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Abstract

As usual, P, (n > 1) denotes the path on n vertices, and C,, (n > 3)
denotes the cycle on n vertices. For a family H of graphs, we say
that a graph G is H-free if no induced subgraph of G is isomorphic
to any graph in H. We present a decomposition theorem for the
class of (P7,Cy4, Cs)-free graphs; in fact, we give a complete structural
characterization of (Pr, Cy, Cs)-free graphs that do not admit a clique-
cutset. We use this decomposition theorem to show that the class
of (P, Cy,C5)-free graphs is y-bounded by a linear function (more
precisely, every (Pr, Cy,C5)-free graph G satisfies x(G) < 3w(G)). We
also use the decomposition theorem to construct an O(n?) algorithm for
the minimum coloring problem, an O(n?m) algorithm for the maximum
weight stable set problem, and an O(n?) algorithm for the maximum
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weight clique problem for this class, where n denotes the number of
vertices and m the number of edges of the input graph.

1 Introduction

In this paper, all graphs are finite and simple. Furthermore, unless stated
otherwise, all graphs are nonnull.

Given graphs G and H, we say that G is H-free if no induced subgraph
of GG is isomoprhic to H. Given a graph G and a family H of graphs, we say
that G is H-free if G is H-free for all H € H.

As usual, given a positive integer n, we denote the path on n vertices by
P, and we denote the complete graph on n vertices by K,. For an integer
n > 3, C, is the cycle on n vertices.

A clique in a graph G is a (possibly empty) set of pairwise adjacent
vertices of G, and a stable set in G is a (possibly empty) set of pairwise
nonadjacent vertices of G. The clique number of G, denoted by w(G), is
the maximum size of a clique in G, and the stability number of G, denoted
by a(G), is the maximum size of a stable set in G. A g-coloring of G is a
function ¢ : V(G) — {1,..., ¢}, such that c(u) # c(v) for every edge uv of
G. The chromatic number of a graph G, denoted by x(G), is the minimum
number g for which there exists a g-coloring of G.

In this paper, we give a decomposition theorem for (P7, Cy,Cs)-free
graphs (see Theorem 3.1). In fact, we give a full structural description of
(P7,Cy, Cs)-free graphs that do not admit a clique-cutset. (We remark that
this is not quite a full structure theorem for the class of (P7, Cy, C5)-free
graphs. This is because P; admits a clique-cutset, and so the operation
of “gluing along a clique,” the operation that “reverses” the clique-cutset
decomposition, is not class-preserving.) We use this decomposition theorem
to construct an O(n3) algorithm for the minimum coloring problem, an
O(n®m) algorithm for the maximum weight stable set problem, and an O(n?)
algorithm for the maximum weight clique problem for this class, where n
denotes the number of vertices and m the number of edges of the input
graph. We also use it to prove that every (Pr, Cy, Cs)-free graph G satisfies
V(G) < [30(G)).

Minimum coloring is NP-hard for (Cy, C5)-free graphs, and even 3-coloring
is NP-complete on this class [23]. Huang [20] proved that 4-coloring Pr-free
graphs is NP-complete. In [11], Fraser et al. show that there is a polynomial-
time algorithm for coloring (4K, Cy, C5)-free graphs, a subclass of the class
of (Py,Cy, Cs)-free graphs. We remark that the algorithm from [11] relies



on polynomial-time algorithms for coloring graphs of bounded clique-width
([7, 22]). The class of (P7, C4, C5)-free graphs is interesting for the following
reason. Gaspers, Huang and Paulusma [15] recently proved that finding a
minimum coloring is NP-hard for (Py, Cy, C5)-free graphs, while it becomes
polynomial for (Pg, Cy)-free graphs (and hence for (FPs, C4, C5))-free graphs.
This leaves only two open cases: (P, Cy, Cs)-free graphs and (Ps, Cy, C5)-free
graphs. Here we show that finding a minimum coloring is polynomial for
(P7,Cy,C5). A notorious open problem is to determine the complexity of
finding a minimum coloring for (Cy, 4P;)-free graphs [24]. Our result can be
viewed as a partial result towards a positive answer to the problem.

The maximum weight stable set problem is NP-hard for (Cy, C5)-free
graphs; its complexity is unknown for Pr-free graphs but it can be solved in
polynomial-time for Ps-free graphs [18].

Any Cy-free graph has O(n?) maximal cliques [1, 12]. Furthermore, if a
graph G has K maximal cliques, they can all be found in O(Kn?) time by
combining results from [25, 29]. Thus, all maximal cliques of a Cy-free graph
can be found in O(n®) time, and it follows that a maximum weight clique of
a Cy-free graph can be found in O(n°) time. As mentioned above, we show
that a maximum weight clique of a (Py, Cy, C5)-free graph can be found in
O(n?) time.

A class of graphs is hereditary if it is closed under isomorphism and induced
subgraphs; it is not hard to see that a class G is hereditary if and only if
there exists a family H such that G is precisely the class of H-free graphs.
A hereditary class G is x-bounded if there exists a function f : N — N such
that every graph G € G satisfies x(G) < f(w(Q)). x-Bounded classes were
introduced by Gyérfas [19] in the 1980s as a generalization of perfection (a
graph G is perfect if all its induced subgraphs H satisfy x(H) = w(H); clearly,
the class of perfect graphs is the maximal hereditary class x-bounded by the
identity function). As mentioned above, we proved that all (Pr, Cy, C5)-free
graphs G satisfy x(G) < [3w(G)]; thus, the class of (Pr, Cy, Cs)-free graphs
is x-bounded by the function f(n) = L%nj Gyarfas [19] showed that for all
positive integers n, the class of P,-free graphs is y-bounded. It is well known
that Pj-free graphs are perfect [26]. However, for n > 5, the best y-bounding
function known for the class of P,-free graphs is exponential: it was shown
in [17] that every P,-free graph G satisfies x(G) < (n — 2)“(@)~1. On the
other hand, since there exist graphs of arbitrarily large girth and chromatic
number [10], the class of (C4, Cs)-free graphs is not y-bounded. Finally, we
remark that Gaspers and Huang [14] showed that every (FPgs, C4)-free graph
G satisfies x(G) < |3w(G)], and Chudnovsky and Sivaraman [6] proved that



every (Ps, Cs)-free graph G satisfies y(G) < 2¢(@)—1,

2 Terminology and notation

A graph is bipartite if its vertex set can be partitioned into two stable sets.
A graph is cobipartite if its vertex set can be partitioned into two cliques.
Thus, a graph is cobipartite if it is the complement of a bipartite graph.

