Bare quantum simultaneity versus classical interactivity
in communication complexity

Dmitry Gavinsky*

January 5, 2021

Abstract

A relational bipartite communication problem is presented that has an efficient quantum
simultaneous-messages protocol, but no efficient classical two-way protocol.

1 Introduction

The physical universe that we have the pleasure to experiment with may not be classical. For
instance, from the point of view of Popperian methodology [Pop34|, the statements the Lorentz
transformation adequately describes the kinematics of the Universe and the Bell inequalities
can be violated both are plausible, and together they imply that the Universe is non-local — in
particular, non-classical.!

Among various non-classical theories, quantum mechanics is, probably, the most adequate:
first of all, it is very accurate in predicting the probabilities of experimental outcomes (and
there are reasons to believe that this is the best we can hope for prophesy-wise); on the other
hand, quantum mechanics is compatible with our other plausible theories in the regimes that
have been tested experimentally (as well as in those ones that we can expect to be able to
test any time soon). It is interesting to identify and investigate those scenarios where the
predictions of quantum mechanics are most non-classical, as studying physical reality can be
entertaining and might be of philosophical significance.?

This problem makes sense, in particular, in the context of computational complexity theory:
e.g., we may ask whether computational devices that have at their disposal the flexibility
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! Despite its apparent formality, the above statement overlooks various hidden assumptions: e.g., that
of unpredictable input in the Bell-violating experiments. Such assumptions are likely unavoidable in any
mathematical treatment of the phenomenal reality. These problems, albeit of highest interest and importance,
are beyond our current scope.

2 The significance of understanding quantum mechanics seems to be at least two-fold. On the one hand, the
theory is among the frontiers of physical research, and analytical investigation of the possibility of a priori
physical knowledge has led to some of the deepest ontological and epistemological doctrines so far. On the
other hand, quantum mechanics is intimately related to the problem of causation, which might be not as
fundamental as the problem of a priori synthetic knowledge, but is nevertheless very important.



offered by quantum mechanics are qualitatively stronger than their classical counterparts.
Obviously, the question would sound most natural in the context of Turing machines, but
addressing that seems to be beyond our current understanding. Viewing this line of research
as an endeavour to understand the “quantum aspect” of physical reality, we would like to
minimise the number of assumptions made in the analysis, in particular, to avoid postulating
unproven classical hardness of computational problems.

One of the richest computational models that we already know how to analyse is the
setting of communication complexity, and in this work we will be investigating the superiority
of quantum over classical models in the context of two-player communication. Here is a brief
informal introduction of some concepts of communication complexity.

In the model of bipartite communication there are two players, Alice and Bob, who
receive one portion of input each: Alice gets x and Bob gets y. Their goal is to use the
allowed type of communication (as described next) in order to compute an answer that
would be correct with respect to the received pair (z, y).

The three main bipartite layouts are two-way (interactive) communication, one-way
communication and simultaneous message passing (SMP). In the first case the players
can exchange messages interactively before answering, in the second case only Alice can
send a message to Bob (who then answers), in the third case both Alice and Bob send
one message each to a third participant — the referee (who then answers).
Communication problems determine which answers are correct. The three main types
of problems are total functions, partial functions and relations: in the first case there is
exactly one correct answer for each possible pair of input values, and the set of those
pairs equals the direct product of possible inputs of Alice and possible inputs of Bob;
the second case is similar, but the set of possible inputs can be arbitrary; in the third
case multiple correct answers for the same pair of input values are allowed.

An efficient solution is a communication protocol where the players use at most poly-
logarithmic (in the input length) amount of communication and produce a right answer
with high confidence.

Communication models can be strengthened by shared randommness, which corresponds
to allowing the players to use mized strategies (this can be helpful only in the weakest
among the layouts — the SMP), or by shared entanglement, which allows the players to
share any (input-independent) quantum state and use it while running the protocol.?

Quantum communication complexity has been an active area of research over the last few
decades. Among numerous results in the field, many of which surprised us a lot when they
came out, the most relevant to this work are the following:

In 1998 a partial function was demonstrated [BCWO98| for which in zero-error regime
quantum protocols had exponential advantage over the classical ones (both one-way and
interactive).

In 1999 a partial function was demonstrated |[Raz99| that had an efficient quantum
two-way protocol, but no efficient classical two-way protocol.

In 2001 a total function was demonstrated [BCWAWO1] that had an efficient quantum
simultaneous-messages protocol without shared randomness, but no efficient classical
simultaneous-messages protocol without shared randomness.

In 2004 a relation was demonstrated [BYJKO04| that had an efficient quantum simultaneous-

3 Sometimes in this work we call a model bare to emphasise that it allows no shared resources.



messages protocol without shared randomness, but no efficient classical one-way protocol.

e In 2007 a partial function was demonstrated [GKK™08| that had an efficient quantum
one-way protocol, but no efficient classical one-way protocol.

e In 2008 a relation was demonstrated [Gav08| with an efficient quantum one-way protocol,
but no efficient classical two-way protocol.

e In 2010 a partial function was demonstrated [KR11| with an efficient quantum one-way
protocol, but no efficient classical two-way protocol.

e In 2016 a partial function was demonstrated [Gav20] with an efficient quantum simultaneous-
messages protocol with shared entanglement, but no efficient classical two-way protocol.

e In 2017 a partial function was demonstrated |Gav19| with an efficient quantum simultaneous-
messages protocol without shared randomness, but no efficient classical simultaneous-
messages protocol, even with shared randomness.

Looking for the regimes where the predictions of quantum mechanics are as far as possible
from those of classical mechanics, we can ask the following questions:

e What is the weakest quantum communication model that outperforms its classical
counterpart?

e What is the strongest classical communication model that is outperformed by the
quantum counterpart?

Both of these questions have been answered: the weakest quantum model, SMP, can outperform
the classical SMP [BCWdWO01], and the strongest classical model, two-way, can be outperformed
by the quantum two-way [Raz99|.

Can these two separations be “united”” In other words:

e Can quantum SMP (the quantum weakest) outperform classical two-way communication
(the classical strongest)?

Although some of the separations mentioned earlier come rather close to giving a positive
answer, no such example has been known before. In particular, the strongest classical model
known to be outperformed by quantum SMP is classical SMP with shared randomness [Gav19|,
and the weakest quantum model known to outperform classical two-way communication is
quantum SMP with shared entanglement [Gav20].*

This work demonstrates a relational problem that has a quantum simultaneous-messages
protocol (with no shared resources) of cost O(logn), and whose classical two-way complexity
is Q(n1/3). In other words, qualitative advantage over the strongest feasible model of classical
communication is inherent even in the weakest reasonable quantum model.

The communication problem will be called Gap Hamming Relation (GHR), and it can be
viewed as a relational version of the Gap Hamming Distance (GHD) promise function, well
known in the context of classical communication complexity.

2 Preliminaries

We will write [n] to denote the set {1,...,n} C N and [n] — 1 to denote {0,...,n —1}. Let
(a, b), [a, ], [a, b) and (a, b] denote the corresponding open, closed and half-open intervals in
R. We will use “|” to denote divisibility.

4 Intuitively, shared entanglement is a significant additional “quantum resource”: the players are supposed
to remain entangled — that is, to maintain an inherently non-classical condition — for indefinitely long period of
time between preparing the “set-up” and actually receiving the input values and executing the protocol.



Let z; address the ¢’th bit of = for x € {0,1}" and ¢ € [n]. Similarly, for S C [n], let
xg denote the |S|-bit string, consisting of (naturally-ordered) bits of x, whose indices are in
S. To avoid ambiguity, we will sometimes write x|g (z|;) instead of xg (x;). For a set (or a
family) A, we will write A|; and A|s to address, respectively, {ml‘x € A} and {xg‘x € A}.
For y € {0,1}", let z @ y stand for the bit-wise XOR between the two strings.

Let |z| denote the Hamming weight of 2. At times we will assume (the trivial) isomorphisms
among the n-bit strings, the subsets of [n] and the elements of [2"]—1. In particular, the notation
([Z]) will stand for {z € {0, 1}"H:U| =k}, and z Ny will address the set {i € [n]|z; =y = 1}.
We will write (z, y) for (Jz @ y| mod 2), letting it extend naturally to the cases of z, y or
both being elements of [2"] — 1.

Let o; denote the permutation of [n] which is the #’th cyclic shift (i.e., 0;(j) = ¢ + j if
i+j <nand i+ j—n otherwise). For z € {0,1}", denote by o,(z) the j-bit cyclic shift of =
— that is, the string of n bits where on ¢;(i)’th position is z; for each i € [n].

We use square brackets [.. .| to denote events and capital letters from a “mildly calligraphic”
font to represent random variables. We will consider probabilities, expectations and so on,
conditioned on random variables (sometimes in addition to conditioning on certain events),
viewing the corresponding expressions as random variables by themselves. E.g., if X and )
are random variables, then Pr [X = 1‘)/ = 1] € R, but both Pr [X = 1‘37] and E[X = 1})7}
are random variables whose values are determined by that of ).

Let Uy denote the uniform distribution over the elements of A. Sometimes (e.g., in
subscripts) we will write “e A” instead of “~ U4”. We will write things like {0,1}""™ when
the set should be viewed as {0,1}" x {0,1}": e.g., (X,Y) & {0,1}""" refers to the uniform
distribution of two independent n-bit strings, and A x B C {0,1}""™ will be used when A x B
is a combinatorial rectangle in {0,1}" x {0,1}".

We will denote by H(...) the binary entropy of a discrete random variable, and by
I[...: ...] the corresponding mutual information: H(X) = > zesupp(x) PriX = x]-log(m)
and I[X : Y] = H(X) + H(Y) — H(X,)Y) for every X and Y — naturally generalising the
notation to the event- and variable-conditional cases.

We let 1. and T denote, respectively, the false and the true values of Boolean predicates.
More generally, we will use the Boolean domain {L, T} instead of {0,1} when there is,
subjectively, a strong logical flavour to the values.

We will use Dirac’s notation (bra-ket) for quantum messages and manipulations with them.

3 Communication complexity

For an excellent survey of classical communication complexity, see [KN97]. Quantum com-
munication models differ from their classical counterparts in two aspects: the players are
allowed to send quantum messages (consequently, the complexity is measured in qubits) and to
perform arbitrary quantum operations locally.® An excellent survey of quantum communication
complexity is [BCMdW10].

Of central importance to this work is the model of bipartite Simultaneous Message Passing
(SMP), where there are three participants: players Alice and Bob, and the referee. An SMP-

5 We say that a communication model allows shared entanglement if the players can share any (input-
independent) quantum state and use it in the protocol (in the case of simultaneous message passing, entanglement
is only allowed between Alice and Bob). Models with shared entanglement will not be used in this work, but
they are mentioned in some discussions.



protocol has the following structure: Alice receives x and sends her message to the referee;
at the same time, Bob receives y and sends his message to the referee; the referee uses the
content of the two received messages to compute the answer.

In the quantum version of SMP, denoted by ol the players can send quantum messages
and the referee can apply any quantum measurement to compute the answer.

Another important communication model is that of interactive (two-way) communication.
We will be primarily interested in the classical randomised version, denoted by R: here two
players, Alice and Bob, receive the two parts of input x and y and interact in order to compute
their answer.

