that if two grammars differ, their encodings differ in every coordinate.
The encoding is randomized, and one needs O(logn) random bits to select the
encoding function. The encoding can be calculated in time linear in M, and given
Enc(G) we can decode G in time O(M). The encoding satisfies:

Proposition 3.15. Let G, G’ be two grammars of size at most S output by
BK-decomposition algorithm. Let encoding Enc be chosen at random.

1. Enc(G) € {1,...,2a}M.
2. If G = G’ then Enc(G) = Enc(G).

3. If G # G' then with probability at least 1 — (2M /), Agam(Enc(G), Enc(G"))
= M, that is they differ in every symbol.

3.2.4 k-mismatch approximate pattern matching

Clifford, Kociumaka and Porat 23] design a streaming algorithm for k-mismatch
approximate pattern matching with the following properties. The algorithm first
reads a pattern P symbol by symbol, and then it reads a text T symbol by symbol.
Upon reading each symbol of the text it reports whether the word formed by the
last received |P| symbols of the text are within Hamming distance at most &k from
the pattern. If they are within Hamming distance at most £ we can request the
algorithm to report the mismatch information between the current suffix of the
text and the pattern. The parameters k and n are given to the algorithm at the
beginning, where n is an upper bound on the total length of the pattern and the
text. By mismatch information between two strings x and y of the same length
we understand MIS(x,y) = {(¢, z[4], y[i]); i € {1,...,|z|} and x[i] # y[i]}. So the
Hamming distance of x and y is Agam(z,y) = [MIS(x,y)|. Clifford, Kociumaka
and Porat 23] give the following main theorem.

Proposition 3.16 ([23]). There exists a streaming k-mismatch approximate
pattern matching algorithm which uses O(klognlog(n/k)) bits of space and
takes O((v/Elogk + log® n)log(n/k)) time per arriving symbol. The algorithm is
randomised and its answers are correct with high probability, that is it errs with
probability inverse polynomial in n. For each reported occurrence, the mismatch
information can be reported on demand in O(k) time.

3.2.5 Algorithm overview

Now we provide the high-level view of how we proceed. We will take the pattern
P and apply on it the BK-decomposition algorithm. That will give us grammars
GP,GF ... GF encoding the pattern. This has to be done incrementally as the
symbols of P arrive. Then we will incrementally apply the BK-decomposition
algorithm on the text T

We will not store all the grammars in memory, instead we will use the K-
mismatch approximate pattern matching algorithm of Clifford, Kociumaka and
Porat [23] (CKP-match algorithm) on the grammars. Here K = k- M, where M
is the encoding size of each grammar. For a suitable parameter R = O(1), we
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will feed the grammars GT,... GT , to the CKP-match algorithm as a pattern.
In particular, we will encode each grammar by the encoding function Enc from
Section [3.2.3] and we will feed the encoding into the CKP-match algorithm symbol
by symbol.

Then as the symbols of the text T will arrive, we will incrementally build the
grammars for 7" while maintaining only a small set of active grammars. Grammars
that become definite will be fed into the CKP-match algorithm as its input text.
(Again each one of the grammars encoded by Enc.) The CKP-match algorithm
will report K -mismatch occurrences of our pattern in the text. Each K-mismatch
occurrence corresponds to a match of the pattern grammars to the text grammars,
with up-to k differing pairs of grammars. We will recover the differing pairs of
grammars and calculate their overall edit distance. We will combine this edit
distance with the edit distance of the last R grammars of the pattern from the
last R grammars of the text. (The last R grammars of the text contain the active
grammars which were not fed into the CKP-match algorithm, yet.) If the total
edit distance of the match does not exceed the threshold k, we report it as an
k-edit occurrence of P in T'. If required we can also output the edit operations
that transform the pattern into a suffix of 7. (Among the current suffixes of T
we pick the one which gives the smallest edit distance from P.)

The success probability of our scheme in reporting a particular occurrence of
P in T is some constant > 1/2. Thus, we run the processes in parallel O(logn)
times with independently chosen randomness to achieve small error-probability.

We describe our algorithm in more details next.

3.2.6 Description of the algorithm

Now we describe one run of our algorithm. The algorithm receives parameters
n and k, based on them it sets parameters L = O(logn), R = O(lognlog™n),
S = O(klog®*nlog*n), M = O(klog* nlog*n), K = k- M = O(k*log* nlog* n).
Then it chooses at random pair-wise independent functions C4, ..., C, and S-wise
independent functions Hy, ..., H; needed by the BK-decomposition algorithm. It
also selects the required randomness for the encoding function Enc. It initializes
the CKP-match algorithm for K-mismatch approximate pattern matching on
strings of length at most n - M.

There are two phases of the algorithm. In the first phase the algorithm
receives a pattern P symbol by symbol and incrementally builds a sequence of
grammars G¥. ... GF representing the pattern P. All but the last R grammars
are encoded using Enc and sent to our instance of CKP-match algorithm as its
pattern (symbol by symbol of each encoding). In the second phase our algorithm
receives an input text 7' symbol by symbol. It will incrementally build a sequences
of grammars GT,GY, ... representing the received text. Whenever one of the
grammars becomes definite it is encoded by Enc and sent to our instance of
CKP-match algorithm as the next part of its input text (symbol by symbol).

In the first phase, our algorithm uses the procedure given by Proposition
to construct the grammars G, ..., GT incrementally by adding symbols of P.
The algorithm maintains a buffer of 2R active grammars which are updated by the
addition of each symbol. Whenever the number of active grammars exceeds 2R
we encode the oldest (left-most) grammars that are definite and pass them to our
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instance of CKP-match algorithm as the continuation of its pattern. The precise
details of updating the grammars of the pattern are similar to that of updating
them for text which we will elaborate on more. After the input pattern ends, we
keep only R grammars G IETRR GT, and we send all the other grammars to
the CKP-match algorithm. Then we announce to the CKP-match algorithm the
end of its input pattern. So the CKP-match algorithm received as its pattern
encoding of grammars G| ... GF . in this order. (In the case we end up with
fewer than R + 1 grammars representing P (r < R), we apply a naive pattern
matching algorithm without need for the CKP-match algorithm. We leave this
simple case as an exercise to the reader.) For the rest of this description we assume
that r > R.

In the second phase, the algorithm will receive the input text T" symbol by
symbol. It will incrementally build a sequence of grammars representing the
text using the algorithm from Proposition [3.14, We will keep at most R active
grammars GY, ..., G} on which the algorithm from Proposition will be applied.
The active grammars represent a current suffix of 7. The prefix of T" up-to that
suffix is represented by grammars GT,... GT which are definite. Out of those
definite grammars we will explicitly store only the last R in a buffer, the other
grammars will not be stored explicitly. (They will be used to calculate the current
edit distance and to run the update algorithm from Proposition [3.14) The
encoding of all the definite grammars will be fed into the CKP-match algorithm
as its input text whenever we detect that a grammar is definite.

As the algorithm proceeds over the text it calculates a sequence of integers
mi,Ma, ..., mg, where the algorithm stores only the last R of them in a buffer.
Each value m; is the minimal edit distance of eval(GY,... GI ) (a prefix of
the pattern) to any suffix of eval(GT,... GT) (a suffix of a prefix of the text)
if the edit distance is less than k. m; is considered infinite otherwise. (Values
my,...,m,_r_1 are all considered to be infinite.) The value m; will be calculated
after G7 becomes definite and we send the grammar to our CKP-match algorithm.
(The CKP-match algorithm will facilitate its calculation.) Values m; will be used
to calculate the edit distance of the current suffix of the input text received by
the algorithm. See Fig. for an illustration.

Buffer of past text grammars

CKP-match text | GT p | Gl pii |G pitn | G7 |
\ Active grammars
B [ . | o || & | c |
P P P P P P P
| Gy | s | G Rr_t1 | G,_r | | G._ry1 Gt G in | G, ‘
/ Last R grammars of the pattern

CKP-match pattern

Figure 3.2 The alignment of text and pattern grammars after arrival of some text sym-
bol. The pattern P is represented by grammars Gf, cen Gf. Grammars Gf, e Gf_R
are encoded by Enc and sent to the CKP-match algorithm as its pattern. The current
text T is represented by the sequence of grammars G7,...,GL,GY,...,G¢. Grammars
GT, ..., GT are encoded and committed to the CKP-match algorithm as its text. Gram-
mars GY,...,G{ are active grammars of the text, and might change as more symbols
are added to the text.

We are ready to describe the basic procedures performed by the algorithm.
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Symbol arrival. Upon receiving the next symbol a of the input text, our al-
gorithm invokes the algorithm from Proposition on the R + 1 grammars
Gl gyt GLGY, ..., GY to append the symbol a. From the algorithm we
receive back grammars GI_p.,,...,GI G, ..., G}, where t' < 4RL. (Here,
eval(GY,...,G)) = eval(GY,...,G?) - a. The grammars GL_,_,, ..., GT received
from the algorithm are discarded as they are definite and should not change. The
update algorithm needs them to have the proper context for compression.) If
t' > R then grammars G, ..., G} become definite and we will commit each of
them to the CKP-match algorithm as explained further. We will commit them in
order G, ..., G} . The remaining grammars Gy 5. ;,..., G} are relabelled as

{,...,G¢ and become the active grammars for the addition of the next symbol.

At this point our algorithm can output the minimal possible edit distance of
the pattern to any suffix of the text received up-to this point. We explain below

how such query is calculated.

Committing a grammar. When a grammar GG becomes definite the algorithm
commits the grammar as follows. Thus far, grammars G4, ..., G were committed
and the sequence of values my, ..., ms was calculated. We set G411 = G, calculate
encoding Enc(G,,1) and send the encoding symbol by symbol to our CKP-match
algorithm. At this point we can calculate m ., using the mismatch information
provided by our CKP-match algorithm. If s +1 < r — R then we set ms,; to 0o
otherwise we continue as follows to calculate mg;.

We query our CKP-match algorithm for the Hamming distance between
encoding of G¥ ... GF . (the pattern to the CKP-match algorithm) and the
encoding of GI_ _ p.o. GL g 4. .., GL | (the current suffix of the text of the
CKP-match algorithm). If the Hamming distance is less than K = k- M, then we
let the CKP-match algorithm to recover the mismatch information. By the design
of the encoding function, if two grammars differ then their encodings differ in
all M positions (unless the encoding function Enc fails which happens only with
negligible probability.) Hence, the mismatch information consists of encoding of
up-to k pairs of grammars, with their indexes relative to the pattern. Thus, from
the mismatch information we recover pairs of grammars (G, G}), ..., (G, G}),
for some k' < k where G; come from the text and G come from the pattern.

If (G1,GY) is not the very first grammar pair (G, .., GT) (which we
recognize by their index in the mismatch information) then we compute the edit
distance for each pair of strings eval(G;) and eval(G}), i = 1,...,k’. We set mg;q
to be the sum of those distances.

If (G4, G}) is the pair (GI_g.,, GT) then we apply the algorithm from Corol-
lary to calculate the minimal edit distance between any suffix of eval(G;) and
the string eval(G}). For i = 2,... k', we compute the edit distance of eval(G;)
and eval(G}). We set ms11 to be the sum of the £’ calculated values.

However, if the CKP-match algorithm declares that the Hamming distance of
its pattern to its current suffix is more than K, we set ms,1 = oo.

Finally, we discard Gs_,, g from the buffer of the last R committed grammars,
and we discard m,_pg. o from the buffer of values m;. We set s to be s + 1. This
finishes the process of committing a single grammar G, and a next grammar might
be committed.

Pattern edit distance query. After we process the arrival of a new symbol, update
the active grammars as described above and commit grammars as necessary, the
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algorithm is ready to answer the edit distance query on the current suffix of
the text T and the pattern P. At this point grammars GT, ... GT were already
committed to the CKP-match algorithm. There are current active grammars
G{,...,G¢ which were not committed to the CKP-match algorithm, and there
are R grammars G . ,,...,GL of the input pattern that were not committed
to the CKP-match algorithm as part of its pattern. To answer the edit distance
query we will compare the edit distance of those last R grammars of pattern P
with the last grammars of the text, and we will combine this with a certain value
m;, namely ms_p.¢.

Let d=R—t Ifd >0, fort=1,...,d compute the edit distance of each
pair eval(G_,.,) and eval(GL_ ,.,). (Each grammar GI_,,; is available in the
buffer of the last R committed grammars.) For i = d+1,..., R, compute the edit
distance of each pair eval(G}_,;) and eval(GL_p.;). Sum those R values together
with mg_4. If the sum is less than k& output it, otherwise output oco.

Since we are running O(logn) independent copies of our algorithm, each of
the copies produces an estimate on the edit distance and we output the smallest
estimate. That is the correct value with high probability.

3.2.7 Correctness of the algorithm

In this section we argue that the algorithm produces a correct output. First we
analyze the probability of certain bad events happening when the algorithm fails
and then we argue the correctness of the output assuming none of the bad events
happens. There are several sources of failure in our algorithm.

1. The BK-decomposition algorithm might produce a decomposition of either
the pattern or some suffix of the text with a grammar that is too big
or with grammars that do not represent expected strings. (A failure of

Proposition [3.11])

2. The BK-decomposition algorithm produces a correct decomposition of the
pattern and all suffixes of the text but grammars of some suffix of the text
T and the pattern P do not align well. (A failure of Proposition [3.12])

3. The encoding function Enc fails for some pair of grammars produced by the
BK-decomposition algorithm that the CKP-match algorithm is supposed to
compare. (A failure of Proposition [3.15)

4. BK-decomposition algorithm does not fail but the CKP-match algorithm
fails to identify a K-mismatch occurrence of its pattern or fails to produce
correct mismatch information. (A failure of Proposition [3.16])

The failure probability of events 1), 3) and 4) will be each bounded by inverse
polynomial in n, where n is the parameter sent to those algorithms as an upper
bound on the length of the processed strings. Thus, if we expect our algorithm
to process a text and a pattern of size at most N, we can set the parameter
n for the BK-decomposition algorithm to be N* and for the CKP-algorithm to
be N*. M = O(N®), where M is calculated from n = N* and k of the BK-
decomposition algorithm. (Parameter k for the BK-decomposition algorithm is
set to k, and for the CKP-algorithm to K = k- M = O(k?).) We will run 2log N
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independent copies of our algorithm on the same text and pattern. Next we
calculate the probability of failure in case 1), 3) and 4) in a particular copy of the
algorithm.

Event 1. There is one pattern P of length at most N, the probability of either
of the two conditions in Proposition @ failing on P is at most 4/y/n = 4/N2.
The probability of failure of Proposition [3.11] on any the at most N prefixes of
the text T is at most N -4/y/n = 4/N. Thus the probability of the bad event 1)
happening is at most 4/N + 4/N?.

Event 3. There are at most N grammars of the pattern encoded by Enc and
there are at most N grammars of the text encoded by Enc and committed. Thus
there are at most N? pairs of grammars on which Proposition could fail by
encoding two distinct grammars by strings of Hamming distance less than M
(failure in the third part of Proposition . Given our setting of parameters,
the probability of the bad event 3) happening is at most N?/n = 1/N2.

Event 4. The probability that the CKP-match algorithm fails during its execution
is at most 1/n = 1/N*.

Thus, the probability of a failure of 1), 3) or 4) is at most 5/N, for N large enough.
We run 2log N copies of the algorithm so the probability that any of the copies
fails because of events 1), 3), or 4) is at most 10log N/N.

If none of the events 1), 3) and 4) occurs during the execution of the algorithm
then the pattern and the text are correctly decomposed into grammars by the
BK-decomposition, the grammars are properly encoded by Enc, and the CKP-
match algorithm correctly identifies all the occurrences of the pattern grammars
in the committed text grammars, and for each of the occurrences we correctly
recover the differing pairs of pattern and text grammars. Assuming this happens,
we want to argue that with a high probability our algorithm will correctly identify
k-edit occurrences of the pattern P in the text T

After receiving a prefix of the text T[1,¢], £ < N, we want to determine
whether some suffix of T'[1, /] has edit distance at most k from the pattern P. Let
a be such that T'[a, ¢] has the minimal distance from P. Clearly, if the edit distance
between T'[a, ¢| and P is at most k then a € {{ — |P|—k+1,...,0—|P|+ k+1}.
By Proposition [3.12 applied on u = T'[1,a — 1], = T'la,{] and y = P, each of the
2log N copies of our algorithm has probability at least 4/5 that the grammars of
T are well aligned with grammars of P. Being well aligned means that T'[a, ] is a
suffix of eval(GL_, ., 4,...,GL, G4, ...,G¢) and

Aegit(T]a, l], P) = Aedit(eval(GsT_HtH)[b, o, eval(Gf))

r—t
+ Y Acanleval(Gy, 1), eval(GY))

=2

+ > Au(eval(GL, ), eval(GY)),

i=r—t+1
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for appropriate b. Moreover, the minimality of a implies that

Acgit(T[a, 0], P) = mbin Aedit(eval(Gz_rHH)[b, o, eval(Gf))

r—t

+ > Acau(eval(Gy, ), eval(GY))

=2

+ > Au(eval(GE,,,), eval(GY)).

i=r—t+1

Notice, regardless of whether Proposition fails or not, the right-hand-side of
the last equation is always at least Aqg;(7T'[a, ¢], P) since it is an upper-bound on
the true edit distance of P to some suffix of T. We will argue that each copy of
the algorithm outputs the right-hand-side value of that equation if it has value at
most k, and oo otherwise. Moreover, if at least one of the copies of our algorithm
has T'[a,¢] and P well aligned, then the minimum among the values output by
the different copies of our algorithm is A4 (7T']a, ¢}, P).

Since we have 2log N copies of the algorithm, the probability that none of the
decompositions aligns T'[a, £] and P well is at most (1/5)21°8~ < 1/N*. This upper-
bounds the probability of error of outputting a wrong value of ming, A.q;¢(T'[b, ¢], P)
after receiving ¢ symbols of the text. As there will be at most N distinct values
of ¢, the probability of outputting a wrong estimate of the edit distance of P to
some suffix of T is at most N - 1/N* = 1/N3, conditioned on none of the bad
events 1), 3) or 4) happening. Overall, the probability of a failure of our algorithm
is at most O(log N/N) < 1/v/N, for N large enough, and it could be made an
arbitrary small polynomial in N by choosing the parameters differently (n vs V).

It remains to argue that the copy of our algorithm which aligns T'[a, ¢] and
P well, outputs their edit distance. Consider the copy of the algorithm that
aligns grammars of T'[a, ¢] and P well. After arrival of the symbol T'[¢] and updat-
ing the grammars, there are active grammars G¢,...,G{, committed grammars
GT,...,GT and the pattern grammars G¥,... GT. If A 4:(T[a, (], P) is at most
k then the number of grammars in which P differs from the last r» grammars of T’
is at most k. Thus the CKP-match algorithm can identify the differing grammars
when computing the value mgy_g.; which is set to

Ms—R+t = mbin Aedit(eval(GsT—r+t+1)[b7 ... ] eval(GY))
r—R
+ Y Au(eval(GT ), eval(GD)).
i=2

Since, ms_pit < Aegit(T[a, l], P) < k, we have the true value of ms_pgi¢. Thus,

Aedit(T[aa ﬂa P) = Ms—_R+t
r—t

+ > Awu(eval(GL, 1), eval(GY))
i=r—R+1

+ Z Aedit(eval(G?_Ht),eval(Gf)).

i=r—t+1

That is precisely how we evaluate the edit distance query of our algorithm.

72



If Acait(Tla,l], P) > k then we will output a value > k as we output some
upper bound on the edit distance. Any value > k is treated as the infinity.

3.2.8 Time complexity of the algorithm

In the first phase, we incrementally construct the grammars for the pattern P,
using the BK-decomposition algorithm from Proposition on each symbol
of P at a time. Updating the active grammars for each new symbol takes @(k)
time, committing each of the possible (5(1) definite grammars to the CKP-match
algorithm takes O(M - v/K) = O(k?). Thus the time needed per arriving symbol
of the pattern is O(k?).

For each symbol of the text that arrives during the second phase of the
algorithm we need to update the active grammars of the text, update m,, and
evaluate the edit distance of the pattern from the current suffix of text. This
includes parts Symbol arrival, Committing a grammar and Pattern edit distance
query of the algorithm.

Symbol arrival. Appending a symbol using the BK-decomposition algorithm
from Proposition takes O(k) time.

Committing a grammar. Encoding the grammar takes O(M) time using the
algorithm from Proposition [3.15] and committing it to the CKP-match algorithm
takes time O(k?), as in the pattern case.

Querying the CKP-match algorithm for Hamming distance K takes O(K) =
@(kz) time. This recovers at most & pairs of distinct grammars (G;,G;), 1 <i < k.
Computing edit distance k; of each pair of strings eval(G;) and eval(G;), takes
O(S + k2) = O(k + k2) time using Proposition . If 3, k; < k, the total time for
the edit distance computation is bounded by O(k?). If the computation runs for
longer we can stop it as we know my is larger than k. Running the algorithm from
Corollary on the first pair of distinct grammars to compute the minimum edit
distance between any suffix of eval(G;) and the string eval(G,) takes O(S + k?)
time. Thus committing a grammar takes time at most (5(/{:2) where the longest
time takes the minimization algorithm on the first pair of grammars.