Let G be a graph. Given a vertex € V(G) and a set Y C V(G) \ {z},
we say that x is complete (resp. anticomplete) to Y in G if z is adjacent (resp.
nonadjacent) to every vertex in Y; x is mized on Y if x is neither complete
nor anticomplete to Y, that is, if £ has both a neighbor and a nonneighbor
in Y. Given disjoint sets X, Y C V(G), we say that X is complete (resp.
anticomplete) to Y if every vertex in X is complete (resp. anticomplete) to
Y.

A homogeneous set in a graph G is a nonempty set X C V(G) such that
no vertex in V(G) \ X is mixed on X. A homogeneous set X of G is proper
if 2 <|X| < |V(G)| - 1.

For a graph G and a vertex v € V(G), the set of all neighbors of v in G is
denoted by Ng(v), and we set Ng[v] = {v} U Ng(v). Given a set S C V(G),
we denote by Ng(S) the set of all vertices in V(G) \ S that have a neighbor
in S, and we set Ng[S] = S U Ng(S). If H is an induced subgraph of G, we
sometimes write Ng(H) and Ng[H] instead of Ng(V(H)) and Ng[V (H)],
respectively. We say that a vertex z € V(G) is dominating in G provided
that Nglz] = V(G), and we say that a set S C V(G) is dominating in G
provided that Ng[S] = V(G). An induced subgraph H of a graph G is
said to be dominating in G provided that V' (H) is dominating in G. Given
distinct vertices u,v € V(G), we say that u dominates v in G, or that v is
dominated by u in G, provided that Ng[v] C Ng[ul.

Given a graph G and a nonempty set S C V(G), we denote by G[S] the
subgraph of G induced by S; for vertices vy, ...,v: € V(G), we sometimes
write G[vy, ..., v instead of G[{v1,...,v:}].

The complement of a graph G is denoted by G. A graph is anticonnected
if its complement is connected. An anticomponent of a graph G is a maximal
anticonnected induced subgraph of H of G. (Equivalently, H is an anti-
component of G provided that H is a component of G.) Clearly, the vertex
sets of the anticomponents of G are pairwise disjoint and complete to each
other. A trivial anticomponent of a graph G is one that has just one vertex;
a montrivial anticomponent of GG is one that has at least two vertices. Note
that every trivial anticomponent of a graph G is dominating in G.



A cutset in a graph G is a (possibly empty) set C' & V(G) such that G\ C
is disconnected. A clique-cutset of G is a (possibly empty) clique C' such that
C'is a cutset of G. A cut-partition of G is a partition (4, B, C) of V(G) such
that A and B are nonempty and anticomplete to each other (C' may possibly
be empty). A clique-cut-partition of G is a cut-partition (A, B, C) of G such
that C is a (possibly empty) clique. Note that if (A, B, C) is a cut-partition
(resp. clique-cut-partition) of G, then C'is a cutset (resp. clique-cutset) of G
conversely, every cutset (resp. clique-cutset) of G gives rise to at least one
cut-partition (resp. clique-cut-partition) of G.

For an integer k > 4, a k-hole is an induced cycle of length k; a k-hole in
a graph G is an induced subgraph of G that is a k-hole. A hole is a k-hole
for some k > 4; a hole in a graph G is an induced subgraph of G that is a
hole. A hole is odd (resp. even) if its length is odd (resp. even).

A graph is chordal if it contains no holes. It is well known that if a graph
is chordal, then either it is complete or it admits a clique-cutset [9]. A vertex
v in a graph G is simplicial if Ng(v) is a (possibly empty) clique. A simplicial
elimination ordering of a graph G is an ordering vy, ..., v, of its vertices such
that for all i € {1,...,n}, v; is simplicial in G[v;,...,v,]. It is well known
that a graph is chordal if and only if there is a simplicial elimination ordering
for it [13]. To simplify notation, for a graph G and sets Z1,...,7Z; C V(G),
we say that Zi,...,7Z; is a simplicial elimination ordering of G provided
that for any ordering Z; = {z{,..., Z\lzl\}’ e Zy = {24 thZt\} of the
sets Z1,...,7Z;, we have that zll,...,z|121|,...,z{,...,zrzt‘ is a simplicial
elimination ordering of G (note that this implies that the sets Z1,..., Z; are
pairwise disjoint, and that their union is V(G)).

Given graphs G and H, we say that G is obtained by blowing up each vertex
of H to a nonempty clique provided that there exists a partition {Xv}vev(H)
of V(@) into nonempty cliques such that for all distinct w,v € V(H), if
uwv € E(H), then X, is complete to X, in G, and if uv ¢ E(H), then X, is
anticomplete to X, in G.

3 A decomposition theorem for (P;, Cy, C5)-free
graphs

The main result of this section is a theorem that characterizes (Pr, Cy, C5)-
free graphs that do not admit a clique-cutset. We state this theorem below,
but we note that we have not yet defined all the terms that appear in it.

Theorem 3.1. Let G be a graph. Then the following are equivalent:



e G is a (P;,Cy,Cs)-free graph that does not admit a clique-cutset;

o cither G is a complete graph, or G contains exactly one nontrivial an-
ticomponent, and this anticomponent is either a 7-bracelet, a thickened
emerald, a lantern, a 6-wreath, or a 6-crown.

To make sense of Theorem 3.1, we must define “7-bracelets,” “thickened
emeralds,” “lanterns,” “6-wreaths,” and “6-crowns.” We first define these
terms, and after that, we turn to the proof of Theorem 3.1.

Let B be a graph, let {4;};cz, be a partition of V(B), and let i* € Z;.
We say that B is a 7-bracelet with good pair ({Ai}iez., ") provided that the
following hold (see Figure 3.1 for a “global” representation of a 7-bracelet,
and see Figure 3.2 for a more detailed one):

(I) for all i € Z7, A; is a nonempty clique, complete to A;—; U A;41 and
anticomplete to A;_3 U A;13;

or all © € Z7, there exists a partition of A; into three (possibly empty
IT) for all i € Z7, th i ition of A; i h ibl
sets, call them A}, AZTF, A; ", such that all the following hold:
(a) AY is anticomplete to A;—o U Ajto,
(b) Af is anticomplete to A;_2, and every vertex in A; has a neighbor
in A;1a,
(c) A; is anticomplete to A; 42, and every vertex in A;” has a neighbor
in Ai7271
(d) if AF # 0, then A can be ordered as Af = {ai', ... ’all:lﬂ} SO
that NB[alijl-*l] C .- C Nglai'],

(e) if A; # 0, then A; can be ordered as A; = {a} ,... ,a‘i;__|} SO

that NB[GT;L—\] C .- C Nglai ],

(f) either A¥ # 0, or A is not complete to A;42, or A; is not
complete to A;_o,>

(II) Ap_3=A%_5and Ajyg = A% 333

'Note that (II.a), (ILb), and (II.c) together imply that the partition (A}, A], A;) of
A; is unique, and furthermore, that every vertex in A; is anticomplete to at least one of
A2, Aita.