A problem is said to have an efficient solution (in a given model) if for any constant
e > 0 there exists a protocol that transfers at most poly-logarithmic (in the input length)
number of (qu)bits and produces a correct answer with probability at least €. Note that if
the considered problem is functional, then it is sufficient for a protocol to succeed with any
probability 1/2 + Q(1): a constant number of independent repetitions would allow reducing the
error below £. On the other hand, in the relational case error reduction by repetition is not
necessarily possible, as there can be multiple correct answers; accordingly, in order to claim
that a relation has an efficient solution, one has to make sure that there is an efficient protocol
for every constant positive error bound.

3.1 Gap Hamming Distance problem and its variations

As usual, we use n to denote the input length of a computational problem. To avoid unnecessary
complication of the notation, in this work we will always assume that n > 1 and 2|logn.
The Gap Hamming Distance (GHD) is the following bipartite functional problem:

GHDy : {0,1}""™ — {0,1};

1 if |z ®y| > /2 + d;
GHD;(x,y) L0 if |z @ y| < n/2 —d;
undefined otherwise.

In the above definition d € [7/2] is a parameter; the most interesting regime (both in general
and for us) is that of d € ©(y/n), so we will write GHD to denote GHD .

It has been demonstrated [CR11] that the R-complexity of GHD is €(n); moreover, a
nearly-trivial lower bound of ©(y/n) has been known as folklore since the introduction of GHD
in [IWO03].

In this work we will relax GHD in order to let the model Q! solve it efficiently, at the same
time preserving — up to a polynomial — the R-hardness of the problem.® Our relaxation will
turn the original problem into a relation (the possibility of a functional separation is left as an
open problem, cf. Section 7).

Informally, GHD can be viewed as making the players decide whether x and y are slightly
closer together or slightly further apart than the expected n/2; the high-level idea behind
turning it into an easier relational problem is to ask them for a transformation (of some
pre-determined form) that maps x to a string, whose distance from y is somehow biased.

6 As we are interested in structural separation between Q!l and R, we only need a lower bound of n***)

on the R-complexity of any problem that admits a feasible solution in Q! — that is, a protocol of complexity
poly-log(n).



Let us have a look at the following candidate problem:
GHR C {0,1}""" x {0, 1}";

——— def

GHR = {(:U,y,T)MTEB:r@y] <nf2— \/ﬁ}

That is, the valid answers for the input pair (x,y) are all such 7 € {0,1}" that make 7 & x at
most (/2 — y/n)-far from y. This relaxation is too radical, as GHR is easy even for classical
one-way communication with shared randomness (let alone R, which is a strictly stronger
model). Indeed, Alice and Bob can use shared randomness to generate a sufficiently long
sequence of uniformly-random n-bit strings Zi, ..., Z;, then Alice can send to Bob the index
of Z;, that is closest to = (with high probability the distance will be less than 7/2 — \/n, as t is
a large enough constant) and Bob can output 7 = Z;; & y.

To make our relation harder than GHR (in order to preserve the R-hardness of the original
problem), we reduce the number of allowed transformations (that is, of possible answers) to
polynomial. On the other hand, the structure of the allowed transformations makes the new
problem more convenient for Qll-protocols.

Notation.

Vs € {0,118 ic[n]: i (s, i) 7

Vi€ n], s € {0,115 s Aj(ey) Eloj(r e w) @y

T it 3 Ay ") <™ (1)
N ] VA
’ a2 e () 2

1 otherwise.

That is, {7} is the standard Fourier basis for {0, 1}°8™ — {41} in the “{0,1}-form” (in
particular, |75, ® 7s,| = 7/2 for all 51 # s3), and allowed are the n? transformations that
combine bit-flipping according to some 7, with a cyclic rotation ;. The predicate X(z,y)
asserts that both values are, in some sense, typical.®

Definition 1 (Gap Hamming Relation (GHR)). The bipartite relation GHR is a subset of
log

{0,1}" x {0,1}" x ([n] x {0, 1}1°g") BT that is, the input consists of two n-bit strings and

the output is a sequence of logn pairs (j;, s;). The sequence ((j1,51);-- - (Jlogn, Slogn)) IS a

valid answer to GHR(x,y) if the following holds:

{52 Bnlnn) # [t = Vs rfa ) )| 2 e it G

T otherwise.

" Recall that (z, y) stands for (Jx @ y| mod 2).

8 The constants used in the definition of the predicate are such that, on the one hand, R(X,)) is satisfied
almost always by uniformly-random X and Y (showing this will be important for the analysis), while on the
other hand, X(z,y) testifies that our quantum SMP-protocol exhibits certain “super-classical” behaviour when
its input is (z,y). The structure of our communication problem GHR(z,y) will be such that this behaviour
results in a correct answer, while every classical approach to solving GHR is either fruitless or inefficient.



Intuitively, if we ignore conditioning on X(z,y), then a valid answer to GHR(z,y) is a
sequence of logn transformations, at least half of which map the value of x either somewhat
close to or somewhat far from the value of y. We will see that GHR is easy for Qll but hard
for R.

Intuition behind the GHR problem

The players are required to find a short list of transformations of x that are likely to make its
distance from y slightly different from the expected n/2 for (z,y) & {0, 1}"*". Intuitively one
can view the family of n? outcomes of the allowed transformations
(Uj (TS @ X))je[n],se{o,l}l“’g"

as nearly-independent and uniformly distributed when X & {0,1}". ¢ Then the challenge
faced by the players is to find among these n? random strings some that are biased either away
from or towards y. Note that the required bias is v7/2, and we expect most of the n? distances
to be around the expected 7/2 within the order of magnitude of the standard deviation of the
corresponding binomial distribution — that is, inside 7/2 + O(y/n). *°

The reason why, intuitively, this problem may have an efficient quantum simultaneous-
message protocol is the following. If we let Alice and Bob send to the referee, respectively, 1/\/n-
S (=1)%i-]i) and 1/ym- > (—=1)¥-|i), then a simple multi-outcome quantum measurement
exists, such that every outcome (j,s) combines applying an allowed transformation to the
state representing x with estimating the resulting inner product with the state representing y.
That is, the measurement can be interpreted as inspecting the values of

_ 2-Ajs(z,y)
n

% . zn:(_l)(dj(TsEBx))ieri ili)| = 2 |Uj(x fj 7s) @ y| 1

-1

=1

for every (7, s), followed by outputting one of the pairs in a manner that reflects the observed
distribution of Aj s(x,y). As the probability of the corresponding measurement outcome is
proportional to the square of the inner product, the whole procedure favours those outcomes
(7, s) that represent the transformations introducing more bias. See Section 4 for details.
The reason why, intuitively, GHR may be hard for classical interactive protocols is that
solving the problem requires estimating the Hamming distance between a pair of uniformly-
random n-bit string, which is known to be hard: as mentioned earlier, the R-complexity of
GHD is Q(n). We have already seen how this intuition breaks down when the family of allowed
transformations is exponentially-large, but allowing only polynomially-many choices indeed
preserves the classical hardness of the original GHD: when the number of choices is very
limited, a protocol must find out more about each possibility. See Section 6 for details.
Hence, GHR is a plausible candidate for revealing qualitative advantage of bare quantum
simultaneity over classical interactivity: On the one hand, an efficient Ol-protocol can sample
among the allowed transformations of x those that make its distance from y biased away
from the expected 7/2; on the other hand, we may expect that the distances from the interval
n/2 + O(y/n) between a pair of n-bit strings are well obscured from efficient classical protocols.

9 Of course, the n-bit values themselves are very far from being independent: the claimed intuitive
independence only makes sense in the context of their distance to a uniformly-random ). Formalising and
quantifying this intuition will be the technical core of the analysis of GHR’s complexity.

10°And all the n? distances are, almost certainly, inside nfy £ O(\/n -log n)
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4 Solving GHR with simultaneous quantum messages

Let

n

us) & \/15 ST oy (),

=1

Vj e [n], s € {0,1}8"

{l)
is an orthonormal basis for R*™™. ' Indeed, if j; # jo, then

S s 1 - Tsq (2)+Tso (2 .| . .
(wptuz) = — - S (=100 (ifi) - (o, (D] () = 0
otherwise, if j1 = js and s1 # s9, then

" =1
<us.1 us.z> _ L f:(_ml(i)”sz(i) (i) - (o, () |04, (8)) =
Ji| 2 J1 J2

n
as {7,} is the “{0, 1}-form” of a Fourier basis for {0, 1}/°8™ — {£1}.

then

j€ln], se {071}l°gn}

n

LS (caym @4 g,
n

=1 =1

A protocol for GHR. Upon receiving the input, Alice and Bob construct, respectively,

60 % LS 1 i) and o) & S (<11,
Al \/ﬁ ; B \/ﬁ ;

and send logn copies of both the states to the referee. The referee then independently applies
to logn copies of the state |¢4;)|dBo) the complete projective measurement

{ u§><U§ :jen], se {071}10gn}

and outputs the list of obtained outcomes ((j1,51);- -, (Jiogn, Slogn)) as his answer.
The complexity of this Qll-protocol is O((log n)2)

Correctness. Assume that R(z,y) holds with respect to the received input (x,y) — otherwise
any answer would be correct by the definition of GHR. For i € [logn], let (J;,S;) be random
variables that take values (j;, s;) — that is, the outcome of the i’th referee’s measurement. We
want to analyse the probability of the event

n n
6 = |Ag.s(z,y) € [ _Vn =

Voo yn
2 2 79 2 ’

computed with respect to the action of the protocol (z and y are fixed, subject to X(z,y)).

11 All quantum states considered in this work can be represented as unit vectors in the real space of the
corresponding dimension, so we do not lose generality by ignoring the case of complex vectors.



Fix j € [n] and s € {0,1}'°8™, then for any i € [logn]:

2
Pr((J:,S) = (j,s)] = (<¢Al‘<¢Bo|)’u?>

2
1 n n
= 1 e grn ) [ o)
kyj=1 k=1 @)
2
n
_ (_1)1‘k+‘rs\k+yoj(k)
n
k=1
4 n\? 4 n\?
— 3 (‘Uj(ﬂf@Ts) EBy\ - 2) = B (Aj,s(xvy) - 2)
and
Prle] = 5 Pr((70,S:) = ()]
o 3S Ay () <2 2
4 n\> 4
:ﬁ' Z <A]'78($’y)_2) < 9’
a2 A e () S22
where the inequality is the assumption that R(z,y) holds (cf. (1)). 2
As the outcomes of the referee’s measurements are independent,
Pr|the protocol errs]
1
<Pr|[{i:A, (X, ¢ [’;\fgﬂéﬁ R NERY

= Pr [more than half of the ¢-s take place‘N(X, y)} € niQ(l),

as follows from Hoeffding’s inequality (Fact 2).

From the above analysis it follows readily that an Qll-protocol of cost O(log n) would suffice
for guaranteeing accuracy at least 1 — € for arbitrarily small constant ¢: As the definition
of GHR allows repeated elements in the output sequence, the players can send sufficiently
large constant number t of the states |¢4;) and |¢p,) to the referee, who can measure them to
generate ((j1,51),--.,(Jt, St)), and then output this sequence repeated [logn/¢]| times, trimming
the last copy if necessary.

Corollary 1. Ql(GHR) € O(logn).

