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Abstract

We study clustering problems such as k-Median, k-Means, and Facility Location in graphs
of low highway dimension, which is a graph parameter modeling transportation networks. It
was previously shown that approximation schemes for these problems exist, which either run in
quasi-polynomial time (assuming constant highway dimension) [Feldmann et al. SICOMP 2018]
or run in FPT time (parameterized by the number of clusters &, the highway dimension, and the
approximation factor) [Becker et al. ESA 2018, Braverman et al. SODA 2021]. In this paper we
show that a polynomial-time approximation scheme (PTAS) exists (assuming constant highway
dimension). We also show that the considered problems are NP-hard on graphs of highway
dimension 1.
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1 Introduction

Clustering is a standard optimization task that seeks a "good” partition of a metric space, such
that two points that are ”close” should be in the same part. A good clustering of a dataset allows to
retrieve and exploit data, and is therefore a common routine in data analysis. The underlying data
can come from various sources and represent many different objects. In particular, it is often inter-
esting to cluster geographic data. In that case, the metric space can be given by a transportation
network, which can be modeled by graphs with low highway dimension.

In this article, we study some popular clustering objectives, namely FACILITY LOCATION,
k-MEDIAN, and k-MEANS, in graphs with constant highway dimension. The two latter prob-
lems seek to find a set S of k points called centers in a metric (V,dist) that minimizes the function
Y vey(mingegdist(v, f))P, with p = 1 for k-MEDIAN and p = 2 for k-MEANS. The objective for
FaciLiTy LOCATION is slightly different: each point f of the metric space has an opening cost wy,
and the goal is to find a set S that minimizes zfes wy + Y, ey mingegdist(v, f). These prob-
lems are APX-hard in general metric spaces, see for example Guha and Khuller [20] for FACILITY
LOCATION, Jain et al. [23] for k-MEDIAN, and Awasthi et al. [6] for k~-MEANS.

To bypass the hardness of approximation known for these problems, researchers have con-
sidered low dimensional input, such as Euclidean spaces of fixed dimension, metrics with bounded
doubling dimension, or metrics arising from classes of minor-free graphs. Many algorithmic tools
were developed for that purpose: in their seminal work, Arora et al. [5] gave the first polynomial
time approximation scheme (PTAS) for Euclidean k-MEDIAN in R?, which generalizes to a quasi-
polynomial time approximation scheme (QPTAS) in R? for fixed d. This result was generalized by
Talwar [26], who gave a QPTAS for metrics with bounded doubling dimension, and more recently
by Cohen-Addad et al. [12], who gave a near-linear time approximation scheme for this setting.

In this work we focus on transportation networks, for which it can be argued that metric spaces
with bounded doubling dimension are not a suitable model: for instance, hub-and-spoke networks
seen in air traffic networks do not have low doubling dimension. Therefore we study graphs with
constant highway dimension, which formalize structural properties of such networks. The following
definition is taken from Feldmann et al. [17]. Here the ball ,(r) of radius r around v € V is the
set of all vertices at distance at most r from v.

Definition 1. The highway dimension of a graph G is the smallest integer h such that, for some
universal constant ¢ > 4, for every r € R and v € V' there are at most h vertices in the ball B, (cr)
of radius cr around v hitting all shortest paths of length more than r that lie in 5, (cr).

Before this work, for this class of graphs the only known approximation algorithms for clustering
that compute (1 + ¢)-approximations for any € > 0 either run in quasi-polynomial (1o )0 los”(+/2))
time, i.e., QPTASs [17], or in 90O/ =+k) pO(1) time, i.e., parameterized approximation schemes |8,
10]. Thus an open problem was to identify polynomial-time approximation schemes (PTASs) for
clustering in graphs of constant highway dimension.

1.1 Our results

Our main result is a PTAS for clustering problems on graphs of constant highway dimension. For
convenience, we define slightly more general problems than those stated above. The k-CLUSTERINGY
problem is defined as follows. An instance Z consists of a metric (V,dist), a set of facilities (or
centers) F C V', and a demand function x : V. — Ny. The goal is to find a set S C F with |S| < k
minimizing 3 oy x(v) - mingeg dist(v, f)9. We call all vertices v € V' with x(v) > 0 the clients
of Z. k-MEDIAN and k-MEANS are special cases of k-CLUSTERING?, where ¢ =1 and ¢ = 2.



The input to the FACILITY LOCATION? problem is the same as for k-CLUSTERINGY?, but ad-
ditionally each facility f € F has an opening cost wy € R*. The goal is to find a set S C F
minimizing > rcgwy + D, ey X(v) - mingeg dist(v, f)?. FACILITY LOCATION is a special case of
Faciuity LocAaTioN?, where g = 1.

Our main theorem is the following, where X = max,cy xz(v) is the largest demand (note that
for k-MEDIAN, k-MEANS, or FACILITY LOCATION we typically have X = 1).

Theorem 2. For anye > 0, a (1+¢)-approzimation for k-CLUSTERING? and FACILITY LOCATIONY?
can be computed in (nX)(hq/e)o(q) time on graphs of highway dimension h.

In particular, this algorithm is much faster than the quasi-polynomial time approximation
scheme of Feldmann et al. [17] for k-MEDIAN or FAcCILITY LOCATION. The runtime of our al-
gorithm also significantly improves over the exponential dependence on k in the approximation
schemes of Becker et al. [8] and Braverman et al. [10] for k-MEDIAN.

It has so far been open whether these clustering problems are NP-hard on graphs of constant
highway dimension. We complement our main theorem by showing that they are NP-hard even for
the smallest possible highway dimension. This answers an open problem given in [17]. Here the
uniform FACILITY LOCATIONY problem has unit opening costs for all facilities.

Theorem 3. The k-CLUSTERING? and uniform FACILITY LOCATION? problems are NP-hard on
graphs of highway dimension 1.

1.2 Related work

On clustering problems. The problems we focus on in this article are known to be APX-hard
in general metric spaces (see e.g. [6, 20, 23]). The current best polynomial-time algorithm for Fa-
CILITY LOCATION achieves a 1.488-approximation [25], while the best approximation factor is 2.67
for k-MEDIAN [11] and 6.357 for k-MEANS [4].

When restricting the inputs, a near-linear time approximation scheme for doubling metrics
was developed in [12]; we will discuss the close relations between our work and this one in Sec-
tion 1.3. Local search techniques also yield a PTAS in metrics arising from classes of minor-free
graphs and metrics with bounded doubling dimension [13, 19], and a ©(g)-approximation for the
k-CLUSTERING? problem in general metric spaces [22].

Another technique for dealing with clustering problems is to compute coresets, which are com-
pressed representations of the input. An e-coreset is a weighted set of points such that for every set
of centers, the cost for the original set of points is within a (1 + ¢)-factor of the cost for the coreset.
Braverman et al. [10] recently proved that graphs with highway dimension h admit coreset of size
O((k + h)©(/9). This enables to compute a (1 + )-approximation by enumerating all possible
solutions of the coreset. However, this coreset does not have small highway dimension,' and thus
cannot be used to boost our algorithms.

On highway dimension. The highway dimension was originally defined by Abraham et al. [3],
who specifically chose balls of radius 4r in the Definition 1. Since the original definition in [3], sev-
eral other definitions have been proposed. In particular, Feldmann et al. [17] proved that when
choosing a radius cr in Definition 1 for any constant c strictly larger than 4, it is possible to ex-
ploit the structure of graphs with constant highway dimension in order to obtain a QPTAS for
problems such as TSP, FACILITY LOCATION, and STEINER TREE. As Abraham et al. [3] point

Tndeed, a subset of a metric with small highway dimension does not necessarily have small highway dimension
as well: think of a star metric on which the center is removed.



out, the choice of the constant is somewhat arbitrary, and we use the above definition so that we
may exploit the structural insights of [17] for our algorithm. These structural properties were also
leveraged by Becker et al. [8] who gave a PTAS for the BOUNDED-CAPACITY VEHICLE ROUTING
problem, and a parameterized approximation scheme for the k-CENTER problem (which is essen-
tially k-CLUSTERING? with ¢ = oo) and k-MEDIAN. On the lower-bound side, Disser et al. [15]
showed that STEINER TREE and TSP are weakly NP-hard even when the highway dimension is 1,
i.e., each of them is NP-hard but an FPTAS exists.

It is worth mentioning that further definitions of the highway dimension exist (for a detailed
discussion see Appendix A and [9, 17]). In particular, for a more general definition of the highway
dimension than the one of Definition 1, Feldmann [16] gave a parameterized 3/2-approximation
algorithm with runtime 20*hlogh)pOM) fo1 k-CENTER.

1.3 Our techniques

To obtain Theorem 2, we rely on the framework recently developed by Cohen-Addad et al. [12] for
doubling metrics. More precisely, they show that the split-tree decomposition of Talwar [26] has
some interesting properties, and exploit them to design their algorithm. Our main contribution
is to provide a decomposition with similar properties in graphs with constant highway dimension.
This is done relying on some structural properties of such graphs presented by Feldmann et al. [17].
We start by giving an outline of the algorithm from [12], and then explain how to carry the results
over to the highway dimension setting.

On doubling metrics. The starting point of many approximation algorithms for doubling
metrics is a decomposition of the metric, as presented in the following lemma taken from [12]. A
hierarchical decomposition D of a metric (V,dist) is a sequence of partitions By, By, ..., By of V,
where B; refines B;y1, i.e., every part B € B; is contained in some part of B;y1. Moreover, in By
every part contains a singleton vertex of V', while B) contains only one part, namely V. For a point
v € V and a radius r > 0, we say that the ball 8,(r) is cut at level i if i is the largest integer for
which the ball §,(r) is not contained in a single part of B;. For any subset W C V of vertices we
define A\(W) = [log, diam(W)], where diam (W) = max,, yew dist(u,v) is the diameter of W.

Lemma 4 (Reformulation of [7, 26] as found in [12]2). For any metric (V,dist) of doubling dimen-
sion d and any p > 0, there exists a polynomial-time computable randomized hierarchical decom-
position D = {By, ... ,B/\(V)} such that the diameter of each part B € B; is at most 271, and:
1. Scaling probability: for any v € V, radius r, and level i, we have
Pr[D cuts B,(r) at level i] < 20 .y /2%,
2. Portal set: every part B € B; where B; € D comes with a set of portals Pg C B that is
(a) concise: the size of the portal set is bounded by |Pg| < 1/p%, and
(b) precise: for every node u € B there is a portal p € Pg with dist(u, p) < p2¢+1,

We briefly sketch the standard use of this decomposition. For clustering problems, one can
show that there exists a portal-respecting solution with near-optimal cost (see Talwar [26]). In this
structured solution, each client connects to a facility via a portal-respecting path that enters and
leaves any part B of D only through a node of the portal set Pg. Those portals therefore act as

2We remark that in [12] the preciseness of Lemma 4 was expressed akin to the weaker property found in
Lemma 5, which however would not lead to a near-linear time approximation scheme as claimed in [12], but rather
a PTAS as shown in this work. This can however easily be alleviated for [12] by using the stronger preciseness as
stated here in Lemma 4.



separators of the metric. A standard dynamic program approach can then compute the best portal
respecting solution.

To ensure that there is a portal-respecting solution with near-optimal cost, one uses the pre-
ciseness property of the portal set: the distortion (i.e., the overhead) of connecting a client ¢ with
a facility f through portals instead of directly is bounded as follows. Let i be the level at which D
cuts c and f, meaning that ¢ is the maximum integer for which ¢ and f lie in different parts of B;. At
every level 7 <1 the portal-respecting path uses an edge to the closest portal on this level, and thus
incurs a distortion of p2/*!. Hence the total distortion is i<i O(p27) = O(p2?). Now, the scaling
probability of the decomposition ensures that ¢ and f are cut at level i with probability at most
200 dist(c, f)/2¢. Hence combining those two bounds over all levels ensures that, in expectation,
the distortion between ¢ and f is 20 dist(c, f) - pA(V). Using a standard pre-processing technique
(see e.g. [17]) we may reduce A(V') to O(log(n/e)) when aiming for a (1 + ¢)-approximation. Hence
choosing p = m gives a distortion of ¢ - dist(c, f). Summing over all clients proves that there
exists a near-optimal portal-respecting solution.