2Equivalently: some vertex in A; has a nonneighbor both in A;_» and in A;;o.

*Equivalently: AL _; = A 5 = AL, = AL, ; = 0. In other words, for all i €
{i* —3,1" + 3}, A; is anticomplete to A;—2 U A;42.



(IV) Ai*_g = A;F*—Q U A;t_2 and Ai*+2 = A;(*+2 @] A;+2;4

(V) Ai*—l = Af*_l U A;Ltfl and Ai*+1 = A;(*—&—l U Ai_"+1'5

A graph B is said to be a 7-bracelet provided that there exists a partition
{Ai}iez, of V(B) and an index ¢* € Z7 such that B is a 7-bracelet with good
pair ({4;}iez,,7*). Furthermore, given a 7-bracelet B, we say that {4;}icz.
is a good partition of B provided that there exists some index i* € Z; such
that B is a 7-bracelet with good pair ({4;}iez.,i*). Note that C7 is a
T-bracelet.

A detailed representation of a 7-bracelet is given in Figure 3.2. Let us
explain this figure. Dotted rectangles in Figure 3.2 represent nonempty
cliques, and cross-hatched disks represent (possibly empty) cliques;” each
dotted rectangle represents the union of the cliques represented by the cross-
hatched disks inside that rectangle. For each i € Z7, A; = A} U AT UA;
those A;”S and A ’s that are not represented in the picture are empty. A
straight line between two rectangles (resp. two cross-hatched disks) indicates
that the cliques represented by the two rectangles (resp. cross-hatched
disks) are complete to each other. If there is no straight line between two
rectangles, but there is a wavy line between two cross-hatched disks in those
rectangles, that indicates that all edges between the cliques represented
by the two rectangles are in fact between the cliques represented by those
two cross-hatched disks (furthermore, such edges must obey the axioms
from the definition of a 7-bracelet). If there is no straight line between two
rectangles, and there is no wavy line between any two cross-hatched disks
in those rectangles, then the cliques represented by the two rectangles are
anticomplete to each other.

The emerald is the graph represented in Figure 3.3. A thickened emerald
is any graph that can be obtained from the emerald by blowing up each
vertex to a nonempty clique.

We now give an equivalent definition of a thickened emerald, and we
introduce some notation that we will use in the remainder of the paper. Let

4Equivalently: A o= A:Z+2 = (. In other words, A;~_2 is anticomplete to A;x43,
and A;x4o is anticomplete to A;x_3.

5Equivalently: A = A?;H = (. In other words, A;«_1 is anticomplete to A;«_3,
and A;«41 is anticomplete to A;x 3.

5Note that the index i* need not be unique. In fact, i* is unique if any only if there
exists some i € Zz such that A}, A7 are both nonempty (in this case, i* = i). Note that if
Af = A7 =0 for all i € Zz, then i* € Z7 can be chosen arbitrarily.

"We remark that in some of our subsequent figures, cross-hatched disks represent
nonempty cliques. For each of our figures, we clearly state whether cliques represented by
cross-hatched disks are required to be nonempty.



Figure 3.1: 7-bracelet B with good pair ({4;}icz,,7*). A cross-hatched
disk represents a nonempty clique. A straight line between two cliques
indicates that the two cliques are complete to each other. A wavy line
between two cliques indicates that there may be edges between the two
cliques (furthermore, such edges must obey the axioms from the definition of
a 7-bracelet). The absence of a line (straight or wavy) between two cliques
indicates that the two cliques are anticomplete to each other.
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Figure 3.3: The emerald.

B be a graph, let C, Ay, ..., A (with indices in Z7) be a partition of V(B)
into nonempty cliques, and let ¢* € Z7. We say that B is a thickened emerald
with good triple ({A;}icz,,C,i*) provided that all the following hold (see
Figure 3.4):

e for all i € Z7, A; is complete to A;—1 U A;41 and anticomplete to
Ai—3U Ajis;

o foralli e {i*—3,i*—1,i*+1,i*+3}, A; is anticomplete to A;_oUA;9;

e there exist nonempty, pairwise disjoint cliques
A;,A?;,A;ZH, Ap gy Af o, A;’;iQ such that all the following
hold:

— A = AL U AL,

— Apyo =A% o UAL L,

C Apa— AN, UAL

— Aj. is complete to A;Z_Q and anticomplete to A% _o U Aj« 4o,

— A} is complete to A, and anticomplete to A%, U Ao,

— (' is complete to A?*+2 U Ajey3U Aj_g U A% _, and anticomplete
to A;Z_Q UApx_q UApUAj 1 U Az‘_*+2-

Furthermore, for notational purposes, we set A} = Ait o =An_5=10,and
for all i € {i* — 3,4* — 1,i* + 1,i* + 3}, we set A} = A; and A; = A = 0.

A thickened emerald is any graph B for which there exists a partition
C, Ap, A1, ..., Ag (with indices in Z7) of V(B) and an index i* € Z7 such
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that B is a thickened emerald with good triple ({4;}icz,,C,i*). Note that
this is equivalent to our earlier definition, according to which a graph is a
thickened emerald if and only if it can be obtained from the emerald by
blowing up each vertex to a nonempty clique.

Lemma 3.2. Let B be a thickened emerald with good triple ({A;}iez,,C,i*).
Then B\ C is a 7-bracelet with good pair ({4;}icz.,1").

Proof. This is immediate from the appropriate definitions. ]

For an integer r > 3, an r-lantern is a graph R whose vertex set can be
partitioned into nonempty cliques A, B1,...,B;,C1,...,C;, D such that all
the following hold:

e A is anticomplete to D;

A is complete to | J;_; B; and anticomplete to | J;_; C;;

D is complete to | J;_; C; and anticomplete to | J;_; B;;

B; and C; can be ordered as By = {b%,...,bﬂBﬂ} and C7 =
{c%,...,c‘lcﬂ} so that NR[bllBl‘] NC; C -+ C Ng[bijNnCy = C; and
NR[c‘lcl‘] NB; C--- C Nglcd]N By = B8

for all ¢ € {2,...,r}, B; is complete to C;;
e for all distinct ¢, € {1,...,r}, B; UC; is anticomplete to B; U Cj.