Pattern edit distance query. This step requires the alignment of the last R
grammars of the pattern with the appropriate grammars of the text and computing
their edit distances. Using Proposition computing edit distances of R pairs of

grammars takes R x O(k*) = O(k?) time.

As there are at most O(1) committed grammars after processing each new
symbol, the total time of this step is O(k?) per arriving symbol.

3.2.9 Space complexity of the algorithm

During either phase of the algorithm, we store O(RL) = O(1) active and updated
grammars and buffer last O(R) committed grammars. This requires space O (k).
Furthermore, the CKP-match algorithm requires O(K) = O(k?) space. The edit
distance algorithm of Proposition cannot use more space than its running
time so each invocation uses at most O(k?) space. Similarly, Corollary uses
space O(k?). Thus our algorithm uses space at most O(k?) at any point during
its computation.
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3.3 Summary

In this chapter, we presented algorithmic applications of the decomposable embed-
ding from edit distance to Hamming distance introduced in Chapter 2. Focusing
specifically on edit distance sketches and rolling sketches, we showed how this em-
bedding facilitates efficient and succinct solutions to computationally challenging
problems in sublinear and streaming models.

Firstly, we described the construction of an edit distance sketch that achieves
a sketch size of O(k?) bits. This approach leverages a novel oblivious alignment
technique enabled by our decomposable embedding, significantly simplifying the
sketch construction compared to previous methods reliant on complex random
walks. This results in a randomized sketching algorithm capable of producing
short sketches in near-linear time, and a comparison algorithm that computes the
exact edit distance between sketched strings in time O(k2) with high probability.

Next, we introduced a rolling sketch data structure, enabling efficient updates
to the sketch when a string is modified by appending or removing symbols at its
ends. Specifically, we demonstrated update procedures that handle insertions and
deletions in O(k?) time per operation. We outlined how to maintain the structural
properties of decompositions through updates, ensuring that edit distances between
dynamically changing strings can still be computed rapidly and accurately from
the sketches.

Both sketch constructions make crucial use of existing optimal Hamming
distance sketches combined with our decomposable embedding technique. Detailed
analyses provided in this chapter confirm the efficacy and robustness of these
approaches, highlighting their potential for further optimization and broader
applicability in streaming algorithms and approximate pattern matching.

In second part of this chapter, we also introduced a randomized algorithm
for the streaming k-edit approximate pattern matching problem, significantly
enhancing the state-of-the-art results. Specifically, our algorithm achieves a
substantial reduction in both time and space complexity, requiring (5(1{:2) space
and O (k%) processing time per symbol, improving notably upon the previous work
by Kociumaka, Porat, and Starikovskaya which used @(k5) space and @(kS) time.

Our approach leverages the locally consistent string decomposition introduced
in Chapter 2, effectively translating the edit distance problem into a Hamming
distance scenario. By decomposing the pattern and text into carefully constructed
grammars, we reduce the original edit distance problem into manageable subprob-
lems that can be efficiently solved using Hamming distance-based methods.

We incorporated a streaming algorithm for k-mismatch approximate pattern
matching by Clifford, Kociumaka, and Porat as a key subroutine. This enabled
efficient identification of approximate pattern occurrences within the encoded
decompositions. Furthermore, we employed randomized encoding techniques to
guarantee the distinctiveness of grammar representations, thereby ensuring reliable
detection and alignment of corresponding substrings.

To achieve robustness against random failures, our method involves running
multiple independent instances of the algorithm concurrently and selecting the
minimum result among them, thereby guaranteeing high probability correctness
of the output.

Additionally, we provided detailed correctness proofs and complexity analyses,
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confirming that the algorithm efficiently identifies occurrences of the pattern within
a specified edit distance threshold while adhering to tight complexity bounds.

Overall, this chapter demonstrates that decomposable embeddings from edit
distance to Hamming space serve as a powerful primitive for algorithm design,
enabling fast and space-efficient solutions to core problems in sublinear models
and approximate string processing.
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Hamming to Edit
Embedding

“Working hard is important. But there is something that matters even more:
believing in yourself.”
- Harry Potter

4.1 Introduction

The study of metric embeddings lies at the heart of understanding the intrinsic
geometry of computational problems. By mapping one metric space into another
while approximately or exactly preserving distances, embeddings can reveal deep
connections between otherwise disparate problems. In this chapter, we focus on
embeddings between two of the most fundamental string similarity measures: the
Hamming distance and the edit distance.

The Hamming distance counts the number of mismatched symbols between
two strings of equal length, and is a cornerstone in coding theory and complexity.
In contrast, the edit distance measures the minimum number of insertions,
deletions, and substitutions required to transform one string into another, and
plays a central role in sequence alignment, pattern matching, and bioinformatics.

Despite their similarities, these two metrics differ significantly in structure and
complexity. This raises a natural and fundamental question:

Can the Hamming space be isometrically embedded into the edit space?

More concretely, does there exist a mapping F : {0,1}" — {0, 1}* such that
for all z,y € {0,1}", the equality

Acait(E(7), E(y)) = Apam(z,9)

holds? And if so, what is the best possible rate ,that is, the ratio of the input
length to the output length, achievable by such an embedding?

This question is not purely of theoretical interest. Embedding one metric into
another enables the transfer of algorithmic and hardness results. For instance,
if a problem is known to be hard under the Hamming metric, and there exists
a distance-preserving embedding into the edit metric, the same hardness result
carries over. Prior constructions based on random interleaving achieved isometric
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embeddings with a rate of 1/0(logn), allowing such transfers but only with
polynomial blow-up in dimension.

In this chapter, we take a comprehensive view of this embedding problem. We
begin by revisiting known constructions and progressively build more efficient
embeddings, culminating in a constant-rate isometric embedding - a strik-
ing result enabled by recent advances in synchronization strings [54]. We also
investigate the theoretical limits of this approach: What constraints must any
such embedding satisfy? How efficient can an isometric embedding be, even in
principle?

Our exploration leads to both new positive results - explicit constructions with
progressively better rates and new impossibility results - provable upper bounds
on how efficient such embeddings can be. Together, these contributions shed light
on the fundamental relationship between substitution-only and general edit-based
string similarity measures.

4.1.1 Summary of Results

1. Low-Rate Constructions: We begin with simple embeddings that achieve
isometry by padding each bit with a distinct marker, obtaining a rate of
1/©(logn). We then introduce recursive and multi-level recursive embed-
dings that improve the rate to 1/0(log™ n - loglog™ n).

2. Constant-Rate Embedding (Main Result): We prove the existence
of a constant-rate isometric embedding from the Hamming metric to the
edit metric. This construction uses synchronization strings to ensure that
each input bit is correctly aligned, even in the presence of insertions and
deletions.

3. Hardness Transfers: Using our constant-rate embedding, we show that
hardness results from the Hamming metric transfer directly to the edit
metric without dimension blow-up. We obtain fine-grained lower bounds for
problems such as bichromatic closest pair, discrete 1-center, and k-clustering,
as well as NP-hardness of approximation results.

4. Impossibility Results: We prove structural constraints on isometric
embeddings. Specifically, any such embedding must be of a projective
type—padding the input with fixed strings around permuted and XOR-ed
bits. Furthermore, we show that no isometric embedding can achieve a rate
exceeding 3/7 + o(1), even in principle.

This chapter thus offers both constructive techniques and theoretical insights
into the geometry of string metrics, positioning the Hamming-to-edit embedding
problem as a central question in the algorithmic study of metric spaces.

4.2 Motivation and Implications
In computational complexity, establishing hardness results is often more tractable

in the Hamming metric than in the edit metric. Consequently, the existence of an
isometric embedding from the Hamming metric into the edit metric would allow
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such hardness results to be transferred directly. Indeed, embeddings of this nature
have been studied precisely for this purpose.

However, the currently known embeddings achieve a rate of only m. This
implies that if a problem is hard over strings of length n in the Hamming metric,
the corresponding hardness in the edit metric holds only for strings of length
O(nlogn). While this is still meaningful, it incurs an undesirable overhead in
dimension.

Intuitively, one might expect that solving computational problems in the
n-dimensional edit metric should be at least as hard as solving them in the n-
dimensional Hamming metric. Yet, without a constant-rate isometric embedding,
this intuition lacks formal justification. Addressing this gap is one of the main
motivation of this chapter.

Our key contribution is the construction of a constant-rate isometric embedding
from the Hamming metric to the edit metric, enabled by a novel application
of synchronization strings: combinatorial structures originally developed for
correcting insertion and deletion errors [55], 56, (57, |58} 59].

Theorem 4.1. There exists a universal constant C' > 1 such that for every
positive integer n, there exists an isometric embedding E,, : {0,1}"* — {0,1}"
from the Hamming metric into the edit metric.

The construction and analysis of this embedding, which crucially relies on
synchronization strings, is presented in detail in Section [4.6

An immediate consequence of Theorem is the following meta-theorem for a
broad class of discrete optimization problems in the edit metric. Here, by discrete
we refer to problems where the input is a finite set of points in a metric space and
the solution is a subset of those points.

If a discrete optimization problem defined over the n-dimensional Hamming
metric
cannot be solved in time T(n) (for some computable function T ),
then the same problem over the n-dimensional edit metric
cannot be solved in time T(0O(n)).

To illustrate this transfer principle, we establish tight hardness results in two
important complexity settings. In all the results below: Theorems [.2] 4.3} and
[4.4] prior lower bounds in the edit metric over binary strings were known only in
dimension d = O(logn-loglogn), due to the limitations of earlier embeddings with
rate © ( 1 ) Our embedding allows the dimension to be reduced to d = O(logn),

logd
thereby achieving optimal dimensional dependence.

Fine-Grained Complexity. Using Theorem [4.1 we derive conditional lower
bounds for two classical problems in the edit metric: the closest pair problem and
the discrete 1-center problem.

Theorem 4.2 (BCP). Assuming the Strong Exponential Time Hypothesis, for
every 6 > 0 there exists € > 0 such that given two sets A, B C {0,1}? of N binary
strings (with d = Os(log N) ), any algorithm that computes a (1 + €)-approzimate
closest pair in A x B under the edit metric requires time Q(N?79%).
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This follows immediately by composing Theorem with the corresponding
Hamming metric result from [60]. Similarly, by starting from the reduction in [61],
one obtains a conditional lower bound of n'*=°( for the monochromatic closest
pair problem in the edit metric, again with optimal dimension dependence.

We next state the analogous result for the discrete 1-center problem.

Theorem 4.3 (1-center). Assuming the Hitting Set Conjecture, for every e >0
there exists a constant ¢ > 1 such that given a set P C {0,1} of N points (with
d = clog N ), computing the point x € P that minimizes the mazximum edit distance
to all other points in P requires time Q(N?7¢).

This result is obtained by applying our embedding to the Hamming-based

hardness result in [62].

NP Hardness. We also use Theorem [4.1] to lift known NP-hardness of approx-
imation results from the Hamming metric to the edit metric. Specifically, we
obtain the following inapproximability bounds in low-dimensional edit space:

Theorem 4.4. It is NP-hard to approzimate:

1. The discrete k-means problem (resp. k-center and k-median) on N points
in the {0,1}°UsN)_dimensional edit metric to within a factor better than
1.38 (resp. 3 —o(1) and 1.12);

2. The discrete Steiner tree problem on N terminals in the {0,1}0UosN).
dimensional edit metric to within a factor better than 1.004.

These results follow from known inapproximability bounds in the Hamming
metric due to |63} [64], combined with our constant-rate embedding.

Finally, we note that additional results from [65] could also benefit from the
constant-rate embedding framework developed in this chapterE]

 This chapter presents some of the results from our paper [66], and there are
a few other results which are not there in the paper. It also contains an
improved new result which is not in the paper.

4.3 Easy Embedding with Rate 1/0(logn)

Let ¥ = {0, 1} be the binary alphabet and consider a string © = xyxq - - - x,, € 3™
In the easy embedding we extend the alphabet to

F={0,1}U{a1,e,...,a,},
where each «; is a symbol not in {0,1}. We define the mapping
f:X" =TI

by

flx)=z101 2009 -+ T .

We are grateful to Tatiana Starikovskaya for recently bringing this work to our attention,
which we were not aware of during the preparation of our original manuscript.
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A brief argument shows that in any optimal alignment between f(z) and f(y)
(for =,y € ¥™), each marker «; can only match with the corresponding marker in
the other string. Hence, the edit distance satisfies

Aedit(f(m)a f(y)) = AHam(xa y)

In a later subsection we reduce the extended alphabet back to binary using a
padded encoding.

4.3.1 Alphabet Reduction to Binary

Let X be a set of strings of length n over an alphabet 3, where {0,1} C X.
Suppose for every pair of strings X, Y € &', there exists an optimal edit distance
alignment that is straight, meaning

Aedit<X7 Y) = Achm()(; Y)7

and that all edit operations (substitutions) occur only at positions where both
X|[i], Y[i] € {0,1}.

We construct an explicit alphabet reduction function ® : ¥" — {0, 1}V
preserving edit distances exactly, embedding each string into a binary string of
length N = O(nlog|X|).

1. Numeric Mapping. Each symbol in ¥ is mapped uniquely to an integer
in {0,1,...,|%| — 1}, ensuring symbols 0,1 € ¥ map to integers 0, 1, respectively.

2. Binary Encoding. Each integer c¢is encoded in binary using m := [log |X|]
bits, denoted by

bin(c) € {0,1}™.

3. Padded Encoding for Alignment Enforcement. For each position
i € [n] in string X = 125 ... x,, define

nY = 0*".1-bin(x,;)-0- 17",

where 0™ and 1™ denote sequences of 2m zeros and ones, respectively.

4. Final Binary Embedding. The binary embedding ®(X) concatenates
these encodings:
O(X)=m .y

Thus, the resulting embedding length is
N =n-(bm+2) =O(nlog |X|).

Theorem 4.5 (Correctness of Alphabet Reduction). The binary embedding ®
preserves edit distance exactly, i.e.,

Acgit(P(X), 2(Y)) = Acaie( X, Y)  forall XY € X.

Proof. Let A’ be an optimal edit distance alignment between ®(X) and ®(Y).
Note that if A’ is straight, then

cost(A') = Aeait(X,Y) = Apram(X,Y),
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because there are no insertions or deletions, and the only substitutions occur in
a single bit of 7 (specifically within bin(z;) and bin(y;)), exactly when x; # y;
(and z;,y; € {0,1}).

Suppose now that A’ is not straight. We will show we can construct an
alignment A of XY satisfying

cost(A") > cost(A),

and since clearly cost(A) > A.g:(X,Y), this proves the theorem.
We classify each encoded block n¥ according to alignment A’:

1. Good blocks: A block 0¥ is good if it is aligned fully to exactly one block
77}/. Formally, every character of 7 aligns only with characters from a single
block 7).

2. Bad blocks: Otherwise, a block is bad.

We first establish a key structural property of good blocks:

Claim 4.6. If a block n;* has at most one edit operation in alignment A’, then it
must be a good block.

Proof of Claim[{.6 Suppose first that block n¥ = 0*™ -1 - bin(z;) - 0 - 1*™ has
zero edits. Then, the prefix 02”1 matches exactly to some substring of ®(Y).
Such a substring can only occur as the prefix of a block 77}/. Thus, the prefix of
n;* fully matches the prefix of a single block ;. By symmetry, the suffix 0 - 1*”
must similarly match exactly the suffix of some block n}f. If j # 4/, this alignment
would require at least 5m + 2 insertions to bridge the gap, contradicting zero
edits. Hence, j = j’, implying the middle segment bin(z;) matches perfectly as
well, making the block good.

Now suppose the block has exactly one edit operation. We proceed by cases,
considering the possible location for this single edit operation within the block:

Case 1: Edit in the prefix 0?"1.

1. Deletion: If a single deletion occurs in the prefix, either the character ‘1’ or
one of the initial ‘0’ is removed. If the character ‘1" is deleted, the resulting
substring 0*™bin(x;)01?™ would have length 5m + 1. However, any substring
of Y starting with 0?™ and ending with 12™ always has length exactly 5m+2.
Thus, this scenario is impossible. If a ‘0’ is deleted, then all remaining 0’s
must match precisely zeros in the prefix of some block 17]5-/, otherwise extra
insertions or substitutions are required, again exceeding one edit.

2. Insertion: An insertion immediately before the prefix aligns the entire
block n;X completely to some 77]’-/, thus preserving goodness. Any insertion
elsewhere within the prefix extends its length beyond 0?1, making exact
alignment with the prefix of 77}/ impossible without further edits. Thus,
internal prefix insertions cannot occur.

3. Substitution: A substitution within the prefix is unnecessary, since perfect
matching of suffix and middle segments guarantees identical prefixes, and ,
the prefix would match perfectly without edits. Hence substitutions cannot
happen here.
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Thus, any single-edit scenario in the prefix maintains the block as good.

Case 2: Edit in the suffix 0 - 12™. By symmetry, identical reasoning to Case 1
shows a single edit in the suffix also preserves goodness.

Case 3: Edit in the middle segment bin(z;). Given perfect prefix and suffix
matches, we must again have the same block n}/ aligning prefix and suffix, as
otherwise bridging alignment would require multiple insertions. Thus, no character
of bin(z;) can align outside n}/. Hence, the block remains good even with a single
middle-segment edit.

This exhaustively proves that a block with at most one edit is always good. [

Thus, the alignment cost satisfies:
cost(A’) > 2 - (#bad blocks) + (#good blocks with > 1 edits).
We now construct an alignment A between original strings X, Y:
1. For each good block, align corresponding symbols z; < y;.
2. For remaining symbols (from bad blocks), choose the optimal alignment.

So, in A, if z; is deleted, then that would mean n;X was a bad block in A’
And if x; is substituted, then that would mean 7;* was either a bad block in A’ or
a good block with > 1 edits.

Therefore, the resulting alignment cost satisfies:

cost(A) = 2 - (#deletions) + (#substitutions)
< 2 - (#bad blocks) + (#good blocks with > 1 edits).

Hence:
Acait(X,Y) < cost(A) < cost(A") = Acgie(P(X), 2(Y)).
Thus, we conclude exact preservation of edit distance:

Aait(®(X), B(Y)) = Awgse(X, Y).

4.4 Recursive Embedding with Rate 1/9(logn)

We now describe a recursive embedding that also achieves a rate of O(logn). The
idea is to break the string into two halves, recursively embed each half, and insert
a separator that enforces straight alignment.

Let x € {0,1}" be a binary string. Suppose we split = into two parts:

T =Ty T2,

where x; € {0,1}"2 and z, € {0, 1}/"/2]. The recursive embedding f is defined
as:

flx) = f(a) - 0" - 1" f(z2).
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Also, f(0) = 0 and f(1) = 1. Here, 0"1" serves as a separator between the
embeddings of x; and .

4.4.1 Size Analysis

At each level we append exactly 2n separator symbols 0"1". The recursion depth
is log, n. Hence
|lf(z)] = n + 2nlogyn = O(nlogn).

Thus the rate =n/|f(x)| = 1/6(logn).

4.4.2 Correctness: Proof of Isometry

Theorem 4.7. For alln € N and all z,y € {0,1}", the recursive embedding f
satisfies:

AEdit(f(x)a f(y)) = AHam(xv y)
Proof. We proceed by induction on the input length n.

Base case: n = 1. Then z,y € {0,1}, and by definition, f(z) = z, f(y) = v.
Therefore,

Aedit(f<x)7 f(y>) - Aedit(xyy) = AHam(x7y)a
so the theorem holds.

Inductive step: Assume the theorem holds for all input lengths up to [n/2].
Let z,y € {0,1}", and define:

T =Xy T2, Y=1Y1"Yo2

where 21, y; € {0,1}"/2) and x5,y € {0,1}7/21,
Let f(x) be constructed as:

flx) = f21) - 0" - 1" f(z2),  fly) = flyr) - 0"- 1" - f(y2).
We prove the following claim first:

Claim 4.8. For any x,y € {0,1}", the edit distance satisfies:

Acait(f (@), f(y) = Deaie(f(x1), f(y1)) + Deaie(f(22), [(y2)).

Proof. Let A be an optimal alignment between f(x) and f(y). Recall that:

f(@) = flaa) - 0" 17 f(xa),  fly) = flyr) - 0" 1" f(y2).

We will show that the alignment cost decomposes exactly into two independent
alignments: one involving (f(z1), f(y1)) and the other (f(z2), f(y2)).

Step 1 (Eliminating Cross-Half Alignments):

Suppose there is a character from f(z;) aligned with a character from 1" f(ys)
(or similarly, a character from f(y;) aligned to 1" f(x3), a character from f(z5)
aligned to f(y1)0", or a character from f(y2) aligned to f(z1)0"). Such an
alignment necessarily involves at least n insertions or deletions, as at least one
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entire separator block (0" or 1") must be skipped or misaligned. This incurs an
edit cost of at least n.

However, the straight alignment has a cost at most Apg(z,y) < n. Thus,
such cross-half alignments cannot occur in any optimal alignment.