The issue with this approach is that by the conciseness property, the number of needed portals
s 20(@) log? n/e?, and the dynamic program has a runtime that is exponential in this number.
Thus the time complexity is quasipolynomial. The novelty of [12] is to show how to reduce the
number of portals to a constant. The idea is to reduce the number of levels on which a client can
be cut from its facility.

For this, Cohen-Addad et al. [12] present a processing step of the instance that helps dealing
with clients cut from their facility at a high level (see Section 2 for formal definitions and lemmas).
Roughly speaking, their algorithm computes a constant factor approximation L of k-CLUSTERINGY
or FACILITY LOCATIONY, and a client c is called badly-cut if D cuts it from its closest facility of L
at a level larger than log(dist(c, L)/e) + 7(e,q,d) for some function 7. Every badly-cut client is
moved to its closest facility of L. It is then shown that this new instance Zp has small distortion,
which essentially means that any solution to Zp can be converted to a solution of the original
instance Z while only losing a (1 + ¢)-factor in quality. In this instance Zp all clients are cut from
their closest facility of L at some level between log(dist(c, L)/2) and log(dist(c, L) /) + 7(e, q,d)
(where the lower bound holds because two vertices at distance d cannot be in the same part of any
level smaller than log(d/2) due to the diameter bound of each part given by Lemma 4). Using this
property, it can be shown that ¢ and its closest center in the optimal solution are also cut at a
level in that range. As there are only O(log(1/¢)) + 7(e, q,d) levels in this range, by the previous
argument, the number of portals is now independent of n.

On highway dimension. The above arguments for doubling metrics hold thanks to Lemma 4.
In this work, we show how to construct a similar decomposition for low highway dimension:

Lemma 5. Given a shortest-path metric (V,dist) of a graph with highway dimension h, a subset
W CV, and p > 0, there exists a polynomial-time computable randomized hierarchical decomposi-
tion D = {Bo,...,Bxw)} of W such that the diameter of each part B € B; is at most 215 and:
1. Scaling probability: for any v € V, radius r, and level i, we have
Pr[D cuts B,(r) at level i] < o -1/2¢, where o = (hlog(1/p))°M).
2. Interface: for any B € B; on level i > 1 there exists an interface Ip C V', which is
(a) concise: |Ig| < (h/p)°M, and
(b) precise: for any u,v € B such that u and v are cut by D at level i — 1, there exists
p € Ig with dist(u, p) + dist(p,v) < dist(u, v) + 68 - p2°.

Our construction relies on the town decomposition from [17], which is a laminar family with the
following properties (see Section 2 for formal definitions and lemmas). If 7 is a town decomposition



of a metric (V,dist), then every 7' € T is a subset of V' and is called a town, every vertex v € V
is contained in at least one town, and also the whole set V' is a town of 7. Similar to hierarchical
decompositions, the laminar family 7 thus decomposes V. If the metric is given by a graph of
highway dimension h, for a given p > 0 every town T € T has a set Xp of hubs with doubling
dimension O(log(hlog(1/p))), such that for any two vertices u and v in different child towns of T,
there is a hub « € Xp such that dist(u, z) + dist(z,v) < (1 + 2p) - dist(u, v).

This hub set X7 is similar to the portal set of Lemma 4, but has some fundamental differences:
the first one is that the town decomposition is deterministic, and so it may happen that a client
and its facility are cut at a very high level — something that happens only with tiny probability in
the doubling setting thanks to the scaling probability. Another main difference is that the size of
X7 might be unbounded. As a consequence, it cannot be directly used as a portal set in a dynamic
program. To deal with this, we combine the town decomposition with a hierarchical decomposition
of each set X7 according to Lemma 4, to build an interface as stated in Lemma 5.

A further notable difference to portals is that the preciseness property of the resulting inter-
face is weaker. In particular, while there is a portal close to each vertex of a part, the hubs (and
consequently the interface points) can be far from some vertices as long as they lie close to the
shortest path to other vertices. This means that no analogue to near-optimal portal-respecting
paths exist (see Appendix A). Instead, when connecting a client ¢ with a facility f we need to use
the interface point of Ip, provided by the preciseness property of Lemma 5, that lies close to the
shortest path between ¢ and f for the lowest level part B containing both ¢ and f. This shifts
the perspective from externally connecting vertices of a part to vertices outside a part, as done for
portals, to internally connecting vertices of parts, as done here.

As a consequence, we develop a dynamic program, which follows more or less standard tech-
niques as for instance given in [5, 24], but needs to handle the weaker preciseness property of the
interface. The main idea is to guess the distances from interface points to facilities while recursing
on the decomposition D of Lemma 5. The runtime of this algorithm is thus exponential in the
number of interface points. Thanks to the techniques developed by Cohen-Addad et al. [12] as
described above, we can assume that this number is constant for clustering problems. However,
due to the shifted perspective towards internally connecting vertices of parts, the runtime of the
dynamic program also is exponential in the total number of levels. It can be shown though that
it suffices to compute a solution on a carefully chosen subset W of the metric for which only a
logarithmic number of levels of the decomposition need to be considered. Thus the overall runtime
is bounded by some constant raised to a logarithm, which is polynomial.

1.4 Outline

After defining the concepts we use and stating various structural lemmas in Section 2, we show
how to incorporate our decomposition into the framework of [12]. The proof of Lemma 5 is then
presented in Section 3. The formal algorithm can be found in Section 4. We conclude with the
hardness proof of Theorem 3 in Section 5.

2 Preliminaries

On doubling metrics. The doubling dimension of a metric is the smallest integer d such
that for any r > 0 and v € V, the ball §,(2r) of radius 2r around v can be covered by at most
2¢ balls of half the radius r. A doubling metric is a metric space where the doubling dimension is
constant. In those spaces one can show the existence of small nets:



Definition 6. A §-net of a metric (V,dist) is a subset of nodes N C 'V with the property that every
node in 'V is at distance at most & from a net point of N, and each pair of net points of N are at
distance more than §.

Note that a simple greedy algorithm can compute a Jd-net for any given metric in polyno-
mial time. In low doubling metrics these nets have the following useful properties, as shown by
Gupta et al. [21].

Lemma 7 ([21]). Let (V,dist) be a metric space with doubling dimension d. If its diameter is D,
and N is a d-net of V, then |N| < 2d-Mlog2(D/9)] - Moreover, any subset W C 'V has doubling
dimension at most 2d.

On highway dimension. For simplicity we will set ¢ = 8 in Definition 1 throughout this
paper, even if all claimed results are also true for other values of ¢. When we refer to a metric as
having highway dimension h, we mean that it is the shortest-path metric of a graph of highway
dimension h. A laminar family of V is a set system with universe V' in which no two sets cross,
i.e., any two sets are either disjoint or one set is contained in the other. This naturally gives rise to
a rooted tree structure on the sets, and we thus refer to proper subsets of a set as its descendants
and to inclusion-wise maximal proper subsets as its children. The main result we will use about
highway dimension is the existence of the following decomposition:

Theorem 8 ([17]). Given a shortest-path metric (V,dist) of highway dimension h, and p > 0,
there exists a polynomial-time computable deterministic laminar family T of V', called the town
decomposition, where every set T' € T is called a town. For every vertex v € V there is a singleton
town {v} € T, and also V. € T. Every town T has a set of hubs® Xp C T with the following
properties:

a. doubling: the doubling dimension of X is d = O(log(hlog(1/p))), and

b. precise: for any two vertices u and v in different child towns of T, there is a verter x € Xp

such that dist(u, z) + dist(z,v) < (1 + 2p) - dist(u, v).

The town decomposition behaves differently from those in Lemmas 4 and 5 in several ways. The
main properties we will need here are given by the following lemma. Given a sequence of towns
To, ..., T, of the towns decomposition such that 7} is a child town of Ty_; for each ¢ € {1,...,g},
we call T; an g'"-generation descendant of Ty. In particular, a child town is a 1%*-generation des-
cendant.* The given property on these descendants is implicit in [17] and we give a proof outline
in Appendix B.

Lemma 9 ([17]). For any T € T we have diam(T') < dist(T,V \ T)). Furthermore, if T' is an
g""-generation descendant town of T, then diam(T") < diam(7")/29".

On how to incorporate our decomposition into the framework of [12]. Assume we
are given an instance Z of k-CLUSTERING? or FACILITY LOCATION? on some metric (V,dist), to-
gether with a hierarchical decomposition D of the metric with the properties listed in Lemma 5.
We start by defining the badly cut clients. In the following, we fix an optimal solution OPT and
an approximate solution L, and we define 7(, q, o) = logy (o (q + 1)7/e9t1),

3called approzimate core hubs in [17].
“We note that in the conference version of this paper [18] it was erroneously claimed that for any child town 7"
of a town T we have diam(T") < diam(T’)/2.



Definition 10 (badly cut [12]). Let (V,dist) be a metric of an instance Z of k-CLUSTERING?
or FACILITY LOCATIONY, D be a hierarchical decomposition of the metric with scaling probability
factor o, and € > 0. If L, is the distance from v to the closest facility of an approximate solution
L to Z, then a client ¢ is badly cut w.r.t. D if the ball 5.(3L./¢) is cut at some level i greater than
logy(3Lc/e) + T(e,q,0).

Similarly, if OPT, is the distance from v to the closest facility of the optimum solution OPT
of I, then a facility f € L is badly cut w.r.t. D if B;(30PTy) is cut at some level i greater than
logy(30PTy) + 7(e,q,0).

Given an instance Z of k-CLUSTERING? or FACILITY LOCATIONY and a decomposition D of the
metric, a new instance Zp is computed to get rid of badly cut clients. The instance Zp is built
from Z by moving clients that are badly cut w.r.t. D to their closest facility in L.> For any client ¢
of Ip we denote by ¢ the original position of this client in Z, i.e., if ¢ is a badly cut client of Z then
¢ = L(¢) and otherwise ¢ = ¢é. The set F' of potential centers in unchanged, and thus any solution
of Z is a solution of Zp, and vice versa. Note that Zp does not contain any badly cut client w.r.t. D,
and that the definition of Zp depends on the randomness of D.

To describe the properties we obtain for the new instance, given a solution S to any instance Zy
of k-CLUSTERINGY or FACILITY LOCATION?, we define costz,(S) = D, cy Xz, (v) - dist(v, S)7 to be
the cost incurred by only the distances to the facilities. Note that for k-CLUSTERINGY this coincides
with the objective function, while for FACILITY LOCATION? we need to also add the facility opening
costs to costz,(S) to obtain the objective function. Given some € > 0 and the computed instance
Ip from Z, we define

vip = max {costz(S) — (14 2¢)costz, (S) , (1 — 2e)costz, (S) — costz(S)}.
solution S

If Bp denotes the set of badly cut facilities (w.r.t D) of the solution L to Z from which in-
stance ZIp is constructed, we say that Zp has small distortion w.r.t. T if vz, < 5costZ(L)
and there exists a witness solution § C F that contains Bp and for which costID(S) < (14
O(¢)) costz(OPT) +O(e) costz(L). Moreover, in the case of FACILITY LocaTioN?, § = OPTUBp
and Y rep Wy < €0 e W

Based on these definitions, we now state the main tool we use from [12], and which exploits the
scaling probability of our decomposition in Lemma 5 to obtain the required structure.