Under these circumstances, we also say that (A, By,...,B,,Cy,...,C,, D)
is a good partition for the r-lantern R (see Figure 3.5).

A graph R is a lantern if there exists some integer r > 3 such that R is
an r-lantern.

For an integer » > 3, ©% is the graph that consists of 7 internally disjoint
induced three-edge paths that meet at their endpoints (see Figure 3.6).

Note that for all integers r > 3, every r-lantern contains an induced O%
(and consequently, an induced @g as well), and ©% is an r-lantern.

A 6-wreath is a graph R whose vertex set can be partitioned into six
nonempty sets, say Xop,..., X5 (with indices understood to be in Zg), that
can be ordered as Xy = {“?7"'7U?X0\}7"'7X5 = {u?,...,uFXS‘} so that
both the following hold:

8Note that this implies that b} is complete to Ci, and that ¢! is complete to By (in
particular, bl and ¢} are adjacent). Consequently, every vertex in B: has a neighbor
(namely, ci) in C1, and every vertex in C; has a neighbor (namely, b}) in B;.

11



Figure 3.4: Thickened emerald B with good triple ({4;}iez,,C,i*). For all
i€ l7, Ay =A7UA U AZTF (those A;’s and A:”s that are not represented in
the figure are empty). A cross-hatched disk represents a nonempty clique. A
straight line between two cliques indicates that the two cliques are complete
to each other. The absence of a line between two cliques indicates that the
two cliques are anticomplete to each other.

12



By B,
o C.
Figure 3.5: r-Lantern, r > 3, with good partition

(A, By,...,B,,C1,...,Cr, D). A cross-hatched disk represents a nonempty
clique. A straight line between two cliques indicates that the two cliques
are complete to each other. A wavy line between two cliques indicates that
there may be edges between the two cliques (furthermore, such edges must
obey the axioms from the definition of an r-lantern). The absence of a line
between two cliques indicates that the two cliques are anticomplete to each
other.

S 03 03

Figure 3.6: Graph O} for r = 3,4, 5.
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Figure 3.7: 6-Wreath with good partition (X, ..., X5). A cross-hatched disk
represents a nonempty clique. A straight line between two cliques indicates
that the two cliques are complete to each other. A wavy line between two
cliques indicates that there are edges between the two cliques (furthermore,
such edges must obey the axioms from the definition of a 6-wreath). The
absence of a line (straight or wavy) between two cliques indicates that the
two cliques are anticomplete to each other.

e foralli € Zg, X; C NR[qu“] C---CNplui]l=X; 1 UX;UX; 1157

e Xy is complete to X1, Xo is complete to X3, and X, is complete to
Xs.

Under these circumstances, we say that (X, ..., X5) is a good partition of
the 6-wreath R (see Figure 3.7).

Let R be a graph, let C1,...,Cq, D1,..., Dg (with indices in Zg) be a
partition of V(R) into (possibly empty) cliques, and let i* € Zg. We say that
R is a 6-crown with good triple ({C;}iczg, {Di}iczg,7") provided that all the
following hold (see Figure 3.8):

e (y,...,C5 are nonempty;

® Dj«_9,Dj«_1 are empty, and D41, Diy9, D=3 are nonempty (D«
may be empty or nonempty);

e for all ¢« € Zg, C; is complete to C;_1 U (341 and anticomplete to
Ciyo U Ciy3U Ciya;

e for all i € Zg, D; is complete to C;_1 U C; U Cjy1 and anticomplete to
Cit2 U Cit3 U Ciypy;

9Note that this implies that Xo,..., X5 are nonempty cliques, and that for all i € Zg,
X, is anticomplete to X;yo U X;y3 U Xit4.

14



Figure 3.8: 6-Crown with good triple ({Ci}tiezg, {Di}iczg, ). A cross-
hatched disk represents a (possibly empty) clique. Clique D;» may be empty
or nonempty, and the other cliques represented by cross-hatched disks are
all nonempty. Cliques D;»_1, D;«_o are empty (and not represented in the
figure). A straight line between two cliques indicates that the two cliques are
complete to each other. The absence of a line between two cliques indicates
that the two cliques are anticomplete to each other.

Figure 3.9: Graphs C§ and Cg.
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e Dy,..., D5 are pairwise anticomplete to each other.

A 6-crown is any graph R for which there exists a partition
Ch,...,Cs,D1q,...,Dg of V(R) and an index i* € Zg such that R is a
6-crown with good triple ({C;}iczg, {Di}tiezg, 0°)-

Let Cg and Cél be the graphs represented in Figure 3.9. Note that a
graph R is a 6-crown if and only if it can be obtained from one of Cg, Cg by
blowing up each vertex to a nonempty clique.

Lemma 3.3. Fvery 7-bracelent, thickened emerald, lantern, 6-wreath, and
6-crown is anticonnected.

Proof. This can be seen by routine checking. O

Theorem 3.1 (stated at the beginning of this section) is an immediate
corollary of Theorems 3.4, 3.5, and 3.6, stated below (and proven later in
this section).

Theorem 3.4. Let G be a graph. Then the following two statements are
equivalent:

(i) G is a (P7,Cy,Cs)-free graph that contains a 7-hole and does not admit
a clique-cutset;

(ii) G contains exactly one nontrivial anticomponent, and this anticompo-
nent s either a 7-bracelet or a thickened emerald.

Theorem 3.5. Let G be a graph. Then the following two statements are
equivalent:

i is a (Pr, Cy, Cs, C7)-free graph that contains an induce and does
) G is a (Py,Cy,Cs, C graph that contai induced O3 and d
not admit a clique-cutset;

(ii) G contains exactly one nontrivial anticomponent, and this anticompo-
nent is a lantern.

Theorem 3.6. Let G be a graph. Then the following two statements are
equivalent:

(i) G is a (P7,Cy,Cs, C7,03)-free graph that does not admit a clique-cutset;

(ii) either G is a complete graph, or G contains exactly one nontrivial
anticomponent, and this anticomponent is either a 6-wreath or a 6-
cTrown.
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Our goal in the remainder of this section is to prove Theorems 3.4, 3.5,
and 3.6. We first prove a simple lemma (Lemma 3.7), which we will use
several times in this section. In subsection 3.1, we prove Theorem 3.4,
in subsection 3.2, we prove Theorem 3.5, and in subsection 3.3, we prove
Theorem 3.6. As we already pointed out, Theorem 3.1 follows immediately
from Theorems 3.4, 3.5, and 3.6.

Lemma 3.7. Let G be a graph that has exactly one nontrivial anticomponent,
call it B. Then all the following hold:

e a(G) = a(B);

o for every graph H such that H does not contain a dominating vertez,
G is H-free if and only if B is H-free;

o G admits a clique-cutset if and only if B admits a clique-cutset.