2 Note that the value (of the right-hand side) of (2) is always at most 1/n — that is, the measurement
outcome is not determined even if the input is perfectly aligned with one of the allowed transformations. This
is crucial: while the states ‘u;> form an orthonormal basis, the concept of input’s perfect alignment is not
necessarily monogamous with respect to the transformations (think about z = y = 0), and this is reflected by
the uncertainty in the outcome. This is also why we need the power of relations for our separation.




5 Concentration bounds

Let us start by listing some known bounds that this work uses.

Fact 1 (Markov’s and Chebyshev’s inequalities). Let X be a random variable, then
E|lx Var|X
Vt>0: Pr[|x]>t] < Utﬂ and Pr“z’\f—E[XH Zt] < a;”
One of the most convenient formulations of Chernoff-like statements — that is, a tail
bound for the sum of mutually-independent random variables — is the well-known Hoeffding’s
inequality.

Fact 2 (Hoeffding’s inequality). Let Xi,..., X, be mutually-independent random variables,
such that ¥i € [m] : a; < X; < b;. Then

m m 92
Vt>0: Pr ZXZ—E ZXl >t <2 eXim1time)
i=1 i=1

In some situations it will be useful to have a tail-of-sum bound with more relaxed conditions
and somewhat tighter guarantees, which we prove next. Intuitively, the following formulation
combines some advantages of the one by Angluin and Valiant [AV79] (which beats qualitatively
the classical statement in the regime of low expectations) with the universality of Azuma’s
inequality applied to the Doob martingale (which gets rid of the independence requirement).'?

Theorem 1 (A relazed Chernoff bound). Let X1, ..., Xy be random variables with countable
supportst*, such that Vi € [m]: 0 < X; < 1. Then

Va,t>0: Pr i/‘nga—t ZE[

Xia| za| <er,

: (3)

1:| Sa §€2;+t.

=1
Pr iXiZa—i—t ZE[
=1

In particular,

[ 2 m

Pr ZXiga—t §6%+Pr ZE[X’ ...,Xz‘_l} <al,
=1 ] =1
m

Pr ZXiZa+t 62a+t+P’l" ZE[ ...,Xz‘_l} >al,
] i=1

13 See [Sin18]| for an excellent overview of Chernoff-like concentration bounds.
14 The continuous version can be obtained along similar lines under the integrability assumption.
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and

Vu, t>0: ZE[

= -2
.,Xi_1]2u:>Pr ZXiSM—t <en,
i=1

=1 ]

m m 2
ZE[& Xlw--:Xi—l] <p o= Pr|Y X >p+t| <ewr
i=1 i=1

The three formulations are, essentially, equivalent and given only for convenience. Note
that we use a cut-off limit a (@ in (4)), which can lead to loss of tightness in some situa-

tions:1?

> FE [XZ-‘XI, cees Xi,l], which would likely result in a less convenient formulation.

a more thorough alternative would be to take into account the actual distribution of

We prove it via a standard approach to this type of inequalities, due to Bernstein — namely,
by analysing the expectation of the target value’s exponent. The following lemma will be the

technical core.

Lemma 1. Let X1,..., X, be random variables with countable supports, such that i € [m

0< X; <1 and

ZE[

1} < u.
Then

Yu>0: E[e“'zgl%} < ((e“ -1)- Lad + 1>m.

m

Proof of Lemma 1. We argue by induction on m.

Base case: m = 1.

[“Xl} ZPer—a: “I<ZPTX1—:U} ((e"=1)-z4+1)<(e"—=1)-p+1,

]:

where the summing is over x € supp(&}) and the first inequality follows from the convexity of

e"* on x € [0, 1].

Inductive step: m > 1. Let p; def E[X], then

E [e“'zgl XZ} = ZPT[Xl =z]-e""-E [e“'z:?;? il = x]

m—1

= B[] <(e“ -1y 1>m1,

<> " Prixy =a] " <(€u Ly 1)m_1

15 B.g., it is likely that the bound guaranteed by Lemma 5 loses a multiplicative log-factor due to this.
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as follows from the inductive assumption and the fact that ) ;" , E [Xi‘é’(l =z, Xy,..., Xi_l] <
wu — py for any x € supp(X7), and the required

m—1
. g((e“—l)-p1+1)-<(e“—1)-u_p1+1>

m—1
= ((e“—l)-lerl)%-<(eu—1)-’:n__pll+1>m’;1 m
_ ((eU—lzn.leJr(eu_1)7;1(,¢_p1)+m7;1>m: ((e“—l)-y’;;H)m

follows from the base case and the weighted arithmetic/geometric means inequality. B zemma 1
We are ready to prove the relaxed Chernoff bound.

Proof of Theorem 1. First suppose

iE [Xi
i=1

le'-'aXifl} < u,

then
VYA>pu,u>0: Pr ZXi >A < Pr{e“'zzilxi > e“'A]
=1

< euA ,E[eu'ZL Xi] < e ((e“ —1)- Ly 1) :

- - m

where the last two inequalities are, respectively, Markov’s (Fact 1) and Lemma 1. Plugging in
Ju def A - (m —p)
e (m—A)’

where the right-hand side is at least 1 (as A > p), we obtain

which holds whenever > 7" | E[Xi‘é’(l, ... ,Xi_l] < pu.
Letting Vi € [m] : X; =1 — X;, we get that if 7" | E[X;| X1, ..., Xi_1] > p, then

m m m—A A
VA<pu: Pr|Y X <Al =Pr|YS Xizm-A g(m Z) <Z> . (6)
o

i=1 i=1

where the inequality is (5) (note that Y/ | E[X;| X1, ..., Xi—1] <m —p). 10

6 The identically-looking right-hand sides of (5) and (6) are semantically different, as the former corresponds
to [A > ] and the latter to [A < p].
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Next we are going to use the facts that

2 22
Vo >0: — <In(l+z) <z and Vxe[(),l]:q; 2$
— 2x

- 24 x

<In(l-=z) < —=.

From (5) it follows that

m
Vu,tZOI ZE[XZ Xl,...,Xifl} S/L —
=1

7] t
-t -In(14 ——
+t)—i—(m pw—t) n( +m—u—t)

26 t?
2+t 2u+t

m

In|Pr|) X>p+t S(u+t)-1n(
. I
i=1

gt—(u+t)-ln<1+t> < t— (i)
,u
and from (6) it follows that

Vi >0,t€ [0, : Zm:E[X

i=1

m 1 "
In| P X, <pu—t < —t)-1 — t)-Inl]l — ———
| PrIS e t| | < a() + = m(1- )

< —t—( t)1<1 t>< P e
<—-t—(pu—¢) - Inll——) < | — — | =——.
p 21 20

Thus, we have established (4).

Let 1 denote the distribution of Xy, ..., X,,, and let ' be their distribution, conditioned
on [2111 E, [Xi‘/l’l, e ,Xi_l] > a] (assuming that the event’s probability is positive). Then
it is easy to see that

Xl?"'7Xi—1i| ZM =

m
ZE{Xz le .. '7Xi—1 > a,

—

=1
which, together with (4), implies the first inequality in (3). The second one follows by a similar
argument. u Theorem 1

Lastly, there are cases where typical Chernoff-like bounds are insufficient: aiming for
universality, they usually compromise tightness. The following ad hoc statement deals with
concentration near the expectation under symmetric binomial distributions.

Lemma 2. Let 2|m and X1, ..., X, be mutually-independent random variables, such that

Vi € [m] : Pr|X; =0] = Pr[X; = 1] = 1/2. Then for every a < b in [m] U {0}:

Pr agi&gb
i=1



To prove it, we will use Stirling’s approximation in the following form.

Fact 3 (Stirling’s approximation).

nl € V- (g)" <1+0<;>>.

Proof of Lemma 2.

Pr gxizg - (gg)/zmzrm-((g!)ze % (110(2)),

where the containment is Fact 3. For any d € [m/2] U {0},

PriyX=%+d _Pr[yX=%-d _ (3))°
P’I"[Z.)C;:%] P’I"[ZXZ:%] (%—d)'(%—Fd)'
d
_B—de-(3) (3od\T_ 2\ 2
_(’g+1)---(’§+d)>< m > =1 m) >1 —
Then

V
—
S
|
S
~—
|

2 3 3 1

| S (oY (™) of 1)
™m 9rm3 2 2 m

as desired. .Lemma 2

6 The R-complexity of GHR: a lower bound

The definition of GHR relies on the predicate (-, -), and it will be useful to know how likely
N(X,)) is to hold with respect to our main input distribution for GHR — the uniform.

Theorem 2.

(lnn)Q)
P N(X 1-0 .
(X,w@{g,l}"*"[ xy)le ( Vn

To prove it, we will use several auxiliary lemmas. The first one is a concentration statement
for the bit-wise XOR of a uniformly-random n-bit string with its own cyclic shift.

7 Here again, we do not aim for tightness beyond the needs, preferring simplicity and self-containment of
the argument: in particular, we will use the convenient [(1 — 2d/m)¢ > 1 — 2d°/m] instead of the less wasteful
[(1 — 2d/m)* > exp(—24*/(m—2a))] or directly analysing the left-hand side. The assumption that 2|m is made in
order to simplify the notation: dropping it would not affect the claimed bound.
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Lemma 3. Letic [n—1], s €{0,1}" and A~ Ugqy». Then

Vt>0: Pr

‘A@O’i(A)EBS}—Z) zt] §4.e’2%2.

Proof of Lemma 3. Let k|n be the orbit length of o; in [n] and {o;|i € [?/k]} be the corre-

sponding partition of [n] into orbits. For each i € [n/k], let ¢; be the lexicographically-first

element of o; and 0} P \ {ci} (note that the sets U;o} and {c1,...,cn } partition [n]).
Then

A 3 A o ~U n-(k—=1)
(A0 ) ot (0135
and therefore,

. — _ 42
Pr _M’Z;]g.egz

2k

(4@ i) @ 5)|uy

by Hoeffding’s inequality (Fact 2). Similarly, (A ® 0;(A))|¢e} € {0, 1}"/* and

Pr|||{(A®oi(A) & s) L P P
T ‘ Uz() S|{ci} %= 2| = -e2n
By the union bound,
(k-1 t
Pr ‘A@Ui(A)GSS‘—Z'Zt] < Pr ’(A@ai(A)EBs)yUO; _”<2k>‘22]
n t
+Pr|| (A o) @ 8)ley| - 57| 2 5
_2
<4-.e2m,
as desired. [

Second, we need a simple bound on the expectation with respect to “anti-correlating”

probability distribution.
Lemma 4. Let u be a probability distribution with finite support'® A and f: A — R, such
that Vai, ag € A: f(a1) < f(az2) < pu(a1) > plaz). Then

E L] < B [1(0)]

18 The continuous version can be obtained along similar lines under the integrability assumption.
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Proof of Lemma 4.

=Y f(x)

z€EA

- |ix|' St@ | [ DY u@ |+ % S (Fla1) — flx2)) - () — pla2))

= = et
= B0+ 5 2 (e = fea)) - (plon) = )
< Bl

. Vo, @y € Av (f(w1) = f(22)) - (ular) = plaz) <0

by assumption. Benma 4

The third auxiliary lemma bounds the dependence between the Hamming weight of a
uniformly-random n-bit string A and that of A @ s for some fixed s € {0,1}".