Lemma 11 ([12]). Let (V,dist) be a metric, and D be a randomized hierarchical decomposition of
(V,dist) with scaling probability factor o. Let T be an instance of k-CLUSTERING? or FACILITY
LocATIiON? on (V,dist), with optimum solution OPT and approzimate solution L. For any (suf-
ficiently small) € > 0, with probability at least 1 — e (over D), the instance Ip constructed from T
and L as descibed above has small distortion with a witness solution S. Furthermore, every client
¢ of Ip is cut by D from its closest facility in S at level at most log,(3Lz/e + 40P T;:) + 7(g,q,0),
where ¢ is the original position of ¢ in L.

As a consequence of Lemma 11, a dynamic program can compute a solution recursively on the
parts of D in polynomial time, as sketched in Section 1.3 and detailed in Section 4.



Figure 1: A town and its child towns (black circles). The hubs (crosses) are decomposed by X7, indicated
by different colours (note that in reality the hubs are contained in child towns, but are depicted separately
here for clarity). Parts B € B;;1 (red dashed) are decomposed into parts on level i (green dashed). Parts
of B; can lie in different towns (e.g., the child town of 7' containing grandchild towns in grey).

3 Decomposing the graph

This section is dedicated to the proof of Lemma 5. For this we first fix a town decomposition T
of the input graph, as given by Theorem 8 assuming (for technical reasons) that p < 1/2. The
general idea to construct a hierarchical decomposition D is as follows. For doubling metrics, to
decompose a part at level 4, it is enough to pick a random diameter § € [27=2,2¢~1) and divide the
part into child parts of diameter §. This is not doable in the highway dimension setting: if one
wishes to decompose a town T, it cannot divide any of the child towns, since it is not possible to
use the hubs X of T' to approximate paths inside one of the child towns. The high-level picture
of our decomposition is therefore as follow. To decompose a town at level i, we group the “small”
child towns randomly (as in the doubling decomposition), and put every other child town in its
own subpart. As we will see, this turns out to be enough.

In order to decompose a town T', we need the following definitions. For each child town 7" of

T we identify the connecting hub x € Xp, which is some fixed closest hub of X7 to T”, breaking
ties arbitrarily. Moreover, given a hierarchical decomposition X7 = {Uy, ..., Uy XT)} of X7, we
define for every ¢ the connecting i-cluster of a child town T of T to be the set U € U, on level
¢ = min{i, \(X7)} containing the connecting hub of 7”. For a given subset W C V we then follow
the steps below, after choosing p from the interval (0, 1] uniformly at random (cf. Fig. 1):

1. For each town T € T, we apply Lemma 4 to find a randomized hierarchical decomposition
XT = {U(), e 7Z/[A(XT)} of the hubs XT of T.

2. In this step we fix a town T € 7. Using Xp, we define a randomized partial decomposition
of T'NW as follows. For any i and U € Upinfir(x)} let the set AY C TN'W be the union
of all sets T/ N'W where T’ is a child town of T with the following two properties:

(a) U is the connecting i-cluster of T, and
(b) dist(T",V\ T) < u2t.
In particular, AY contains towns somewhat close to U due to (a) and with small diameter

SMore concretely, let xz and xz, be the demand functions of Z and Zp, respectively. Initially we let Zp be a
copy of Z, so that in particular xz, = xz. Then, for each client ¢ of Z that is badly cut in L w.r.t. D, if L(c) denotes
the closest facility of L to ¢, in Zp we set xz,(c) = 0 and increase xz,, (L(c)) by the value of xz(c) in Z.



due to (b) and Lemma 9. We let A7 be the set containing each non-empty AY.

3. Now, the hierarchical decomposition D = {Bo,...,BA(W)} of W can be constructed in-
ductively as follows. At the highest level A(W) of D, W is partitioned into a single set:
Byawy = {W}. To decompose a part B € B;11 at level i + 1, we do the following. Let '€ T
be the inclusion-wise minimal town for which B C 7. The “small” child towns of T lying
inside B are grouped according to step 2 (note that dist(7”,V \ T7”) also bounds the diameter
of 7" by Lemma 9), and the other ones form individual subparts (note though that these
remaining child towns may also have small diameter and thus it would be misleading to call
them “big”). More formally, the set B; contains every part A € A for which A C B, and
also every set T N W, where T” is a child town of T for which 7/"N'W C B and T" N W was
not covered by the previously added parts of A, i.e., T"NW N A = () for every A € AL.

To prove that the constructed decomposition D has the desired properties —i.e. that it is indeed

a hierarchical decomposition with parts of bounded diameter and small scaling probability — we
begin with some auxiliary lemmas, of which the first one bounds the distance of a town to its
connecting hub.

Lemma 12. If T' is a child town of T with connecting hub x € X, then we have dist(z,T') <
(14 2p)dist(T",V\ T").

Proof. Let T" be the closest sibling town to 7", and let v € T" and v € T” be the vertices defining
the distance from 7" to T”, i.e., dist(u,v) = dist(7”,7") = dist(7",V \ T"). By Theorem 8, there
is a hub y € Xy for which dist(u,y) + dist(y,v) < (1 + 2p) - dist(u,v) = (1 + 2p) - dist(T', V \ T").
This implies dist(y, T") < dist(u,y) < (1 + 2p) - dist(77, V' \ T”). Since the connecting hub = of T’
is at least as close to T” as y, the claim follows. O

Based on the above lemma, we next prove the key property that the diameter of any part of
B; € D is bounded.

Lemma 13. If p < 1/2, then the diameter of any part of B; € D is less than 2¢5.

Proof. On the highest level A(W) of D the only part of By is W itself. As A(W) = [logy diam ()]
we get diam(W) < 22+ a5 required.

For any level i < A(W), a set in B; is either equal to a set A € A? for some town T € T
or it is equal to some set 7" N W for a child town 7" of T. In the former case, the set A is a
set AV for some cluster U € Uy where ¢ = min{i, \(X7)} and U, € Xr. The set AY contains
the union of sets 7V N W for child towns 7" of T, for which their connecting hubs lie in U and
dist(T",V\T') < u2* < 2%, as u < 1. Thus from Lemma 12 we get dist(U,7") < (1 + 2p)2¢, and by
Lemma 9 we have diam(7T") < dist(7”,V \ T') < 2°. The cluster U has diameter at most 2:*! by
Lemma 4, since it is part of the hierarchical decomposition X7 and lies on level £ < i. Let u and
v be the vertices of AV defining the diameter of AY | i.e., dist(u,v) = diam(AY). We may reach v
from u by first crossing the child town 7" that u lies in, then passing over to U, then crossing U,
after which we pass over to the child town 7" containing v, and finally crossing this child town as
well to reach v. Hence, assuming that p < 1/2 the diameter of AZU is bounded by

dist(u, v) < diam(T") + dist(U, ") + diam(U) + dist(U, T") + diam(7")
<2-20 42 (1+42p)2 + 2 = (6 + 4p)2° < 21+3

Now consider the other case, when a set B € B; on level i < A\(W) is equal to some set 7/ N W
for a child town T" of a town T. For such a child town 7" there is no enforced upper bound on the
distance to other child towns as before, and thus it is necessary to be more careful to bound the



diameter of the part. Starting with B = B;, let B; C B;;1 C ... C B, be the longest chain of parts
of increasing levels that are of the same type as B. More concretely, for every ¢ € {i,i+1,...,j} we
have By, € By and By is equal to some set Té N W for a child town Tlf of the inclusion-wise minimal
town Ty containing Byyi. Note that in particular j < A(W). As we chose the longest such chain,
on the next level j 4 1 there is no such set containing B;, which means that the set B; 11 € Bj11
for which Bj C Bjy is either equal to a set A € Aﬁﬁl for some town Tji1, or j+1 = A(W). In
either case, from above we get diam(Bj1) < 2/+4.

Note that for any £ € {i,i+1,...,j — 1}, since By = T, ; "W implies Byyy C Ty, while T}
is the inclusion-wise minimal town containing Byy1, we have Ty C T, ;. Now, as T is a child town
of Ty, we get that Ty is a descendant of 7). ;. This means that 7} is a ¢'-generation descendant
of Tj for some g > j — i, and from Lemma 9 we get diam(7}) < diam(T]f)/2j*"*1. AsB=B;CT]
we have diam(B) < diam(7T}). Since Tj is the inclusion-wise minimal town containing Bj, the
latter set contains vertices of at least two child towns of T}. One of these child towns is T]{, since
B; = T]’ NW and B; C Bji1 by construction of the decomposition. In particular, B;y; both
contains vertices inside and outside of 7}, and so dist(7},V \ T}) < diam(Bj41). By Lemma 9 we
know that diam(77) < dist(77, V' \ T}), and putting all these inequalities together we obtain

diam(B) < diam(7}) < diam(77)/27 """ < dist(T}, V' \ T}) /27~
< diam(Bj4q)/20 7t < 274 il = 95 O
Using Lemma 13 it is not hard to prove the correctness of D, which we turn to next.
Lemma 14. The tuple D = {By, ... 7BA(W)} is a hierarchical decomposition of W.

Proof. We first prove that for a part B € B; included in town 7', part B can be partitioned into
unions of sets T/ N W for child towns 7" of T'. Indeed, either B = T' N W, and properties of the
town decomposition ensure that B can be partitioned in this way, or B € AZ-T. By construction
of A;TF, in the latter case part B is also the union of sets 7 N W for child towns 17" of T.

Now, step (3) of the construction decomposes B into groups of child towns restricted to W,
and so B is partitioned by B;_1. Moreover, since By = {W}, by induction each B; is a partition
of W. That concludes the proof. O

We now turn to proving the properties of Lemma 5, starting with the scaling probability.
Lemma 15. The decomposition D has scaling probability factor o = (hlog(1/p))°W.

Proof. To prove the claim, we need to prove that for any v € W, radius r, and level i, the probability
that D cuts the ball 8, () at level i is at most (hlog(1/p))°M.r-/20. If D cuts B, (r) at level 4, it means
that (,(r) is fully contained in a part at level i + 1. Let T' € T be the inclusion-wise minimal town
containing that part. There are two cases to consider: either 3,(r) is cut by “small” parts, i.e. there
exist two distinct parts Ay, Ay € .AZ-T such that v € A; and u € Ay for some u € W N S,(r), or not.

We start with the latter case, when (,(r) is not cut by small parts. If D cuts the ball at
level i, there are distinct parts B, B’ € B; such that v € B and u € B’ for some u € W N S,(r).
Assume w.l.o.g. that B ¢ A? (which is possible to assume since 3,(r) is not cut by small parts).
By construction of the decomposition, there must be a child town 7" of T, for which B =T'NnW
and dist(7”,V \ T') > u2'. Note that r > dist(v,u) > dist(T’, B") > dist(T",V \ T') > u2!, and
hence p < r/2°. The decomposition D can therefore only cut £,(r) on level i if 4 < r/2%. Since p
is chosen uniformly at random from the interval (0, 1], the probability is less than r/2°.

We now turn to the other case when 3, (r) is cut by two small parts Ay, Ay € AT. The town T
must have two child towns T} and 15 for whichv €e 1 NW C Ay and v € To N W C Ay. Let 24
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and xo be the connecting hubs of 77 and 715, respectively. The decomposition D cuts v and u on
level ¢ if and only if X cuts z; and x2 on level £ = min{i, A(X7)}. Indeed, let U; and Us be the
connecting i-clusters of 17 and 75, respectively, so that A; = A%Jl and Ay = A@Q with 21 € U7 and
o € Us. Thus D cuts v and u on level i if and only if Uy # Us, i.e., if and only if Xp cuts z1 and
x2 on level £ = min{i, \(X7)}.

To compute the probability that z1 and zy are cut, it is necessary to bound the distance
between them. As v € T1 and u € T while u € 3,(r), for each j € {1,2} we have dist(7},V \ T}) <
dist(71,72) < r. By Lemma 12 the distance between T} and its connecting hub z; € X is thus at
most (14 2p)r. Also, by Lemma 9 we have diam(7}) < dist(7},V \ T;) < r, and we get

dist(z1, z2) < dist(x1,T1) + diam(Ty) + dist(Th, Ta) + diam(Ts) + dist(T5, x2) <
2(1+2p)r+2r+r=(5+4p)r.