Proof. Let U = V(G) \ V(B); then U is a (possibly empty) clique, complete
to V(B)in G. If U = (), then G = B, and the result is immediate. So assume
that U # (.

First, since V(B) and U are complete to each other in G, it is clear that
a(G) = max{a(B),a(G[U])}. Since B is a nontrivial anticomponent of G,
we see that «(B) > 2, and since U is a nonempty clique in G, we have that
a(G[U]) = 1. Thus, a(G) = a(B).

Next, let H be a graph that does not contain a dominating vertex. Clearly,
if G is H-free, then so is B. For the converse, suppose that G is not H-free,
and let S C V(G) be such that G[S] = H. Clearly, every vertex in SNU is a
dominating vertex of G[S]; since H does not contain a dominating vertex, it
follows that SNU = (. Thus, S C V(B), and it follows that B is not H-free.

It remains to show that G admits a clique-cutset if and only if B does. If
S is a clique-cutset of B, then clearly, S U U is a clique-cutset of G. Assume
now that S is a clique-cutset of G. Clearly, every vertex in U \ S is a
dominating vertex of G'\ S; since G'\ S is disconnected, it follows that U C S.
But then G\ S = B\ (S\U), and we deduce that S\ U is a clique-cutset of
B. This completes the argument. O

3.1 Proof of Theorem 3.4

Lemma 3.8. Let B be a 7-bracelet with good partition {A;}icz.. Then all
the following hold:

o foralli € Zs, Af | # 0 if and only if A7, # 0;
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e for alli € Zz, if AT # 0, then A.er:,) =Af,=A ,=A" =0;
0

o foralli € Zy, if A7 # 0, then A},

— AT AT — AT —
i+1_Ai+2_Ai+3_Ai—3_

Proof. This follows from the definition of a 7-bracelet. O

Lemma 3.9. Let B be either a 7-bracelet of a thickened emerald. Then
a(B) =3, B is (P7,Cy,C5)-free, and B does not admit a clique-cutset.

Proof. 1f B is a T-bracelet, then let ({A;}icz., ") be a good pair for it, and set
C = (. If B is a thickened emerald, then let ({4;}iez,, C,i*) be a good triple
for it. By Lemma 3.2, B\ C' is a 7-bracelet with good pair ({4;}icz,,7").

(1) a(B) = 3.

Proof of (1). By symmetry, we may assume that i* = 0.

Clearly, for any a; € Ay, ag € A3, and a5 € As, {a1,a3,a5} is a stable
set in B; since A; # () for all i € Z7, it follows that «(B) > 3.

It remains to show that «(B) < 3. Suppose otherwise, and let S be a
stable set of size four in B. Suppose first that S N C # (. Then C # ), and
it follows that B is a thickened emerald with good triple ({4;}icz.,C,0).
Further, since C is a clique and S a stable set, we see that |[C' N S| = 1. Since
C' is complete to A5 U Az U Ay U Af, we see that SN (A5U A3 U AU Af) = 0;
consequently, S C C LJAKE,F UAgUAgUA; UA, . But this is impossible because
S is a stable set of size four, and C' U A;r UAgUAgU Ay U A, is the union
of three cliques (namely, C, A; UAgUA;, and AS’ UA;UAS).

From now on, we assume that SN C = (). Since B\ C is a 7-bracelet
with good pair ({A;}iez,,0), we see that V(B) \ C can be partitioned into
four cliques, namely Ay, A1 U Ay, A3 U Ay, and As U Ag. Since S is a stable
set of size four, we see that S intersects each of these four cliques in exactly
one vertex. Let ag € SN Ap and az € SN (A3 U Ay); by symmetry, we may
assume that ag € S N A3. But now ag is complete to A1, and ag is complete
to Ay, and so since S is a stable set, we deduce that SN (A; U Ay) =0, a
contradiction. This proves (1). O

(2) B is (Pr,Cy, Cs)-free.

Proof of (2). Since a(P;) = 4, (1) implies that B is Pr-free. It remains to
show that B is (Cy4, Cs)-free. Let k € {4,5}, and let H = zg, z1,...,Tk_1, %0
be a k-hole in B.

Suppose first that V(H) N C # (). Then C # ), and B is a thickened
emerald with good triple ({4;}iez,, C,i*). Note that A;»_1 U Aj=41, A;;fQ U
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Ap gy Af g UAL 5, A _3U Aj« 13 UC is a simplicial elimination ordering of
B\ A;+, and so (by [13]) B\ A;» is chordal. It follows that V(H) N A;« # 0.
Fix ce V(H)NC and a € V(H) N A;». Since C is anticomplete to A;«, we
see that a is nonadjacent to c. Since H is a hole of length four or five, we
see that ¢ and a have a common neighbor in H, and therefore in B as well.
But no vertex in B has a neighbor both in A;« and in C, a contradiction.

From now on, we assume that V(H)NC = (). Thus, H is a hole in B\ C,
and we know that B\ C is a 7-bracelet with good pair ({4;}icz,,*).

Let us first show that |V (H) N A;| <1 for all 7 € Zy. Suppose otherwise;
by symmetry, we may assume that |V (H)NAg| > 2. Since AgUAp and AgUA;
are cliques, and since H is triangle-free, this implies that |V (H) N Ap| = 2,
that the two vertices in V(H) N Ag are adjacent (by symmetry, we may
assume that V(H) N Ay = {zg,x1}), and that V(H) N Ag =V (H) N A1 = 0.
Since Ay is anticomplete to Az U Ay, and since zoxp_1,x122 € E(B), we now
deduce that z2, 251 € A3 U A5. By symmetry, we may assume that either
To9,Tp_1 € Ag, or that 9 € As and xp_1 € As.

Suppose first that zo, 2,1 € As. Since As is a clique, we have that
xoxK—1 € E(B), and it follows that & = 4 (and so x3 € As). Now, since
xog € Ap is adjacent to x3 € As, we have that xy € AE{. Similarly, since
x1 € Ap is adjacent to x9 € Ay, we have that x; € Ag. It now follows from
the definition of a 7-bracelet that one of x¢, z; dominates the other in B\ C,
and consequently, in H as well. But this is impossible since H is a hole, and
no vertex in a hole dominates any other vertex in that hole.

Suppose now that x2 € Ay and ;1 € As. Then zg € Ay and z; € Ag;
in particular, A; and Ag are both nonempty, and it follows that i* = 0.
Since A, is anticomplete to As, we see that xexy_1 ¢ E(B), and we deduce
that £ = 5. It now follows that x3 is adjacent both to x2 € Ay and to
x4 € As. But this is impossible since i* = 0, and so no vertex in V(B) \ C
has a neighbor both in Ay and in As.