Step 2 (Cases Based on Separator Alignments):

Now, the remaining possible cases involve characters from separators aligning
outside their respective separators. We analyze these explicitly:

Case A (No Separator Misalignment): Suppose no character from 0" in
f(z) aligns outside 0™ in f(y), (and similarly for 1™). Then clearly:

Aedit(f($)7 f(y)) = Aedit(f(flfl), f(yl)) + Aedit(onlnf(l’z), Onlnf(yz))-

Using the fact that adding identical prefixes/suffixes doesn’t change edit distance,
we have:

Acait(0"1" f(22),0"1" f(y2)) = Acait(f(72), f(y2)),

and thus the claim holds trivially in this scenario.

Case B (Separator Misalignment): Suppose characters from separators
align outside. Without loss of generality, assume ¢; characters from 0" in f(x)
align with characters from f(y;). Then:

1. The corresponding 0™ block in f(y) has at most n — t; matched characters,
leaving at least ¢; unmatched, incurring at least ¢; edit operations.

For the 1™ block, we have two sub-cases:

1. Suppose ty characters from 1" of f(z) align with characters from f(ys).
Then at least ty characters from the corresponding 1™ block in f(y) are
unmatched, incurring at least ¢, additional edit operations.

2. Alternatively, suppose t5 characters from 1" of f(y) align with characters
from f(x9). A similar reasoning as above gives at least to additional edit
operations.

In total, at least t; + 5 edit operations occur due to separator misalignments.
However, consider the following alternative alignment strategy:

1. Match the entire separator 01" of f(x) directly with the entire separator
0"1™ of f(y), incurring no edit operations within the separator. Therefore,
we eliminate at least t; + t5 edits that previously occurred.

2. The t; characters from f(y;) (or f(x1)), previously aligned with characters
from 0™ of the opposite string’s separator, are now left unmatched. These
characters must therefore be deleted or substituted or matched, incurring
< t; edit operations.

3. Similarly, the ¢y characters from f(y2) (or f(x2)), previously aligned with
characters from 1" of the opposite string’s separator, are now also left
unmatched, again incurring < t, edit operations.
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In total, we eliminate at least t; + t5 edits and incur at most t; + t5 new
edits. Thus, this realignment does not increase the overall edit cost; it simply
redistributes the edit operations from the separator to the segments f(x1), f(y1)
and f(x2), f(y2). This ensures a clean decomposition of the edit distance:

Aedit(f(x)a f(y)) = Aedit(f<x1)a f(yl)) + Aedit(f(x2>7 f(yz))

This completes the proof of the claim. O

By the inductive hypothesis,

Aedit(f(xl)a f(yl)) = AHam(xh yl), Aedit(f(IZ)y f(yz)) = AHam(x%yQ)v

Therefore, the total cost is:

Aedit(f(x)v f(y)) = edzt(f(xl)a f( ) + Aedit(f( 2)7 f(?/z))
— AHam(xla yl) + AHam(x% y2)
- AHam(l'a )
This completes the inductive proof. [

4.5 Embedding with Rate 1/O(log" n x loglog™ n):
Multi-Level Recursion

We now present a recursive, multi-level embedding approach to significantly reduce
the embedding overhead, achieving an embedding rate proportional to the iterated
logarithm function log™n. The central concept is recursively embedding blocks of
the input string and inserting carefully chosen padding sequences between them,
ensuring precise control of alignment.

4.5.1 Multi-Level Recursive Embedding Definition

Let X € {0,1}" be the input binary string. For simplicity of calculation, we
assume that n is towers of 2, specifically n = 2 11 £, for some (. So, ¢ = log™ n.
We begin by partitioning X into consecutive blocks of length exactly log n:

X =byby...b,, wherek= L, |b;| = log n.
logn

Y ={%,%1,...,2} be a collection of pairwise disjoint alphabets, where each
Y, for i > 0 is of constant size greater than 128, and, ¥g = {0, 1} is the binary
alphabet. For each level 1 < i < ¢ of recursion, the embedding function f;(X) is
defined recursively by:

fi(X) = fiza(br) Ti fi—l(b2)?"§ oo fica(by) 7’2»
where each r! is a padding string of length O(logn), chosen from the alphabet ;.
fo(X) =

The key properties of this construction are:
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1. The alphabets >, >4, ..., Y, are disjoint, which ensures that symbols from
different levels do not interfere with each other in the alignment.

2. The padding strings 7¢ are chosen from a code with large minimum edit
distance, so that any alignment that crosses padding boundaries incurs a
significant cost. This enforces that optimal edit alignments respect block
boundaries.

Base Case: The recursion terminates at level 0, with embedding f; as the previ-
ously defined embedding (Section , known to exactly preserve edit distances
(isometry).

Padding Sequence: The padding strings r¢ at each recursion level [ are selected
from a special error-correcting code with large minimum edit distance between dis-
tinct codewords. This ensures that any alignment crossing the padding boundaries
incurs high edit cost, thus forcing block-aligned optimal solutions.

The existence of suitable padding sequences is established by the following
lemma and corollary (which will be used subsequently):

Lemma 4.9 (Lemma . For every e < 1/2, let ¥ be a finite alphabet with
|X] > 32/e2. For every n € N, there exists k = O(logn) satisfying:

1. There exists a code C,, . C XF with |Cpc| = n.
2. For every distinct c¢,c’ € C,, ., it holds that
Aindel(@ CI) Z (2 - E)k
Using this lemma, we obtain the following practical corollary:

Corollary 4.10. For every n € N, there exists a code C C XF with |C| = n,
|X| = O(1), and k = O(logn), such that for all distinct ¢, € C,

Acgit(c, ) > 3logn.

27
%] > %, and a code C'C XF with |C] = n, k = O(logn), such that for all distinct

c,d e,

Proof. From Lemma , for any € < i, there exists a finite alphabet ¥ with

Aindel(c7 C/) > (2 - 8>k

It is a standard fact that for any strings x, y, the edit distance satisfies

1
Aedit(xa ?J) Z §Aindel (ZE, y)

Applying this bound to the codewords yields:
, €
Aedit(ca C) > <1 - 2) k.

To ensure |X| = O(1), we choose a constant e < 1 which gives us |Z| > 128.
From the construction in Lemma , we also have k > glog n. Substituting this
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into the previous inequality, we get:

2 2 —
Acgir(c, ) > (1 — 6) - —logn = < 5) log n.
2) ¢ €
Since ¢ < %, it follows that % > 3, and therefore:
Acgit(c, ) > 3logn.

This completes the proof. O

4.5.2 Length Computation of the Embedding

We now formally analyze the length of strings embedded by this recursive con-
struction.

Define L(n) as the length of the embedding at recursion level ¢ for a string of
length n =2 171 ¢, i.e., length of f;(X). The recursion governing L(n) is:

L(n) - L(logn) + O(logn) -

- logn logn’

Simplifying, we have:

L(n) L(logn) + O(n).

B logn
At the base case (level 0), the embedding length for strings of length 1 is also

L(1) =1.

Solving this recursive equation across all recursion levels, we get:

L(n) = O(n) x I = O(nlog™n).

4.5.3 Isometry Theorem

We now formally state and rigorously prove the central isometry theorem for
the multi-level recursive embedding defined above. This result ensures the exact
preservation of distances under the embedding.

Theorem 4.11 (Isometry of Multi-Level Recursive Embedding). For every pair
of binary strings X,Y € {0,1}", where n = 2 11 {, the multi-level recursive
embedding f, satisfies:

A@dﬁ(f[(X), fﬁ(Y)) = AHam()(a Y)
Proof. We proceed by induction on the recursion level /.

Base Case (Level 0): For ¢ =0, we have n = 1, and by definition, fy(z) = .
Thus:

Aedit(fO(x)afO(y)) = Aedit($7y> = AHam(xay)'

This establishes the base case.
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Inductive Hypothesis: Assume the theorem holds at level ¢ — 1. Explicitly, for
every pair of strings U,V of length m = 211 (¢ — 1), it holds that:

Aedit(fffl(U)a ff*l(v>> = AHam(Ua V)

Inductive Step (Level ¢): At level ¢, consider X,Y € {0,1}", where n = 2 11 /.
Partition these strings into blocks:

X=X\ Xy... Xp, Y =Y1Y5...Y
where each X;,Y; € {0,1}!°¢" and k = >

logn*

The embedding at level £ is defined as:

fo(X) = fﬂ—l(Xl)TffZ—l(XQ)rg e fﬁ—l(Xk)Tia
and similarly for f,(Y).

Definition 4.12 (Good and Bad Blocks). Let A be an alignment between fy(X)
and fo(Y'). We categorize each block of fo(X) into two types based on how A aligns
them with substrings of fo(Y):

1. Good f-blocks: An f-block f,_1(X;) is good if:

(a) None of its characters align outside of the substring ¢ | - fo_1(Y;) - rf

of fo(Y).
(b) At least one character from fo,_1(X;) aligns with a character in fo_1(Y;).

2. Good r-blocks: An r-block r¢ is good if:

(a) None of its characters align outside of the substring fo_1(Y;) - ¢ -
Jee1(Yir) of fu(Y).

(b) At least one character from r¢ aligns with a character in rf of fo(Y).

3. Bad blocks: Any block that does not satisfy the conditions for a good block
is called bad.

Claim 4.13. If an r-block r¢ is bad, then the number of edit operations performed
by A on this block is strictly greater than 3logn.

Proof. Since r{ belongs to a high-edit-distance code (Corollary |4.10)), we have
Aedit(rf,rf) > 3logn for every j # i. Moreover, the alphabets of r-blocks and
f-blocks are disjoint. Hence, any alignment of ¢ that does not fully align it with

the matching r-block in f,(Y") must incur at least 3logn + 1 edits. N

Claim 4.14. If an f-block f,—1(X;) is bad, then at least one of its adjacent r-blocks

rt | orrf must also be bad. Consequently, the number of bad r-blocks is at least

half the number of bad f-blocks.

Proof. Suppose the f-block f,_1(X;) is bad. Then there are two possible cases:

1. If a character from f,_;(X;) aligns to a character in f,_(Y}) or rf with 7 > 1,
then the r-block rf cannot align correctly with 7¢ in f,(Y'), making r{ bad.
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2. Similarly, if a character from f,_1(X;) aligns to a character in fg 1(Y;) or 74

with j < 4, then the r-block rf ; cannot align correctly with rf | in f(Y),
making r{_; bad.

Thus, for each bad f-block, at least one adjacent r-block must also be bad.
Each r-block is adjacent to at most two f-blocks, so the number of bad r-blocks
must be at least half the number of bad f-blocks. ]

Claim 4.15. If an f-block f,_1(X;) is good, then the number of edits performed
by A on this block is at least Apom(X;,Y:).

Proof. Since f,_; is isometric at level [ — 1, we have by induction:

Aedit(fé—l(Xi)a fé—l(Y;)) = AHam(Xia Y;)

Furthermore, the alphabets of the r-blocks adjacent to f,—1(Y;) are disjoint from
the alphabet of f,_;(X;). Hence, any character alignment outside f,_1(Y;) incurs
substitution operations, adding to the total cost. Thus, the edit cost is at least
AHam(Xi, Yz) . [

Lemma 4.16. Let A be any alignment between fo(X) and fo(Y'). The cost of A
satisfies:

cost(A) > Apgam(X,Y).
Proof. We classify each f-block as good, bad, or deleted according to A. Define:

H={i: fi_1(X;) is good}.

Using previous claims, we can bound the alignment cost as follows:

cost(A) > (edits from bad r-blocks) + (edits from good f-blocks)

>
+ (edits from deleted f-blocks)
>

f-block
# bad f-blocks N ZAHam(Xi,Yi)
2 i€H
+ (length of a f-block) x (# deleted f-blocks)
Z Z AHam()(i) }/z) + Z AHam()(ia Yz)
i€H igH

= Agam(X,Y).

(3logn) x

This establishes that any alignment incurs a cost of at least Apan,(X,Y),
proving the lemma. [

Next we show that Aedlt(fg(X> W(Y)) = Apam(X,Y) by proving that if A is
straight, then A (fo(X), fe(Y)) = Agam(X,Y). This completes the proof of the
theorem.

First, we establish a useful structural lemma:

Lemma 4.17 (Structural Lemma). Let X = zy - 2y -z, € {0,1}", where
n =211 L. Then the embedding at recursion level | can be expressed as:

fe(X):P0'9€1'P1'$2'P2"'Pn71'l'n'Pn,
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where each P; € ¥*.

Proof. We proceed by induction on the recursion level ¢:

Base Case (¢ = 0): The base case is immediate from the definition of the
embedding. For ¢ = 0, we have:

fo(X) =X =,

where clearly Py = P; = ¢, the empty string, satisfying the lemma trivially.

Inductive Hypothesis: Assume the lemma holds for recursion level £ — 1. That
is, for any string X’ € {0,1}", where n’ = 2 11 (¢ — 1), we have:

feer(X') =Py a2y - Pl -xy--- Py -z, - P,

Inductive Step: For recursion level ¢, the input string is partitioned as:

X=X1Xy ... X}, Wherekzln

and | X;| =logn =211 ({—1).
ogn

Applying the inductive hypothesis to each X;, we have:
Jeo1(Xi) = By - 2 (-1)1ogny+1 * Pl (-1 10gm)42 - Ps -+ Progn1 * T(togn) - Plogn-

Thus, the recursive construction for level [ gives:

fe(X) = féfl(Xl) '7“{ : f271<X2) : 7“5 T féfl(Xk) 'Ti
0

= (pol cxq - Pll e Tlogn ° Pﬁ)gn) .rf ...(péC CT(k-1)lognil " Tn - Pl]f)gn) T
Rewriting this more explicitly:
fé(X):P0'$1‘P1'I2'P2"'In'Pn;

where the padding substrings P; are appropriately assigned as follows:

Py if j=(i—1)logn+t, t<logn, 1 <i< 2
Pj -
Biogn i if j=ilogn, 1 <i< i
This completes the inductive step, proving the lemma. [

Claim 4.18 (Mismatch Positions in Straight Alignment). If the alignment A is
straight, then every mismatched position i in the alignment between fo(X) and
fe(Y) satisfies:

FeXi], fe(Y)[i] € {0, 1}.

Proof. This result follows directly from the structural lemma (Lemma [4.17)).
Specifically, a straight alignment matches each padding substring P; exactly with
the corresponding padding substring from the other embedded string. Hence,
mismatches occur exclusively at original bit positions, which are elements of the
binary alphabet {0, 1}. O
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Thus, a straight alignment precisely corresponds to a bitwise comparison
between the original strings, confirming that:

Aedit(fﬁ(X)a fZ(Y)) = AHam()(a Y)

This completes the proof of the theorem. O

4.5.4 Final Embedding After Alphabet Reduction

The final embedding of any string X € {0,1}" is given by ®(f,(X)), where
n=21M/{ ie., £ =1log"n, and ® denotes the alphabet reduction function defined
in Section

We are able to apply the alphabet reduction at the top level because of two
key properties:

a. The isometry of the multi-level recursive embedding f,, which ensures that
Aedit(fé(-)(), fZ(Y)> - AHGm(XJ Y)

b. The structural property required by the alphabet reduction (namely, that the
edit distance equals the Hamming distance and substitutions are restricted
to {0,1}) holds by design in the output of f,.

Therefore, by correctness of the alphabet reduction (Theorem |4.5)), we have:

Aedit<q)(f€(X))7 qD(fE(Y))) = AHam(Xv Y)?

for all X,Y € {0,1}".
Embedding Size and Rate. Since the number of recursion levels is [ = log* n,

and each level introduces a constant-size new alphabet |X;| = O(1), the total
alphabet size before reduction is:

1X| = O(log" n).

After applying the alphabet reduction ®, the length of the embedded string is
scaled by a factor of log|¥X| = O(loglog® n). Recalling that the length of fy(X) is
L(n) = O(nlog*n), we get:

|(fe(X))| = O(nlog™n - loglog™n).

Conclusion. The final rate of the embedding using the multi-level recursive
construction combined with alphabet reduction is:

1/O(log™ n - loglog™ n).

4.6 Constant-Rate Embedding

In this section we give an explicit isometric embedding from ({0, 1}", Agay) into
({0, 13", Acgir) with N’ = O(n). The key ingredient is the use of e-synchronization
strings.
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Definition 4.19 (e-synchronization string [55]). Let ¢ € (0,1) and n € N.
A string S € X" is an e-synchronization string if for every triple of indices
1<i<j<k<n+l,

Aindel<s[i,j)a S[j,k)> > (1—¢)(k—1).
We will use the following two Theorems from the paper [55].

Theorem 4.20 (Existence [55, Thm.5.7]). For every e € (0,1) and n > 1, there
exists an e-synchronization string of length n over an alphabet of size ©(e™1).

We need the following definitions before stating the next Theorem.
Definition 4.21 (Non-self LCS and edit distance). For any string S':

1. self-LCS(S) is the length of the longest common subsequence of S with itself
under the constraint that no character may match its own position.

2. self-Deqit(S) is the edit distance between S and itself when matches at the
same index are forbidden.

Theorem 4.22 (Self-alignment bound [55, Thm. 6.4a]). For some e € (0,1) if S is
an e-synchronization string then for every substring S’ of S, self-LCS(S") < ¢|5].

Combining the two above Theorem, we have our Corollary:

Corollary 4.23. For any € € (0,1) and n > 1, there exists an e-synchronization
string S € T™ (with |T'| = ©(e7)) such that for every substring S" of S,

self-DNegir(S') > (1—¢) |5

Proof. Immediate from Theorems [4.20] and [4.22] together with the fact that
self-Acgir(S") > 5" — self-LCS(S"). O

4.6.1 Embedding Construction

Fix € € (0,1) and choose any integer

3
1—¢

p >

By Theorem [4.20] let
S =818 8, € I (I'n{0,1} =0)

be an e-synchronization string. Partition S into n consecutive blocks Si,...,.5,
each of length p. Define

E.:{0,1}" — (Tu{0,11)Y, N =n+pn,

by

E(flfll'g"'l‘n) == .17181 1'252 CCnSn
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Finally, apply the binary-alphabet reduction from Section to obtain
E :{0,1}" — {0,1}Y', N' = O(N) = O(n).

From the next sections, we will drop the subscripts €, and refer to E. as simply

E.

4.6.2 Analysis of the Edit Alignment

We now show F (and hence E’) is isometric.

Theorem 4.24. Fiz any € € (0,1) and choose p > 3/(1 —¢). The map E (and
hence E') is an isometric embedding:

Aedit(E('r)aE(y)) - AHam(xay) VIE,y € {Oal}n
Since |E'(z)| = O(n), this gives a constant-rate embedding.

Proof. The inequality Acgit(E(x), E(y)) < Agam(x,y) is immediate by the straight
alignment which matches each block S; to itself and substitutes exactly those ¢
with x; # y;. The reverse inequality follows from the following Lemma which
shows any optimal alignment must be straight and thus incur cost Agan,(z,y).

Lemma 4.25. Let z,y € {0,1}" and let A be any optimal edit alignment between
E(x) and E(y). Then A must be entirely straight, and consequently

Acait(E(2), E(W)) = Dptam(,y).
[

Proof of Lemma[{.25. We show that any deviation from the straight alignment
incurs strictly greater cost than the straight alignment itself, contradicting opti-
mality.

Straight vs. non-straight intervals. Consider the coordinate set [1, N] of the
two embedded strings. An alignment A naturally partitions [1, N| into disjoint
straight intervals and non-straight intervals:

1. A straight interval [, r] is one in which every position ¢ € [I, 7] is matched
by A to the same position in the other string.

2. A non-straight interval [, r] is one in which no position i € [[,r] is matched
to itself.

3. A maximal non-straight interval is a non-straight interval [[, 7] such that
neither [l — 1,7] nor [, r + 1] is non-straight—i.e. extending it on either side
forces at least one index to align to itself.

Original vs. supplementary symbols. Observe that each position of E(x)
(and likewise E(y)) is either

1. an original bit (one of the z; € {0,1}), or
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2. a supplementary symbol (one of the s; € S CT').
On each straight interval, A agrees with the “straight alignment,” so its cost
there equals exactly the number of original-bit substitutions in that segment.

Cost on a maximal non-straight interval. Let [/, 7] be a maximal non-straight
interval of length t =r — [ + 1. We compare:

(i) Cstraight = LﬁJ +1 s (ii) Cnonstraight — COSt<A[l,r])~

Here (i) is an upper bound on the straight-alignment cost, since there are at most
[t/(p+1)] + 1 original characters in E(x)q,,.
To lower-bound (ii), observe that within £(z)y, there are two kinds of symbols:

1. At most q := LﬁJ + 1 original bits.

2. The remaining supplementary symbols drawn from blocks of S.

Thus the supplementary substring S’ C S involved has length
! t

By Corollary [4.23] any alignment of S’ to itself that forbids fixed-point matches
costs at least (1 —¢)|S’|. Meanwhile each original-to-supplementary match in
A can only reduce cost by at most one, and there are at most 2¢ such matches
(originals from E(x) or E(y)). Hence

Cnonstraight > (1 - 5) ’S,| - 2(] > (1 — 6) (t — ﬁ — 1) — 2(1)_7_1 + 1)

A brief calculation shows that for any p > 3/(1 — ¢),

(1_€>(t_p4tr1_1) - 2<p4trl+1) > ﬁ—i_l = Cstraight-

Thus on any maximal non-straight interval the alignment cost strictly exceeds the
straight-alignment cost on the same interval.