Lemma 5. Let s € {0,1}",
variable .Z, such that

| —n/2| < d and A ~ Uy 1yn. Then there exists a random

1[1,4@,1@3|:|Ay

and
Inn——t— =t2n
<4-¢ Iinn + 2 - @224t Inn+2048.d2-Inn

Vi >0 Pr[)A‘>62+t

More specifically,
Vi, 1 >0:
(2d + 21)?

prlal

“A‘ _ "/2‘ < l] <2. (632 (2d120)2- I 80%n +61nn 21,0”)_

As we will be dealing with the uniform distribution over n-bit strings, typical for us will
be the regime of I, d € O(y/n), in which case the above statement reads as follows: the value
of |[A @ s| is poly-logarithmically-close’ in absolute distance to being independent from |A| —
clearly, this is a very strong bound on the dependence between a pair of random values whose
standard deviations are in O(y/n).

Proof of Lemma 5. Assume |s| > n/2 and let d &t |s| —n/2 (the case of |s| < /2 can be treated

similarly). Let ai,...,an/1q be the coordinates where s(a;) = 1 and by, .. .,b%,d be the
coordinates where s(b;) = 0.

19 The above lemma gives meaningful upper bound for ¢ € Q((ln n)Q), which is sufficient for our needs. We
would expect the actual .Z‘ — as constructed in the following proof — to be almost always in O(Inn), or even

in o(Inn): cf. Footnote 15.
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We will construct the distribution of A bit by bit, then argue that ).A oA s‘ doesn’t

depend on |A|. The high-level intuition behind the construction will be to handle one by one
the pairs of coordinates (a;, b;) of A: in this case the fact that s(a;) = 1 and s5(bj) = 0 allows
for a very efficient symmetric argument, which will be described in Stage 2 below. But due to
the fact that the numbers of 0- and 1-coordinates in the string s can be different, we have to
treat the “excess” separately, and that will be the purpose of Stage 1 (if we were not assuming
for simplicity that |s| > n/2, we would end up with two very symmetric versions of Stage 1,
while Stage 2 would remain unchanged).

Stage 1. Here we describe the distribution of A, . asy (skipping to Stage 2 if d = 0).
Let ko be the value of |A|. By the bit-symmetry of both the distribution of .4 and the
assumption [|A] = ko], it holds that

Vi € [n] : PT[AZ- = 1‘|A| = ko} = %5

in particular, Pr|A,, = 1||A| = ko| = ko/n. Let:

1 — 555 if 2kg > n and Ay, = 1;
P’I"|:.Aa1:1} d:ef 1_ﬁ if2k0<nandAa1:0;
0 otherwise.

Note that conditioned on [|A| = ko], it is the case that
Pr [Aal & ﬂal = 1]
— Pr[A, =1] Pr [ftal - O‘Aal - 1] +Pr[A,, =0] - Pr [Zal - 1‘,4@1 - o]
(7)

%.% if 2kg > n,
1
_Jk k ; =
= £+{1_7g).<1—%_’"‘2k0> if 2kg < m, =5
% if 2kg =n

The distribution of .Zai for each i € [2d] will depend on |A| = k¢ and on ‘Aal,,_.@i_l ‘:
namely, on k;_1 def ko — Z;;ll A, (: ‘A[n]\{al,l_”ai_l} D Additionally, it will depend on the
value of A,,.

Let nj_1 & n—i+ 1; note that for every t € [n]\ {ai,...,ai—1} the probability of [A; = 1],

conditioned on the content of A,, . o, , and on [|A| = ko], equals . Generalising the case

~ ni—1’
of Ag,, define:
B o 1-— 2”,;:1 if 2k;—1 > n;—1 and Ay, = 1;
Vie 2d): Prldy, =1] T ot i 2k <y and Ay, =05 (8)
0 otherwise.

Let A%< Aq A. Then, similarly to (7), it hods that

Pr|Aa, = 1 Aa.ca s |4

1
5"

17



Let i € [2d]. As .Aal, va; = Aay s @Aal a; and the distribution of Jzal,...,ai only depends
on |A| and Aqg,, . a,

1[Aar. A\A Al] =

and therefore,

H(;lal,“.,ai

AL A) = B (A

A). (10)

Aaycars 1) = H( Ay

As the distribution of A only depends on A and there are no other “inter-bit” dependencies,
I[/Tai : jal,.__,aifl A} = I[Zlai . P A] =0,

and therefore,

v

Aascaicas M),

A) = H(Ztal,...,ai,l

Agiy A) = H( Ay,

where the latter equality is (10). So,

0= H(Aur,r s [Aarssar 1o 1Y) = H (Aar,ar s [Aass A Aar,ai s 1))

(11)

— I[Z%MGH Ay Al Aay s s |A|] 2 I[ﬁah--wwfl P Aai| Aar, i |A|}'
Therefore,
H (Ao Ao |A) = H (Ao Ao [ Ay, )
< H(Zlai Aar,ai-1s |«4l>
and
H (a0 | A]) = ide( —)
(12)
>ZH< ai|Aar,.ai_1s \A\)

where the concluding equality is (9).
If we denote I; %' |k; — mi/2|, then from (8) it follows that

Let us estimate ‘Aah,,,,a% .

. 204
VZE[Qd] P’l"[ —I‘A[Z 1:| {TI,Z_l—i—QlZ_ljo}

always. As 0 < 1; < [|A| — n/2| + /2 always,

2lp +2d
PrlA = 1] £ ==

where [y = ||A| — 7/2|, and therefore,
E 4dlo + 4d?

18



It follows from the relaxed Chernoff bound (Theorem 1) that
4dl + 4d?
n

—t2-n

+t"\A| —nfy) :z] < esasPrm.  (13)

\V/t, l Z 0: Pr [‘Aval,...,azd 2

Note that in the typical regime of ¢, | € O(y/n) the right-hand side of (13) is e=(*).

Stage 2. Here we describe the distribution of Aa2d+1,4..,an+d,b1,...,bn_d‘

Let kog denote the Hamming weight of the remaining bits of A after the completion of
Stage 1, namely

kaq LA

2441503 4:b15,02 _g

(note that if d = 0 and Stage 1 has been skipped, then koy = ko = |A|). As before,
Vie[n]—1:ni=n—i. N

Our tactics will be to handle one by one the § — d pairs (agq1i, b;) and toss Ag,, Lob; DA
way that will guarantee — conditional on all the earlier choices — that the distribution of every

‘Aamﬂ.,bi S uZaMmei < 5a2d+i,bi) is the same as the distribution of By + Bs for (B1, B2) & {0, 1}2.

Conditional on HAazd+1,---7ag+d,b1 ..... by

= de], the distribution of (Ag,,,,,As,) (as well
as of any other pair of coordinates) is perfectly symmetric — although most likely not inde-
pendent. Accordingly, conditional on [AanH # Abl], the events HAade,bl @ Sa24+17b1‘ = 0]
and HAQQ ar1.b1 P Sagy +1,b1‘ = 2] are equiprobable — just like the corresponding events with
respect to |B; + Ba| — so, we only need to use JZ@ 441,01 10 order to balance the probabili-

ties of [AanH @ .Zazd“ =Ap, @ -/‘Tbl} and {AanH & .Zam“ # Ay, @ -Zbl} (trying to keep the
Hamming weight of A as small as possible).
It holds that
2kaa - (n2d — koa)
nad - (n2a — 1)

Pr [Aa2d+1 # Ab1} =

First let us define a random variable Z1, such that Pr [Aa2 a1 DAy @ 21 = 1] = 1/2, afterwards

we will use it to construct the distribution of Ag,,, s, Let:
P’l"[Zl = 1]
. -1 . V/
1 — e, if [734 — kog| < Y3 and Aayyy, 7 Ay
dﬁf ! dn2d'(d”2d_1) : nad Vv 1n2d (14)
B e 2n2q-(n2q—1)—4k24-(n24—k24) if ‘T - de‘ > 5= and Aazd+1 = Apy;
0 otherwise.
Note that
Nad v 12d
Naq - (nog — 1) = 4koq - (N2g — koa) = ’2 —koq| = 5

and therefore the probability of [Z; = 1] is well-defined.
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Then
Pr [A%l DAy, @ 2y = 1} _ Pr [AWH v Abl] . Pr [zl _ o]AaW ” Abl}

+ Pr [Aa2d+1 = Abl} - Pr [Zl = 1‘Aa2d+1 = ‘Abl]

2kaq-(n2a—kad) . _m2a-(n2a—1) i |n2a V2d
naq-(n2a—1)  4kaq-(n2a—kaa) lf‘ 2 de’ <72 (15)
=0 if |72 — kaa| > ¥,
2("2d 2 )("2d 4 VT2 )

2

2
n2q-(n2q—1)

where % stands for
2kaq - (n2q — kaq)
Naq - (n2qg — 1)

N (1  2kyq - (noa — k2d)) _ <1 B nag - (noa — 1) )
nag - (naq — 1) 2n94 - (nog — 1) — 4kag - (n2q — k2a)
noq - (ngd — 1) 2]"v'2d : (n2d — de) 1

=1- + =_.
2n9q - (nog — 1) — 4kaq - (n2qg — kaq) — 2n2q - (nog — 1) — 4kaq - (noqg — kaq) 2

Let us convert the content of Z; into a distribution of .Z@ 41 and flbl:
[Zl = 0] == [A02d+1,b1 = (070)];
Pr [“Xade,bl =(0,1)

A, 1
Zl - 1:| - PT |:Aa2d+]_,b1 - (1,0)‘21 — 1i| — §

, conditioned

Now it is easy to see that the distribution of "Aa2d+17b1 @ "Z(a2d+17b1 D Sagay1,b1

on HAade,...,a%w,bh.--,b%,d = kgd}, is the same as the distribution of By + By for (B, B2) &

{0, 1}2. 20 By the symmetry of all the involved distributions with respect to the bit-positions
a24+1 and by, we only need to check that

Pr[Aayis ® Auiys = An © Ay | = PrlAay,,, ® Ay, # A 8 4,

and this follows trivially from (15) and the symmetry of A’th distribution with respect to
those two bit-positions. In other words,

0 with probability 1/4;
=< 1 with probability 1/2; (16)
2 with probability 1/4.

‘Aa2d+17b1 D Aa2d+lab1 D Sagqi1,b1

20 Note that the distribution of (Aa2d+17b1 @ -Zazdﬂ,bl) can be non-uniform, and this can be intuitively
viewed as the resource that allows savings in terms of ‘j’ in Stage 2 in comparison to Stage 1. Now we do not
have to worry if the probabilities of |:Aa2d+1vbl @ Xagd+1»b1 = (0, O)] and |:All2d+1vb1 &) -Zazd+1,b1 = (1, 1)} are

different from each other, which indeed happens in the above construction if |"% - kzd’ is larger than —Vn;d
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The distribution of Z; for each i € [7/2—d] will depend, naturally, on ‘A

a2d+17---7a%+d7b1 ----- b%_d
kog, as well as on ‘Aade,...7a2d+i71,b1,...,bi71|: namely, on

i—1
def
kod+2i—2 = kad — Z(Aamﬂ + Abj) <: ‘Aa2d+i7---7‘1%+d7bi7---7b%—d )
=1

Additionally, it will depend on Ay,,,, © Ay, .
Note that

Vi e [n/g - d]’ JE {a2d+ia--- 7a%+dabi,"'7b%—d} :

. _ kodi2i—2
= koqyoi 2| = —
N2d+2i—2

A2dtis+0 % 4 drbisbB g

Pr |:.Aj = 1‘ ‘A
and — as Ay,,,, and Ay, are not, in general, independent —

2k i—2 - (1 i—2 — k i

= k2d+2i—2} =
N2d+2i—2 - (N2d42i—2 — 1)

A02d+i7---7a%+dvbi7---vb?"2_d

Generalising the case of Z; (14), define for x L od +2i — 2

Vi e [v/2—d]:
Priz,=11= §1- oot | — k| > Y5 and A, = Ay
0 otherwise.
(17)
Then, similarly to (15), it holds that
1
Pr [Aamﬂ. @A, @ Z; = 1‘Aal7._,7a2d+2._1,b1,m7bi_1, |,4|} = (18)

Define the distribution of .Zaz 4 and -/Zbii

[Zi = 0] = [“Zan+i,bi = (O’O)];

Prl Aoy, = 00| 2 =1] = PrlAu,, 0 = (L0)] 2 =1] = .