We have now shown that |V (H) N A;| < 1 for all ¢ € Z7. Since 4 <
|V (H)| < 5, we deduce that there exists some ¢ € Z7 such that |V(H)NA;| =1
and V(H) N A;41 = 0; by symmetry, we may assume that |[V(H) N Ag| =1
and V(H) N Ay = (). Again by symmetry, we may assume that V(H) N Ay =
{zo}. It then follows that z1,x_1 € A2 U A5 U Ag. Furthermore, we know
that zy is anticomplete to at least one of As, As, and consequently, either
T1,Tp—1 € Ao U Ag or x1,x1_1 € A5 U Ag. However, the latter is impossible
because x1x,_1 ¢ E(H), and A5 U Ag is a clique. Thus, z1, 2,1 € A U Ag.
Since |V(H) N A;] < 1 for all ¢ € Z7, we may now assume by symmetry that
z1 € Ay and 1 € Ag. (Thus, V(H)ﬂAQ = {1‘1} and V(H)ﬂAG = {:ck_l}.)

Suppose that k = 4 (thus, 23 € Ag). Then 9 is adjacent both to x1 € As
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and to x3 € Ag. By the definition of a 7-bracelet, we know that for all ¢ € Zr,
every vertex in A; is anticomplete to A;_3 U A;13 and to at least one of
A;—2 and A;42. Since x5 has a neighbor both in As and in Ag, we deduce
that x9 € Ag U Ay. But this is impossible because V(H) N Ay = {zop} and
V(H)N Ay = 0.

Thus, k = 5. Furthermore, we have that V(H)N Ay = {zo}, V(H)NA; =
0, V(H)n Ay = {z1}, and V(H) N Ag = {z4}. Consequently, xo,z3 €
A3 U Ay U As. By the definition of a 7-bracelet, for all ¢ € Z+, every vertex
in A; is anticomplete to A; 3 U A;13 and to at least one of A; o, A;jyo.
Since z1 € As is adjacent to xg € Ag, we deduce that z; is anticomplete
to A4 U A5 U Ag. Since z7 is adjacent to xo, and a9 € A3 U A4 U As, we
deduce that xo € As. Since |V(H) N A;| < 1 for all i € Z7, it follows that
V(H) N Az = {x2}; consequently, x3 € A4 U As. Since z3 is adjacent to
To € Az and to x4 € Ag, we deduce that x5 € AI U Az, and in particular,
Af UAZ # 0. Lemma 3.8 now implies that Aj = @. But this is impossible
since xg € Ag is adjacent to z7 € Ag, and so xg € Aar. This proves (2). O

(3) B does not admit a clique-cutset.

Proof of (3). Let S be a clique in V(B); we must show that B\ S is connected.
To simplify notation, set A = UiEZ7 A;. Since S is a clique, we see that there
exists some j € Z7 such that S C CUA;_; UA; UA;iq. (In particular,
A\ S #10.) Now, C is either empty or a homogeneous set in B, and the set
of vertices in A that are complete to C' is not a clique; since S is a clique, we
see that some vertex in A\ S is complete to C'\ S. It remains to show that
B[A\ 5] is connected. Now, we know that for all ¢ € Z7, A; is a nonempty
clique, complete to A;_1 UA; 1. Since S € CUA;_1UA;UA; 1, this implies
that B[A\ (S U A;)] is connected. It remains to show that every vertex in
A; \ S has a neighbor in A\ (4; US). We know that A; is complete to
Aj 1UAj11,andsoif Aj_1\S #Dor Ajyq1\S # 0, then we are done. Thus,
we may assume that A;_1 U A;11 € S. But this implies that A;_; U A4
is a clique, contrary to the fact that for all ¢ € Z7, some vertex in A; has
a nonneighbor both in A;_9 and in A;;9. This proves that B\ S is indeed
connected, and it follows that B does not admit a clique-cutset. This proves
(3). O

This completes the argument. O

Lemma 3.10. Let G be a (P7,Cy, Cs)-free graph, and let H = xy, . .., Tg, Xo
(with indices in Z7) be a 7-hole in G. Then for all x € V(G)\ V(H), exactly
one of the following holds:
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(a) x is complete to V(H);
(b) = is anticomplete to V(H);
(c) there exists some i € Z7 such that Ng(x) NV (H) = {xi—1, i, Tit1};

(d) there exists some i € Zry such that Ng(x) N V(H) =

{Tit2, Tits, Ti-3, Ti—2}.

Proof. Fix x € V(G) \ V(H). We may assume that = is mixed on V(H), for
otherwise (a) or (b) holds, and we are done. Then there exists some i € Z7
such that x is adjacent to z; and nonadjacent to x;1; by symmetry, we may
assume that zzo € F(G) and zx1 ¢ E(G). Now, if Ng(z)NV (H) C {xg, zs},
then since zxy € F(G), we have that z, xo,z1,...,25 is an induced P; in G,
a contradiction. Thus, Ng(z) N V(H) € {xo,z6}. Since zz; ¢ E(G), we
deduce that = has a neighbor in {x9, 3,24, 25}. Note that zzo ¢ E(G), for
otherwise, x, xg, 1, x2,z would be a 4-hole in G, a contradiction. Further,
xxs ¢ E(G), for otherwise, z,xg,x1,x2, 23,2 would be a 5-hole in G, a
contradiction.

We have now shown that x is adjacent to zg, is anticomplete to
{z1,x2, 23}, and has a neighbor in {z4,25}. Suppose that zxs ¢ E(G).
Then zx4 € E(G). But now if xxg € E(G), then x, x4, x5, 26, ¢ is a 4-hole in
G, and if zzg ¢ E(G), then x, x4, x5, 6, 2o, T is a 5-hole in G, a contradiction
in either case. This proves that zz; € E(G). Then zzg € E(G), for other-
wise, x, x5, Tg, o, £ would be a 4-hole in G, a contradiction. We now have
that x is complete to {5, z¢, o} and anticomplete to {z1,z2, 23} in G, and
so either Ng(z) NV (H) = {x4,x5,x¢,20} or Ng(z) NV (H) = {z5,x6, 20}
In the former case, (d) holds with ¢ = 2, and in the latter case, (c) holds
with ¢ = 6. This completes the argument. O

Lemma 3.11. Let B be a 7-bracelet with good pair ({4;}icz.,i*). Then B
contains a 7-hole. Furthermore, every 7-hole H in B satisfies the following:

o [V(H)NA;| =1 forallie€ Zs,

e H is of the form H = xg,x1,...,x6,x0 (with indices in Z7), where for
all i € Zz, x; is the unique vertex of V(H) N A;.