We can reformulate the above as follows: if D cuts the ball 3,(r) at level i, and 3,(r) is cut
by some “small” parts A; and As, then X7 cuts the ball Sy, ((5 + 4p)r) on level i, where x;
is the hub defined for v above. We know that the probability of the latter event is at most
20() (5 4 4p)r/2° by Lemma 4, where d = O(log(hlog(1/p))) is the doubling dimension of X7 by
Theorem 8. Hence the probability that D cuts the ball 5,(r) by some “small” parts at level 7 is at
most (hlog(1/p))°M /2",

Taking a union bound over the two considered cases proves the claim. O

To prove the remaining property of Lemma 5 for D, for each B € B; we need to choose an
interface Ip from the whole vertex set V. For this we use a carefully chosen net (see Definition 6)
of the hubs of the inclusion-wise minimal town 7" containing B, as formalized in the following lemma.

Lemma 16. Given B € B; for some B; € D where i > 1, let T € T be the inclusion-wise min-
imal town containing B. We define the interface Ig to be a p2i-net of the set Y = {x € X7 |
dist(z, B) < (14 2p)diam(B)}. The interface Ip has the conciseness and preciseness properties of
Lemma 5 for p < 1/2.

Proof. We first prove that Ip is precise. Consider two vertices u,v € B that are cut at level i — 1
by D. This means there are two distinct parts B, B” € B;_1 on this level such that v € B’
and u € B”. By definition, both B’ and B” are unions of sets 7" N W where T is a child town
of the inclusion-wise minimal town 7" containing B. Also B’ N B” = () by Lemma 14. This means
that T has two child towns T} and Ty for which v € Ty "W C B’ and u e ToNW C B”. By
Theorem 8, there is a hub x € X7 such that dist(u,x) + dist(z,v) < (1 + 2p)dist(u,v). In par-
ticular, dist(z, B) < dist(u,z) < (1 + 2p)dist(u,v) < (1 4 2p) diam(B), as u,v € B. This means
that © € Yp. Since Ip is a p2’net of Y, there is a node p € Ip for which dist(z,p) < p2i. By
Lemma 13 we have dist(u,v) < diam(B) < 2¢7° if p < 1/2, and so Ip is precise:

dist(u, p) + dist(p, v) < dist(u, z) + 2 - dist(x, p) + dist(x, v)
< (14 2p) dist(u,v) + p2t < dist(u, v) 4+ 2p - 2075 + p27+1 < dist(u,v) + 68 - p2¢,

To prove conciseness, recall that diam(B) < 2¢+5 by Lemma 13, which means that diam(Yg) <
diam(B) + 2(1 + 2p) diam(B) < 5 - 27 for p < 1/2. Since Ip is a p2'-net of Y, Lemma 7 implies
|Ig| < 24 [log2(160/0)1  where d is the doubling dimension of Y. Theorem 8 says that X7 has doub-
ling dimension O(log(hlog(1/p))), and as Yz C X7 the same asymptotic bound holds for the doub-
ling dimension d of Yz by Lemma 7. Therefore we get |Ig| < 20Ucs(hlog(1/p))-(0g(1/p))) < (B /p)O(1)
which concludes the proof. O
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4 The algorithm

Let Z be an instance of the k-CLUSTERING? or FACILITY LOCATION? problem on a shortest-path
metric (V, dist) of a graph G with highway dimension A, and maximum demand X = max,cy xz(v).
Given Z the algorithm performs the following steps:

1. compute a town decomposition T of the metric together with the hub sets X for each town
T € T as given by Theorem 8.

2. compute a hierarchical decomposition D according to Lemma 5. Simultaneously Z is reduced
(see Section 4.1) to a coarse instance w.r.t. D, meaning that there is a subset W C V for which

e the clients and facilities of Z are contained in W, i.e., FU{v € V | xz(v) > 0} C W, and
e cvery part of D on level at most (W) = | A(W) —2logy(nX/e) ]| has at most one facility,
ie., [BNF| <1 for every B € Begy.

3. compute the instance Zp of small distortion as given by Lemma 11.

4. run a dynamic program on Zp as given in Section 4.2, to compute an optimum rounded
interface-respecting solution (see Section 4.1 for a formal definition), and convert it to a
solution for the input instance.

In a nutshell, the coarseness of the instance guarantees that only a logarithmic number of levels
need to be considered by the dynamic program. Reducing to a coarse instance in step (2) loses a
(14-¢)-factor in the solution quality. The dynamic program is only able to compute highly structured
solutions, which are captured by the notion of rounding and interface-respecting. Due to this,
another (1 + ¢)-factor in the solution quality is lost. In Section 4.1 we prove that the output of the
dynamic program corresponds to a near-optimal solution of the input instance (proving Theorem 2),
and we also detail step (2) of the algorithm. Then in Section 4.2 we describe the dynamic program.

4.1 Approximating the distances

One caveat of the dynamic program is that the runtime is only polynomial if the the recursion
depth is logarithmic. However when computing our decomposition on the whole metric (V, dist),
the number of levels is A(V) + 1 = [log, diam(V')| + 1, which can be linear in the input size. For
general metrics, standard preprocessing techniques can be used to reduce the number of levels to
O(log(n/e)) when aiming for a (1 + €)-approximation. However, for graphs of bounded highway
dimension these general techniques change the hub sets and we would have to be careful to maintain
the properties we need in order to apply Theorem 8.5 Therefore we adapt the standard techniques
to our setting via the notion of coarse instances.

The following lemma shows that we can reduce any instance to a set of coarse ones, for which,
as we will see, our dynamic program only needs to consider the highest 2log,(nX/e) levels.

Lemma 17. Let 7 be an instance of k-CLUSTERING? or FACILITY LOCATION? on a graph G of
highway dimension h. There are polynomial-time computable instances 1y,...,1Iy and respective
hierarchical decompositions D1, ..., Dy with the properties given in Lemma 5 for any p < 1/2, such
that for eachi € {1,...,b} the instance Z; is also defined on G and is coarse w.r.t. D;. Furthermore,
if an a-approximation can be computed for each of the instances Iy, ..., Ty in polynomial time, then
for any e >0 a (14 O(e))a-approximation can be computed for T in polynomial time.

Proof. Let us first describe the construction of the instances Zi,...,Z;. We begin by computing a
constant approximation L to the given instance Z of k-CLUSTERING? or FACILITY LOCATIONY, using

5We note that in [17] these general techniques are indeed applied to low highway dimension graphs, but some
details of the argument are left out. Instead of rectifying the technique in [17], here we chose to go via the route of
coarse instances.
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a y-approximation algorithm as given in [22] where v € O(1). Let A be the value of the objective
function of the approximate solution L, i.e., A = costz(L) if Z is an instance of k-CLUSTERING? and
A = costz(L)+)_ ey, wy in case of FACILITY LOCATIONY. Let I be the objective function value of an
optimum solution OPT to Z. For every client ¢ of Z (for which xz(¢) > 0), we have dist(c, OPT) <
I''/a < A4, Hence if we consider the subgraph of G spanned by all edges of length at most A'/9,
then the closest facility of OPT to c lies in the same connected component of the subgraph as c.

Ideally, we would want each of these components to define an instance Z;. However, such a
component might not have bounded highway dimension and we would thus not be able to compute
a hierarchical decomposition using Lemma 5 for it. Instead we use the same input graph G = (V| E),
but restrict the client and facility sets to a component. More formally, let Wy,..., W, C V be the
vertex sets of the connected components of the subgraph of G spanned by all edges of length at
most A9, Note that diam(W;) < nA'/4. For each i € {1,...,b} we define an instance Z; on G
with xz,(v) = xz(v) for every v € W; and xz,(v) = 0 otherwise. Initially, the facility set F; of Z; is
FnW;, where F is the facility set of Z. We still need to coarsen this set F; though, which we do next.

At this point we compute a hierarchical decomposition D; of W; for each Z; using G according
to Lemma 5, i.e., the interface sets are from V' O W;. To make Z; coarse w.r.t. D;, consider a part
B € Bew,) of D; containing facilities from F;. In case of FACILITY LOCATION?, let f € F; N B
be a facility of minimum weight w; among those in F; N B, and in case of k-CLUSTERINGY, fix
an arbitrary f € F; N B. We call f the representative facility of Z; of the facilities in F; N B, and
remove all facilities other than f in F; N B from the set F;. We repeat this for every part of Beyy).
Note that W; contains all facilities and clients of Z;, i.e., F; U{v € V | xz,(v) > 0} C W;, and
thus 7; is now a coarse instance w.r.t. D;.

To prove the second part of the lemma, consider the optimum solution OPT to Z. For every i we
define a solution S} to Z;, which for each facility in OPT N W; contains the representative facility
of Z;. Since in case of FACILITY LOCATIONY the representative facility is the one of minimum
opening cost in the respective part in Bgyy,) of D; and the facility sets of different instances are

disjoint, we have Zle dopesr WE < X peopt Wi Also, 22:1 |S¥| < |OPT|, which means that if 7 is
an instance of k-CLUSTERINGY then each Z; should be an instance of k;-CLUSTERING? for k; = |S}],

where however we do not know the value of k; a priori. We later show how to deal with this.
To bound the connection costs, first note that as A(W;) = [logy(diam(W;))], diam(W;) < nA/9,
and 1/¢ <1+ 1/q <2 for ¢ > 1 we have

1+1/q
: AR 1/ <
EWi) < A(W;) — 2logy(nX/e) <logy(nA™/?) + 1+ log, <n1+1/qX1/q>
= log, (51“/‘1 (A/(nX))l/q) +1.
Now consider any client ¢ of Z; and its closest facility f € OPT in the optimum solution to Z,
for which we know that c, f € W;. Let f* € S be the representative facility of f , which lies in

the same part B € Bey,) as f. By Lemma 13 the diameter of B is less than 26Wi+5 (if p < 1/2).
Hence we have

dist(c, f*) < dist(c, f) + diam(B) < dist(c, f) + 64 - (51+1/q (A/(nX))l/q) .

To bound dist(c, f*)? we need the following fact taken from [14].

Proposition 18 ([14]). Given x,y,q >0, and 0 < ¢ < 1/2 we have
(x4+y)? < (1+e)lz?+ (14 1/e)tyl.
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For constant ¢ > 1 we have (1+¢)? = 14+ 0(¢) and (1+1/¢)? = O(1/£9) as ¢ tends to zero. Thus
the bound of Proposition 18 can be stated as (z+y)? < (14+0(¢e))z?+0(1/e9)y? if ¢ > 1, and we get

dist(c, )7 < (1+0(e)) dist(c, f)* + O(1/27) (+1/ (4 /(nX)) )"

p el
=(1 dist a — .
(1+0O(¢e))dist(c, f)1+ O <nX>
Using the definition of xz,(v), in addition to dist(c, S}) < dist(c, f*), dist(c, OPT) = dist(c, f),
and ) . xz(v) < nX, we obtain

Zcostz Z Z xz; (v) - dist(v, S;)?

=1 veW;

<3 xilo) (<1 +0@) - dist, 0PTI + 0 73 )

veV
< (1+ 0O(e)) costz(OPT) + O(eA).

For FAciLiTy LOCATIONY, applying an a-approximation algorithm to each instance Z; gives
respective solutions S; for which

b b
Z (costz )+ Z wf) < Za(costzi(Sf) + Z wf)
i=1 fes; fesy
a((1+0(5))costI(OPT 0N+ Y wf)
fEOPT

As A is the objective function value of a vy-approximation to OPT where -y is constant, this means
that by taking U?Zl S; as a solution to Z we obtain a (1 4+ O(e))a-approximation as required.