Similarly to (16), conditional on Ag, .. asys; 1.b1,....0,_ and [A[ it holds that

0 with probability 1/4;
=< 1 with probability 1/2; (19)

AcA®s
‘( ) 2 with probability 1/4.

a2d+i,bi

From now and until the end of Stage 2, all the distributions are assumed to be conditioned
on

- kgd} (20)

|:‘Aa2d+17"'7a%+dabl7--'7b%—d

for some kog € [n — 2d] U {0}, unless stated otherwise.
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Let us argue that the distribution of

(A@X@Q

azd+17~~,a%+d,b1,~~,b%_d
equals the distribution of |B| for B ~ U (0,172 We prove it by induction.

Let i € [7/2 — d], we claim that the distribution of ’ (A o A® s) equals

Q244 15e502d 47,01 5-+,bi

that of ‘B[%]‘. For i = 1 the statement follows readily from (19), so assume that ¢ > 1 and the
distribution of ' (.A oA s)

244 15A2d+4i—1,01,-,0i—1

By the argument, fully analogous to that behind (11), it holds that

I[(A@ﬂ@s)

equals that of |B[2i_2”.

:(A@ﬂ@s) A =0.

a?d+1:~~~:a2d+i1’b1r~~:bi—1:|

2d415++,02d4i—1,015--,bi—1 a2d+4,bi

Then (19) implies that for any w € {0,1}", the distribution of (A o Ao 5) conditioned

a2444,bi

on <A o AD 3) equals that of |B[2] , and therefore the distribution of
Q244 15e502d45—15015+,0i—1
‘ (A SAD s)
A2d 415024 44,01,---,05
:‘(A@i(@s) +’(A@ﬁ@s)
A2d+15e502d+i—15015,b0i—1 a24+i,bi

equals that of ‘B[gi”, as required for the induction step.

Completion. Let us no longer implicitly assume (20). We have just seen that the distribution
of

Y

‘(A@fl@s)

a2d+17"'7a%+d7b1,...,b%_d

conditioned on

= |A| - “’40«17-~~7a2d‘7

‘A02d+1y~-~7a%+d7bl7--~7b%7d

equals that of |B| for B ~ U 0,1}7~2d- It is clear from the construction and the symmetry of the
considered distributions of A, that additional conditioning on the content of Ay, . ,,, doesn’t
affect the above statement.

From (12):

H((A@,I)al N

[ARR)

|A|> — 2] —> H((A@X@s)a

\A\) _ 2,

1,---,024

and therefore the distribution of

)

’(A@ﬁ@s)

a1,...,02d

conditioned on |AJ, equals that of |B| for B ~ Ugg 1y24-
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By the argument, fully analogous to that behind (11), it holds that

I|(A0dos) (A0 dos)

ai,...,a24

Aa1,...,a2d7 ’A‘] = O

24415503 14501502 g
Therefore, conditioned on [|A| = ko],

‘A @ A @ S‘ - ‘ACLQdJrl,...,(l%*,d,bl;nwb%fd

+'<A@ﬂ@s>

at,...,a2d
is distributed like [B| for B ~ Uy 13» — in particular, the fact that the above distribution
doesn’t depend on ky implies that

IUA@X@S‘ : |Ay] =0,

as required.

It remains to argue that ’j we will

is likely to be small. Towards estimating ‘ﬂal7,_.7a2 4

use (13), now let us analyse ’.A , as constructed during Stage 2.

an+1,~~~,a%+d,b1,...,b%_d

Let Vj € [n] — 1: 1; % |k — ni/f2| and Vi € [7/2 — d] : * % 2d + 2 — 2, then it follows

from (17) that

it = V;* then Pr[2Z; = 1] = 0;

2

if ly, < ~—, then Pr(Z;,=1]<1-— =1- — :
< S I TP R B N
Cone =41
Con2 42 T ony’
_ Vs n2 —ns
if lx > Y—, then Pr(Z;=1]<1-— :
: 2 ‘ n2 — 2n, + 4i2
412 —ny 412 415

n2 —2ny +412 ~ n2 —n. +42 " ni’
Therefore, Vi € [7/2 —d] :

1 a2, . 1 2k s 2i 2
Pr(z;=1] < + 22 = +< 24212 —1) .
N2d+-2i—2 Nod+2i—2 Nn2d+-2i—2 N2d+2i—2

By construction, subject to the assignment in (17), every Z; is independent from all other
variables — in particular,

1 2 - 2
Vi e [” —d] : Pr[Zi - 1‘2[1-_1]} < +( Fadiizy 1> . (21)
2 N2J42i—2 N2442i—2

For all i € [n] — 1, let K; be a random variable that takes the value of k; (in particular,
Ky =|A|). For u > 0, denote by e,, the event

"
Ki—’/u'i

[Vie[n]—lz Su\/nT]
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Then

n—1 n—1 2
n; —2un; 52
Pr[-e,] gZPr!Ki—Mynl‘ >u\/77] §ZZ-6 no=2n-e ) (22)
=0 =0
where the second inequality is Hoeffding’s (Fact 2).
Assuming e, and letting [ % || A = /2],
2k; 2- 21
Vieln]—1: 2—1‘4’“4’—1’ “ 2,0

and therefore (21) gives

n

1 9 2 2
vie|Z d] Prlzi= gy ) < 4 i

Nod4+2i—2 N2

and

r 41 1
> Prlzi=1|Z e < (1r2d) Y ——
‘ L n ) Nn2d+2i—2
i€[2—d) i€[2—d]
4 2
< i + (1 +2u2> -Inn.
n
Combined with (22), this gives

Pr Z Pr [Zi = 1‘Z[i_1]} > 4722 + (1 + 2u2) ‘Inn| < Pr[-e,] <2n- e 2%,

i€[2—d]
Applying the relaxed Chernoff bound (Theorem 1) with a def % + (1 + 2u2) -Inn gives
Yu, t, 1 >0:
412 5
Pr||2|> =+ (1+20%) - nn+t ‘|A| —n/2‘ -y

2
—t
< 6812/n+(2+4u2)~1nn+1: + 2. elnn_2u2_

As Aa2d+17---7a%+d»b17~-wb%7d = | Z| by construction, combined with (13), this gives
Yu, t,1>0:
~ _ 4dl + 4d? + 417
Pr [’A‘ i e (1 + 2u2) nn+ 2t ‘|A| - n/z‘ - l]
_2.n —t2.n 2
< eBditsd2+in 4 e82+(2+4u)nlnntin 4 Q. elnn—2u”
Let us denote T %< 4tv/Inn and choose u? def ﬁm = 4l€n' Assume for now that T' > 41nn,
then
4dl + 4d? + 412 (2d + 21)*

—|—<1+2u2>-lnn—|—2t§ + T,

n
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and so,

(2d + 21)?
=
n

VZZO,TZZLInn:Pr[’.Z‘Z T ]A]—n/z‘:l] < %,

where
—t2.n —t2.n
¥ = e8dl+8d2+tn | e 812+ (2+4u2)-n-Inn+tn +2. eln” 2u?

—12n T
Inn—5-—
< 2. e32-(2d+20)2 In n+80Tn +2-€ 2Inn ,

As we always assume that n > 4, the condition [T > 41lnn] can be removed, as otherwise

2. e3> 1 and the inequality holds trivially. So,
Vi, T>0:
(2d + 21)?

pelal

7T2n
‘|_A| _ n/Q‘ — l] < 2. <e32»(2d+2l)241nn+80Tn + elnn_gl{:,«l)‘

As a function of s and [, the above bound on PTHJI‘ > s

increasing in [, and therefore,

~ 2d 21
P’”[\A\ . L

||A] = n/2| = l} is monotonically

7T2n
_ n/2‘ < l] <2. (6324(2d+2l)2-1nn+80Tn + elnn—zﬂn)

as required.
To complete the proof, observe that Hoeffding’s inequality (Fact 2) implies that

—2;2
<2-en .

szo:Pr[A\—Z‘zl

Letting & max{d \/ﬁ} = (2d +21)? < 16d* + Tn, we obtain

VT >0:Pr [‘A‘>6d2+2T

(2d + 21)?

gPr[\ij +Pr|fl4 -5

-

g

—T2n
=T Inn——Lt— 2
< 2 e 2 + 2 .e 2Inn 4+ 2 . 32:(16d°+Tn) Inn+80Tn

2,
-7
Inn— 2.
§4-€ 21nn + 2. ellannTn+512d dnn

and the result follows by substituting ¢ 97 and noticing that increasing d leads to shrinkage
of the event whose probability is bounded and, at the same time, growing of the claimed
upper bound (therefore the assumption H |s| — n/2} = d} may be replaced by H |s| — n/2} < d} ).

.Lemma 5

We are ready to investigate the likelihood of R(X, ).
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Proof of Theorem 2. Recall the definition of Aj s, as given in (1), and let us define “weighted
indicators™

[N}
”‘:
IA
8
IA
bl
+
S

w : [n] U{0} — [0,1/4]; w(x) < {SL o= %)2 ioftier_vvise.

Vi€ |[n], s € {O,l}log" : Wis d:efw(Aj,s(X,y)).

Then we want to show that

2 1 2
Pr > Wis > — €O<(mﬂ>'

(23)
j€ln], se{0.1}s" vr

Towards understanding the behaviour of the sum of W; s we analyse the dependencies
among them. Let (j1,s1) # (j2, s2) and define random variables:
fori € {1,2}: D; &AL, (X,D);

Z def o (Tsl ® X) @ oj, (7'52 @ X);
def

V= Ujl(T51 @X) SN
Note that

D=V, Dy =|Z& V|, W5, =w(D1) and W, 5, = w(Da).
AS (X,y) s Z/{{071}n+n,

Y~ Uy and 1]V 2| =0,

Apply Lemma 5 to define a random variable ]7, such that

I{M:‘Z@V@ﬂ‘ z]:o

21-5|< d]
2
702-n»(ln n)g

< 4. (1=¢/4)Inn 4 2. e224cn(lnn)2+2048:d2 |

and

Ve, d>0: Pr

~ 16d?
‘V‘ > Ljd +c-(lnn)2
n

(24)

Then

I[M : (Z@V@ﬁ(] SI[M . 2,

Z@V@ﬁu

I[|V| :z} +I[|V| : ‘Z@Veﬂ?”z] ~0.