Proof. Let us first show that B contains a 7-hole. Let a;« € A;« be such that
a; has a nonneighbor both in A;«_o and in A;«49; fix a;+_2 € Aj+_o and
ajx 42 € Aj=49 such that apaix_9,a;+a;+42 ¢ E(B). Further, fix nonadjacent
vertices a;x—1 € Aj+—1 and a+41 € Ajx41. Finally, fix arbitrary a;«_3 € Aj«_3
and a;+y3 € Aj=13. Then ag,aq,...,aq,ap is a 7-hole in B.

Now, let H be a 7-hole in B. We must show that H satisfies the following:
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(i) [V(H)N A;| =1 for all i € Zr;

(ii) H is of the form H = xg,z1,...,%s, xo (with indices in Z7), where for
all ¢ € Z7, x; is the unique vertex of V(H) N A;.

It suffices to show that |V(H) N A;| < 1 for all ¢ € Zy7, for the fact that
|V(H)| = 7 will then immediately imply (i), and this, together with the fact
that A; is complete to A;41 for all i € Z7, will immediately imply (ii).
Suppose that there exists some i € Z7 such that |V(H) N A4;| > 2; by
symmetry, we may assume that |V (H) N Ag| > 2. Since AgU A and AgU A,
are cliques, and since H is triangle-free, it follows that |V (H) N Ag| = 2 and
V(H)NA; =V (H)NAg = 0. Consequently, |V (H)N(A2UA3UA4UA5)| = 5.
But this implies that either |V (H)N(A2UA3)| > 3or [V(H)N(A4UA5)| > 3,
which is impossible because AoUA3 and A4U A5 are cliques, and H is triangle-
free. This completes the argument. O

Let B be a graph, and let {A;}icz, be a partition of V(B). We say that
B is a quasi-7-bracelet with good partition {A;}icz, provided the following
hold:

o for all i € Z7, A; is a nonempty clique, complete to A;_1 U A;4+1 and
anticomplete to A;_3 U A;13;

e for all i € Z7, some vertex in A; has a nonneighbor both in A; o and
in Ai+2.

A graph B is said to be a quasi-7-bracelet provided that there exists
a partition {A;}iez. of V(B) such that B is a quasi-7-bracelet with good
partition {A;}icz,.

Lemma 3.12. Let B be a 7-bracelet with good pair ({Ai}iez,,i*). Then B
is a quasi-7-bracelet with good partition {A;}icz. .

Proof. This is immediate from the appropriate definitions. O

Lemma 3.13. Let B be a quasi-7-bracelet with good partition {A;}icz,, and
assume that B is (Pr,Cy4,Cs)-free. Then there exists some indexr i* € Zz
such that B is a 7-bracelet with good pair ({A;}icz,,1").

Proof. We must show that there exists some i* € Z7 such that B, {A;}iez.,
and i* satisfy axioms (I)-(V) from the definition of a 7-bracelet. The fact
that (I) holds follows from the definition of a quasi-7-bracelet. Our next goal
is to prove (II).
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(1) For all i € Zy, every vertex in A; is anticomplete to at least
one of Ai—2, Aiya.

Proof of (1). Suppose otherwise. By symmetry, we may assume that there
exist some ag € Ay, az € Az, and a5 € As such that agag, apas € E(B).
Suppose first that as is adjacent to some ay € A4. Then ag, as, a4, as, ag is a
4-hole in B, a contradiction. Thus, as is anticomplete to A4, and similarly,
as is anticomplete to As. Now, fix arbitrary ag € A3 and a4 € A4. Then
ag, az, as, aq, as, ap is a H-hole in B, a contradiction. This proves (1). O

For all i € Z:
e let A7 be the set of all vertices in A; that are anticomplete to A;_oUA;2;

o let Aj be the set of all vertices in A; that have a neighbor in A;,9 and
are anticomplete to A;_o;

e let A be the set of all vertices in A; that have a neighbor in A;_» and
are anticomplete to A; o.

For all i € Z7, A}, A}, A; are disjoint (by construction), and by (1), their
union is A;. By construction, (IL.a), (IL.b), and (II.c) hold. Furthermore, the
definition of a quasi-7-bracelet implies that (IL.f) holds.

(2) For all i € Z7, the following hold:

° z'fAi+ # (), then A;r can be ordered as A;r = {a’f7 . ,a‘iﬁ'}
so that NB[aT;m] C-.-C Nplai');

o if A; #10, then A; can be ordered as A; = {a} ,... ,af;l_,|}
so that NB[CLT;L_H C .-~ C Nplai .

Proof of (2). Fixi € Z7. By symmetry, it suffices to prove the first statement.
If |Af| < 1, then this is immediate. So assume that |A| > 2. Clearly, it
suffices to show that for any two distinct vertices in A;r, one of the two vertices
dominates the other in B. Fix distinct a;, a, € AT; we must show that one
of a;,a; dominates the other. By the definition of a quasi-7-bracelet, we have
that A;_1UA;UA;+1 € Npla;]NNpla,], and that both a;, a} are anticomplete
to A;_3 U A,13; furthermore, by the construction of A;r, we have that a;, a]
are anticomplete to A;_o. Thus, it suffices to show that one of Np[a;] N 4,12
and Npla,] N Ao is included in the other. Suppose otherwise, and fix
Qit2, @) o € Ajpg such that a;a;10, aja;,, € E(B) and a;aj, 4, aja;2 ¢ E(B).
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Since A;, Ajy2 are cliques, it now follows that a;, ait2,a; 4, a}, a; is a 4-hole
in B, a contradiction. This proves (2). O

By (2), (IL.d) and (IL.e) hold. We now deduce that (II) holds.

(8) All the following hold:

(i) for alli € Zr, A;r_l # 0 if and only if A # 0;
(it) for all i € Z7, if A7 # 0, then Af,, = Af, = A, =

A= 0;
(iii) for all i@e Zg, if Ay # 0, then A, = A, = A, =
A, =0.

Proof of (3). The fact that (i) holds is immediate from the construction. It
remains to prove (ii) and (iii). We prove (ii); the proof of (iii) is completely
analogous. Fix i € Z7, and assume that A" # () (and consequently, A, # 0);
we must show that ALS = A;.F_?) =A_,=4A_,= (). Using the fact that
Al # 0, we fix adjacent vertices a; € A and a;42 € Ay

Suppose that Al-'tr3 # (), and fix adjacent a;;3 € Azf’jr?) and a;—2 € A,_,.
Fix an arbitrary vertex a;—1 € A;—1. Then a;, a;12,aij+3,a;—2,0,—1,a; is a
5-hole in B a contradiction. Thus, A;L3 = (), and consequently, A, , = 0.