Since maximal non-straight intervals are disjoint, their costs add, and each
individually exceeds the straight-alignment cost on that segment. Therefore any
alignment A with even one non-straight interval would have total cost exceeding
that of the pure straight alignment, contradicting optimality. Hence A must be
entirely straight, and so Acgi(F(2), E(y)) = Agam(x,y), as claimed. O

4.7 Upper Bound on Rate of Embedding

In this section, we establish an upper bound on the embedding rate from the
Hamming metric into the edit metric over binary alphabet strings. Specifically,
we address the following question:

Given the set of 2™ binary strings of length n equipped with the
Hamming metric, what is the minimal length N required for embedding

94



them into a subset of binary strings of length N under the edit metric,
preserving all pairwise distances exactly?

Formally, we seek the smallest N such that there exists an embedding
E: ({0,13", Agram) — ({0,137, Acair)
satisfying
Acit(E(X), E(Y)) = Apgam(X,Y)  for all X|Y € {0,1}".

For small values of n, the minimal length is straightforward to determine:

1. For n < 2, we trivially have N = n, thus the embedding rate is 1.

2. For n = 3, a simple verification reveals N = 5.

To tackle the general case, we first establish two important structural results:

1. Straight alignment necessity: We show that for any isometric embedding
from the Hamming metric to the edit metric, there must exist an optimal
alignment between embedded strings that is straight. In other words, the
alignment must match each position ¢ of the embedded string E(X) directly
with the position i of E(Y'), allowing substitutions only (no insertions or
deletions).

2. Embedding characterization: Using this straight-alignment property,
we characterize the embedding as being of a specific form, which we term a
projective embedding.

We define the notion of straight alignment and projective embedding precisely:
We begin by formally defining the main concepts used in our structural
characterization.

Definition 4.26 (Projective Embedding). An embedding
E:{0,1}" — {0,1}"
is called a projective embedding if there exist:
1. A fized permutation ™ of {1,2,...,n}.
2. Fized binary strings Py, Py, ..., P, € {0,1}*.
3. A fized binary vector (shift vector) g € {0,1}".

such that for every input string X = x129-- -z, € {0,1}", the embedding has the
form:

E<X) - PO (xw(l) S g7r(1)> Pl (xw(Q) ) g7r(2)) P2 to Pn—l (Iw(n) S gﬂ(n)> P’m

where @ denotes bitwise XOR operation.

Intuitively, a projective embedding is constructed by permuting the bits of the
input string according to a fixed permutation 7, applying a global bitwise XOR
with a fixed vector g, and inserting fixed padding strings P; uniformly at specified
positions for all strings.
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In other words, the embedding must uniformly apply the same permutation,
bitwise shifts (XOR operations), and insert identical padding strings for all input
strings in order to preserve Hamming distances exactly under the edit metric.

The intuition behind these definitions is that, in order to preserve the Hamming
distances exactly under the edit metric, the insertion of P; must force an optimal
(and thus, straight) alignment between embedded strings. Any deviation (or
“non-straight” alignment) would incur extra edit operations and hence violate
isometry.

This structural characterization, as we will rigorously show in subsequent
sections, directly implies an inherent limitation on the efficiency of any isometric
embedding from the Hamming space into the edit space, establishing a concrete
upper bound on achievable embedding rates.

4.7.1 Straight Alignment Necessity

The first step is to show that, for any isometric embedding FE, there exists an
optimal edit alignment between any two embedded strings which is straight.

Theorem 4.27 (Optimal Straight Alignment Necessity). Let
E:{0,1}" — {0, 1}V

be an isometric embedding from the Hamming space ({0,1}", Apam) into the edit
space ({0, 1}, Acair). Then for all distinct X, Y € {0,1}", there exists an optimal
edit alignment between E(X) and E(Y') which is straight; that is, the alignment
aligns bit i of E(X) to bit i of E(Y) for every position i (in other words, the only
edit operations are substitutions).

Proof. We prove the claim by induction on k = Apg,n(X,Y), the Hamming
distance.

Base Case (k=1). If Apun(X,Y) =1, then X and Y differ in exactly one
coordinate. By isometry,

Acn(E(X), E(Y)) = 1.

Since |E(X)| = |E(Y)|, the only edit operation of cost 1 is a single substitution.
Hence the optimal alignment matches all but one position, and the mismatch
occurs precisely at the coordinate where X and Y differ. Thus, this alignment is
clearly straight.

Inductive Hypothesis. Assume the theorem holds for all pairs of strings with
Hamming distance at most k.

Inductive Step. Let XY € {0, 1}" satisfy Agem(X,Y) =k + 1. Choose an
intermediate string Z such that

AHam()(7 Z) = ka AHome(Yva Z) = 1.
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By the inductive hypothesis, there exist optimal alignments between F(X) and
E(Z), and between E(Y) and E(Z), that are both straight. Let i be the unique
position where E(Y) and E(Z) differ.

Define the set of positions where E(X) and E(Z) differ as P, with |P| = k.
We claim that ¢ ¢ P. To see this, suppose (for contradiction) ¢ € P. Then bit
i in both E(X) and E(Y) would match. Consequently, we can align £(X) and
E(Y) with cost at most k — 1, mismatching only the positions in P\ {i}. This
contradicts the assumption that the embedding is isometric, which requires the
optimal cost to be exactly £+ 1.

Hence, bit ¢ differs in £(X) and E(Y") (since it mismatches in E(Y) and E(Z)
but matches in F(X) and F(Z)), and the positions in P also differ between E(X)
and E(Y). Aligning these positions straight gives an edit distance exactly k + 1,
which is optimal.

This completes the inductive step and thus the proof. [

4.7.2 Characterization as Projective Embeddings

Once the straight alignment property is established, we can characterize any
isometric embedding as a projective embedding.

Theorem 4.28 (Projective Embedding Characterization). Let
E:{0,1}" — {0, 1}V

be an isometric embedding from the Hamming space ({0,1}", Agam) into the edit
space ({0,1}*, Aegit). Then there exist a fized permutation m of {1,2,...,n}, fized
binary strings Py, Py, ..., P,, and a fized shift vector g € {0,1}", such that for
every input X = x5 ...z, € {0,1}", we have

E(X) = Py (1) ® g=(1)) Pr (Tr2) ® Gr2)) Po -+ Poc1 (Tr(n) ® gr(n)) Pa,

where & denotes bitwise XOR.
In particular, the structure of E(X) is exactly that of a projective embedding.

Proof. Let Xy = 0™ and for 1 < i < n let X; be the string with a single 1 in
position 7. Consider the set

U={Xo,X1,..., X}

Determining 7, P;, and g. By isometry and Theorem [£.27] for each i there is a
unique position p; where E(X,) and E(X;) differ (since Aggi(E(Xo), E(X;)) = 1).
If p; = p; for i # j, then E(X,;) = E(X;), contradicting A q4::(E(X;), E(X;)) =
Afam(Xi, X;j) = 2. Thus the p; are distinct.

Order these positions to define a permutation:

Pr) < Pr2) < < Drn)-
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Next, carve F(Xj) into blocks to define the padding strings P; as follows:

E(Xo)[1: pray — 1],
E(Xo)[pr) + 1: Prsy — 1] (1<i<n-—1),
E(X0)[prm) +1: N|.

Fo
Pi
Py

Define the shift vector by

9n) = E(Xo)lpr@] (1<i<n).

Then

E(XO) = PO gr(1) Py Jn(2) "'Pn—l Gr(n) Pn

Similarly, for each 4, the only mismatch between E(X;) and E(X,) is at p;.
Since E(Xo)[pi] = (0@ ¢;), we have E(Y)[p;] = (1 & g;):

E(XZ) = PO e Pﬂ'*l(i)fl (]_ ) gl) Pﬂ'*l(i) e Pn

Extending to arbitrary binary string. LetY € {0,1}" and J = {i:Y; = 1}.
Then Apom(Xo,Y) = |J], s0 Acair(E(Xo), E(Y)) = |J|. By Theorem [4.27] there is
an optimal straight alignment of cost |.J|. We claim the mismatches occur exactly
at {p; i€ J}.

Claim 4.29. In the optimal straight alignment between E(Xy) and E(Y'), the set
of mismatch positions is exactly {p; : i € J}.

Proof. Since A qit(E(Xo), E(Y)) = |J|, any optimal alignment has precisely |J|
mismatches. Suppose, for contradiction, that for some ¢ € J, the position p,
is matched. Then to still have |J| mismatches, there must be some position
Jj ¢ {p;i:ieJ}and j # p, at which F(X,) and E(Y) differ.

Now consider the alignment of E(X,) with E(Y). By construction, E (X))
and E(X,) differ only at position p,. Hence every mismatch between E(Xj) and
E(Y) at any j # p, remains a mismatch between E(X,) and E(Y'). Since there
are |.J| such positions, it would follow that

Acai(E(Xy), E(Y)) = [J],
contradicting
Acait(E(X,), E(Y)) = Apgam (X, Y) = |J| — 1.

Therefore each p; for ¢ € J must be a mismatch, and no other positions can
mismatch. [

It follows that for each i € J, the bit at position p; in E(Xy) (namely 0 & g;)
flips in E(Y) to 1 & g;. Hence

E(Y) =Py (Yra) @ gr1)) P -+ Poc1 (Ur(n) © Gn(n)) Pr,
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completing the proof of Theorem [4.28]

4.7.3 Rate Upper Bound

We now state and prove the main result concerning the embedding rate:

Theorem 4.30 (Upper Bound on Embedding Rate). Let E : {0,1}" — {0, 1}
be any isometric embedding from the Hamming metric to the edit metric. Then
the embedding rate satisfies:

n

N

To prove this theorem, we first establish some helpful observations.

In this subsection, whenever we mention an isometric embedding, we specifically
refer to an isometric embedding from the Hamming metric to the edit metric.
Additionally, we will frequently use the characterization provided by Theorem [4.28]
which states that every such embedding is a projective embedding characterized by
a permutation 7, a shift vector ¢g, and padding strings Py, P, ..., P,. Throughout
this subsection, the symbols 7, g, and P; will specifically refer to these elements

from Theorem

< i + o(1).

Observation 4.31. If there exists an isometric embedding E of rate R with
permutation m™ not equal to the identity, then there also exists an isometric
embedding of rate R where 7 is the identily permutation.

Proof. Given any embedding F with permutation 7, reorder the input bits accord-
ing to 7—!. This reordering preserves all Hamming distances exactly and produces
an embedding with the identity permutation and identical rate. [

Observation 4.32. If there exists an isometric embedding E of rate R with shift
vector g not equal to the zero vector, then there exists an embedding of rate R with
shift vector g equal to the zero vector.

Proof. Apply a global XOR operation to all inputs using shift vector ¢g. This trans-
formation preserves all Hamming distances and yields an equivalent embedding
with a zero shift vector and the same embedding rate. O

We now define a useful quantity:

Definition 4.33 (Padding-length vector). Given a projective embedding E, we
define the padding-length vector as:

L= (‘P0‘7|P1|7"'7|Pn’)7
where | P;| denotes the length of the padding string P;.

Definition 4.34 (Padding-length vector). Given a projective embedding E, we
define the padding-length vector as:

L= (‘P0‘>|P1|7"'>|Pn’)v
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where |P;| denotes the length of the padding string P;. The total padding length
m is defined as the sum of all elements of L:

m=>_|P.
1=0

Observation 4.35. If there exists an isometric embedding E with rate n/N and
either |Py| # 0 or |P,| # 0, then there exists an embedding with strictly better rate
where |Py| = |P,| = 0.

Proof. Adding or removing identical strings at the beginning or end of every
embedded string does not alter the edit distances between pairs of embedded
strings. Thus, removing Fy and P, reduces the total embedding length N, strictly
improving the embedding rate. ]

Based on these observations, computational experiments give minimal padding
requirements for small values of n.

Claim 4.36 (Minimal Padding-Lengths for Small n). The minimal padding lengths
m = N — n necessary for an isometric embedding for small values of n are as
follows:

n|lm=N-—-n
3 2
4 3
5 4
6 6
7 7
8 9
9 10
10 12

Proof. These results are obtained through exhaustive computational search over all
possible padding-length vectors L = (|By|, |Pi], ..., |P.|) satisfying the conditions
(The code for this is available in [67]):

|Po| = Pal =0, > |P|=m,
1=0

for various small values of n. The computational procedure enumerates all feasible
padding-length vectors and verifies explicitly whether there exists a suitable
binary padding configuration matching these lengths and achieving exact distance
preservation.

Specifically, for each candidate padding-length vector, the algorithm checks
the existence of a binary string Y € {0, 1} that can serve as padding substrings
P, with lengths given by L. The minimal padding lengths presented above are the
smallest for which the existence of such Y is confirmed by computational search.

O]

Using these computational findings, we establish a general lower bound on the
required padding length:
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Lemma 4.37. For every integer k > 1, if n = 9k, then the minimum required
padding length m satisfies:

m > 10k + 2(k — 1).

Proof. We prove the result by induction on k.

Base case (k = 1): For n = 9, Claim confirms that the minimum
required padding length is m = 10, which matches the bound 10k + 2(k — 1) = 10.
Thus, the base case holds.

Inductive step: Assume the lemma holds for some k& > 1; that is, for n = 9k,

we have
m > 10k +2(k — 1).

We must show that the result holds for £ + 1. Consider n = 9(k + 1). We
decompose the embedding into a prefix of length 9k and a suffix of 9 additional
bits.

By the inductive hypothesis, the prefix requires at least 10k +2(k — 1) padding
symbols. According to Claim , an embedding of a suffix of length 10 (which
includes the additional 9 bits and one junction bit) requires at least 12 padding
symbols.

Therefore, the total padding length satisfies:

m > (10k +2(k — 1)) + 12 = 10(k + 1) + 2k.
This completes the inductive step and proves the lemma. [

Finally, using Lemma |4.37, we prove our main theorem:

Proof of Theorem |4.30. Let n = 9k + i for some integer £ > 1 and 0 < ¢ < 8.
From Lemma the total padding length for length 9% is at least

m > 10k 4 2(k — 1) = 12k — 2,

and hence
N=n+4+m2>9%+1+ 12k —2 > 21k — 2.
Therefore,
n Ok+i % 8 9%, 18k 8 _3 .,
N =~ 21k—27 21k—2 21k—2 21k 21k(21k—2) 21k—-2 7 '
This completes the proof. O

4.8 Summary

This chapter explored the fundamental question of embedding the Hamming
metric space isometrically into the edit metric space, with a primary focus on
binary strings. Initially, straightforward embeddings with relatively low efficiency
(rate 1/6(logn)) were introduced, followed by progressively more refined recursive
embeddings, achieving rates as low as 1/0(log™ n - loglog™ n).
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The central contribution of the chapter is the construction of a constant-rate
isometric embedding leveraging synchronization strings. This groundbreaking
result significantly surpasses previous rate limitations and allows algorithmic
hardness results to transfer directly and optimally from the Hamming to the edit
metric.

Moreover, leveraging this constant-rate embedding, the chapter established
optimal hardness transfers for key problems like bichromatic closest pair, discrete
1-center, and discrete clustering and Steiner tree problems, deriving new lower
bounds and NP-hardness approximation results directly in the edit metric.

Additionally, structural constraints on possible embeddings were rigorously
examined, demonstrating that any isometric embedding must conform to a pro-
jective type structure, and establishing a theoretical upper bound of 3/7 + o(1)
on achievable embedding rates.

Thus, this chapter provided both theoretical and constructive insights, posi-
tioning the Hamming-to-edit embedding as a central problem in understanding
metric embeddings and complexity theory.
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Edit and Indel distance

“We are only as strong as we are united, as weak as we are divided.”
- Dumbledore

5.1 Introduction

In the previous chapters, we looked into embeddings between A.g;; and Apyg,, met-
ric which are computationally very different. This chapter focuses on embeddings
between two very similar metrics, specifically the A;,4e metric and A4y metric.
Tiskin [68] (in section 6.1) proposed a straightforward embedding from the A4
metric to the A;,qe metric. This inspired our exploration into embedding in the
reverse direction i.e. from the A;,4, metric to the A.g; metric. Our primary
contribution in this realm is a scaled isometric embedding from the A;, 4 metric
to Aegit, as outlined below.

Theorem 5.1 (Indel Into Edit Metrics Embedding - Approximate embedding —
Statement of Theorem . For any alphabet ¥, n € N and ¢ € (0, 1], there exist
mappings E : X" — Y™ and E' : X" — (S U {$})Y, where N = ©(n/¢), such that
for any X,Y € ¥, we have

Aindel (X7 Y)

Acait(E(X), E'"(Y)) = N—n+k, where k €

(g Re ),

Observe that while plugging ¢ < % we obtain a scaled isometry at the expense
of a quadratic increase in the length of the second string. Conversely, for constant
values of £, N scales as O(n) albeit with the trade-off of only approximately
preserving distances within a constant factor. For intermediate values of ¢, we
can compromise between the accuracy and the stretch length.

Let us revisit Tiskin’s (section 6.1 of [68] construction of the reverse embedding,
namely, from A.g; into Ajqe. The embedding proceeds as follows: a special
character $ is appended after every symbol of each string. It is easy to check that
for each pair of strings, the A;,4 between the embedded pair of strings equals
twice the A.g;; between the original pair.

In our construction, one string remains unaltered, while for the second string,
we append after every symbol a block of length n consisting of the special character.
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The core of the proof demonstrates the conversion of any A;,4¢-alignment for
the input strings into an A,g;-alignment for the embedded strings, preserving
the distances up to a scaling factor. This process involves replacing any deletions
originally performed on the first string by substituting the characters with the
special inserted character. Deletions made on the second string remain unaffected.

 This chapter presents some of the results from our paper [69)

5.1.1 Motivation

Introducing a Robust Concept of Approximation: Transitioning from
Approximating A ;; into Approximating A;,4

Recall that one of the reasons we aimed to isometrically embed the A, 40
metric into the A.g; metric stemmed from the abundance of approximation results
for A.g4;; that might not easily extend to the A;,4e metric. A natural approach,
based on our embedding result, is to approximate the A4 distance between
X,Y by approximating the A.4;; between the embedded strings. However, this is
not an immediate consequence due to the substantial disparity in length between
the embedded strings and the notion of approximation in this case, as detailed
next:

Recall that in Theorem the scaling mechanism is not normalized, i.e, the
embedding function did not preserve normalized distances, but instead:

Acait(B1(X), E5(Y)) = N = n + k,

Aindel (Xa Y)
2

where N, n are the length of the embedded strings, and N = ©(%). Observe that
the Acgir between the embedded strings lies in the range of [N — n, NJ.
Considering the substantial difference in length between the embedded strings,
an algorithm that consistently outputs the value N —n, regardless of the embedded
strings, already yields a 1 4+ O(e)-approximation for the distance between the
embedded strings. Certainly, such an outcome provides no information about the
Ajnger of the original strings. Therefore, we introduce a more robust notion of
approximation that generally addresses the discrepancy in string lengths:

A7jndel (Xa Y)

where k € s (14e)

Definition 5.2 (A Robust Notion of Approximation:). Let ¢ > 1, let ¥ be a finite
set, and let X,Y € ¥*. Define | X| = N,|Y| = n, and assume N > n. Define
k?X’y such that: Aedit(Xy Y) =N-—-n+ kX’y.

An algorithm is considered to provide a robust c-approrimation for A if for
all pairs X,Y it outputs k' such that: k' € [kxy,ckxy].

We assert that for any value of ¢, any algorithm ALG that provides a ro-
bust c-approximation for A.4; yields an algorithm ALG’ that provides (1 + €)c-
approximation for Aj,q. Moreover, if the running time ALG on input strings
of lengths N,n is t(N,n), then the running time of ALG' is t(g,n). The con-
struction of ALG’ is straightforward: on input strings X,Y we first apply the
embedding, then apply ALG on the resulting strings and finally output: 2k’

We leave the quest of discovering a robust approximation algorithm for A.g;
as an open question, which falls outside the scope of this thesis.
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5.2 Embeddings between Indel distance metric
and Edit distance metric

5.2.1 Tiskin’s embedding from Edit to Indel metric

Tiskin [68] (in section 6.1) first observed the existence of an embedding that
maps strings from " to strings in (X U {$})*". This embedding satisfies the
property that for any X,Y € X" we have 2A.44(X,Y) = Ajaa(E(X), E(Y)).
The embedding is straightforward: it involves appending a special character “$”
after every character in its input.

Let us delve into the intuition behind analyzing distance preservation. Given
any optimal A4-alignment A of X and Y, we can transform it into an A;,ge-
alignment A’ of F(X) and E(Y) effectively doubling its cost, as follows: if a
character is deleted from either X or Y in A, then the corresponding character
along with the following $ in E(X) or E(Y") are deleted in A’. If X[i] is substituted
with Y[j] in A, then the corresponding characters: F(X)[2i —1] and E(Y)[2j — 1]
are deleted in A’. Since each deletion or substitution in A corresponds to deleting
two characters in A, the cost of A’ is twice the cost of A, i.e., 2A.4:(X,Y).
Although one must be careful, it is not difficult to prove that the resulted alignment
A’ described above is optimal.