AS DQ = |Z@V|,

Dy € “Z@V@ﬂ—‘ﬂ,

Z@V@ﬂ%—‘fiu.
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Define

~  def
Dy =

Z@V@ﬂ — D,
then

I[Dl :D2+52} =I[|V\ : ‘Z@V@ﬁ” =0

and

Cov[Wj, o1, Wy,.,] = Cov |w(Dy), w(Dy + Dy) + (w(pz) —w(Dy + 62))]

= Cov [w(Dl), w(Ds + 52)} + Cov [w(Dl), w(Dg) — w(Dy + 52)}

_ Cow :’U)(Dl)v w(Ds) — w(Ds + 252)]

(25)
1 ~ ~
<. E Uw(DQ) —w(Dy+ Do) — E [w(pg) —w(Dy + DQ)} ‘
1 ~
< 3 -E [‘M(Dg) —w(Dy + Dg)” .
Note that ‘252‘ < ‘)7‘ by construction (notice the difference in the meanings of |...|),

therefore 752 is also subject to (24). Let us make the bound more comfortable by analysing
the behaviour of HZ| — %| If j1 = jo, then s1 # s9 and we have
Z2=0;(T, ®X) @0}, (T, ®X) = 0, (T, B Ts),
which implies |Z| = § by the construction of 7¢-s. If, on the other hand, j1 # jo, then
Z =04, (7s1) ® 05, (Te) ® 05, (X) @ 05, (X) = 05, (7)) B 055 (7s,) B X' @ 05—, (X)

for A" % 0j, (X) ~ Uy 13», and therefore,

—(In n)2

<4.e 2

Pr

]Z]—Z‘Z\/ﬁ-lnn

by Lemma 3. Combining this with (24), we obtain that V¢ > 0:

Pr Uﬁg‘ > (16 +¢) (lnn)ﬂ

< Pr[‘lj‘ > (16 4 ¢) - (Inn)?|||Z| — Z‘ <+Vn-lnn| +Pr|||Z]| - Z‘ >\/n- lnn]
—c2.Inn 7(lnn)2
<4. el=1)nn o o 330008 4 4. 2 ,
and choosing ¢ 4l 191 gives
~ 10
PTUDQ‘ > 137 (lnn)ﬂ < (26)
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We are ready to analyse EHw(Dg) —w(Dy + 152)H Let §d:ef 137 - (Inn)? and
def [TV — /T n—y\/n n—+/n n -+ /n
Iszl Vg MV g [ MV
def [0 — /T n+/n
ngl 2\F+g, Q\F—g].

Then by the construction of w(...):

E[)w(m) — w(Dy +152)H
< (PTUISQ‘ > 5] + Pr[D; € Ig]) i

+ E [w(Dg) — UJ(DQ + 52)

)152‘ <& Dye Jf}

i PT[DQEIg]
N

where the latter inequality is (26).

< +E[w(D2) — w(Dy + Dy)

)52} < Dy e Jg}

PT[DQGIS] < Pr ’DgGI& D,y € [n_z\/ﬁ—f, n+2\/ﬁ+€

| 7] oA
-]

where the second inequality is due to the fact that Dy comes from the symmetric binomial
distribution centred (and therefore maximised) at n/2 and I¢ is a union of two symmetric edges

of the considered interval ["_2\/5 —£, "+2\/7‘ T g]_

E[w(DQ) — w(Ds + D)

’52’ <& Doe Jg]

U
n— n7n 2\/5] €T

on[ 3

e - &
}f‘ﬁ'

S

Putting this together gives
3¢ 411 (Inn)?

EUM(DQ) — w(Dy +152)” < Vo
and then from (25):
206 - (In n)2.

v(jlasl) # (j2,52) : CO’U[le,sl, Wj2752] < \/ﬁ
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Now - still towards understanding the behaviour of the sum of W; ss — let us estimate
their expectations.

V(j,s): E[ijs} = Pr AjVS(X,y)E [;L_\éﬁ7g \éﬁ]
1 n 2 n \/rﬁ n \/ﬁ
<L g A (X)) EQA-(Xy)ef vnono o ovn
=0 7,8 ; _2 7,8 5 2— 5 2—|— 5 ,

where A o(X,Y) = |oj(1s @ X') @ Y| comes from the symmetric binomial distribution B(n,1/2).
Let S = Aj4(X,)), then

2 2

n- E[WM} < 5

2
< E <S ”> Se!n vnon ‘/ﬁ]
S~B(n,1/2) 2 2

As for any a1, ag € {#/2 — vn/2,...,n/2 + Vn/2} it, obviously, holds that
P’I‘[S = al] < P’I"[S = az] < (a1 — n/2)2 > (a2 — ”/2)2,

Lemma 4 implies that

2 2
E (S_n) P ERVATR ALY | I E (S_n> ,
S~B(n,1/2) 2 2 2 2 2 S&{%_@M%Jr@} 2
So,
1 n\ >
BVl <o o B [<S‘ ;) ]
S@{%—Tv'~-v%+7}
ST I
n S@{—@,.A.,@} n
as n is large enough, and
n2
E s
Z W], < 11

j€[n], s€{0,1}'°8™

Combining this with (27) and applying Chebyshev’s inequality (Fact 1), we get

n? n2
Pr Y. Wis> | <Pr ij,s—E ij,s > =5
j€[n], se{0,1}°8™ 3,8 3,8
Var [Z; s Wjﬁ}
< 2500 - I
n
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Zj,s Var [WJ»S] + Z(jhsl);ﬁ(jg,sz) CO'U [thsl? Wj2732:|

— 2500 - -
n
206-(Inn)?
n?- g5 +nt BECE 2500 (Inn)?
< 2500 - . < :
n vn
which implies the required (23). B heorem 2

Now that we have satisfied our curiosity concerning the likelihood of R(X';)) with respect
to the uniform distribution, let us analyse the R-complexity of GHR.

6.1 Spectral stability of large rectangles

Lower-bounding the R-complexity of a communication problem is often based on showing that
it admits no large nearly-monochromatic rectangles with respect to certain input distribution.?!
We will use this approach in our analysis of GHR, and the input distribution that we consider
will be the uniform.

A core structural property of large rectangles that will be used in the analysis is their
stability with respect to the spectrum of Hamming distances between the two input values.
Namely, we will claim that if (X)) is sampled at uniform from a large rectangle, then |X @& )|
is distributed, in certain sense, similarly to how it is distributed when (X,Y) & {0, 1}"*".

Note that large rectangles can fully control the parity of |X @ Y|: say, if both A and B
are the set of strings of even Hemming weight, then 2||z & y| for every (z,y) € A x B. Also
it is relatively easy to control the marginal values of |X @ Y)|: say, an efficient protocol can
use binary search to find a poly-logarithmic number of coordinates where the pair of inputs
disagree and then test the equality over the rest of coordinates, thus checking whether the
distance between the two input values is at most poly-logarithmic. On the other hand, it is
intuitively obvious that, other than knowing the parity of |X @ )|, a large rectangle cannot
have a good command of this value’s distribution near 7/2. The following statement formalises

this intuition. 22
+ def
Theorem 3. Let AxB C {0,1}""" be a rectangle, k € [n]—1 and paxp = log(W),
If /naxp < /14 and /2 — k| < n/14, then
3
(taxB)? 1k
1-0| —F———+|z——|"
\/ﬁ + 9 n HAxB

PT(X,)J)&AxBUX oY ek, k+ 1}]
T Prayepaye [IX @Y€k k+ 1]

1 1 k
<1+4+0 ( Ogn‘F‘—nD'MAxB )

n

21 A set of inputs to a relational problem is called (nearly-)monochromatic if some answer is correct for
(almost) all of the set elements.

22 We’ve tried to give Theorem 3 a modular formulation, but did not struggle to optimise it beyond our
requirements, so some of the parameters can possibly be improved.
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where the right-hand side holds only as long as it is 1 + o(1). 23

In other words, large rectangles are not too biased with respect to the likely values of
|X @ )|, as long as we consider at least pairs of consecutive points in the spectrum (this is
necessary since singletons are affected by the parity control, as discussed above).

We will use the following result due to Razborov [Raz92].

Fact 4. Let pj be the uniform distribution over {(x,y) e ([4ll—1]) % ([411_1])“$ Nyl = j} for
j € {0,1}. Then for every A, B C {0, 1}41—1:

jn(A x B) > % Jio(A x B) — 2720,

Intuitively, it says that only very small rectangles — those of size 2~() — can contain much
more disjoint pairs than pairs intersecting over exactly one element (this was used in [Raz92]

to show that the R-complexity of the bipartite disjointness function was Q(n)).

Proof of Theorem 3. For any s C [n] U {0}, define the relative weight of s (with respect to
A x B) as

Prxy)eaxp||X @ Y| € 5
Prx yyefoyrt X ®Y|es]’

rw(s) =

and for every i € [n] U {0} let rw(7) & rw({i}).

Assuming that A x B exhibits spectral irregularity — that is, a deviation of rw(-) from 1 —
we will find a representative pair of coordinates that, on the one hand, are both not too far
from n/2, and on the other hand, whose relative weights are somewhat apart from each other:
in combination with Fact 4 this will lead to an upper bound on the size of A x B.

Our way of finding a representative pair will depend on rw({k, k + 1}).

The case of rw({k, k+1}) > 1. For

Lo min{rw({k, k+1}) — 1, 1},
let ¢, be the minimal distance from n/2 of a pair of coordinates with relative weight at most
1 + 2+/3 and same parity pattern as in {k, k + 1}:

def . { n
t, = min
i 2

i

rw({i, i+ 1}) <1+ %, 2[(@—1—1{:)}

The integer interval

def | T n
T, = {2—t++2,...,2+t+—1}

partitions into pairs (7/2 —t, +2, /2 —t, +3),..., (/2 +t, — 2, n/2+t, — 1), each satisfying
rw({j, 7+ 1}) > 1+ A+/3]. Accordingly,

A
rw(T,) > 1+ 3

23 More precisely, the upper bound holds if the expression inside O(+) is less than some universal constant,
otherwise not necessarily.
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and

1> P X T
(X,y)@rAxB[( Y) e T.]

A
>(1+ =) Pr X, V) eT,
( 3> (Xy)e{&l}"*”“ ) ]

> <1 + )\+> . Pr
3 (X Y)e{0,1}7+"

as [||X & Y| —n/2| < t, — 1] implies [(X,Y) € T,]. By Hoeffding’s inequality (Fact 2),

\X@y!—2'<t+—1],

4ty —2t2

Zt+—1] <2-e n

Pr
(X,)))&{O,l}”ﬂl

Ay 4ty —2t2

which, due to A, € (0, 1], implies that for large enough n,

n
X -
RN

and therefore

— t, < n-ln(i). (28)

+

aty —2t2 1 by aty —2t2 by
1-2¢ 7 <—r<1-25 — o >t
143 4 8

Let a € {n/2 — t,, n/2+ t, } be such that rw({a, a + 1}) < 14+2+/3. As in the case that we’ve
just considered rw({k, kK +1}) > 1+ A, and 0 < A, <1, it holds that (1+A)-rw({a, a + 1}) <

rw({k, k+1}) for A def A+/3 > 0. Note that
n/2—a| =t,, A € O(),) (29)

and 2|(a + k) hold by construction.

The case of rw({k, k+1}) < 1. For

A YT rw({k, k4 1)),
let ¢ be the minimal distance from n/2 of a pair of coordinates with relative weight at least
1 — 2-/2 and same parity pattern as in {k, k + 1}:

def . n
t_ = min
i { 2

i

rw(fi, it 1)) >1— % 2|(z’+k:)}.