For k-CLUSTERINGY we need to do more work, since we do not know the number of facilities k;
to be opened in each instance Z;. First, for every k' € {0,...,k} we compute an a-approxima-
tion S;(k") to k’-CLUSTERING? on each instance Z;, i.e., S;(k') C F; and |S;(k')| = ¥/, and define
A;i (k") = costz, (Si(k')) to be its objective function value. Now let A<;(k) be of the minimum value
of Z] 1 A;j(K}) over all tuples ki, ..., kj for which 2321 K = k'. To compute A<;(k") in polynomial
time, we use the following simple recursion. For ¢ = 1 we clearly have A<i(k') = A1(K), and for
i > 1 we have A<;(k') = min{A<;_1(K' —k}) + A;(k!) | 0 < k! < k'}. Note that it takes O(bk?) time
to compute all values A<;(k'). Finally, for the input instance Z we output the union Ui'):l Si (kL)
of solutions that obtain the value A<(k). By definition of A<(k) this is a feasibly solution with
k facilities, and we have A<(k) < Z?:l A;(k;) for the values k; = |S7|. Thus

b b
Zcostz = A<p(k) < Zcostzi(Si(k‘i)) < Zacostzi(Sl)
i=1 i=1
a((1 4 O(e)) costz(OPT) + O(sA)).

Hence the output U?Zl Si(kf) is a (1 + O(e))a-approximation, since A is a constant approximation
of OPT. 0
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Lemma 17 implies that if there is a PTAS for coarse instances, we also have a PTAS in general.
Hence from now on we assume that the given instance 7 is coarse w.r.t. a hierarchical decomposition
D of some subset W of the vertices of the input graph G, where D has bounded scaling probability
factor and concise and precise interface sets in G according to Lemma 5 (for some value p > 0
specified later)

The next step of the algorithm is to compute a new instance Zp with small distortion as given
by Lemma 11. Recall that Zp is obtained from Z by moving badly cut clients to facilities of L.
In particular, the instance Zp is also coarse w.r.t. D, which means that we may run our dynamic
program on Zp.

The dynamic program exploits the interface sets of D by computing a near-optimum “interface-
respecting” solution to Zp, i.e., a solution where clients are connected to facilities through interface
points. Moreover, for the dynamic program to run in polynomial time it can only estimate the
distances between interface points and facilities to a certain precision. In general, we denote by
(z); = min{(69 + §)p2¢ | § € N and pd2! > x} the value of z rounded to the next multiple of p2°
and shifted by 69p2°. We then define the rounded interface-respecting distance dist’(v,u) from a
vertex v to another vertex u as follows. If v = u then dist’'(v,u) = 0. Otherwise, let i > 1 be the
level of D such that there is a part B € B; with v,u € B, and D cuts v and u at level ¢ — 1. We let

dist’(v, u) = min { dist(v, p) + (dist(p,w)); | p € Ip}.

Note that dist’(-,-) does not necessarily fulfill the triangle inequality, and is also not symmetric.
We therefore need the bounds of the following lemma.

Lemma 19. For any level i > 1 and vertices v and u that are cut by D on level t — 1 we have
dist’(v,u) < dist(v,u) + 138 - p2'. Let B € B; be the part on some level j > i with v,u € B. For
any p € Ip we have dist' (v, u) < dist(v,u) + (dist(p, u));.

Proof. Let B' € B; be the part on level 7 containing both v and u. By Lemma 5 there is an interface
point p’ € I such that dist(v, p’) + dist(p’, u) < dist(v,u) + 68 - p2¢. By definition of the rounding
we also have (dist(p/,u)); < dist(p/,u) + 70 - p2°. Hence dist/(v,u) < dist(v,p’) + (dist(p/,u)); <
dist(v, p) + dist(p’, u) + 70 - p2° < dist(v, u) + 138 - p2°.

The second part is obvious if j = i from the definition of dist’(v,u). If j > i+1, we use the above
bound on dist’ (v, u) together with the additive shift of the rounding and the triangle inequality of
dist(+,-) to obtain

dist/ (v, u) < dist(v,u) + 138 - p2¢ < dist(v, p) + dist(p, u) + 138 - p27~!
< dist(v,p) + (dist(p,u)); — 69 - p27 + 138 - p27~1 = dist(v, p) + (dist(p,u));. O

For any non-empty set S of facilities, we define dist’(v, S) = min e g{dist'(v, S)}, and for empty
sets we let dist’(v,)) = co. Analogous to costz,(S), for a solution S to some instance Zy we also
define cost? (S) using dist/(-, -) as

costlr, (S) = > xzp(v) - dist/ (v, S)7.
veV

We show the following lemma, which translates between cost’ID and costz, and is implied by the
preciseness of the interface sets and the fact that Zp has small distortion. Recall that this means that
vz, < ecostz(L), and there exists a witness solution S C F that contains the badly cut facilities Bp
and for which costz,, (S) < (1+0(e)) costz(OPT)40(e) costz(L). Moreover, in the case of FACILITY
LocaTioN?, S = OPT U Bp and > renp W <€) pepws- Recall also that the set of facilities is
the same in 7 and Zp, i.e., a solution to one of these instances is also a solution to the other.
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Lemma 20. Let Z be an instance of k-CLUSTERINGY or FACILITY LOCATIONY with optimum
solution OPT and approximate solution L. Let Ip be an instance of small distortion for some
0 < e < 1/2, computed from L and a hierarchical decomposition D with precise interface sets

for p < % according to Lemma 5. For the witness solution S of Ip we have cost’ID(S') <

(14 O(e)) costz(OPT) 4+ O(e) costz(L). Moreover, for any solution S we have costz(S) < (1 +
O(g)) costz_ (S) + O(e) costz(L).

Proof. To show the first inequality, we consider the rounded connection costs of clients to their
closest facility in S via some interface point. That is, let ¢ be a client of Zp and let f € S be its
closest facility (according to dist(-,-)). If ¢ # f, there is a level ¢ > 1 for which D cuts ¢ and f at
level i — 1. By Lemma 19 we have dist’(c, f) < dist(c, f) + 138 - p2¢. Also, by Lemma 11 we know
that i — 1 < logy(3Ls/e + 40PT:) + 7(e,q,0), where Lz and OPT; are the respective minimum

distances from the original position ¢ of ¢ to L and OPT in Z. Hence using the definitions of
gdt4+1/q

7(e,q,0) = logy(c(q+1)7/e9!) and p < Tioto(grne We et

dist/(c, f) < dist(c, f) + 138 - p2’
< dist(c, f) + 138 - 21082 (3Le/e+40PTE)+7(2,0,0)+1
< dist(c, f) + 138 - 4(L; + OPTg) - 274+ /¢
< dist(c, f) + (Lz + OPT;) - 1104 - po(q + 1)q/6q+2
< dist(c, f) + £*TV/9(Le + OPTy),

If ¢ = f we have dist/(c, f) = 0 = dist(c, f), and so the above inequality holds trivially.
To bound dist’(¢, f)?, we use the bound of Proposition 18, which can be stated as (z + y)? <
(1+0(e))z? 4+ O(1/e?)y? if ¢ > 1. Applying this twice to the bound on dist/(c, f) above, we get

dist’(c, £)? < (14 O(e)) dist(c, f)? + O(e7)(Lz + OPT5)?
< (14 0(e))dist(c, f)? + O(e?7 (1 + €))L + O(e) OPTY
<

(1+ 0(e)) dist(c, £)? + O(e)(LL + OPTY).

To bound cost’I (S) using this inequality we define Ly = OPTj3 = 0 for any non-client v of Zp,
i.e., whenever xz,(v) = 0, so that applying the definition of xz,, we obtain

costr_ ( (S) = Z Xzp (v) - dist/ (v, §)1
veV
< Xz w) ((1 +0(e)) - dist(v, $) + O(e)(L + OPTY))
veV
= (1+ O(e)) costz, (S) + O(e)(costz (L) 4 costz(OPT)).

Since S is the witness solution of Zp, we know that costz,(S) < (1 + O(e))costz(OPT) +
O(e) costz(L) so that also cost’ID(S’) < (1+0(¢)) costz(OPT) + O(e) costz(L), as claimed.

For the second inequality of the lemma for any solution S, since Zp has small distortion we
have costz(S) — (1 + 2¢) costz,(S) < vz, < ecostz(L). This immediately implies costz(S) <
(1 + 2¢) cost_(S) + e costz(L), since dist(c, f) < dist'(c, f) by the triangle inequality of dist(-, -)
and the fact that (z); > x for any z. O]

The next lemma states the properties of the dynamic program that for any coarse instance Zy
computes an optimal rounded interface-respecting solution, which formally is a subset OPT’ of
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facilities that minimizes cost7 (OPT’) with [OPT’| < k for k-CLUSTERINGY, while for FACILITY
LOCATION? it minimizes costy (OPT') + 3~ ;copys wy. This step of the algorithm exploits the
conciseness of the interface sets and the coarseness of the instance to bound the runtime. We prove
the following lemma in Section 4.2.

Lemma 21. Let Zy be an instance of k-CLUSTERING? or FACILITY LOCATIONY that for some e > 0
is coarse w.r.t. a hierarchical decomposition D with concise interface sets for some 1/2 > p > 0
according to Lemma 5. An optimum rounded interface-respecting solution for Iy can be computed

in (nX/e)(h/p)o<1) time.
We are now ready to put together the above lemmas to prove Theorem 2.

Proof Theorem 2. Given an instance of k-CLUSTERING? or FACILITY LOCATIONY we first apply
Lemma 17 to reduce to a coarse instance. Lemma 17 also supplies a hierarchical decomposition D
with the properties given in Lemma 5. We use this together with a constant approximation L of
the coarse instance Z to compute a new instance Zp with small distortion via Lemma 11. On this
instance we apply Lemma 21 to compute an optimum rounded interface-respecting solution OPT’
in (nX/s)(h/p)O(l) time. Since the facility sets of Z and Zp are the same, we may output OPT’
for Z, which can then be converted into a solution of the original non-coarse input instance using
Lemma 17, while only losing a (14 O(e))-factor in the objective function. Hence it suffices to show
that OPT’ is a (1 4+ O(e))-approximation to Z and to bound the runtime of the algorithm.

From Lemma 20 we get costz(OPT’) < (1 + O(e)) costz (OPT’) 4 O(¢) costz(L) by setting

p < %. We know that cost7 (OPT’) < cost’ID(S') for k-CLUSTERING?, where S is the

witness solution of Zp. Putting these inequalities together we have costz(OPT') < cost7 (S) +
O(e) costz(OPT), since L is a constant approximation to the optimum solution OPT to Z. For
the same reason, Lemma 20 also implies that cost’ID(g) < (1 4 O(e)) costz(OPT), which gives
costz(OPT’) < (14 0(e)) costz(OPT), i.e., for k-CLUSTERING? the solution OPT" is a (1+O(¢))-
approximation to OPT.

For FACILITY LOCATION? we have costy (OPT')+ 3" ;copp wy < cost’ZD(S') +2_ e Wy, which
by the above bounds gives costz(OPT') + Y- ;eopr wy < (1 + O(e)) costz(OPT) + > regwy- In

case of FAcILITY LocATiON? we have the additional property that S is the union of OPT and
the badly cut clients Bp, which implies 3, swy < 3 rcoprWs + X fep, wy. Furthermore, we
have },cp wy <e-> ;. wy, and hence costz(OPT') + > reopt W < (1+0(g)) costz(OPT) +
> feopT Wi + € D e wp. Again using that L is a constant approximation of OPT we obtain
costz(OPT') + 3~ scopr wy < (14 O(¢))(costz(OPT) + 3 rcopr wy), i-e., also in this case OPT’
is a (1 + O(g))-approximation to OPT.