5.2.2 Indel to Edit Embeddings

Inspired by the embedding outlined earlier, which transforms the A.4; metric into
the Ajnqe metric, this section introduces two separate embedding mappings that
function conversely: from the A;,4 metric to the A4 metric.

In this section we introduce an embedding from the A;,4 metric to the Aqgi
metric which is scaling isometric. Our embedding is asymmetric, implying that
we embed each string in a different manner. We propose an embedding scheme
that transforms strings X and Y of length n, into F1(X) and Ey(Y"), respectively
of lengths n and O(n?). This scheme ensures that any optimal A;,g¢-alignment
of X and Y corresponds to an optimal A g;-alignment of £y (X) and Ey(Y'). The
formal statement of this result is provided below.

Theorem 5.3. For any alphabet 3 and integer n > 0, there exist Fy : X" — X"
and Ey : " — {SU{$}}Y, where N = O(n?), such that given strings X,Y € ¥,
we have Aogiy(By(X), By(Y)) = N — n + SumaetlXY)

The core concept of our embedding revolves around defining F; as the identity
function, while for F5(Y’), appending the sequence $" after each character in
Y, including at the beginning, resulting in a length of O(n?) for Ey(Y). This
construction ensures that any optimal A;,4 alignment of X and Y can be
transformed into an A.g;; alignment of E4(X') and E»(Y') while preserving matching
characters, as elaborated below:

Given any optimal A4 -alignment A of X and Y, we can transform it into
an A.gi-alignment A’ of E(X) and E(Y) as follows: If a character is deleted from

LOur techniques can adapted easily to design embedding functions for variable length strings
instead of length-preserving ones.
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Y in A, then the corresponding character along with the subsequent sequence of
$" in E(Y) are deleted in A’. If a character is deleted from X, then since the each
of the characters in E(Y) is separated with the sequence $" we can substitute
the corresponding character in F(X), with a $-symbol in F(Y"). This ensures
that the characters of F;(X) are either matched or substituted. Consequently,
we establish the optimality of this resulting A q; alignment of E1(X) and Ey(Y).
The formal proof with all the details is in Section [5.2.3]

In the previous theorem, the length of one of the embedded strings grows
quadratically with the input string’s length due to appending $™ after each
character in Y to form E(Y). Now, a natural question arises: Can we reduce
the length of the embedded string? While we currently lack knowledge of any
embedding with a smaller output size which is scaling isometric, we can achieve
significantly smaller embedded strings by approximately preserving the distances.

Essentially, instead of appending $", we can append $* after each character
in Y for k < n, resulting in a much smaller-sized embedding while maintaining
distances up to a factor of (1 + ¢/k), for some small constant ¢ > 1. This is due
to the claim that even with the smaller appending, one can still achieve a Ay
alignment of the embedded strings given an optimal A;,4. alignment of the input
strings, which preserves more than (1 — ) fraction of the matches. We formally
state this approximate embedding below, with further details provided in Section
2.4

Theorem 5.4 (Indel Into Edit Metrics Embedding - Approximate embedding).
For any alphabet 3, n € N and ¢ € (0, 1], there exist mappings Fy : " — X" and
By : 3" — (SU{$}H)Y, where N = ©(n/¢), such that for any X,Y € X", we have

Aedit(E1<X)u E3<Y)) =N-n+k

Aindel (Xa Y) >

where k € AmdeléX’ Y)

,(1+¢)

5.2.3 Obtaining Scaling Isometric Embedding

In this section, we describe the embedding functions E; and FE, for the scaling
isometric embedding from A4 metric to A4 metric, followed by the proof of
Theorem [5.3]

The following facts, which we state without a proof, will be helpful in the

proof of Theorem [5.3] and [5.4}

Fact 5.5. For any Ajqe alignment of strings X and Y, where | X| = |Y|, the
number of deletions in X is equal to the number of deletions in'Y which is equal
tO Aindel(Xfy)

5 .
Fact 5.6. For any optimal A.q; alignment of strings X and Y, where | X| < |V,
we have Negi(X,Y) = #deletions in X + #deletions in' Y + #substitutions
= (|Y| = |X]) + 2x #deletions in X + #substitutions.

Fact 5.7. Let &, Y be alphabets, where ¥ C Y and strings X,Y € ", Y e &'V,
where N > n.If Y’ is obtained from Y by inserting characters from X'\ ¥ | then
Aedit(X, Y/) Z N -n _|_ Aindel2(X7Y) .
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Description of the embedding functions E; and F,

We define the embedding function Ej for strings of length n. Given a string Y € 3",
E5(Y) is obtained by inserting the sequence $" after each symbol in Y and also
at the beginning. This yields in Eo(Y) =$"-Y[1]-$" - Y[2] - $"...Y[n]$", where
$" denotes a sequence of n dollar signs “$”. Essentially, Es(Y)[i(n + 1)] = Y[i]
for all 1 <i < n, and the remaining positions in Fy(Y') are filled with “$”. The
length of the transformed string E»(Y) is N = n(n + 1) +n = n* + 2n.

Regarding F, it functions as the identity function. Therefore, F;(X), simply
remains the same as X, thus |E;(X)| = | X| = n.

Proof of Theorem 5.3

Given strings X,Y € X" henceforth we will denote F;(X) simply as X and
Ey(Y) as Y'. To prove Theorem [5.3] we demonstrate that we can construct a

A alignment of X and Y’ with a cost of N/ —n + A“‘%(X’Y)

Ajnger alignment of X and Y with a cost of A"%(XY)

Subsequently, we establish that the constructed A.4; alignment is indeed
optimal . This process involves defining a decomposition for X and Y based on
their A;,qe alignment, which will then be utilized to construct the required A,z
alignment for X and Y.

Decomposition of X and Y: We start by defining blocks for X and Y
given a Ay, alignment A of X and Y. We partition X into blocks consisting of
contiguous substrings. Each block, with the exception of the first one, starts with
a contiguous matching segment followed by a contiguous deletion segment. Some
blocks may have an empty deletion segment. The initial block does not contain
any matching segment. These matching and deletion segments determined based
on the Aj,4¢ alignment A. The decomposition of Y follows a similar procedure.
Left hand side of Figure [5.1] and Figure [5.2] shows the decomposition according to
some optimal A4 alignment. We formally articulate this observation below.

given any optimal

Observation 5.8. For any Aj,qe alignment A of X, Y € X", we can partition X
and Y into disjoint blocks based on A, such that:

1. The number of blocks in X andY are equal. Hence, X = by - b - by -+ - b
and Y =0 - b7 by b, where b* are blocks of X and b} are blocks of Y.

2. b =df and bY = dY, which may be empty.

8. For each i > 0, block bX consists of a contiguous matching part mX followed
by a contiguous deletion part dX i.e. bX = mX - dX. Similarly, for each
block bY of Y we have, b} = m) -dY. This means that in the alignment A,
the characters in m;X and m) are getting matched and characters in d¥ and
dY are getting deleted.

4. For eachi >0, m* =m).

5. For each i >0, m¥X is non-empty and dX can be empty. The same applies
for the blocks of Y.
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To define the necessary A.q4; alignment between X and Y’, we begin by
establishing a decomposition for both X and Y’. This decomposition is derived
from an optimal Aj,4 alignment of X and Y. Let Z%¥Y be an optimal Aj,ge
alignment of X and Y.

Decomposition of X and Y’: According to Observation [5.8 we have a
decomposition of X and Y w.rt Z%Y. Let X = b - b - by -+ b and YV =
Y bY by b

Decomposition of X remains the same. We define the blocks of Y’ as
bYuY b, where b = m) - ¢ - dY, with ¢, = $". If m} = Y|[p,q], then
m) = Y[ (n +1),q(n + 1)] Wthh is simply Y[p] - $" - Y[p+ 1] - $"---Y][q].
Similarly, if d = Y[p, q), then d" = Y'[p(n + 1),q(n + 1) + n] which is
Yp] - $" - Y[p + 1]$"---Y[q] - $" (note the extra $" at the end of d which
is absent in m)"). Therefore Y =80 -0y -0y b)Y, Reader can refer to
Figure [5.1] for more clarity.

Based on this decomposition of X and Y’, we are now ready to define our
Agir alignment of X and Y.

A.qi¢ alignment of X and Y': We proceed by defining a A 4; alignment A’
of X and Y’ using the previously described blocks from X and Y’. Initially, we
align the block by with the initial $" block, where each character of by undergo
substitution. Subsequently, for each block b where i > 0, we align m* with m)",
ensuring that all characters in m;X are matched. Moreover, each d;* is aligned with
¢, resulting in substitutions for each character in d;¥. For a visual representation,
please refer to Figure Here, we observe that di aligns with the initial $” block,
each m? aligns with m}//, and d5 and d align with ¢, and ¢z in Y’. Finally, we
compute the cost of the alignment A’.

Claim 5.9. cost(A') =N —n+ M

Proof. Since, |Y'| > |X]|, therefore there must be at least |Y'| — |X| = N —n
many deletions in any alignment of X and Y.

In the optimal Aj,qe alignment Z%Y of X and Y, we have mZX = mZY, as noted
in Observation [5.8l Since m) is a proper subsequence of m)" from our embedding
and decomposition, it follows that m} is also a proper subsequence of m)".
Therefore, all characters in mX match when aligned with m)". Furthermore, the
characters of d¥ align with “$” characters in ¢}, contributing to |dy | substitutions.
Hence, the total number of substitutions is given by St_, [dX| = Ai”%(x’y), using
Fact Since, in the A.4; alignment, there are only matches and substitutions in
X and all deletions occur only in Y| therefore, cost(A") = N —n+ M O

Let £5Y" be an optimal A.g; alignment of X and Y’ and the cost of the
alignment is cost(EXY"), i.e., cost(EXY) = Apgi (X, Y"). We will now demonstrate
that A’ is an optimal A4 alignment, i.e. cost(A’) = cost(EXY").

Claim 5.10. cost(EXY") = cost(A").

Proof. Tt is clear that cost(£XY") < cost(A’), because £XY" is an optimal Ag;
alignment and A’ is an A.4; alignment.

Let us assume, for the sake of contradiction, that cost(§%XY") < cost(A’). In
the alignment A’, the characters of X are either matched or substituted. Therefore,
the only way to achieve a better alignment than A’ is by increasing the number

108



of matches in X. However, matches in X and Y’ can only occur with characters
that are not “$”. This implies that such matches would also exist between X and
Y, which contradicts the optimality of the A;,q4 alignment of X and Y. Hence,
we establish that cost(EXY") > cost(A'). Therefore, cost(EXY") = cost(A’). [

Proof of Theorem [5.5  Using claim and claim we can prove the
theorem. 0

Remark. If there exists an Anqe alignment of X and Y, where the size of each
deletion segment of X, i.e., |dX|, for all 1 < i <1 is bounded by some threshold t,
then we can get an embedding of size O(nt).

b o] b | b b

dX m¥mEd XX ¥
X | [ ] E(X)=X

Aindel Acait

alignment, 7Y N alignment, A’
Y L] | [5 | Eo(Y) =Y

mi _dY |my Y |mijm} WG A mY g Vi | mi i

by by oy b vy’

Figure 5.1 On the left side, we have the decomposition of X and Y based on the
Ajnder alignment. On the right side, we see the decomposition and alignment of X and
Y’ following our construction in Section The solid red arrows indicate that all
characters of m¥ are matched, while the dotted red arrows suggest that the characters
of m;X are substituted. The shaded cells in gray indicate deletions. On the right-hand
side, the blue dotted lines indicate the alignment of mX with m}".

5.2.4 Obtaining Approximate Scaling Isometric Embed-
ding

In this section, we introduce the embedding function E3 and provide a proof
for Theorem [5.4f While the embedding described here bears resemblance to the
previous one, for the sake of completeness, we present all the details below:

Description of the function Fj

Given a string Y of length n in the alphabet ¥, we define E3 similar to E5 as

. . . . 4P
described in Section . Given a parameter 0 < ¢ < 1, we define k = g
However, for the mapping Es3, we append $* after every character in Y instead
of appending $". Additionally, we append $™ at the beginning and at the end as
well. Consequently, E5(Y) is represented as:

E3(Y)=8$"-Y[1]-8"-V[2] - 8" - V[3] - $"-- - $* - V[n] - $* - ™.

Basically, E5(Y)[n+ (i —1)(k+ 1)+ 1] = Y[i] for all 1 < i < n, and rest of
the positions in E3(Y) are filled with “3”. The length of E3(Y) is calculated as
n(k + 1) +2n = N. Therefore, for a fixed value of €, we achieve a linear size
embedding instead of the quadratic embedding previously.

2Tt’s worth noting that k& must be an integer. There are two approaches to ensure this: either
we choose € such that k is an integer, or we use k[%] However, in the latter case, additional
attention is required for the calculations, although the method remains valid.
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Proof of Theorem

Given X,Y € X, from now on we denote F5(Y) by Y and as in the previous
embedding in Section [5.2.3] we denote E(X) by X. The proof proceeds as follows:
Let us consider an optimal A;,4; alignment Z%Y of X and Y. We aim to construct
a Acgir alignment A of strings X and Y based on the Ainger alignment Z%Y | which
preserves “most” of the matches. Subsequently, we will bound the cost(/{) to
show that we can approximately preserve the distances, as stated in Theorem [5.4]

Similar to the proof of Theorem [5.3] here also we will utilize the decomposition
of X and Y given the optimal Ainger alignment Z%Y . We will employ the decompo-
sition from Section [5.2.3] Let X = b b by -+ b and Y = bY -bY -0Y --- b7, We
will decompose X and Y based on the decomposition of X and Y. The resulting
decomposition of X and Y will then be used to establish the A.gir alignment .A

Decomposition of X and Y: Now, let us define the blocks of X and Y
based on the obtained blocks of X and Y. Blocks of X remain the same.

~Let blocks of Y be bOY, b}/, b%/, . b}/, Where bY = dY and for all ¢ > 0, bY
mY dY Lo =%k Iftm) = Y[,]thenm =Y[n+(p-1)k+1)+1n+
(q — 1)g<: + 1) + 1], which is Y[p] - $* - Y[p + 1]$*---$* - Y[q]. If d¥ = Yp,q],
then d = Y[n+ (p— 1)(k+ 1)+ 1,n+ (¢ — 1)(k + 1) + 1 + k], which is

Yip]-$* - YVp+1)$"---$*. Y[ |- $* (note the extra $* at the end of dY which is

missing in m) ). Therefore, Y =¢". bY bY bY bY $". Refer to Figure E for
an example.

A.qir alignment of X and Y: Given the decomposition of X and 17, we can
now outline our approach for constructing the A 4;; alignment A. The fundamental
principle of our alignment strategy is to sequentially align the characters of X
with those of Y from left to right, while carefully accounting for substitutions and
deletions.

We initiate the alignment process by aligning b with the initial $" in Y. Since
the length of b is at most n, and none of its characters are “$”, we perform
substitutions for all characters in m{ .

For each subsequent block b = m:X - dX from left to right, starting from

block 1, we first attempt to align m:* with m), matching as many characters of
m:X as possible and deleting any unmatched characters in m;~.

Following this, we align the characters of dX from left to right with the
unaligned characters of Y, beginning from the leftmost unaligned character in Y.
All the steps are detailed in Algorithm [16]
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Algorithm 16 Getting an alignment of X and Y wrt edit distance metric:

Data: X =m{ - b .- b%, where bX =mX - dX and Y =$"-d¥ - b7 --- b} - $",
where b)Y =m) - ¢ - dY

Result: An alignment of X and Y

Align m{ to the initial $7;

J=1

fori=1---1do

if : > j then

if ¢« > j then

/% mY

7

is fully available. */

Align m* to m}’;

3
end
if : = 5 then
/* m} might be partially available or not available. x/
Align m¥ to m} matching the maximum possible number of characters
f X.
of m;*;
Delete the characters in m;* which cannot be matched:;

end
Align the characters of d¥ from left to right to the unaligned characters of

Y, starting from ¢; in Y;
end
if i < j then

/* mY is not available. x/

Delete all the characters in m;*.
Align the characters of d¥ from left to right to the unaligned characters of

Y, starting from leftmost unaligned character in Y

end

Update j, such that the leftmost unaligned character of Y is in block bf;
end

Let’s initiate the analysis of the A.4; alignment A. First, we examine the
alignment of m;X, and then we proceed to analyze the alignment of d¥ for all
1< <. N

While attempting to align m:* to m), we encounter three possible scenarios
regarding the alignment status of m). The three scenarios are named as fully
available, partially available, and not available. Depending on these three
cases we determine how to align the characters of m;":

1. fully available: m? falls into this category if all its characters are available
for alignment. In other words, none of the characters from any mJX , where

Y

J < 1, have been aligned with characters from m; . In this scenario, we

~ Z :
align m:* to m), matching each character of m;*. This alignment is feasible

because mX = m),

: and m) is a proper subsequence of m) from our
construction and the decomposition of X and Y. Thus m:* is also a proper

subsequence of mf. As depicted in Figure , on the right-hand side, m}’
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and m} are fully available, enabling us to match all the characters of m;*
and mz.

2. partially available: If some, but not all, characters from m? are available
for alignment, we consider it partially available. This occurs when certain
characters from some d}X , where j < 7, have been aligned with characters

from m?. In this case, we align m¥ to m? and match as many characters
of m¥X as possible, deleting the rest from m;X. This is same as matching the
largest suffix of m:* which appears as a proper subsequence of the remaining

unaligned suffix of m}. The size of this largest suffix of m is exactly the
y

i -

number of non-$ characters that are unaligned in m

More technically, let m? = Yp, q]. Since, m? is partially available, therefore,

the leftmost unaligned character in Y is in mY. Let }7[])’ | be the leftmost
unaligned character in Y. So, Y[p', q] is available for alignment. Now, we
need to find the largest suffix of mX that can match into Y[p/, q]. For that

let’s count the number of non-$ characters in Y[/, ], which is L%J + 1.
Y

The extra 1 non-$ character is Y [q] because the last character of every m;
is non-$. Now, we match the last L%J + 1 many characters of mX and
delete the rest.

In Figure mg/ is partially unaligned, resulting in two missed matches in

m3 , with only the last character of ms being matched.

3. not available: m} is not available if none of its characters are available
for alignment. In this case, all characters from some mJX , where j < i,
have been aligned with all characters from m}. Here, we cannot match
any character of m:*, therefore, we delete the entire mX. We again refer to

Figure , where m} and m} are not available, resulting in the failure to
match any characters from ms and my .

Let us now examine the alignment of dX. As stated earlier , the characters of
d¥ are aligned from left to right with the unaligned characters of Y, beginning
from the leftmost unaligned character in Y. The characters in d¥ either get
matched or substituted but are not deleted. During this process, it’s possible that

we align characters of dX with characters in m}/ for some j > i. Consequently,

certain characters in m}/, which are not “$”, become unavailable for matching
with the corresponding characters in mf, resulting in missed matches. These
missed matching characters in X may be deleted from X during our alignment.
Our goal is to quantify the number of deletions in X, which is exactly equal to the

number of missed matches caused by aligning the characters of dX for all i > 0 to

the matching segments of Y, i.e., m;/ for j > 4. For each 1 <14 </, let S; denote
the total number of characters from d;* that gets aligned with characters from

m) for all j > i.

In order to analyze the cost(A), it’s crucial to count the number of deletions
in X and Y, along with the number of substitutions. The number of deletions in
Y and substitutions concerning the alignment A are straightforward to analyse,

as discussed in the proof of Claim [5.13]
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Figure 5.2 On the left side, we have the decomposition of two strings X and Y of
length 20 each based on the A;,4¢; alignment. On the right side, we see the decompos1t10n
and alignment of E1(X) = X and E3(Y) = Y as constructed by our Algorithm |1
where k = 1. Matching between characters is indicated by solid red arrows, whlle
substitutions are denoted by dotted red arrows. The deleted cells or characters are
shaded in grey while the substituted cells are shaded in green.

Our focus now shifts to counting the deletions in X. For that we first need to
bound the following quantity. For each 1 < i <, let Si~denote the total number
of characters from d;¥ that align with characters from m} for all j > i. Similar to
the analysis of alignment of m:X, we will examine different cases for the alignment
of dX. Additionally, we will try to bound the quantity S; for these cases.