The integer interval

def | n
A D S LR |
{2 Theeg T }

partitions into pairs (7/2 —t_ +2,7/2—t_+3),...,("/2+t_ — 2, n/2+t_— 1), each satisfying
[rw({j, 7+ 1}) <1 —2-/2]. Accordingly,
A

T 1-—.
rw(T.) < 5
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To bound ¢_ from above, let us use the fact that the subset of A x B where rw(|z + y|) >
1 — A-/2 must compensate the missing A-/2-portion in the rest of the rectangle:

n n
(¥ V)edxB X &Y 5| & %ZZT Vs X @Y 5 z]
n n
= XY -gl=il-  Pr ‘X®y—:ﬂ
g; e M = ] (XJA@ﬂxn"+n_| =3 ]
_Z |X@y|—gzi]— Pr ‘M{@M_Z:i
ier. \ (X)) @{0 pntn (X Y)eAxB | |
> py !X@M—”’eT_
2 (xy)efo1ytn 2
A
> Pr ||lXeY -S|eT
2 (X, Y)eAxB 2

from where by adding %‘ -Praxp H XY o Y| — %} ¢ T_] to both the sides we get

. Pr
(X, V)&AxB

|>/
| W

|X@M—ﬂ¢ﬂ

| W

. Pr
(X,)O&{O,l}”*"

Pr

(X, Y)e AxB

|X@M—ﬂ¢ﬂ

(X7y)@{0’1}n+n|: |X D y| - %l g T_:|

IN
N W

_3. Prix y)efoaymtn D\X oV -3 >t - 1}
- 2 M{O’l}n-&n (A X B) ’

as [||X @ Y| — n/2| & T_] implies [||X & V| — n/2| > ¢_ — 1]. By Hoeffding’s inequality (Fact 2),

4t_—2¢2

275_—1] <2-e n

Pr
(x,Y)e{0,1}" "

n
X ~ =
X&) 5

and so, for large enough n,

at_—2¢2 by

1
= = min(AX B) =— t. .1 . 30
e > & U ayren (A X B) <.|n n()\_ TR B)) (30)

Let a € {#/2 —t-, n/2+t-} be such that rw({a, a +1}) > 1 — A-/2. As in the case that
we've just considered rw({k, k + 1}) = 1—A_for A\_ > 0, it holds that (1+A)-rw({k, k + 1}) <

rw({a, a + 1}) for A ot A-/2 > 0. Note that
|nfa—a| =t., A € O(\) (31)

and 2|(a + k) hold by construction.
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Completion. We need a pair of coordinates by, by € [n] — 1 with the following properties:

bl < b2 and 2’(52 — bl);
(L+A)-rw({b1, by +1}) < rw({ba, by + 1}) for some A € (0, 1]; (32)
rw({b2, ba +1}) > 1/2.

The pair of coordinates that we have identified in the previous stage (k and a) almost satisfy
these requirements: it may happen that the ordering is wrong (say, k > a but rw({k, k +1}) <
rw({a, a+ 1})). However, this situation can be addressed by a simple transformation of the
rectangle under consideration: if we let

B d:ef{ﬂb‘b c B},

where “—” stands for the bit-wise negation of a binary string, then, obviously,

Vienu{0}: Pr [[XeY =il= Pr [[X®Y =n-i].
(X,V)eAXB (X,V)eAXB’
That is, the distributions of |X & Y| corresponding to the rectangles A x B and A x B’ are
symmetrically opposite, and we will get all the three conditions of (32) satisfied either for the
rectangle A x B with the coordinates k and a, or for the rectangle A x B’ with the coordinates
n—k and n — a.

For notational convenience (and without loss of generality), let us assume the former case:
That is, we are assuming that a pair of points by, by € [n] — 1 satisfy the conditions listed
at (32) with parameters provided by the appropriate version of our pair-picking algorithm
(note that the conditions are implicitly referring to the rectangle A x B, as the relative weight
rw(-) is defined with respect to it).

For the following argument we will use a pair of coordinates: either (b1, be) or (by+1, ba+1),
let us make the choice. By the nature of the binomial distribution,

i+ 1
Vie[n]—1: Pr [|X@y|:i+1]zz+,~ pPr X ® Y| =i,
(x,y)e{o,1}"+" n—1 (xy)e{o1}"t"

and therefore,

Praxpl|lX @ Y| =i] + Praxp[lXY @ Y| =i+1]
Pr g ynin X oY =i+ Pr o jynin X®Y =i+1]
_ Praygl|X & Y| =i

Pr g ynin X® Y| =i - (1 + %12)

PrapllX @Y =i+1]

rw({i, i+1}) =

+ :
Prigyen X @V =i+1] - (1+25)
n—1i v+ 1
rw(7) n+1+rw(z+ ) m——

Accordingly, our assumptions regarding b, and by imply that 1/2 < rw(by) + rw(by + 1) and
(L+A)-rw(by)-(n—0b1))+ (1 +A) -rw(by +1)- (b +1)
<rw(by) - (n—bg) +rw(by +1)- (b2 +1).

34



If we let

5 d_efmax{\n—Z-bﬂ,|n—2-bg|}—|—2 _max{|n—2-a|,\n—2-k‘]}+2
maxr n - n I
then
(T+A) - rw(b1) - (1 = 6pmaz) + (L+A) -rw(by + 1) - (1 — dpnaz)
<rw(b2) - (14 dpmaz) +rw(be + 1) - (14 dpnaz)
and

(14 A) (1= 20m00) - (rw(bl) + rw(by + 1)) < rw(bs) + rw(bs + 1). (33)

Recall that rw(be) + rw(ba + 1) > 1/2 and A € (0,1], consider the following cases. If
rw(ba + 1) < A/7, then rw(by) > 5/14 and from (33):

(1+A) - (1 = 26maz) - (rw(bl) +rw(by + 1)) < rw(by) + % < 1w(be) - (1 + 25A>,

implying
14+ A A
I‘W(bg) > 1_:_2/\ . (1 — 25maa:) . I‘W(bl) > <1 + 5) . (1 — 25ma:v) . I‘W(bl).
5

Similarly, if rw(bg) < A/7, then rw(bg + 1) > 5/14 and
A
rw(be +1) > (1 + 5) (1 = 20maz) - Tw(by + 1).

Lastly, if rw(ba), rw(ba + 1) > A/7, then it follows from (33) that at least one of
I‘W(bg) > (1 + A) . (1 — Qémaz) . I'W(bl), I‘W(bg + 1) > (1 + A) . (1 - 26ma$) . I‘W(bl + 1)
must hold.

In every case, we have identified a pair of coordinates ¢1, ca € [n] U {0}, such that the
following holds:

¢y > c1 and 2|(ca — ¢1);
[n/2 — e, |/2 — 2| < max{}n/2—a\, ‘"/Z_k‘} +1

(34)
rw(cg) > (1 + A5 — 44z) - tw(ey) for dppar = (maX{\”*%\,|"*2k\}+2>/n;
rw(cg) > A7
Now let
)
4(02 — Cl)
and assume that
3-c0<4-¢; (35)

—that is, { > 1 (in the end we will make sure that this holds). Suppose that we are given some
(z,y) € ([41;”) X ([41;1]) and the goal is to distinguish the case of [z Ny = @] from that of
[|z Ny| = 1], using the assumed irregularity of A x B (as witnessed by the coordinates ¢; and
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¢2) — that will let us derive the desired conclusion from the hardness of distinguishing the two
cases (as expressed by Fact 4).
Consider the following randomised algorithm that we will denote by =.

1. Map z to X; € {0, 1}121_3 by converting every wx;, i € [4]l — 1] into &} |3;_2,. 3; € {0, 1}3

as follows:
100 if ; = 0;
Xi|3i—2,..3i = {010 if x; = 1.

2. Map y to )1 € {0, 1}12l_3 by mapping every y;, i € [4l — 1] to V1|si—2...3: € {0, 1}3 as

goony

follows:
Vs o001 if z; = 0;
H3=230 70010 if @y = 1.
(121—3)-(cg—cq) . _ . .
3. Let Xy, Vo € {0,1} 2 be the concatenations of “5“ copies of, respectively, X}
and ).

(121=38)-(cg— cl)
2

4. Let X3 € {0,1}" be the concatenations of X5 with 0™~

5. Let V5 € {0,1}" be the concatenations of Vs with 12~ (4l=1)(ez—e1) and with 072~

6. Let S be a uniformly-random permutation of [n] and Xy, V4 € {0,1}" contain the
outcomes of, respectively, S(X3) and S()s).

7. Let T ~ Uy 1y~ and A5, V5 € {0, 1}" contain the outcomes of, respectively, T & X, and
T & Vs

8. Accept if (X5, V5) € A x B and reject otherwise.

In the above description of the procedure Z, let us view S, 7, Xjs and Y;s as random
variables: some of them hold values that are fixed by those of x and y, others possess entropy of
their own. Note however that once the values of S and T are fixed, = becomes a deterministic
algorithm with input (z,y).

We claim that if x Ny = 0, then (X5, V5) ~ U{O’l}nJrn subject to | X5 @ V5| = c2, and
if lzNy| = 1, then (X5, V5) ~ Uy 1yn+n subject to |X5 @ V5| = 1. Indeed, suppose that
Ny =, then the distance between every pair of corresponding bit-triples of X7 and ) is
exactly 2 and therefore |X; @ )| = 8] — 2. Consequently, |Xo @ Vs| = (c2 — ¢1)(4l — 1) and

‘Xg D y3| = (CQ — Cl)(4l — 1) +co — (4l — 1)(62 — 01) = co.
If, on the other hand, | Ny| = 1, then the distance between all but one pair of corresponding

bit-triples of A7 and ) is 2 and the remaining pair of triples both equal 010, and therefore
|X1 @ V1| =8l —4, |Xo® Vo| = (ca — c1)(4l — 2) and

’X3 @yg‘ = (CQ — 01>(4l — 2) —+ ¢y — (4l — 1)(62 — Cl) =Co — (CQ — Cl) =C1.

The above statement about the conditional distribution of (X5, Ys) follows by noticing that
steps (6) and (7) map every (X3, V3) to uniformly-random (X5, Vs), subject to [|X5 & V5| =
X © J5].
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As
Vie[nu{0}: Pr [(X, ) eAxB’]é’(@y!:i]

Upo,iyntn

Pry, ... [(X,Y) € Ax B

Pry (X oY =i

- Pr [\X@y\:i((x, y)eAxB]~

Upo,ynetn
=rw(i) Usg 1ynn (A x B),
it follows by (34) that
Pr[Z accepts|z Ny = 0] P"ZA{OJ}”M [(X,Y) € Ax B||X @ Y| = ]
Pr [E accepts“x Ny| = 1] - Pru{o’l}“n [(X, V) e Ax BHX ®)Y| = cl]
> 1475 — 46maz

and

Pr [E accepts‘:c Ny = @] > A U{O’l}n: (4 x B).

Note that conditioned on the values of S and T, the set of pairs (x,y) accepted by Z forms
a combinatorial rectangle in ([41;1]) X ([41;1]). Moreover, if we run k independent instances
of = for the same input (z,y) and accept if and only if all k executions have accepted, even
then the set of accepted pairs still forms a combinatorial rectangle (conditions on the values of
both & and 7 in each instance), as the intersection of many rectangles is a rectangle.