Next we bound the runtime. According to Lemma 20 we need to set p < cttitl/a

1104-0(g+1)9°
according the scaling probability factor we obtain from Lemma 5 is o < (hlog(1/p))¢ for some
constant c¢. Note that the bound on p depends on ¢ and vice versa, which means that we need
to be careful when determining a value for p respecting the bound from Lemma 20. In particular,

substituting the bound for ¢ in the bound for p and rearranging, it suffices to set p such that
plog€(1/p) < %. Observe that for any value z > 0 for which log®(1/z?%) < 1/x, setting

c c 2y, 1
p= W we have plog®(1/p) = = - % < z. Since there exists some constant ¢/
eqt4+1/q
1104-(g+1)7he
so that the inequality of Lemma 20 is fulfilled (note that e can be chosen independent of h and ¢).

Setting x this way also implies p = W > 22 > (hiq)g(‘n, and thus according to Lemma 21 the

while

such that log®(1/22) < 1/x for any x € (0,c/], for sufficiently small &€ we can set z =
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runtime of the dynamic program becomes
(h/p)°M) ~ (hq/e)O@
(nX/e) < (nX)

All other steps of the algorithm run in polynomial time, and so the claimed runtime follows. ]

4.2 The dynamic program (proof of Lemma 21)

We describe the algorithm for k-CLUSTERING?, and only mention in the end how to modify the
algorithm to compute a solution for FACILITY LOCATION?. We develop a dynamic program, which
follows more or less standard techniques as for instance given in [5, 24], but needs to handle the
weaker preciseness property of the interface.

The solution is computed by a dynamic program recursing on the decomposition D. Let W
be the vertex set that D decomposes, and which contains all clients and facilities of the coarse
instance Z. Roughly speaking, the table of the dynamic program will have an entry for every part
B € B; of D on all levels i > £(W), for which it will estimate the distance from each interface point
on all higher levels j > i 4+ 1 to the closest facility of the optimum solution. That is, if B € B;j is
a higher-level part for which B C B, then the distances from all interface points I 5 to facilities of
the solution in B will be estimated for B.

Here the estimation happens in two ways. First off, the distances to facilities outside of B have
to be guessed. That is, there is an external distance function dj that assigns a distance to each

interface point of I3, anticipating the distance from such a point to the closest facility of B, if this
facility lies outside of B. In order to verify whether the guess was correct, each entry for a part B on
level 4 also provides an internal distance function d;, which stores the distance from each interface
point of Iz on level j > i+ 1 to the closest facility, if the facility is guessed to lie inside of B.

The other way in which distances are estimated concerns the preciseness with which they are
stored. The distance functions d;-“ and d; will only take rounded values (z); where 0 < z < 2916
or oo if no facility at the appropriate distance exists. In particular, if the facility of the solution
in B that is closest to p € T 5 lies outside of B then dj_ (p) = oo, and if it lies inside of B then
dj' (p) = oo. If there is no facility of the solution in B then both distance functions dj and d;
are set to oo for all p € I;. Note that this means that at least one of d;r(p) and d; (p) is always
set to co. Note also that the finite values in the domains of the distance functions admit to store
the rounded distance to any facility in B on level j, since the diameter of B is at most 2/1° by
Lemma 13, and the distance from any p € I3 to B is at most (1 + 2p) diam(B) by Lemma 16, i.e.,
for any f € BN F we have dist(p, f) < (1 + 2p)2/+5 < 276 using p < 1/2.

Formal definition of the table. Let us denote by Ifé the interface set of the part B € B;
on level j > ¢+ 1 containing B € B;, i.e., Iig = I. Every entry of the dynamic programming
table T' is defined by a part B € B; of D on a level i € {{(W),...,A(W)}, and two distance
functions df,d; : I, = {(z); | 0 < @ < 2776} U {oo} for each j € {i + 1,...,A(W)}, such
that max{d;r(p),d; (p)} = oo for all p € I}. Additionally, each entry comes with an integer
k' € {0,...,k}, which is a guess on the number of facilities that the optimum solution contains in B.

In an entry T'[B, K/, (d;r, dj_);\gx_)l] we store the rounded interface-respecting cost of connecting
the clients of B to facilities that adhere to the distance functions. More concretely, let S C FN B
be any subset of facilities in B. We say that S is compatible with an entry T[B, k’, (dj, d;)?i‘jﬁr)l] if
|S| = K/, and for any j > i + 1 the values of the distance functions for every interface point p € I é
are set to either
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o d; (p) = (dist(p,
° d;r(p) < (dist(p,

)); and df (p) = oc, or

S
S)); and d; (p) = oc.

Recall that dist(v, }) = co, and so the empty set S = () is compatible with an entry T'[B, k/, (d;r, d;); (‘?21]
if ¥’ = 0, and the values of all internal distance functions are set to co. An entry T'[B, k', (dj, d; );\(:‘Zr)l]

for B € B; should store the minimum value Cg(S) over all sets S C F' N B compatible with the
entry, where Cp(.5) is defined as

- ZXIo( mm{dlst (v,9), min { dist(v,p) + d (p )}}

B J>i+1
ve pEIj

If there is no compatible set S C F'N B for the entry, then T[B, £/, (dj, d;)jgg_)l]

On the highest level i = A\(WW), there are no distance functions to adhere to on levels j > i+ 1,
and thus any set S C W of facilities is compatible with the entry for B = W and k¥ = |S]|.
Furthermore, cost7, (5) is equal to Cyy(.S), since W contains all clients and facilities of the coarse
instance Zy. In particular, the entry of T for which &’ = k and B = W, will contain the objective
function value of the optimum rounded interface-respecting solution to Zy. Hence if we can compute

the table T" we can also output the optimum rounded interface-respecting solution via this entry.

= OQ.

Computing the table. We begin with a part B € B¢y on the lowest considered level {(W),
for which we know that B contains at most one facility, as Zy is coarse. If B contains no facility,
then only S = () can be compatible with the entry T'[B, k', (d;r, d;);‘g?l] and computing the value
of the entry is straightforward given the definition of CB(S) where all incompatible entries are set
to oco. If B contains one facility f, then any compatible set .S is either empty or only contains f. We
can thus check whether either of the two options is compatible with the entry T'[B, &/, (dJr d_);‘(lfi)l]
by checking if k' is set to 0 or 1, respectively, and checking that all values of the internal distance
function are set correctly. Thereafter we can again use the definition of C'g(.S) to compute the val-
ues for both possible sets S and store them in the respective compatible entries. All incompatible
entries are set to oo.

Now fix a part B € B; that lies on a level i > {(W). We show how to compute all entries

T[B, K, (dj,d] );\(:‘;[21] for all values k' and distance functions recursively. By induction we have
already computed the correct values of all entries of T for parts B’ € B;_1; where B’ C B. We order
these parts arbitrarily, so that By, ..., B; are the parts of B;_; contained in B. We then define an
auxiliary table T that is similar to the table T, but should compute the best compatible facility set in

the union B, = Ufz:l Bj, of the first £ subparts of B. Accordingly, T has an entry for each union of

parts BL,, each k' € {0,...,k}, and distance functions d;, d; : I = {(2); 10 <z < 2776} U {00}
for each j € {i,...,\(W)}, such that max{d;r(p),dj_(p)} = oo for all p € Ifé. Here, natur-
ally, T é = Ip, i.e., the entry also takes the interface set of B into account.

Analogous to before aset S C FnBL <y of facilities in the union is compatible with an entry

T[B/gb K, (dj, d;); (W)] if |S| = K/, and for any j > i the values of the distance functions for every

interface point p € I 7. are set to either
d; (p) = <dlst(p, S));j and d; (p) = oo, or
od+()§ t(p, 5)); and d; (p) = oc.

(dis
The entry T[B ok, (dj, d; )’\(W)] should store the minimum value of C'<y(S) over all compatible
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sets S C F'N B, where C<(S) is defined as

Cer(S) = Z X7, (v) - min { dist’ (v, S), IJHZI? { dist(v,p) + dj(p)}}

veEB’ J
<e pEly

If there is no compatible set S C F' N BL, for the entry, then T[B’Sg, K, (dj, d]_))‘(W)] = 00.

To compute T using the auxiliary table T, note that since B = B.,, any set S C FN B is

compatible with the entry T'[B, K/, (dj, d; )j‘(:‘jjr)l] if and only if it is compatible with a correspond-

ing entry T[B/gw K, (d;', d; )’\(W)] for some internal distance function d; on level i. Furthermore, if
d (p) = oo for all p € I, then Cp(S) = C<p(S) for such a set S. Therefore we can easily compute

the entry T[B, ¥, (dF,d; ))‘EW) ] from 7' by setting

j 7 g=itl
(W . A —
TIB, K, (df dy 300 = min {T(BLy, K, (7, d; ;5] | ¥p € T - d (p) = oo}

7

Computing the auxiliary table. Also computing an entry of T for B’ is easy using the
entries of T' for By, since B} = B, and so (taking the index shift of i into account) we have

TIBLy, K, (4, d; )" = T[BL K, (dF,d; ).

J 7y /3= Jjo =i

To compute entries of 7' for some B, where { > 2, we combine entries of table T for B; with

entries of table 1" for B’, ;. However we will only combine entries with distance functions that

imply compatible solutions. More concretely, we say that distance functions (d, d; ))‘(W)

3%
(5;,6] ))‘(W) for By, and (B;F,B_))‘( ) for Bléﬂ—l are consistent if for every level j > i and p € Iia

we have one of
L. 4} (p) = &f (¢) = 7 (p) and d () = &5 (p) = 5 (p) = o0, or
2. d; (p) = 0} (») = 5 (p) and d (p) = 8 (p) = 6 (p) = oo, or
3. d7(p) = 67 (p) = A7 (p) and & (») = & (p) = 57 (1) =
The algorithm now considers all sets of consistent distance functions to compute an entry

T[B’g, K, (d;r, dj_))‘( )] for £ > 2 by setting it to

/
for B,

min {T[Bé,k:// (5+ 57) £ )] +T[B<e 17k/ K, (5+ 57) (W)] ‘

J7g j=i
"€ {0,...,K'} and (d g ,dj );\gv), ((5J+,5] );\(ZV),( j ,ﬂj_)j-(:‘;v) are consistent}

We now prove the correctness using two lemmas. The following lemma implies that if we only
consider consistent distance functions to compute entries recursively, then the entries will store
values for compatible solutions.

Lemma 22. Let (d+ d; ))‘(W for B, (5;,51 ) for Be, and( By ) for BL,_ be consist-

ent distance functwns cmd let S1 = B,NF and Sg <€ NFE be faczlzty sets If S1 is compatible
with entry T[By, |S1], (6} 50, ))‘(W)] and So is compatible with entry T[B’<é 15 192], (ﬁJL,ﬁ_)A(W)])

j=i
then the union S = S1U Sy is compatible with entry T[B’<€, |S|, (dF )] (W)]. Moreover, C<(S) =
CBZJ (Sl) + CS[_l(SQ).
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Proof. To prove compatibility of S with the entry T[B’Q, S|, (dF e ;))‘(W)], it suffices to show that
the distance functions are set correctly. Fix a level j > ¢ and an interface point p € I fg. There are
three cases to consider, according to the definition of consistency of the distance functions. In the
first case, all three internal distance functions are set to oo, and all external distance functions are
set to the same value. In particular, since S and So are compatible with their respective entries,
we have dj(p) = 5;7(])) = B;r(p) < min{(dist(p, S1));, (dist(p, S2));} = (dist(p, S));, as S = S1USs.
In the second case, 3, (p) = (5J7L(p) = oo and so B;F(p) < (dist(p, S2));, since Sy is compatible
with its entry, and 0, (p) = (dist(p, S1));, since Sy is compatible with its entry. Since we also
have 6?(]9) = 46, (p) we get (dist(p, S1)); < (dist(p, S2));, and hence (dist(p, 5)); = (dist(p, S1));-
Consistency furthermore implies d; (p) = d; (p) = (dist(p, S)); and dj (p) = oo. The third case is
analogous to the second, and therefore S is compatible with its entry.