1. If j < i (m) is fully available): After aligning m;* to m), we begin aligning
characters of dX from left to right. The leftmost unaligned character in Y
is the first character in ¢;, so we start aligning d;* to ¢;. If |d;*| > |¢;], then
some characters in d¥ remain unaligned. We then align these unaligned
characters of dZX from left to right to d}/, where there can be both matchings

and substitutions. If |[dX| > |&| + |d¥], we move to the next block in ¥
to align the still unaligned characters of d:¥. In doing so, we may align

characters of d¥ to characters in mf for some j > i. We define S; as the
total number of characters of d;¥ that are aligned to characters of m}/ for

all 7 > 4. In this case, S; is bounded by [Ikolrlk1 < [',ffﬂ

2.if j =i (m)

; is partially available or not available): Here we have two

possible cases based on the status of m?:

a) it m) is partially available: In this case the leftmost unaligned character
& y g
in Y will be the first character of ¢; as in the previous case. Therefore

dX|—k X
we get, S; < (‘kil 1< (LH‘}

(b) if mZY is not available: Here, the leftmost unaligned character of ¥ can
be any character in b)Y, but in the worst possible scenario, the leftmost
unaligned character of Y is the last character of bY which is “$”. We
align the first character of d¥ with this “$”. For aligning the remaining
|dX| — 1 characters, we move to the next block in Y. For that, every
k + 1 characters in Y have at most one character which is not “$”.

o <.

3.if j > i (m)

)

is not available): We start aligning d;¥ with the leftmost

unaligned character in Y. The characters of block by are no longer available
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for alignment and the leftmost unaligned character can be non-$ character.
Considering that every k 4 1 characters in Y have at most one character

which is not “$”, S; is bounded by (@1

kA1
From the above analysis of the alignment of d:¥, we have the following claim.

X
Claim 5.11. For each i,S; < (Ljih

Using the above claim and the observation that the total number of deletions
in X is exactly >)_, S;, we can now prove the following claim.

Claim 5.12. For the alignment A, the total number of deletions in X = Y S <

LAt (X,Y)).

Proof. Given that the number of deletions in X is A"%(XY) (as per Fact , by

X X
Claim [5.11}, we have 3, S; < ZJ':HW <> 2"2’ | < Ai"d‘f;(x’y) = Aizdel X g, given

k=1 - forany 0 <e < 1. ]

We can finally bound the cost of alignment A in the following claim.
Claim 5.13. Aedit(X7 }7) < COSt(.A) < N —n+ mdel + zndelg

Proof. Since A is an A.g; alignment of X and Y, therefore cost(A) is less than
the cost of an otlmal Acgir alignment of X and Y, which is Acgir (X, Y)

Using Fact |5 , we know that Aegi (X, Y) #deletions in X + #deletions in
Y + #substitutions = (N — n) + 2x#deletions in X + #substitutions.

Since, all the substitutions are in ;¥ for all 0 < i < [, therefore, #substitutions
— Ain(iel(va)
2

Applying the bounds for #deletions in X from Claim
, We get A€d2t(X Y) < N —) + 7,ndel + zndelg

]

Proof of Theorem. From Fact we have A i (X, }7) > N— n_i_AmL(XY)’
as Y is obtained from Y by inserting s Spemal character “$” which is not in .. From
Clalm | we have Aggi (X, Y) <N-n+(1+ e)M -

5.3 Summary

In this chapter, we investigated the relationship between the A4 and A g
distance metrics through the lens of metric embeddings. While previous work
by Tiskin established a scaled isometric embedding from the A.4; metric into
the Ajnqer metric by inserting special characters, our focus was on the reverse
direction—embedding A;,4e into Aegi.

We proposed two main embedding constructions:

1. Exact Embedding (Theorem [5.3)):

We presented a scaling isometric and asymmetric embedding from the
Ajnger metric into the A4y metric. In this construction, one string remains
unchanged while the other is expanded quadratically in length by appending
blocks of a special character after each symbol. This ensures that the A g;
distance between the embedded strings exactly reflects the A;,4¢ distance
between the originals, up to a scaling factor and additive term depending
on the length.
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2. Approximate Embedding (Theorem :
To address the quadratic blowup, we introduced an approximate embedding
with tunable accuracy via a parameter €. By appending shorter blocks of
special characters, we achieved a linear-sized embedding that approximates

the Ajge distance within a (1 + ) factor, with the embedding size scaling
as O(n/e).

Additionally, we motivated the need for a more nuanced definition of approxi-
mation to account for length discrepancies in embedded strings. We introduced
a robust approximation framework tailored for this setting and showed that any
robust approximation algorithm for A.4; implies an approximation algorithm for
Ajnger via our embedding.

Together, these contributions deepen the understanding of structural connec-
tions between A,y and Aj,q4e, and open pathways for transferring algorithmic
insights and hardness results across the two metrics.
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Alphabet Reduction

“You fail to recognize that it matters not what someone is born, but what they grow to
be!”
— Dumbledore

6.1 Introduction

This chapter investigates techniques for reducing the alphabet size of strings while
approximately, or in some cases exactly preserving distances under metrics such
as Ajnger and Agg;. Our central motivation is to understand whether strings over
a general alphabet can be embedded into strings over a smaller, possibly binary,
alphabet such that their pairwise distances are well-preserved.

Previously, in Chapter 4, Section [£.3.1 we introduced an alphabet reduction
technique in the context of the A.4; metric, under the assumption that the
alignment must conform to a specific structure. In contrast, the reductions
presented in this chapter make no assumptions about the alignment type, thus
addressing a more general and challenging setting.

We formally ask:

Can strings over an arbitrary alphabet be embedded into binary strings in a way
that approximately preserves distances such as Degir 07 Dinder ¢

More precisely, we aim to design an embedding E : ¥" — {0, 1} such that
for all z,y € ¥,
Aedit(x7 ?J) ~ Aedit(E(x)u E(y»)

with a central goal of minimizing the output length m, while allowing small
distortions (or no distortion) in the distances.
The motivation for such embeddings arises from two complementary directions:

1. Algorithmic Applications: Many algorithmic problems involving A g
or A;nqer become significantly easier over small, especially binary, alphabets.
An effective alphabet reduction would allow us to leverage existing tools
and algorithms designed for binary alphabets, applying them to strings
over larger alphabets without the need to redesign solutions from scratch.
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Such embeddings could thus serve as a bridge, enabling transfer of efficient
techniques across alphabet sizes and potentially shedding light on what
structural properties make large-alphabet spaces harder to work with.

2. Lower Bounds: On the flip side, proving lower bounds for problems like
Acgir and Ajnqe is often easier over larger alphabets. If we can embed large
alphabet strings into binary strings while preserving distances, then lower
bounds obtained in the large-alphabet setting could carry over to the binary
case, thereby strengthening the results. For instance, in the breakthrough
result by [5], it was shown that computing the exact edit distance in truly
subquadratic time is unlikely under the Strong Exponential Time Hypothesis
(SETH), but the result was initially proved for strings over large alphabets.
It was only later extended to binary strings in [70]. If an optimal isometric
embedding into binary strings had existed, such lower bounds would have
followed immediately.

This chapter presents new results that address the above question. Some of
these results are drawn from our paper [69], and they explore both theoretical
limitations and constructive embeddings that enable effective alphabet reduction.

6.1.1 Our Results

In the sequel, we utilize the notation A4 to represent the Indel distance between
a pair of strings, Acg; to denote their edit distance. Additionally, we use Aj,qe
and A4 to represent the normalized Indel distance between a pair of strings (for
precise definitions, refer to Section .

Alphabet Reduction - Succinct Embedding:

Our first result pertains to alphabet reduction achieving normalized scaled
isometric embedding. In this context, as elaborated in Section [6.2] any embedding
contracts the normalized distances of some of the pairs. Consequently, we shift
our focus to approximate normalized scaled isometric embedding, where we permit
slight distortions in the normalized distances. Our main result is outlined below:

Theorem 6.1 (Alphabet Reduction - Succinct Embedding). Let I' be a finite
alphabet, and let 0 < e < 1/4. There exists an alphabet 3, where || = O(%) and
there exists B : I — ¥* satisfying:

VXY €T Apaa(B(X), E(Y)) € [(1 = &) Ainaa(X,Y), Ainaar(X,Y)] .
Moreover, for every X € I' we have: |E(X)| = O(nlog(|I'])).

Observe that embedded string length is optimal up to logarithmic factors.
The size of the alphabet 3 must exceed 1/e, as otherwise, by a claim proved
later, there will be a pair of strings whose distance will be contracted by at least

(1 — ﬁ)—factor.

As a result, we find that when focusing on A;,4; approximation, we can,
without loss of generality, limit our scope to a constant alphabet size without
significantly impacting the quality of the approximation. This is captured in the

following corollary which we provide without a proof.
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Corollary 6.2. Let ' be a finite alphabet, and let 0 < £ < 1/4. Suppose that there
exists an algorithm ALG that provides a c-factor approximation for the A;nqe
metric for any pairs of strings in ¥ of total length N, where ¥ = O(1/€?), running
in time t(N).

Then there exists an algorithm ALG’ that, given any pair of string in I' of
total length n, provides a c + e-approrimation for their A;,qq distance in time
t(nlog|l|).

The proof strategy of Theorem is as follows: Initially, we construct an
error-correcting code within the smaller alphabet ¥, where || = O(1/£?). This
code ensures that every distinct pair of codewords shares only a small portion of
LCS, indicating a significant Ay, 4y between them. The code comprises |I'| words,
with its dimension being logarithmic in the size of I'. We interpret this code as a
mapping from characters within I' to short strings in >. The existence of such
a code can be demonstrated using the probabilistic method. The construction
is almost tight in terms of the smaller alphabet size: it is not hard to show
that for any code C' C ¥ if |C| > |3|, then there exist ¢ # ¢ € C, satisfying:
Amdel(c, C/) < (1 — ﬁ)2k

Employing the code construction, we embed input strings in a straightforward
and natural manner: Consider a string residing in ['*, then each of its characters
is sequentially encoded using the code. This encoding ensures that identical
characters are mapped to the same codeword, while the code’s distance guarantees
that distinct characters may have only a few shared matches, akin to the global
nature of A;,q4 alignments. If there were no matches between distinct characters’
encodings, any alignment for the embedded strings could be converted into an
alignment between the input strings without any distortion in the normalized
costs. However, these few matches between non-matching codewords introduce
a slight distortion and complicate the proof. In subsection we outline our
findings regarding normalized scaled alphabet reductions, covering both lower
and upper bounds. Section discusses our upper bounds, while Section [6.2.3]
addresses lower bounds.

Alphabet Reduction - Binary Alphabets:

Our previous method relied on a local approach, wherein the characters of the
string from the large alphabet were encoded sequentially and independently. It
appears that such a local strategy may not result in a normalized scaled isometric
embedding into a small, particularly binary alphabet. As codes in such alphabets
have a relative distance of at most 1/2, and this distance affects the distortion
of the normalized distances. Therefore, achieving alphabet reduction into binary
alphabets requires a scaling that is not normalized, as well as a more global
approach that does not encode the characters sequentially and independently.
However, there’s a caveat: the encoding still needs to be performed independently
on each string rather than on a pair of strings. Specifically, if we take a particular
string X its encoding will remain the same regardless of the second string Y. This
aspect forms the focal point of our forthcoming result.

For clarity, we present our results for the A;, 4, metric, with a similar approach
applicable to the A.g4; metric. Our main result states that one can embed A;, 40
over any alphabet Y into binary alphabet. We employ asymmetric embedding and
prove that the distances are preserved up to some scaling function. The dimension
of the embedded strings is quasi-polynomial, making this result more of a proof
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of concept at the moment. Nonetheless, we find it conceptually intriguing and
pose the question of decreasing the target dimension as an open question. Our
main result is as follows:

Theorem 6.3 (Informal statement of Theorem [6.13). For any alphabet ¥ and
for every n € N there exist functions G, H : ¥ — {0,1}", f : [n] — [N] where
N = nOUoen) sych that for any X,Y € ¥,

Aindel(G(X)a H(Y)) = f(Aindel(Xa Y))

Our initial consideration revolves around the fact that deciding whether
Ainaer(X,Y) < k for two strings X,Y € ¥" and a threshold parameter k, can
be accomplished by a Turing machine utilizing log(n)-space. This capability can
then be translated into a formula of log?(n)-depth.

The foundation of our construction converts this formula into a pair of binary
strings X', Y’ of quasi-polynomial length, where X’ (respectively, Y”) depends
solely on X (Y') and the Indel distance between X', Y” is contingent on the distance
between X,Y. This is achieved by recursively transforming the formula into such
a pair of strings gate by gate. Two essential components, referred to as AN D-
and O R-gadgets, implement this process.

The input for the AN D-gadget consists of two pairs of strings (Xo, Ys), (X1, Y1),
which can be thought of as outputs from previous levels. Here the X;’s only
depend on X and the Y;’s only depend on Y. Moreover, we are guaranteed that
Ajnaer(X;,Y;) can only take two values {F, T}, where F' < T. The goal is to
concatenate the X; into a single string X and the Y;’s into a different string
Y such that: Ajug(X,Y) can also take value in {F’,T"}, where F' < T" and:
Ainaer(X,Y) = T" if and only if Ajpge1(Xo, Yo) = TA Ajpger( X1, Y1) = T Similarly
for the OR-gadget. Our construction of the LCS instance from the Formula
Evaluation is similar to that of Abboud and Bringmann [71] which considers
reduction of the Formula Satisfiability to LCS. The purpose of our reduction is
different, though. This result is presented in Section [6.3]

6.1.2 Preliminaries and Notations

In this section we introduce the notations that is used throughout the rest of the
chapter.

Normalized Distance: To assess the distance between each pair of strings
in a standardized manner, it is advantageous to express it as a normalized value
within the range [0, 1]. To achieve this, we introduce the following definition:

X Aedit (X> Y) N A'indel (X7 Y)
Acgi(X,Y) = A; XY)y=—7"=
edlt( ) ) maX(|X‘,‘Y‘)’ 1,ndel( ) ) |X| + |Y|

6.2 Alphabet Reduction - Succinct Embedding

Within this section, we tackle the task of embedding strings from a sizable alphabet
into a smaller one while preserving the global nature of the original metric space.
Our main result demonstrates that it’s possible to embed strings from any large
alphabet I' into strings of a smaller alphabet ¥, where the length of the strings
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remains approximately unchanged, and the normalized distances are distorted by
at most a factor of (1 + ). The size of the alphabet ¥ increases quadratically
with 1/e. To provide clarity, we present our results for the A;,q¢ metric; a similar
approach can be applied to the A.g4;; metric. This section is structured as follows:
In subsection we outline our findings regarding normalized scaled alphabet
reductions, covering both lower and upper bounds. Section discusses our
upper bounds, while Section [6.2.3] addresses lower bounds.

6.2.1 Normalized Scaled Isometric Embedding - Our Find-
ing

An embedding FE is said to preserve lengths, if there exists: £ : N — N such that:
VX eI |E(X)| = {(n). It is non-shrinking if ¢/(n) > n. It is natural to focus on
non-shrinking embeddings otherwise if the embedding maps from a large alphabet
to smaller one some distinct strings will get mapped to the same string.

The following claim shows that any length-preserving embedding, mapping
strings from large alphabet into strings of smaller one, necessarily contracts the
normalized distances between certain pairs of strings. The proof of the claim is

deferred to Section

Claim 6.4. Let I', ¥ be finite alphabets, such that: |T'| > |X|, and let E : T — 3*,
which is a length-preserving embedding, then for any n € N we have:

IX,Y €T : Ajpaa(E(X), E(Y)) < Ajpaa( X, Y).

Therefore, we redirect our attention to approximate embedding, where we
allow for a slight distortion in distances. Our main result is as follows:

Theorem 6.1 (Alphabet Reduction - Succinct Embedding). Let I' be a finite
alphabet, and let 0 < e < 1/4. There exists an alphabet 3, where || = O(%) and
there exists £ : ' — X* satisfying:

VXY €T Apaa(B(X), E(Y)) € [(1= &) Ainaa(X, V), Ainaar(X,Y)] -

Moreover, for every X € I' we have: |E(X)| = O(nlog(|I'])).

Note that the distortion is “one-sided” in the sense that the normalized
distances of the embedded strings cannot surpass the normalized distance of the
original strings. However, for the lower bound, a (1 — ¢)-factor may be incurred.
Furthermore, we demonstrate that for any embedding, the normalized distances
cannot be uniformly scaled by a fixed factor. In particular, we demonstrate that
there exist pairs of strings whose normalized distances are reduced, while for other
pairs, their normalized distances converge to each other arbitrarily closely. This,
in turn, illustrates that we cannot deduce the value of Aj,q(X,Y") directly from
the value of A4 (F(X), E(Y)) by a simple scaling,.

Claim 6.5. Let I, ¥ be finite alphabets, such that: |T'| > |X|, and let E : T* — 3*,
which is a length-preserving non-shrinking embedding. We have:

1. For any n € N, there exist X,Y € I'" such that

R B(X), E(Y)) < (1 — |;Q&M(x, Y.
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2. For any sequence Zy,Zs, ... where |Z,| =n,

lim Aindel(-E(Zn)7 E(A)) - Aindel(zru A) = 0,

n—oo
where A denotes the empty string.

6.2.2 Upper Bounds

The crux of Theorem lies in the existence of an error correcting code with
respect to the A;,4¢ metric, even when the alphabet size is small. More specifically,
given a proximity parameter € > 0, and |['|, we pick a set C' of strings residing in
Yk of cardinality |I'|, with large pairwise distance. The construction of C' follows a
greedy approach reminiscent of the Gilbert-Varshamov bound (72, 73]. Properties
of the code are summarized in the next statement.

Lemma 6.6. For any e < 1/2, let ¥ be a finite alphabet satisfying |S| > 32/
For every n € N, there exists k € N with k = O(logn) for which the following
conditions are satisfied:

1. There exists a code C,. C ¥ with |C,, .| = n.

2.¥c#d €Che: Appaale,d) > (2—¢)k.
We use the following simple fact to prove Lemma [6.6}

Proposition 6.7. For any integer k > 1 and any real 0 < ¢ < 1/2, (Lz—ij) <
2(€log(1/e)+25)k'

Proof of Proposition[6.7] Let & = |ek]/k so & < e. It is well known that
(E’fk) < 21k where H(z) = xlog(1/z)+(1—x)log 1/(1—x) is the binary entropy
function. So (Lfkk j) = (a’fk) < Mk < 2H @k a5 [ (-) is increasing on the interval
[0,1/2]. Notice, log1/(1 —¢) = log(1+ =) < log eT= = 1= - log e, where we use
the inequality 1+ z < e* for any real . Hence, H(e) < elog(1l/e) +¢-loge <
elog(1/e) + 2e. O

Proof of Lemma [6.6,

The proof employs the probabilistic method, demonstrating that there exists
a random set C' C ¥¥ meeting the specified criteria with a non-zero probability,
thereby establishing its existence. The parameters of the constructions are as
follows: pick an integer k from the interval [2logn, £ + 2logn] so that ek is an
integer and let || = [32/%].

Our initial insight is that, given any X,Y € ¥*  if for all subsets I, I, C [{]
where |I1| = |I| = €k, it holds that: X # Y, then LCS(X,Y) < ek and
Aindel(Xa Y) Z (2 - QE)k’

Next, for X, Y chosen uniformly at random, and for a fixed choice of Iy, I C [/]
where |I;| = |I3| = ek we have that:

Pr[XII = }/12} = |2|_€k
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Applying a union bound to all possible choices of Iy, I, we obtain:
I
PT[VIl,[Q : Xll = YI2] = |E|7Ek < k) < |Z|7Ek 22(510g(1/5)+25)/€ < 2—8k‘7
3

where the final inequality is a consequence of our choice of ¥ where log|X| >
2log(1/e) + 5.

In summary, with a probability of at most 27°*, it follows that for uniformly
random X and Y in ¥¥, their LCS surpasses ek. Ultimately, consider a set C' C ¥
with |C] = n. Applying a union bound to all pairs within C', we deduce that the
probability of the existence of a pair ¢ # ¢ such that LCS(c, ) > ek is at most
(|§|)2_5k’ < 1. The last inequality arises from our choice of k > glog n, and this
establishes the existence of C', as claimed. ([l

Endowed with the existence of such an error correcting code we assign a distinct
codeword to each of the characters in the larger alphabet I'. The embedding
procedure is as follows: Given a string X € ', we embed it into a string in (X*)",
where the encoding of X is formed by concatenating the codewords assigned to
each of its characters. The presentation of the embedding, along with its proof of
correctness, is provided in Section [6.2.2

The Embedding

Let I" be an alphabet, and let € be a proximity parameter, and let C' := Cp|.
be the code whose existence is guaranteed by Lemma [6.6, We interpret the
code C' as a function mapping characters from I' into (short) strings in X*. The
embedding proceeds as follows: each string in I'* is encoded sequentially character
by character, where the encoding of each character is performed using the code C'.
Our main technical lemma is as follows:

Lemma 6.8. For any finite alphabet I' and € > 0, consider the encoding Cip|c :
I' — Y* as implied by Lemma . For any string X € T'* define: E(X) =
C(Xy)...C(X,) (where n =|X]|).

Then for any pair of strings X,Y € I'* the following inequality holds:

(1 - 485>Aindel(X7 Y) S Aindel(E(X)y E<Y)) S Aindel<X7 Y)
Moreover, for every X € I'™ we have: |E(X)| = O(nlog|T'|).