For the version with k repetitions the following holds, due to the mutual independence of

the instances:
Vo, ) € ([45;1}) . ([41;1]> |

Pr[Accept|z Ny = 0] . <1+A—45 >k~
Pr[Accept||zny| =1] ~ 5 e

and

7 .

Pr {Accept’x Ny = Q)} > <

Let X and Y be random variables that respectively take the values x and y, and let ¢ denote

their uniform distribution (i.e., U([ufu)x([ufu)). Let E’;l sp.th,...t, denote the k-repetition
! ! seee99ky Ulseesy

version of =, where the i’th instance runs with S = s;, 7 = t;. Then the standard counting
argument implies that there exist such values of s1,..., sk, t1,...,t; that the (deterministic)

—k atia .
procedure =, o, . satisfies both

PT(X,JI)NL{ [E‘lgl,...,sk,th...,tk (‘X7 y) aCCthS’X N y = ®:| > 1 1+ A 46 K
2 max

P’I”(XJ/)NZ,{ [5517---,5k,t1,...,tk (X,y) accepts‘|)( N y’ — 1} 5
and
k
1 A U n+n (A X B)
= > = {0,1}
(X;:F)})g;u [‘:Slrwsk,th...,tk (Xa y) acceptb‘/‘k ny = @} > 5 . ( - .
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As the acceptance region of =¥ 1, forms a rectangle, Fact 4 implies that

1yeeesSky Llyeeey
(XI';;‘NM [Elglv---75kvt17---,tk (X, D) accepts‘ [XNY= 1}
1 _ _
> 5 (ng‘Nu [Z15€17~--75k7t1 77777 tk(X,))) accepts‘X nNy = @} -2 Q(l)’

and so,

-----

(1 + A/5 - 45max)k

> (X-I;';n U[Elgl,...,sk:tl,...,tk (X,)) accepts‘X Ny = @} — 2700,

Xnyzﬂ

In other words,

90

pPr |=F X,Y) acce ts‘Xﬂy:(I) |l 1- <2790,
(X,y)wu[ Tyeens k,tl,...,tk( ) 1Y i| (1 i A/5 _ 45mam)k >~
and so,
k
1 . A ] u{ovl}n+n (A X B) . 1 _ 90 - S 2—Q(l).
2 7 (1 + A/5 - 4(5mar)
Assuming A > 20 - d;42, We can pick sufficiently large
1 1
keO 0o ——
< (log(1+/\/5—45max)) <A—20-5max>’
such that
1 1 [
1 — 1 Q=) =Q(l-(A—=20"-mnaz) ).
Og<A> - Og(u{o (A x B)) < <k> (1 (4 =20 mar)
Substituting the definition of I, we get
1 1 C2
log| — | + 1o e (A —20"0maz) |-
g<A> g(u{071}n+n(AXB)> (62—61 ( )>
Let
def n n
Amax —max{'2—a, Q—k'}, (36)
then
—2-al,In—2-k 2 maz + 1
A 20 Gy = A 20. mxlln=2-dl In B2 ) g dmee 1
n n
and the assumption
An
dmaw < — 37
<A (37)
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guarantees that A — 20 - dpe € Q(A) and /A < n (note that dpe, > 1 is implied by its
definition, as a # k), and therefore,

n ca- A n- A)
lo e Q c Q . 38
g(u{OJ}nJﬁn(A X B)) (Cz - Cl) - <dmaw ( )
As A must either violate (37) or satisfy (38) (or both), we may conclude
d n
AcOo| 2.1 . 39

If rw({k, k + 1}) > 1, then (28), (29), (36) and (39) imply

n

Z/{{O’l}n-‘—n (A X B)

logn ‘ 1k n
co +lz-——|] log ,
< ) (u{o’l}n-&-n(A X B))

n 2 n
and if rw({k, &+ 1}) < 1, then (30), (31), (36) and (39) imply

t+|% — k| n
reol —2 1.
n Og (U{O’l}’rrl»n (A X B))
n - In 1 + }@ — k‘!
A—'M{O,l}n+"(AXB) 2 n
co -log

3

2
<logu{0’1}n+n(AxB)> N 1k
NG

- lo n
2 n g Z/{{Oyl}rh&-n(A X B) ’

as required. Lastly, for (35) to hold it is enough for dy,. < /14 to hold, which is guaranteed
by the assumed [, /T liaxB, |2 — k| < n/14]. B corem 3

It remains to see how spectral stability of large rectangles implies hardness of GHR for
classical interactive protocols.

Theorem 4. R(GHR) € Q(n'?).

Proof of Theorem 4. If there is a randomised protocol of cost ¢ that solves GHR with error at
most 1/8, then for any fixed distribution some choice of the random seed guarantees at most
the same error. So, a deterministic protocol T of cost ¢ solves GHR with error at most 1/8
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when (X,Y) ~U (0,13m4n As there are at most n21°8" different possible answers, Y partitions

{0,1}""" into at most 20+2(og n)? rectangles, each marked with some answer value.?*

Let V1 C {0,1}""™ be the union of the rectangles of T whose size is at least 2~¢~2(lg n)?—4
(with respect to Uy ynen), then Ugg jynin (Vi) = 15/16. Let Vo € {0, 11" be the union of
such rectangles C' x D of T that satisfy

Pr [-R(X, V)] < 16- Pr [ R(X, V)],
(X, Y)eCxD (X Y)e{0,1}" "

then Uy 1ynen (V2) > 15/16 and Uy 1ynn (Vi N V2) > 7/8. Accordingly,

1/7 6
P T(X,Y) i 'ht‘X, ceVinW| >1-=/L=-2
(X,Ji)~ur0,1}n+n{ (X,) is right|(X,Y) € 2} > 8/8 -

This implies existence of a rectangle A x B C Vi N V5, where, due to Theorem 2,

Pr  [-R(X, V)] €0 (Inn)”
(X, Y)&AxB ’ NZA

Let us denote by “((j1,51),- -, (Jlogn, Slogn))” the answer of T on A x B: we know that it is
correct with probability at least 6/7; by the definition of GHR, this means

6 , n vn n n logn
2<  pr logn] : As . (X, L AU AL B S
SR O | T P w[z 2 2] :
P - N(X .
(X,y)@rAxB[ (%, 9)]

For large enough n,

3 . n vnon  n logn
-< P 1 cAG (X, v = >
1= ejeaxs||)'S llogn] : Ajis (¥, V) & [2 227 2
2 n vn n /n
< . E 1 A (X — Ny =
~ logn  (x.y)eAxB € llogn]: &y, (X, V) ¢ [2 272 * 2
2 lzogn n n on n
e . P AS X’ - — = = ,
logn — (X7y)61:‘A><B Jis z( y) g [2 2 9 + 72
and therefore for some (jo, so) € [n] x {0,1}°8":
n f n \/n 3
P ‘ j s X ‘ —_—y = —_— > -,
(x.Y)€AxE %io (T & X) & V| ¢ [ 27 =8

24 As the answer length is poly-logarithmic in the case of GHR, we could assume without loss of generality
that the protocol’s last message always contains the answer (then a deterministic protocol of cost ¢ would
partition the input space into at most 2° rectangles). We avoid that assumption in order to admit efficient
protocols for communication problems with long answers.
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Let A’ % {ojo(7s, ® a)|a € A}, then

n vn on /n 5
P X -t -+ < - 40
(X,y)@Cl'xB [xoy e [2 2’ 2+ 2 - 8 (40)
and, since |A’| = |A] and A x B C Vj,
Up gy (A’ x B) > 277 2loan)*=4, (41)
Aiming to benefit from Theorem 3, now we need a lower bound on
Pr xayle |2 - £ ny v
(X Y)e{0.3 " 2" 272" 2
_ Py |jxje|Ro¥ron vn oy
xe{0,1}" 2 2 2 2

The bound has to be above 5/8, and a typical Chernoff-like estimation would lack the required
tightness, so we use Lemma 2:

n  /n n
Pr Xo)Y|e f——,f+7—1 \[ \
(XY)e{o,1}m | | [2 272 ] 187r

for large enough n. Combining this with (40) and noting that [7/2 — v7/2, n/2 + vn/2 — 1] can
be partitioned into pairs {n/2 — vn/2, n/2 — vn/a + 1}, ... {n/2 + Vn/2 — 2, n/2 + Vn/2 — 1} we
conclude that for some k € {n/2 — vn/2,... n/a 4+ Vn/2 — 2}:

Pr (x yeaxp[lX @ Y| € {k k+1}] 5 2120

In the terminology of the spectral stability statement (Theorem 3) this implies

3/2
/ 1 k
(“AXB)+‘ n"MA’XBEQ(l)a

NLD 2
that is,
n 1
log ZMA/BGQN/Sa
<Z/[{071}n+n (A, X B)) x ( )
and the required [c € Q(nl/ 3)] follows from (41). B 7hcorem 4

7 Conclusions

From Corollary 1 and Theorem 4:

Corollary 2.
Ol(GHR) € O(logn) and R(GHR) € Q(nl/?’).
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This demonstrates that quantum SMP, which is the weakest reasonable quantum model,
can outperform classical two-way communication, which is the strongest model of feasible
classical communication.

What interesting questions are still worth asking? One possible way to complicate the
challenge would be to ask for examples where a quantum model outperforms a substantially rein-
forced classical one (say, AM, where protocols can use both randomness and non-determinism).
Two possible objections come to mind: First, it seems that most of the known “supermodels”
either can be handled by, essentially, the same techniques as R (and therefore are of limited
theoretical interest), or are still beyond the analytical reach (like AM) — in the latter case
making an excellent subject of investigation besides the context of quantum mechanics. Second,
comparing a model that cannot be viewed as classically-feasible to a quantum model would
lack the philosophical significance and the appeal of reflecting the super-classical nature of
quantum mechanics.?®

We think that the most interesting remaining problem in this area is to analyse the
possibility of outperforming classical communication by quantum SMP on more elementary
levels than relational problems. Recall the hierarchy of problem types that we mentioned earlier:
total functions, partial functions and relations. Obviously, in this context total functions are
more elementary than partial functions, while relations are the most sophisticated. Viewed
as tools for demonstrating the advantage of one communication model over another, total
functions are the weakest and relations are the strongest — accordingly, the arguments based
on total functions are the hardest to obtain (maybe even impossible in some cases), while the
arguments based on relations (like the one presented in this work) are the easiest.

In terms of the known super-classical merits of Qll, the three types indeed form a hierarchy:

e A total function is known that has an efficient Qll-protocol, but no efficient classical
simultaneous-messages protocol without shared randomness [BCWdWO01].26

e A partial function is known that has an efficient Qll-protocol, but no efficient classical
simultaneous-messages protocol, even with shared randomness [Gav19].

e Our relation GHR has an efficient Qll-protocol, but no efficient classical two-way protocol.

Can the first two positions be improved? Namely:

e Can a quantum simultaneous-messages protocol outperform classical simultaneous-
messages protocols with shared randomness over a total function?

e Can a quantum simultaneous-messages protocol outperform classical one-way protocols
over a partial function?
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25 These arguments are rather subjective, and intentionally so. For instance, one could view possible
advantage of quantum two-way communication over AM as a very natural indirect comparison between the
quantum and the classical worlds (as AM is known to be stronger than R); on the other hand, comparing ol
to R can be viewed as too indirect and too unnatural, as it mixes very different communication layouts.

26 This is the only known example of qualitative advantage of quantum communication for a total function.
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