For the second part, we consider the contributions of vertices to the terms C<,(S5), Cp,(51),
and C<y_1(Sy), and show that they are the same for C'<;(S) and for Cp,(S1) + C<i_1(Sy). For this
we first fix a vertex v € B<£ 1, and in the following distinguish the cases where its contribution to
Cer_1(S2) and C<y(S) is due to a facility or an interface point.

The first case is that dist’(v, S) < minjzi,pelfg {dist(v, p) + ﬁ;»r(p)}, i.e., the contribution of v

to C’g,l(Sg) is given by a facility of S5. Note that the consistency of the distance functions al-
ways implies that B+( ) = d*( ) or dj (p) = oo for any level j > i and interface point p € I,
and so min perd {dist(v,p) + B+( )P < min, pet {dist(v,p) + d+( )}. At the same time
dist’ (v, S) < < dlst (U Sy) as S € S. We hence get that dist’(v, 9) < min, perd {dist (v, p)+d+( )}
i.e., the contribution of v to C’g(S ) is also given by a facility of S in thls case. Thus to show that the

contribution of v to Cy_1(Ss) and Cy(S) is the same, we need to show that dist’ (v, ) = dist/ (v, Sa).
Note that this is implied if dist’(v, S) > min, {dist(v, p) +ﬁ;r (p)}, since we have dist’(v, S) <
2, B

dist’ (v, S3) < minj.zm pet {dist(v,p) + Bf (p)}. Thus the following proves the claim, using that the
contribution of v to Cy(S) is given by a facility of S.

Claim 23. Forv € BL,_,, ifdist'(v, S) < min, pet] {dist(v, p)—i—d;r(p)} then we have dist’ (v, S) =
dist’(v, S2) or dist’(v,S) > min, petd {dist(v,p) + 6+( )}

Proof. Given dist'(v, S) < minj peri, {dist(v,p) + d;“ (p)}, assume to the contrary that we have

dist’(v, S) < min; e p {dist(v, p) + B+( )} and dist’(v, S) # dist’(v, S2), which, as S = S; U S,
means dist’ (v, S) < dlst (v,S2). The latter inequality implies that the value of dist’(v,S) is ob-
tained for some facility f € S1 C Bj. In particular, v € BL, , and f € Bj are cut at level i — 1,
and so there is an interface point p € I such that dist'(v, S) = dist(v,p) + (dist(p, f))i, and f
is the closest facility to p in S, i.e, (dist(p,S)); = (dist(p, f));. Using the former of the assumed
inequalities we get dist(v, p)+ (dist(p, f)); = dist’(v, S) < dist(v,p)+B;" (p), and so we can conclude
that (dist(p, f))i < B;" (p).

Using the inequality of the premise of the claim, we also get dist(v, p)+(dist(p, f)); = dist’ (
dist(v, p)+d (p), i.e. (dist(p, f)); < d; (p). Since S is compatible with entry T[B’q, |S|, (dF Fds);
we have d; (p) = oo or d (p) < (dist(p, S));. In the latter case we would have d; (p) < (dist(p, S)>
(dist(p, f))i < B;" (p), which however cannot happen if the distance functions are consistent. Thus
compatibility of S implies dj (p) = oo and d; (p) = (dist(p, f));- In particular, we can conclude
that d; (p) has a finite value (as f exists) and 8;" (p) differs from d; (p). This can only mean that
the third of the consistency properties applies to p at level 4, and so 5; (p) = d; (p) = (dist(p, f));-

CQ

) <

W)]

||/><
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In particular, also §; (p) has a finite value, and using the compatibility of S» with entry

T[B'<Z 1 152, (ﬁf,ﬁ );\(‘;V)], we can conclude that there exists a facility f* € S C B, ; with

(dist(p, f')); = B; (p) = (dist(p, f));- Now let j < i be the level for whichv € B, | and f' € BL, ;
are cut at level j—1 by D. Lemma 19 implies dist’ (v, ') < dist(v, p)+(dist(p, f'));, but then we have

dist (v, So) < dist’ (v, f/) < dist(v, p) + {(dist(p, f)); = dist(v, p) + (dist(p, f)); = dist’ (v, ),
which is a contradiction to dist’(v, S) < dist/(v, S2). g

The next case we consider is that min . peld, {dist (v, p)—i—dJF( )} < dist/(v, ), i.e., the contribu-
tion of v to Cy(S) is given by an interface point. As observed before, we have min, ;o 1, {dist(v,p)+
ﬁ; (p)} < miani’peIé {dlst(v,p)+d+( )} and dist/(v, S) < dist/(v, S), which 1mphes min peld {dist(v,p)+
ﬁ;L (p)} < dist’(v, Sa), i.e. in this case the contribution of v to Cy_;(Ss) is also given by an mterface
i, et {dist(v, p) +B;-r (p)}, and thus the following
claim shows that the contribution of v to Cy(S) and Cy_1(S2) is the same.

Claim 24. Forv € B.,_,, if dist'(v, S) > minjzz.’pgg{dist(v,p) + 55 (p)} then we have

minjzi, pelg{diSt(Uap) + /B;F (p)} = minjzi, pejg{diSt(va) + d;r (p)}

point. Note that it also implies dist’(v, S) > min

Proof. Given dist’(v,S) > min,; perd {dist(v,p)+ﬁ+( )}, assume to the contrary that min, perd {dist(v,p)+
B;-r (p)} # min, o el {dist(v, p) +dj (p)}. As observed before, the consistency of the dlstance func-
tions always implies B;-L (p) = d;L (p) or dj( ) = 00, and thus we must have min_, o o {dist(v,p) +

B;-r (p)} < miani’peI]jB {dist(v,p) + d;-“ (p)}. Let j >iand p € Ifg be the level and mterface point for

which the minimum of the former term of this inequality is obtained. The inequality then implies
ﬁ;-L (p) < dj (p) for this particular point p and level j, which can only be the case if B;.L (p) < o0
and d;r (p) = oo. The values of ﬁ;r(p) and d;r (p) can only differ if the second of the consistency
properties applies to p at level j, and so B;-“ (p) = d; (p). Since Bj-' (p) < 00, the compatibility of S
with entry T[BL,, |5, (dF, d; )], implies 87 (p) = d; (p) = (dist(p, ));.

Now let f € S C BL, be the facility for which dist’(v, S) = dist’(v, f) (which exists as d; (p) <
00). Let j' <'i be the level for which v € BL, ;| and f € B, are cut at level j/' —1 by D. By

Lemma 19 we have dist’(v, f) < dist(v, p)+(dist(p, f));, since j* < j and the part B € B; containing
v and f is itself contained in some part B € B; with v, f € B and p € I5. But then,

dist’ (v, S) < dist(v, p) + (dist(p, f)); = dist(v,p) + (dist(p, 5)); = dist(v,p) + B;r(p).

However the last term is equal to min ., 1, {dist(v,p) + 5+( )}, which gives a contradiction to

our premise dist’(v, S) > min, per, {dlSt(U p) + 5+( )} -

So far we considered the case when the contribution of v to éz_l(Sg) is given by a facility, or
when the contribution of v to C’g(S ) is given by an interface point. Thus the last case we consider
is when the contribution of v to Cy_ 1(52) is given by an interface point, and the contribution of v
to Cy(S) is given by a facility, i.e., min pers {dist(v,p) + B+( )} < dist’(v, S2) and dist/ (v, S) <

min_ . peI]B{dlst(v,p)—i—de( p)}. We need to ShOW that dist’(v, S) = min ., perd {dist(v,pH—B;L (p)}.
First assume dist’(v,S) > min, 1, {dist(v,p) + ﬁ+( )}. Due to Claim 24 this would imply
dist (v, S) > min,,; 1, {dlst(v p) + d+( )}, which however contradicts our assumption to the
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contrary, i.e., that the contribution of v to C’g(S ) is given by a facility. Hence we must instead have
dist’ (v, S) < min perd {dist(v,p) + BJ-F( )}

According to Clalm 23, our assumption that dist’(v,S) < min,,; 1, {dist(v,p) + d+( )} im-
plies dist’(v, S) = dist’(v, Sa) or dist’(v,S) > min perd {dist(v, p) —|— 6+( )}. In the former case,

together with our assumption that the contrlbutlon Of v to Cg_l(Sg) is given by an interface point,
we would get dist’(v,S) > min pet, {dist(v,p) + [5’;(]))}, for which we saw above that this
leads to a contradiction via Claim 24. Hence we are left with the other implication of Claim 23,
i.e., dist'(v,S) > mm perd, {dist(v,p) + B+( )}. This together with our conclusion from above,
i.e., dist'(v,S) < min perd {dist(v,p) + 6+( )}, means that the contribution of v to Cy(S) and
Cy_1(S>) is the same.

By analogous arguments, the contribution of any v € Bé to 032(51) is the same as its con-
tribution to C<((S). Since B} and B, , partition the set BZ,, this means that Cei(S) =
Cp;(S1) + C<e-1(S52), as required. O

The next lemma implies that the compatible facility set minimizing C’gg(S ) is considered as a
solution when recursing over consistent distance functions.

Lemma 25. Let S = BL,NF be a facility set of BL, that is compatible with entry T[B’q, S|, (df 2 J_);\(‘;V)],
and let S = S N BZ and Sy = SN BL, ;. Then there exist distance functions (5;', o5 ))‘(W for By,

and (Bj,,@’_) for B “¢_1 such that

(d+ d; );‘(‘;V), (5;',(5j )j\(l;V)’ and (ﬁj,,@’_);\(‘?}) are consistent, and
W)

e the set Sy is compatible with entry T[By,|S1], (6 05 )i
—\A(W
TIBL 1,18, (5,55 ),

j =1

| and Sy is compatible with entry

Proof. Consider any interface point p € 1?3 on some level j > 4. Since S is compatible with
entry T[BL,. |5, (df,d7)2"], we either have df (p) = oo and d; (p) = (dist(p, 5));, or df (p) <
(dist(p, 5)); and d; (p) = oo. Note that S = S1US> means (dist(p, 5)); = min{(dist(p, S1));, (dist(p, S2));}.
Hence if dj(p) < (dist(p, S)); we may set B;-r(p) = 5;(1)) = dj(p) and B; (p) = d; (p) = oo, and
obtain the first case of the consistency properties. Observe that this also implies the compatibility
property of S; and Sy for p.

Now assume that d;r(p) = oo and (dist(p, 51)); < (dist(p, S2));. Then we may set 0, (p) =
ﬁ;f (p) = d; (p) and 5; (p) = B; (p) = oo. Since d; (p) = (dist(p, 5)); = (dist(p, 51));, this gives the
second case of the consistency properties. Again, this also implies the compatibility property of Sy
and Sy for p.

The remaining case when d;r(p) = oo and (dist(p, S1)); > (dist(p, S2)); is analogous. Here
we may set 5j(p) = B; (p) = d; (p) and 6, (p) = ﬂj(p) = o00. Because d; (p) = (dist(p, 5)); =
(dist(p, S2));, this gives the third case of the consistency properties, and also implies the compat-
ibility property of S; and S for p, which concludes the proof. O

To argue that the algorithm sets the value of T[B’q, K, (d;r, d;) (W)] correctly via (1), consider
aset S C B/<Z that is compatible with this entry and minimizes C<g( ). By induction, Lemma 25
implies T[B}, |S1], (57, 87)})] < Cpy(S1) and TBL, 1. 1], (87, 67)})] < C<om1(S2), where

i Y%
S =S8NnBjand S = SN B,, ;. From (1) we therefore obtain [B’<£,]S] (dt T.d; )’\(W)] <
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Cpy (S1)+ C’<g 1(S2). By Lemma 22 only compatible sets are stored in an entry by induction, and
so the definition of S implies T[B’q, |S|, (dF dy )i AW )] = C<4(S), as required.