In the sequel, an Ay ge-alignment converting F(X) into E(Y) is simply referred
as an alignment. In the course of the proof, we introduce the concepts of blocks and
block-structured alignments. For X € I' we define the i-th block of E(X) to be
the substring of F(X) corresponding to X;, namely it equals C'(X;). Furthermore,
given an alignment A that transforms E(X) into E(Y), we label it as a block-
structured alignment if, for each i-th block in F(X), the alignment either fully
matches all the characters of the block to some block j in E(Y') or entirely deletes
the i-th block. It is clear that block-structured alignments for the embedded
strings correspond one-to-one with alignments for the original strings, and their
normalized distance remains unchanged. To prove our main technical lemma we
transform any alignment converting £(X) to E(Y) into a block-structured one
without significantly increasing its cost.
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We will introduce certain notations to facilitate the presentation of the proof.
For any X € I'™ we employ lowercase letters such as: 17,7, k etc. to represent
indices of X;. We utilize tuples from [n] x [k] to represent indices of E(X), where
the first index signifies the block index denoted by lowercase letters, and the
second one describes the index within the block represented by a lowercase Greek
letter.

The following claim, stated without a formal proof, will be useful in the
subsequent proof.

Claim 6.9. For an alignment A transforming E(X) into E(Y'), we have that the
set of matching characters has to be monotone, indicating that for (i,a) < (', )
in lexicographical order if (i,«) is matched to (j,5) and (i',') to (j',8') by A,
we must have: (j,3) < (3, 5).

Given an alignment A, we partition F(Y) into n segments based on its
matching blocks in E(X). Define the i-th segment as follows: if no character
of the i-th block of F(X) is matched under A, then the i-th segment is empty.
Otherwise, let j denote the first block of E(Y') that includes a matching character
for one of the characters in the i-th block. If 7 is the smallest block containing a
matching coordinate within 7, then the i-th segment starts at (4, 1), otherwise it
starts at the first coordinate within the j-th block matching with the ¢-th block.

The ending point of the segment is defined similarly: Let j' be the initial block
of E(Y) containing a match for the (i +1)-th block of F(X). If the i-th block does
not match any of the j’-th coordinates, then the i-th segment ends at (j — 1, k).
Otherwise, it ends at the coordinate preceding the first match of (i + 1) and j.
We define the starting point of the first non-empty segment as (1, 1) and the end
point of the last non-empty segment as (n, k). See Figure (in appendix) for
an illustration.

Additionally, we define cost 4(i), the cost of the i-th block, as the sum of un-
matched coordinates in F(X) within its i-th block and the unmatched coordinates
in E(Y) within its i-th segment. For example, in the illustration provided in
Figure (in appendix), we have cost4(1) = 0 + 3 since all the characters of the
first block of F(X) are matched, and there are 3 unmatched coordinates in the
first segment of F(Y'). As the decomposition of E(Y") results in disjoint parts, the
sum of the costs across the different blocks equals the cost of A, which we denote

by: cost(A).

Converting Into Block-Structured Alignments In this section, we introduce
an algorithm that takes an arbitrary alignment A transforming E(X) into E(Y)
as input and produces an alignment 4*. The resulting alignment A* is block-
structured, and its cost does not substantially exceed that of A.

To design the new matching we need few definitions. We say that blocks ¢
and j are partially matched by an alignment A if there exists a pair (i, «) and
(7, B) matched by A. Furthermore, i and j are significantly matched by A if more
than ek characters in the i-th block of X are matched into the j-th block; we say
that ¢ and j are perfectly matched if A matches every character in E(X) into a
character in £(Y"). The algorithm operates in two stages. In the first stage, the
algorithm iteratively takes two significantly matched blocks that are not perfectly
matched, removes all matches that the characters of the two blocks participate in,
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and introduces a perfect match between the two blocks. In the second stage, we
remove all the matches from blocks that are not matched perfectly.

A key observation is that if ¢ and j are significantly matched then we have the
following inequality: A, (C(X;), C(Y;)) < (2 — €)k. Therefore, by the distance
guarantee regarding C', we must have X; =Y;. The algorithm is given next. For
the sake of the analysis its second stage is divided into two cases.

Algorithm 17 Converting Into Block-Structured Alignments:

Data: An alignment A converting F(X) into E(Y)

Result: An alignment A’ that is block-structured, converting E(X) into E(Y)
A+ A,

; /* Stage I: */
fori=1---|X| do

if © has some significant match then
j < smallest block in F(Y') that significantly matches ;
Remove all matches incident with blocks ¢ and j from A’, and add a perfect
match between the two blocks;
end
end
141 /* Stage II: */
while i <= |X| do

if ¢ has a partial and not perfect match then

if ¢ is partially matched to more than a single block then
Delete from A’ all matches of characters from the i-th block of E(X);
i+ +;

nd

Ise
j + smallest E(Y')-block that partially matches i;
i’ < smallest E(X) that does not match with the j-th block;
Delete from A’ all matches of characters from the j-th block of E(Y);
i1

end

® O

end
end

The Correctness of the Algorithm We break down the proof of correctness
into three claims. Claim states that the output produced by Algorithm [17]is
a block-structured alignment. The subsequent two claims provide bounds on the
cost difference between the input and output alignments.

Claim 6.10. The alignment A’ produced by Algorithm [17 from any alignment A
converting E(X) into E(Y) is a block-structured alignment converting E(X) into
E(Y).

The proof of Lemma [6.8]is derived from the following claims, let us first state
the claims.
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Claim 6.11. Lete < 1/4 and let A be any alignment converting E(X) into E(Y').
Let A; be the resulting alignment obtained by applying the algorithm described in
stage I on A with a proximity parameter of €. Then,

cost(Ar) < (14 4e)cost(A).

Claim 6.12. Let Ay be any resulting alignment obtained by applying the algorithm
described in stage I on some alignment A with a prozimity parameter of €. Let Ay
be the resulting alignment obtained by applying the algorithm described in stage 11
on A; with a proximity parameter of €. Then,

cost(Aqr) < (1 + 4e)cost(Ay).

The proofs of claims [6.10} [6.11] and [6.12] are given in Section ?7.

Proof of Lemma . [using Claim and Claim

Let OPT represent the normalized cost of the optimal alignment between X
and Y, and OPT denote the normalized cost of the optimal alignment between
E(X) and E(Y). Notice that any alignment between X and Y can be paired
with an alignment between F(X) and E(Y') having the same cost. Consequently,

we have: OPT < OPT. To complete the argument, it remains to establish
that: (1 —482)OPT < OPT , which can be achieved by demonstrating: OPT <
(1+ 24¢)OPT.

Consider the optimal alignment A that transforms X into Y, and let A’ be the
alignment generated by Algorithm [17)when applied to A. According to Claims
and [6.12] we obtain:

-cost(A') < - (14 4¢)?cost(A)

1 1
2|E(X)] 2!E§X)!
§2]E( 59l - (1 4 24¢)cost(A)

= (1 + 246)OPT.

We conclude the proof by noting that: OPT < 2|E( g7 - cost(A'). O

Proof of Claim[6.10,  We first prove that A’ converts E(X) into E(Y'). Observe
that A converts F(X) into E(Y'), and A’ is derived by alternately performing a
perfect match for blocks with a significant match and removing other matched
characters from A, it is evident that the resulting alignment, A’, indeed converts
E(X) into E(Y).

Next we claim that the only matched characters are within blocks which are
perfectly matched. Consider each block #: If ¢ has a significant match under
A, then under A’, it is matched perfectly to a single block j. Next, we need to
demonstrate that in A’, no partial matching exists.

For blocks i that are partially matched under A into a single block j, or
vice versa, it is straightforward to verify the absence of partial matching in A’.
However, consider a block ¢ that is matched into several blocks under A, and one
of these blocks has several partial matches as well. In this scenario, due to the
monotonicity property (as per Claim , it is either the case that 7 is matched
to several blocks, and then only the last matched block j is matched to several
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C(Xy) C(Xy) C(Xs)

E(X) 110 010 | 111
A /// \\ \\\\
E(Y) 001 [101 001 |010

cv) CYy) C(s)  CYi)

Figure 6.1 An illustration of the matching between the strings F(X) and E(Y).
Arrows indicate matching coordinates, and dashed lines represent the beginning/end
points of the segments. The first segment starts at (1,1) and ends at (2, 3), as the first
matched coordinate in the second block of E(X) is mapped to the third block, and no
character from the first block of F(X) is mapped to that block. The second segment
starts at (3,1) and ends at (4,1) (as the first matched coordinate in the second block of
E(X) is mapped to the third block, and there exists a character from the second block
of E(X) that is mapped to that block)

blocks, or vice versa.

Let us analyze the first case; the second one follows by the same reasoning. In
this case, the algorithm first removes all the matches involving the coordinates of
the 2-th block during the i-th iteration. Subsequently, in the following iteration,
it removes all the matches involving the coordinates of the j-th block. In total,
this results in a block-structured alignment. U

Proof of Claim [6.11. We show that for each block i € [n], the cost of the
i-th block under A and A; does not change substantially. Specifically, as we
scan the blocks from left to right, we establish that for each block, cost 4, (i) <
(1 + 4e)cost 4(i). The proof of Claim follows by summing the cost differences
over the various blocks.

Consider ¢ € [n] and assume that the i-th block of F(X) significantly matches
the j-th block of E(Y'), with j being the smallest one that satisfies this condition.
In stage I, the algorithm opts to establish a perfect match between ¢ and j. This
may impact (i) the cost of the i-th block, (ii) the cost of any block ¢ > i that has
partial match with the j-th block of E(Y) and (iii) the cost of any block ¢ < i
that has partial match with the j-th block of E(Y).

As for the i-th block, we affirm that its cost under A; can only decrease. Given
that the j-th block of F(Y) significantly matched with i, and as observed earlier,
we have X; =Y,. During phase I, all the characters in C(X); are matched to the
characters in C'(Y);, so there is no increase in the number of deleted characters
in the i-th block. However, in Aj, the characters in blocks 5/ > j, which were
previously matched under A to characters in the i-th block of F(X), are deleted
and no longer matched under A;. Nevertheless, each deletion can be accounted
for by each new matching in the j-th block.

Consider blocks ¢’ > i that were partially matched to the j-th block of E(Y).
Under A; all these matches are deleted. Nevertheless, each such a deletion can be
acounted against a charachter of the i-th block of F(X) that is deleted by A and
is matched under A;.

It is left to consider any block i" < i that has a partial match with the j-th
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block of E(Y). We claim that the ¢/-th block lacks a significant match with any of
the blocks in E(Y'). For the j-th block, this follows from the description of phase I.
Regarding previous blocks, if a significant match existed, then in prior iterations,
it would have been perfectly mapped to a preceding block, and consequently, it
would not have any matching with the j-th block.

We next claim that the cost of i'-th block is at least (1 — 2¢)k. The proof is
conducted through case analysis based on the number of blocks in E(Y') that were
partially matched into this block:

If the characters of the block were mapped solely to the j-th block, then in
A, at least (1 — &)k of its characters are deleted, and the proof follows. If it was
mapped to one additional block, then under A, at least (1 — 2¢)k of its characters
are deleted, and the proof follows. The remaining case to analyze is when it was
mapped to at least three blocks; denote the first three of them by j; < 75 < js.

Consider the block jo, we claim that at least (1 — )k of its characters are
deleted by A. Since it does not have a significant match with i’, at most ¢k of
its characters are matched into the i’-th block of F(X) by A. We claim that all
the others are deleted. Since some characters of the i'-th block are matched with
Jji, there is no matching between characters from j, to any block preceding 7’
otherwise the matching is not monotone, see Figure for illustration. By similar
reasoning these characters cannot be matched to block which following i’. Hence
the characters which are not matched to i’ are deleted, as claimed. In total we
conclude that: cost4(i') > (1 —¢)k.

C(Xy)
E(X)
‘ \
E(Y)

CY;) CYg) COF5)

Figure 6.2 Block i’ partially matches blocks ji, j2,j3 in E(Y'). Consequently, no
other block in E(X) can be partially matched with jo. The red line illustrates the
prohibited matching.

In either case, the cost of the i'-th block is at least (1 — 2¢)k, as claimed.
Observe that during the i-th iteration at most e characters of the i’-th block were
deleted and this quantity were deleted in the j-th block of E(Y') we get:

2
cost 4,(i") < cost 4 (') + 2ek < (1 + 162> cost A(i") < (1 + 4e) cost 4(i'),
— 2

where the last inequality follows from the fact that e < 1/4.
O
Proof of Claim[6.13. The proof of Claim [6.12] involves some subtleties. Let
us briefly discuss why before delving into the detailed proof. We aim to replicate
the ideas presented in the proof of Claim and identify the point of failure.
Consider the -th iteration of the algorithm and assume that ¢ has a partial and not
perfect matching. By applying the previous arguments, we deduce that the costs
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of the blocks prior to ¢ that have a partial match to j do not change significantly.
However, after removing these matches, most of the characters in the j-th block
of E(Y') will be deleted. In the modified alignment Ay, the assigned cost to the
i-th block of E(X) may account for all these deletions (in both E(X) and E(Y)).
Therefore, the cost of the i-th block may increase from approximately k in A;
to approximately 2k in Ay, resulting in a potential 2-factor increase in the cost.
Thus, a more global argument is required, one that doesn’t analyze the cost of
each block independently.

Indeed, let us examine the i-th iteration of the algorithm and assume that ¢
has a partial and not perfect match. Let j be the smallest block matched to 7
under A;. For simplicity we refer to the i-th block E(X) as the i-th block and
the j-th block of E(Y") as the j-th block.

Firstly, note that under Aj, if there are characters in the i-th block matched
outside the j-th block, then they must be matched within blocks larger than
j. The choice of j ensures that the partial matching blocks of ¢ can only be to
blocks greater or equal to 7. Characters in the j-th block matched outside the i-th
block must be matched within blocks larger than 7, since otherwise, the algorithm
should have deleted the matching characters between the ¢-th and j-th blocks in
previous iterations.

During the i-th iteration, we claim that only one of two possibilities arises:
either the i-th block contains more than a single partial match, or the j-th block
contains more than a single partial match. Simultaneous occurrence of these
possibilities is precluded, as such a scenario would violate the monotonicity of the
alignment. We will proceed to prove these cases separately.

Case I: the i-th block contains more than a single partial match:
Initially, note that in this scenario, during the i-th iteration, the algorithm
removes all the matched characters associated with the i-th block. Let m
represent the number of blocks that have a partial match with the ¢-th block
of E(X) under A;. Observe that in Aj we delete all the matched characters
in these m blocks which may contribute an extra factor of at most: 2emk.

Now, if m = 1, then, under Ayj, at least (1 — )k characters were deleted
in both the i-th block of E(X) and the j-th block of E(Y). Due to the
definition of the i-th segment of E(Y") and since the first matched character
in the j-th block is matched to the i-th block, the i-th segment of E(Y)
contains the j-th block, and hence cost 4, (i) < (2 — 2¢)k. Thus, and since
e < 1/4:

cost 4, (1) > cost 4,(i) — 2k > cost 4, (i) (1 — > > cost 4, (7)(1 — 2e¢)

1—¢

For m > 1, under A;, we observe that: (i) at least (1 — me)k characters of
the i-th block are deleted; (ii) for a block in F(Y') that has a partial match
to i, except perhaps for the last block, at least (1 — &)k of its characters are
deleted (as per the monotonicity property, its characters are matched only
to the i-th block). Hence, we have:

cost 4 (1) > (1 —me)k 4+ (m — 1)(1 —e)k > (1 — 2e)mk,
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Here, the first term is due to the deletion in the i-th block, and the second
term is due to the E(Y’) blocks. Combining these, we obtain:

2e
1—2¢

cost a,, (1) > cost 4,(i) — 2emk > cost 4,(7) <1 - ) > cost 4, (1)(1 — 4e)

Case II: The j-th block contains more than a single partial match:
Alternatively, if ¢ has a single partial match to j, and j has multiple ones,
then the algorithm deletes all the matched characters involving the j-th
block. Here, the argument involves evaluating the cost of all E(X) blocks
that are partially matched into the j-th block of E(Y'). The claim is that
their total cost does not change much, and the proof follows a similar
approach to that in Case I. In particular if j has a partial matching with the
blocks iy < ... <, we claim that: >, ,, costa,(ix) > (m —1)(1 —e)k.
The proof can be concluded using the same idea of the previous case, we
omit the details. Hence:

Z costa,(ix) > D costa(iy) —2emk > (1 — 4e) ( Z costAI(zk)>
k=1.. k=

k=1..m .m

In summary, in both cases, the cost of affected blocks in each iteration
does not decrease beyond a (1 — 4¢) fraction of their original cost. Due to
the disjoint nature of the set of affected blocks over different iterations, we
conclude that the total cost of the new alignment is at least (1 — 4¢) of the
cost of the original alignment, as asserted.

O]
6.2.3 Lower Bounds
Proof of Claim [6.4).
For any value of n € N, define A,, as the set of length n strings composed of a
single character from I'. Clearly, |A,| = |I'| and moreover, for every distinct pair

of strings in A,,, their Indel distance is 2n.

Now consider any embedding £ : I'* — ¥*. Since |A,| = |I'| > |X|, by the
pigeonhole principle there exist X # Y € A, satisfying: F(X); = E(Y); || Hence,
Ainaet(E(X), E(Y)) < 20(n) while Aggi(X,Y) = 2n. O

Proof of Claim[6.5,

1. Fix n € N and consider any embedding F : I'* — ¥*. For any X € I'",
define the value p(E(X)) € ¥ as the plurality value among {E(X);}ien
(ties are broken arbitrarily). Observe that the character p(E(X)) appears

at least \(EI) times in the string F(X). Furthermore, for any X,Y € ¥

if: p(E(X)) =p(E(Y)), then we get: LCS(E(X),E(Y)) > ﬁ(z\ and hence:
Aindel<E<X)aE(Y)) < (1 |z|) 26( )
As in the proof of Claim [6.4], define A,, as the set of strings composed of

a single character from I'. Recall that |A,| = |T'| and moreover, for every
distinct pair of points in A,,, their LC'S distance is 2n.

LE(X); is the i** character of the string E(X).
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Since |A,| = |I'| > |X|, by the pigeonhole principle there exist X #
Y € A, satisfying: p(E(X)) = p(E(Y)), yielding: Ajaa(E(X),E(Y)) <
(1 — \fll) 20(n), whereas Ajuqe(X,Y) = 2n, as claimed.

2. Let k = |E(A)|. For Z € I, we have: Ajg(E(Z), E(N)) > £(n) — k so
Ainael(E(Z), E(N)) > 1— ZL >1-— % On the other hand, Ajuge(Z,A) =n

d ) =
SO Aindel<Zy A) = 1.

OJ

6.3 Alphabet Reduction - Binary Alphabets

In this section we show a reduction of A,y and Aj,qe Over an arbitrary alphabet
to the binary alphabet. The reduction expands the strings super-polynomially,
but one can think of it as a proof of concept that more efficient reduction might
exist. The main theorem of this section is the following statement which is a
formal statement of Theorem [6.3] For ease of presentation it is beneficial to think
about Longest Common Subsequence instead of A;,4;. That is how we state the
theorem here.

Theorem 6.13. For any integer n > 1, any alphabet X of size at most n®, there
exist integers S, R, N where N = n®0€™ and functions G,H,G',H : ¥" —
{0, 1} such that for any X,Y € X",

LCS(G(X),H(Y)) - R
S

LCS(G'(X), H'(Y)) — R
S .

LOS(X,Y) =

Aedit <X7 Y) =

Hence, for any pair of strings X, Y one can recover A q4;(X,Y) from
Ainaer(G'(X), H'(Y)) over a binary alphabet. Both mappings G, H and G’, H' can
be computed efficiently in the length of their output. Indeed, they will be defined
explicitly below. We remark that the bound n® on the size of ¥ is essentially
arbitrary and could be replaced for example by a bound 2" without change in the
other parameters (except for multiplicative constants). However, the n® bound
allows for hashing any large alphabet by a random pair-wise independent hash
function to an alphabet of size n? without affecting the distance of any given pair
of strings except with probability < 1/n.

In order to prove the theorem we will need several auxiliary functions. We say
that a 0-1 string is balanced if it contains the same number of 0’s and 1’s. We say
a formula ¢ is normalized if it consists of alternating layers of binary AND and
OR and all of its literals are at the same depth; each literal is either a constant, a
variable or its negation.