Bounding the runtime. To bound the size of the tables T and T, note that since there are
AW) —€(W)+1 < 2logy(nX/e)+ 2 considered levels i, and each level B; of D is a partition of W
where |W| < n, there are at most O(nlog(nX/e)) parts B considered by T in total. The other
table 7' considers the same number of parts, since a set B, can be uniquely mapped to the part By.
The number of possible values for k' is k+1 = O(n). The domain {(z); | 0 < z <276} U{cc} of a
distance function for level j has at most [2716/(p27)]41 = O(1/p) values, since (x); rounds a value
to a multiple of p27. The conciseness of the interface sets means that |I£| < (h/p)°WM according to
Lemma 5. Hence there are at most O(l/p)(h/p)o(1> = 2(h/p)°M possible distance functions. Since
each entry of the table stores two distance functions for each of at most 2logy(nX/e) + 2 levels,
the total number of entries of T and T' is at most

O(n log(nX/g)) .n- (Q(h/P)O(l))O(log(nX/s)) _ (nX/€)(h/p)O(l)'

Computing an entry of a table is dominated by (1). Going through all values ¥ < n and all
possible consistent distance functions to compute (1), takes n - 2(h/p) time, as there are 2("/ PO
possible distance functions. Hence the total runtime is (nX/e)"/ P broving Lemma 21.

The Facility Location? problem. To compute an optimum rounded interface-respecting

solution to FACILITY LOCATION?, the tables T and T can ignore the number of open facilities &/,
i.e., they have respective entries T[B (d;r, d;)](‘j:_)l] and T[B’g, (dj,d] ))‘(W)] Accordingly, com-
patibility of facility sets with entries is defined as before, but ignoring the sizes of the sets. The
value stored in each entry now also takes the opening costs of facilities into account. That is, for

any set of facilities S C F'N B in a part B we define
S) = -min { dist’(v, S mln dist(v +d+ wr,
)= > xmy(v) - min { dist(v, 5), wmin {dist(v.p) +df ()} | + D wy

veB peI] fes
and an entry T[B (d;r,d;)j‘gi)l] stores the minimum value of Cp(S) over all sets S compatible

with the entry, or oo if no such set exists. For S C F'N B, in a union of subparts B'< ¢, we define

Ci(S) = Z X1, (V) mln{dlst (v,5) mln { dist(v,p) + d+ } wa,

vGB’S(Z pelj fes

and an entry T [BZ,, (d;r, d;) jg;l/)] stores the minimum value of C<y(S) over all sets S compatible
with the entry, or oo if no such set exists.
The entries of the tables can be computed in the same manner as before, but ignoring the set
sizes. In particular, the most involved recursion becomes
A W . — AW
TBLy, (], d; ;%) = min {T(By, (67,57} + T1BL, (8587, |

(d;r,d;)](l ), (5;, ; );‘(‘;V ,(6+ 5*)J VZV) are consistent }.

Note that if S1 = BéﬂF and Sy = B/ge—lmF then these two sets are disjoint, and so Zfes wy =
> res, Witdojes, wy for the union S = S1US5. Hence when proving Ce(S) = CBE(Sl)—FCA'Sg_l(Sg)
for Lemma 22, we can ignore the facility opening costs, and the proof remains the same as before.
All other arguments carry over, and thus an optimum rounded interface-respecting solution for an
instance of FACILITY LOCATION? can also be computed in (nX/E)(’“‘/”)O(1> time.
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5 Hardness for graphs of highway dimension 1

For both k-CLUSTERING? and FACILITY LOCATIONY? we present the same reduction from the NP-
hard satisfiability problem (SAT), in which a boolean formula ¢ in conjunctive normal form is
given, and a satisfying assignment of its variables needs to be found.

For a given SAT formula ¢ with k variables and ¢ clauses we construct a graph G, as follows.
For each variable z we introduce a path P, = (ty,u,, f;) with two edges of length 1 each. The
two endpoints ¢, and f, are facilities of F' and the additional vertex u, is a client, i.e., x(uy) = 1.
For each clause C;, where i € [¢], we introduce a vertex v; and add the edge v;t, for each variable
x such that C; contains x as a positive literal, and we add the edge v; f, for each x for which C;
contains = as a negative literal. Every edge incident to v; has length (11¢)? for the constant ¢ > 4
due to Definition 1, and v; is also a client, i.e., x(v;) = 1. In case of FACILITY LOCATIONY?, every
facility f € F has cost wy = 1, i.e., we construct an instance of the uniform version of the problem.

Lemma 26. The constructed graph G, has highway dimension 1.

Proof. Fix a scale r > 0 and let i = [logy;.(r/5) + 1]. Note that 5, (cr) cannot contain any edge
incident to a vertex v; for j > i+ 1, since the length of every such edge is (11¢)? > 1ler/5 > 2cr
and the diameter of 3, (cr) is at most 2¢r. Thus if §,(cr) contains a vertex v; for j > i + 1, then
Bw(cr) contains only vj;, and there is nothing to prove. Note also that any path in £, (cr) that
does not use v; has length at most 2 4 Z;;ﬁ(Q(llc)j +2), since any such path can contain at most
two edges incident to a vertex v; and the paths P, of length 2 are connected only through edges
incident to vertices v;. The length of such a path is thus strictly shorter than

(11c)’ . -
242 ———1 21 <5(1le) " <
* <1lc—1 T2 <5l <,

where the first inequality holds since ¢ > 1 and ¢ > 4. Hence the only paths that need to be hit
by hubs on scale r are those passing through v;, which can clearly be done using only one hub,
namely v;. O

To finish the reduction for k-CLUSTERINGY, we claim that there is a satisfying assignment for
¢ if and only if there is a solution for G, with cost at most k + Ele(llc)iq. If there is a satisfying
assignment for ¢ we open each facility ¢, for variables = that are set to true, and we open each facility
fz for variables x that are set to false. This opens exactly k facilities and the cost of the solution is
k+Zf:1(1lc)iq, since each of the k vertices u, is assigned to either ¢, or f; at distance 1, and vertex
v; is assigned to a vertex t, or f, at distance (11c)’ that corresponds to a literal of C; that is true.

Conversely, assume there is a solution to k-CLUSTERINGY of cost at most k—i—Zf:l(l 1c)™ in G.
Note that the minimum distance from any u, to a facility is 1, while the minimum distance from
any v; to a facility is (11¢)’. Thus any solution must have cost at least k -+ Zle(llc)i‘], so that the
assumed solution must open a facility at minimum distance for each client of G,. In particular, for
each variable x, at least one of the facilities £, and f, is opened by the solution. Moreover, as only
k facilities can be opened and there are k variables, exactly one of ¢, and f, is opened for each =x.
Thus the k-CLUSTERING? solution in G, can be interpreted as an assignment for ¢, where we set
a variable x to true if ¢, is opened, and we set it to false if f, is opened. Since also for each v; the
solution opens a facility at minimum distance, there must be a variable in C; that is set so that
its literal in C; is true, i.e., the assignment satisfies ¢. Thus due to the above lemma bounding the
highway dimension of G,, we obtain the Theorem 3 for k-CLUSTERINGY.

For FACILITY LOCATIONY we claim that there is a satisfying assignment for ¢ if and only if
there is a solution for G, of cost at most 2k + Zle(llc)iq. In fact the arguments are exactly the
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same as for k-CLUSTERINGY above: if there is a satisfying assignment then a solution for FACIL-
ITY LOCATION? of cost 2k + Zle(llc)iq exists, by opening the k facilities corresponding to the
assignment of cost 1 each. Conversely, any solution has cost at least k + Zle(llc)iq due to the
edge lengths, and at least k facilities need to be opened, one for each variable gadget. This gives a
minimum cost of 2k + Zle(llc)iq, and any such solution corresponds to a satisfying assignment
of . This proves Theorem 3 for uniform FACILITY LOCATIONY.
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A Highway dimension vs doubling dimension

We discuss here the relationship between low doubling and low highway dimension metrics. First
off, in a follow-up paper to [3], Abraham et al. [1] define a version of the highway dimension, which
implies that the graphs also have bounded doubling dimension. Hence for this definition, the al-
gorithm of Cohen-Addad et al. [12] is already a very efficient approximation scheme in metrics of
low highway dimension. Definition 1 on the other hand implies metrics of large doubling dimension
as noted by Abraham et al. [3]: a star has highway dimension 1 (by using the center vertex to
hit all paths), but its doubling dimension is unbounded. While it may be reasonable to assume
that road networks have low doubling dimension (which are the main concern in the works of
Abraham et al. [1, 2, 3]), there are metrics modeling transportation networks, for which it can be
argued that the doubling dimension is large, while the highway dimension should be small, and
thus rather adhere to Definition 1: in networks arising from public transportation, longer connec-
tions are serviced by larger and and sparser stations (such as train stations and airports). More
concretely, the so-called hub-and-spoke networks that can typically be seen in air traffic networks is
much closer to a star-like network and is unlikely to have small doubling dimension, while still hav-
ing small highway dimension. Thus in these examples it is reasonable to assume that the doubling
dimension is a lot larger than the highway dimension.

For further discussions on different definitions of the highway dimension we refer to the work
of Blum [9] and Section 9 of Feldmann et al. [17].

Low doubling and low highway dimension metrics still have some similarities, which are exploited
for the results of this and other papers. However, as pointed out in the introduction, a major dif-
ference is the non-existence of an analogue to portal-respecting paths in low highway dimension
metrics. We illustrate this by the example given in Fig. 2: the given graph contains a rooted tree
(thick black edges) of height ¢ (in the picture, £ = 3) for which each internal vertex at distance ¢
from the root (topmost vertex) is connected to A children via edges of length (11c)~% where ¢ > 4
is the constant from Definition 1. Additionally, each leaf of the tree is adjacent to the root via a
(thin black) edge of length (11c)’. The resulting graph has doubling dimension log,(A), while the
highway dimension is 1 (using a similar proof as for Lemma 26). The circles represent towns of the

Figure 2: An example of a low highway dimension graph without an analogue to portal-respecting paths.
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town decomposition, each colour being a different level of the decomposition. For each town T its
set X7 contains one hub (crosses) with the same colour (e.g., each green town contains a green hub
connecting its red child towns), except for the towns on the lowest level (light blue) where X = 0.

In this example any portal set according to Lemma 4 will not be of constant size, since the
doubling dimension is unbounded. Thus we want to exploit the towns and their hub sets instead.
But then no analogue to near-optimal portal-respecting paths exists: connecting a leaf to the root
through hubs of increasing levels results in the path through the tree (thick edges). This path has
length Zf;é(llc)g_i > (11¢)* + (11¢)*"!, while using the direct (thin) edge is shorter by a factor
of more than 1 + i Thus for sufficiently small e, to obtain a near-optimal connection we must
use the direct edge, i.e., the leaf and root need to be connected using the interface point (the dark
blue hub) of the town containing them.

B Proof of Lemma 9

The first inequality follows immediately from [17, Lemma 3.2]. For the second inequality, we note
that in [17] the towns of the town decomposition 7 are defined with respect to exponentially grow-
ing values r; = (c/4)" where ¢ > 4 is the constant of Definition 1. Here the index i € Ny is called a
level, but these levels behave quite differently from the levels of a hierarchical decomposition, which
is why we refrained from introducing levels of town decompositions in this paper. In particular,
the child towns of a town of level ¢ might not be from level i — 1, but can be from other levels as
well. By [17, Lemma 3.3] however, the level of a child town of any town of level ¢ is at most ¢ — 1.
If the level of a town T is i, then by [17, Lemma 3.2] we have diam(7") < r;. Now let ¢ be the
level for which diam(Ty) € (rj—1,7;] for a given town Ty. By the above properties, the level of a
g'M-generation descendant T}, of Tj is at most i — g, and so diam(7y) < 7;_4. Since diam(7p) > 71
this implies the required bound diam(7,) < diam(7p)/2971, if we set ¢ = 8. O
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