We define two functions g,h : {0,1}* x {normalized formulas} — {0,1}*
and two threshold functions f,¢ : {normalized formulas} — N as follows: Let
us consider sets of variables U = {uy,...,u,} and V = {vy,...,v,}, and let
A={a,...,a,} where q; is the assignment to the variable w; for all 1 <i <p,
and B = {by,...,b,} where b, is the assignment to the variable v; for all 1 <i <g.
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Let ¢(U, V) be a normalized formula which is defined over two disjoint sets
of variables U = {uy,...,u,} and V = {vy,...,v,}. Let A€ {0,1}?, B € {0,1}¢
where A and B are interpreted as assignments for U and V respectively. We define
two functions g, h, such that g gets as an input a pair (¢, A) and outputs a string
in {0, 1}*, similarly h takes a pair (¢, B) as its input and outputs a string in {0, 1}*.
We also define threshold functions f,¢ which take such a formula as input and
output a natural number. The crux of the construction is that for any assignment
A for U and B for V' we have that if ¢ is satisfied by the assignment pair A, B
then LC'S(g(¢, A), h(¢, B)) = t(¢), otherwise LC'S(g(¢, A), h(p, B)) = f()

We establish the recursive definitions of g, h, f and t based on the depth of
the formula. The base case is when ¢ is either a constant 0,1 or single literals
u;, U,, vj, —w;, where, u; € U,v; € V. Here by =0 we understand symbol 1, and
similarly by =1 we understand symbol 0.

b=ui|o=-u|o=0v|s=-v|s=1]0p=0
g(A, ) | —aa; a;—a; 01 01 01 10
hB,¢) | 01 01 | =bb; | b=b; | 01 | 01
(o) 2 2 2 2 2 2
f(9) 1 1 1

and further inductively:

¢ = ¢o OR ¢y

9(A,0) | 172 1% g(A, ép) 1 0% g(A, ¢) 0% 0%/2
h(B, ) | 0%2 0% h(B, o) 0% 1'% h(B, ¢y) 1% 1+/2
t(¢) 9k + T
f(®) 9k + F
¢ = ¢o AND ¢
(A, ¢) | OTFF IHRTEE 05 (A, ) OF 1% OF g(A, ¢1) 0
h(B,¢) | 0T+F 0% h(B, ¢y) OF 1F OF h(B, ¢y) 0°F 11k+T+F
t(¢) 13k + 37 + F
f(®) 13k + 2T + 2F

where k = |g(z, ¢0)|, T = t(¢o), and F = f(¢o).

Key properties of our functions are summarized in the next lemma.

Lemma 6.14. Let ¢(U, V) be a balanced formula of depth d with set of variables
U=A{u,...,u,} andV ={vy,...,v,}. For every two assignments A, A’ € {0,1}?
to variables U, we have |g(A, )| = |g(A’, ¢)|. Similarly, for every two assignments
B,B" € {0,1}? to variables V, |h(B, ¢)| = |h(B', ¢)|. Additionally, |g(A, ¢)| =
h(B,6)| < 30°.

Furthermore, the following holds:
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1. If 9(A, B) is true then LC'S(g(A, ¢),h(B,¢)) =t(¢).
2. If 9(A, B) is false then LCS(g(A, ¢),h(B,¢)) = f(¢).
Finally, f(¢) < t(¢).

In order to prove the above lemma we also need two gadgets which we call the
AN D-gadget and the O R-gadget. We need the lemmas on these gadgets which
analyze the composition of AND and OR.

Lemma 6.15 (OR-gadget). Let k,T, F > 1 be integers where k is even and
k/2<F <T. Let Xo,Yy, X1,Y1 € {0, 1}* be balanced strings where LC'S(Xy,Yy),
LCS(X,, Y1) € {T, F}. Let

X/: 1]1:/2 14k’ XO 14k; 04k‘ Xl O4k‘ Ok‘/Q

Y/:()k'/2 O4k‘ }/1 04k: 14k‘ }/(‘) 14]<: 1k/2 (62)
Let T'" =9k +T and F' =9k + F. If LCS(Xo,Yo) =T or LCS(X4,Y1) =T then
LCS(X",)Y') =T, and otherwise LCS(X',Y') = F".

Proof of Lemma|6.15. The analysis considers how the maximum matching
between X’ and Y’ can look like. For ease of notation, we divide X’ and Y” into
8 blocks each so X' =005 ... 0% and Y/ =b7'b} ... bY" where:

R 2 P P (6.3)
X — 1k/2 14k X, 1% 0% x, 0% 0k/2’ (6.4)
Y =02 0%y, 0% 1%k y, 14k qk/2 (6.5)
S A S A A A (6.6)

that is by = X, b = X1, b¥ = Y1, by = Yj and all the other bX"’s and b)"’s
are either blocks of 0’s or 1’s.

First we consider two significant matchings of X’ and Y’. Consider a matching
that matches symbols from b%" to symbols in b}, b5 to b}, by to by, by’
to bY" and bY to bY'. Since LOS(bY ,bY) = LCS(Xo,Ys), LOS(HY | bY) =
LCS(Y1,1%/2) = k/2 and LCS(bY',bY") = LCS(X;,1%?) = k/2 largest such
matching has size 8k + LCS(Xo, Yy) + k/2+ k/2 = 9k + LCS(Xy, Yy). Notice,
this is either 7 or F’. Similarly, a matching that matches symbols from b5 to
b b b b to bY Y'Y and b to b will have size 9k + LC'S(X,,Y:). Thus,
we only need to argue that there is no matching larger than

9k + max(LCS(Xo, Yo), LCS(X4,Y7))

Consider a maximum matching of X’ to Y’. Assume that the matching starts
by matching a symbol 1 in X’ and Y’. Without changing the cost of the matching
we can replace that edge by matching the left-most 1’s in X’ and Y. In X', the
first 1 is in by so we can assume that there is a symbol from b which is matched
somewhere. Thus the blocks )" and b} are unmatched. Furthermore, one can
assume without loss of generality that all symbols matched from b are matched
to 1’s in bg/ = Y, as Yy contains enough 1’s and replacing each matched pair
between by and b} --- b} by a matching pair which uses the leftmost unmatched 1
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in b?,:/ (going over edges from left to right) will not affect the cost of the matching.
So without loss of generality all matched symbols from ¥ are matched into
v =Y.

We are now concerned with matching symbols after % . Matching any symbol
from b will block at least 4k 1’s in b bY from being matched anywhere. If
by" is matched only to b5 then we will match at most 2k 0’s from b¥" b}, by,
and at most 5k 1’s from b5 ---bY so altogether the matching will be of size at
most 7k. If b]" is matched to something in b5 ---bg then at most k/2 1’s from
by - bY" will be matched so even if all 5k 0’s from b} ---b) were matched the
overall matching will be of size at most 6k. Similar argument applies if we were to
match 0’s from b}, the matching would be smaller than 7k. Thus we can assume
that no 0 is matched from b} b} if b matches something.

Hence, we can assume that if the matching starts by 1 then our maximum
matching matches 1’s in b by greedily from left to right that is b by is com-
pletely matched to 1's in b} and b} which gives 4.5k 1’s. It remains to match
b - bY" to by bY'bY’. Matching 0’s from b = Y; to anywhere in b5 - - - b will
cut-off all but k/2 1’s in b'bY" from being matched. This would result in a small
matching. Hence, b} must match b5 by so no 0 in b¥ ...bg will be matched.
Thus we can assume that all 1’s in bY b)Y are greedily matched from right to left
into by and then b} .

This leaves by = X, to be matched to b} = Y;. This can be done by a
matching of size LCOS(Xy, Yy). This is one of the two good matching we have
considered initially so it has size 9k + LC'S(X1, Y1).

If our matching starts by 0, a completely symmetric argument gives that
its size is going to be 9k + LCS(X;,Y1). So there is no matching larger than
9k + max{LCS(Xy,Yy), LCS(X1,Y1)}. It follows that the cost of the largest
matching is F” if both LCS(Xy,Yy) = LCOS(X1,Y1) = F and T" otherwise. [

Notice, both X" and Y’ are balanced in the above lemma. Also, |X'| = |Y'| =
19k.

Lemma 6.16 (AND-gadget). Let k,T,F > 1 be integers where k is even
and k/2 < F < T. Let X,,Yy, X1,Y) € {0,1}* be balanced strings where
LCS(Xo,Yy), LCS(X1,Yy) € {T,F}. Let

X/ — 0T+F 111k+T+F O5k’ XO Ok 1k Ok Xl 05k

Y/ — 0T+F 05k }/E) Ok: 1k) Ok: }/1 05k) 111k+T+F.
LetT' = 13k+3T+F and F' = 13k+2T+2F. IfLCS(Xo,Y,) = LOS(X,, Y1) = T
then LCS(X",Y'") =T', and otherwise LCS(X',Y') = F".

Proof of Lemma[6.16. Again, the proof proceeds by a case by case analysis of
a maximum matching between X’ and Y’. WLOG we can focus only on maximum
matchings that match the initial block 07+ in X’ to the same initial block in Y.
We divide X’ and Y’ into blocks:

by by b by by by b by b (6.9)
X/:0T+F 111k+T+F 05k XO Ok 1k Ok X1 05k7 (610)
Y/ — 0T+F 05k YE) Ok 1k Ok le 05k 111k+T+F (6.11)

by SRS S S A NS A (6.12)
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There are two significant matchings between X’ and Y’ we will analyze first.
Consider a matching that matches all 1’s in X’ and Y. Such a matching necessarily
matches some 1 from block b3 to a 1 in b}’. That prevents all the 0’s from
b ... b to be matched and similarly for 0’s from b7 ...5Y". Hence, the size of
such a matching is exactly T+ F+(11k+T+F)+k/2+k+k/2 = 13k+2T+2F = F’,
the number of ones plus the size of by ". Tt is thus clear, that any matching that
matches some 1 from b3 to a 1in by has size at most F'.

The other significant matching is a matching that matches b to b}, for
i = 1,...,7, so that each pair of blocks is matched in the best possible way.
Such a matching has size T'+ F + 13k + LCS(Xo, Yy) + LCS(X3,Y7). Thus if
LCS(Xo,Yy) = LOS(X4,Y1) = T we get an overall matching of size 13k+3T+F =
T

Now, our goal is to argue that any maximum matching of b* ... 0% to by ... bY
has size at most 13k + LC'S(X,, Yy) + LOS(X,,Y)). Since the length of b ... bX’
and b)Y ...bY" is 15k and 13k + LCS(Xo, Yp) + LCS(X1,Y1) > 14k if a matching
leaves at least k + 1 symbols in either one of the strings unmatched it cannot be
maximum. If a matching would match a 1 from the central block by to either
bY' =Y, or by =Y, at least k + 1 symbols would be left unmatched in 67" ... 5"
so the matching would not be maximum. So a maximum matching must match
1's in the central block b to 1’s in b} if it matches them at all. Clearly, the best
is to match all of them. (If a matching would not match the central 1’s then it
can either be increased by matching the 1’s or not. In the latter case it must be
matching some symbol from b} to a symbol in bY by b2 bY" (or vice versa for b))
hence leaving unmatched at least k& + 1 symbols in one of the strings.)

So a maximum matching of b ... 0% to b)Y ...bY" matches all 1’s in b}
and b}’ to each other. Hence, without loss of generality it matches also the
neighboring 0’s, so by by b  is matched to b b} 'bY". WLOG we can also assume
that b perfectly matches b)Y, and b?l perfectly matches b;ﬂ. Hence a maximum
matching of b ... 6% to by ...bY matches the corresponding bX and b)Y for
it =1,3,4,5,7. The best we can do on the remaining parts consisting of A;’s and
Yi's is LCS(Xo, Yy) + LCS(X1,Y1). Hence, a maximum matching of b5 ... 56X to
b’ .. bY" has cost 13k + LCS(Xy,Yy) + LCS(X1,Y1).

It remains to consider a matching that matches some 1 from b3 to b7 ...bY"
but not to b};/. Such a matching necessarily has to leave b%ﬂ unmatched which is 5k
symbols. If b} does not match anything in b ... 5%, the best matching we can
get has size at most 10k = [b}"...bY"|. If b}’ matches something in b ... 56X it
can contribute at most 2k additional edges matching 1’s. Either way, the matching
will fall short of the required 13k edges. U

Again, X’ and Y’ in the above lemma are balanced. Indeed, the initial
block of T+ F' zeros has the sole purpose of making them balanced. Also
| X'| = |Y'| = 26k + 2T + 2F < 30k.

Proof of Lemma(6.1f} The claims regarding the length of g(A, ¢) and h(B, ¢)
follow easily by induction on the depth of the formula using the fact that the
formula is normalized. All normalized formulas of the same depth that have top
gate AN D give strings of the same size, and similarly all normalized formulas of
the same depth that have top gate OR give strings of the same size. Indeed, in
the base case d = 1, all the output strings are of length 2. Then either we apply
AN D composition on strings of the same length generated for the left and right
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sub-formulas or we apply OR composition. In each case the length of the strings
for the sub-formulas are the same so the resulting strings are also of the same size.
In each step the length of the strings multiplies by a factor of at most 30, so the
output strings are of length at most 30%.

The claim about LC'S(g(A, ¢), h(B, ¢)) being either f(¢) or t(¢) also follows
by induction on the depth of ¢. In the base case, d = 1 and ¢ is a literal, so
the claim is obvious from the definition of g(A, ¢) and h(B, ¢) for literals. For
higher depths d > 1, the claim follows inductively by Lemma if ¢ has top
gate AND, or by Lemma if ¢ has top gate OR.

The final claim f(¢) < t(¢) follows inductively as well. O

Proof of Theorem . First, we prove the claim regarding LC'S(X,Y).
For a string X € X", let X be its (natural) binary encoding using 3nlogn bits,
and for an integer k¥ < n, let k be its encoding in unary using n bits. There
is a non-deterministic Turing machine running in logarithmic space that given
inputs X,Y € ¥" and k € N checks whether LC'S(X,Y) > k. This is because
the question whether LC'S(X,Y) > k or not can be efficiently reduced to a
reachability question on a directed graph. For fixed n, this non-deterministic
computation can be turned into a normalized boolean formula ¢, (U, V, W) of
depth d = O(log2 n) which takes as its input the binary encoding of X,Y and k
such that ¢,(X,Y, k) is true if and only if LCS(X,Y) > k, where ¢,(X,Y, k)
is the evaluation of ¢, with the assignment U = X,V =Y and W = k. Let
M =n-|g(X,$,(U,V,1))|, where X is an arbitrary string of length n. Notice,
M depends only on the depth of ¢,(U,V,W) not on the actual assignment of
variables. Set N = (3n — 2)M.

Define

G(X) = g(X, ¢ (U, V, 1)) - 0M1M - (X, 6,(U,V,2)) - 0M1M - (X, ¢, (U, V, 1)),
H(Y)=h(Y,¢,(U,V, 1)) - 0M1M . (Y, ¢, (U, V., 2)) - OM 1M - .. W(Y, ¢, (U, V, ).

Note that for a fixed value of k, ¢, (U, V, k) represents a formula that has two
sets of variables U and V', where U depends only on X and V depends only on Y.
Clearly, G(X) depends solely on the string X, while H(Y") depends on Y.

Observe that for any & smaller or equal than LC'S(X,Y), we have ¢,(X,Y, k)
is true and hence by Lemma we get:

LOS(g(X, 6u(U, V. F)), WY, 6a(U, V., F))) = T

For k that exceeds LCOS(X,Y) this evaluates to F.
Furthermore, we can get a matching between G(X) and H(Y) of size

2M(n —1)+ LCS(X,Y)-T+ (n — LCS(X,Y)) - F
=2M(n—1)+nF + LCS(X,Y) - (T — F),

by matching optimally the consecutive blocks of G(X) and H(Y'). Any other
matching that would try to match g(X, ¢, (U, V,4)) to h(Y, ¢,(U,V, 7)) for i # j
will leave at least 2M symbols unmatched so it will be worse. Hence,

LCS(G(X),H(Y)) = 2M(n— 1)+ nF + LCS(X,Y) - (T — F)
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Setting R =2M(n — 1) +nF and S = (T — F)) gives the required relationship.
The proof for A.g4; is the same. If we make sure that the normalized formula

for LC'S and A4 are both of the same depth, then the parameters S and R will

be identical. O

6.4 Summary

In this chapter, we explored the problem of reducing the alphabet size of strings
while preserving edit-based distances such as A;,4¢ and Aqgi;. We considered both
exact and approximate embeddings, with particular attention to the trade-offs
between alphabet size, distortion, and output length.

Our key contributions are as follows:

1. Succinct Alphabet Reduction: We showed that strings over any finite
alphabet I' can be embedded into strings over a smaller alphabet X of size
O(1/€?), such that the normalized A4 distance is preserved up to a (1 —¢)
factor. The embedding uses error-correcting codes over the smaller alphabet
and keeps the output string length within a logarithmic factor of the input
length.

2. Lower Bounds: We established limitations of alphabet reduction by
proving that any length-preserving embedding into a smaller alphabet must
contract distances for some string pairs. This justifies the need to consider
approximate embeddings.

3. Binary Alphabet Embedding: We presented a quasi-polynomial em-
bedding into the binary alphabet that exactly preserves the A4 distance
via a scaling function. Although the dimensionality is currently high, this
result serves as a proof of concept, showing the theoretical feasibility of such
reductions.

These results demonstrate that meaningful alphabet reduction is achievable
with low distortion, even into constant-size or binary alphabets. The techniques
provide a foundation for designing more efficient algorithms over small alpha-
bets and raise compelling open problems, chief among them being whether the
dimensionality of binary embeddings can be substantially reduced.
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Conclusion

“The stories we love best do live in us forever.”
- J.K. Rowling, 2011 speech at King’s Cross

In this thesis, we presented an extensive exploration into the structural and
algorithmic properties of string metrics, specifically focusing on edit distance
and its variants. Each chapter contributed significantly towards advancing both
the theoretical understanding and practical algorithmic solutions involving these
metrics.

In Chapter2, we tackled the problem of embedding the edit distance metric
into the Hamming metric, addressing the limitations inherent in naive methods.
We introduced the CGK embedding and subsequently developed a novel decom-
posable embedding scheme. This scheme leverages randomized decomposition into
succinctly represented grammar-based blocks, achieving near-optimal distortion.
Crucially, our method supports efficient incremental updates and parallelization,
making it particularly suitable for dynamic and streaming contexts. The chapter
also introduced an encoding based on Karp-Rabin hashing, establishing a robust
theoretical foundation for further algorithmic applications.

Chapter3 built upon these embedding results, showcasing practical algorithmic
applications. We developed succinct and efficient edit distance sketches and rolling
sketches capable of handling dynamic updates. Leveraging our decomposable
embedding approach, we significantly reduced complexity compared to prior
methods. Notably, we presented a highly efficient randomized streaming algorithm
for k-edit approximate pattern matching, substantially improving the previous
state-of-the-art complexities from O(k?) space and O(k®) time to O(k?) for both
metrics. These achievements underscore the utility of decomposable embeddings
as fundamental primitives in algorithm design for sublinear and approximate
string processing.

In Chapterd, our focus shifted to embedding from the Hamming metric into
the edit metric. Here, we achieved a significant theoretical breakthrough by
constructing a constant-rate isometric embedding using synchronization strings.
This result allowed for optimal transfer of algorithmic hardness from the Hamming
metric, establishing new lower bounds and hardness results in the edit metric
domain. Additionally, we rigorously examined structural constraints on possible
embeddings, providing important theoretical limits on achievable embedding rates.

Chapter5 explored the relationship between the insertion-deletion (Indel) met-
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ric and the edit (ED) metric. We established exact and approximate embeddings
from the Indel metric into the ED metric, highlighting essential trade-offs between
embedding accuracy and complexity. Our approximate embedding efficiently
addressed the quadratic length blow-up issue inherent in exact embeddings. More-
over, we introduced the robust approximation framework, enabling meaningful
transfer of approximation algorithms and complexity results between these two
fundamental metrics.

Finally, Chapter6 investigated alphabet reduction techniques for edit-based
metrics, providing both exact and approximate methods. We successfully demon-
strated that significant alphabet reduction is possible with controlled distortion,
even achieving embeddings into constant-sized or binary alphabets. We also
provided crucial lower bounds illustrating inherent limitations of length-preserving
embeddings. Our findings pave the way for designing algorithms over reduced
alphabets, posing intriguing open problems regarding further dimensionality re-
duction.

Collectively, these contributions represent a cohesive and comprehensive ad-
vancement in our understanding of metric embeddings for edit distance and
related metrics. The theoretical frameworks, algorithmic innovations, and struc-
tural insights developed in this thesis open multiple avenues for future research,
particularly in refining embedding complexities, expanding applications in stream-
ing algorithms, and further exploring the profound connections between diverse
metric spaces.

7.1 Future directions

Several intriguing open problems emerged from this research:

Chapter2 There remains a considerable gap between known upper and lower
bounds on distortion for edit-to-Hamming embeddings. An important challenge
is to design an optimal embedding. Furthermore, constructing a decomposable
embedding with significantly lower distortion could drastically improve algorithmic
applications presented in Chapter3.

Chapter 4 There still exists a small gap between the lower and upper bounds
of the embedding rate. Although not fully detailed in this thesis, the current
best-known lower bound rate of 1/8 relies heavily on synchronization strings. A
fascinating question is whether simpler constructions without synchronization
strings can be developed. Such simpler embeddings could potentially lead to
explicit constructions of synchronization strings over smaller alphabets.

Chapter 5 Despite progress, no known symmetric isometric (or scaled isomet-
ric) embedding exists from Indel into edit metrics. Determining whether such
symmetric embeddings can be achieved remains an open and significant theoretical
question.

Chapter 6 Finally, a key open problem is constructing an alphabet reduction
embedding to a binary alphabet for edit/Indel metrics with optimal rate. Exist-
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ing solutions either suffer from high dimensionality or approximate distortions.
Achieving optimal rate with practical dimensionality could significantly advance
both theoretical understanding and practical algorithmic applications.

Collectively, these open problems present exciting directions for future research
in metric embeddings, complexity theory, and string algorithms.
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