Suppose now that A;L_3 # (), and fix adjacent a;_3 € Aj_g anda;—1 € A;_,.
Fix an arbitrary vertex a;,+3 € A;yr3. Then a;,a;19,a;13,a;—3,0;,-1,0a; is a
5-hole in B, a contradiction. Thus, A;r_ 3 =0, and consequently, A, | =
This proves (3). O

It remains to show that there exists some ¢* € Z7 such that (III), (IV),
and (V) hold.

Suppose first that there exists some i* € Zr such that A;Z,A;* # (). The
fact that (III), (IV), and (V) hold now readily follows from (3).

From now on, we assume that for all i € Z;, at least one of A;“, A is
empty. If Aj' = A; =0 for all i € Zy, then we pick an arbitrary i* € Zz, and
we observe that (III), (IV), and (V) hold. So from now on, we may assume
by symmetry that Aé“ U Ag # 0. Now, we know that at least one of Aér, Ay
is empty, and so by symmetry, we may assume that Al # () and A; = 0;
consequently, A7 # 0, AT =0, and A} = (). By (3), with i = 6, we now
have that Aj = A} = A; = A; = (). Furthermore, since A7 = (), we have
that A5 = (. We now set ¢* = 0, and we observe that (III), (IV), and (V)
hold. This completes the argument. O
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Lemma 3.14. Let G be a (P;,Cy,Cs)-free graph, and let H =
X0y X1, ..., 26,0 (With indices in Zz) be a T-hole in G. For all i € Z7, set
Ai ={z e V(G) | Ng[z]NV(H) = {zi-1,%i, Tit1}}. Set B = G[U;cz, Ail-
Then B is a 7-bracelet, and {A;}icz. is a good partition for it.

Proof. In view of Lemma 3.13, it suffices to show that B is a quasi-7-bracelet
with good partition {A4;}icz..

(1) For alli € Zz, x; € A; and A; is a nonempty clique.

Proof of (1). Fix i € Z7. By construction, x; € A;, and consequently,
A; # 0. Suppose that A; is not a clique, and fix distinct, nonadjacent vertices
a;,a, € A;. Then a;, xit1,a}, xi—1,a; is a 4-hole in G, a contradiction. This
proves (1). O

(2) For alli € Z7, A; is complete to A;—1UA; 11 and anticomplete
to Aj—3 U Ajts.

Proof of (2). By symmetry, it suffices to prove that Aj is complete to AgUA;
and anticomplete to Az U Ay.

Suppose that Ag is not complete to Ag U A1. By symmetry, we may
assume that some ag € Ag is nonadjacent to some a; € A;. But then
ai,xo,x3, 4,5, Tg, ag is an induced P; in G, a contradiction. Thus, Ag is
complete to Ag U A;.

Suppose that Ag is not anticomplete to A3 U A4. By symmetry, we
may assume that some ay € Ay and ag € Az are adjacent. But then
ag, T1,T2,as,aq is a 4-hole in G, a contradiction. Thus, Ag is anticomplete
to Az U Ay. This proves (2). O

Finally, note that for all i € Z7, the vertex x; € A; is nonadjacent both to
Ti—9 € Aj_9 and to x;1 9 € A;yo. It now follows that B is a quasi-7-bracelet
with good partition {A;}icz,, and we are done. d

Lemma 3.15. Let G be a (P7,Cy,Cs)-free graph, let B be an induced 7-
bracelet in G, let {Ai}ticz, be a good partition of the 7-bracelet B, and
let H = x9,21,...,2¢,29 be a 7-hole in B such that x; € A; for all i €
Zr. Let ¢ € V(G)\ V(B) and ¢ € Zz, and assume that Ng(c) NV (H) =
{Toy2, Toys, xo—3,x0—2}. Set B = G[V(B)U{c}|. Then either B. is a
7-bracelet, or B, is a thickened emerald with good triple ({A;}icz,,{c}. ).

Proof. For alli € Zz, let A7, A;L, A, be as in the definition of a 7-bracelet. By
symmetry, we may assume that £ = 0, so that Ng(c)NV (H) = {x2, 3, x4, x5}
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We must show that either B, is a 7-bracelet, or B, is a thickened emerald
with good triple ({4;}iez., {c},0).

(1) Vertex c is complete to A3 U Ay and anticomplete to Ag U
AgU Ay,

Proof of (1). If ¢ has a nonneighbor ag € As, then ¢, x9, a3, x4, c is a 4-hole
in G, a contradiction. Thus, ¢ is complete to As, and similarly, ¢ is complete
to Ay.

Suppose that ¢ has a neighbor ag € Ag. Then agza € E(G), for otherwise,
¢, ag, 1,22, c is a 4-hole in G, a contradiction. Similarly, agzs € E(G), for
otherwise, c, ag, xg, x5, ¢ is a 4-hole in G, a contradiction. But now ag € Ay
is adjacent both to zo € Ay and to x5 € As, contrary to the fact that (by
the definition of a 7-bracelet) every vertex in Ag is anticomplete to at least
one of As, As. This proves that ¢ is anticomplete to Ay.

Suppose that ¢ has a neighbor a1 € A;. But then if ajz¢ € E(G), then
¢,a1,x¢, T5, ¢ is a 4-hole in G, and if ajx¢ ¢ E(G), then ¢, a1, x, ¢, 5, C is
a b-hole in GG, a contradiction in either case. Thus, ¢ is anticomplete to A1,
and similarly, ¢ is anticomplete to Ay. This proves (1). O

(2) Ag is anticomplete to Ng(c) N (A2 U As).

Proof of (2). Suppose otherwise. By symmetry, we may assume that some
ap € Ap and az € Ng(c) N Ay are adjacent. By the definition of a 7-bracelet,
every vertex in Ag is anticomplete to at least one of Ay, As. Since ag € Ay
is adjacent to as € Ao, we deduce that ag is anticomplete to As, and in
particular, apxs ¢ E(G). But now c,xs,xg,a9,a2,c is a 5-hole in G, a
contradiction. This proves (2). O

(3) Every vertex in Ay is complete to at least one of the sets
Ay \ Ng(c) and As \ Ng(c).

Proof of (3). Suppose otherwise, and fix ag € Ag, az € A2 \ Ng(c), and
as € As \ Ng(c) such that agas, apas ¢ E(G). By (1), cap ¢ E(G). But now
¢, x3, a3, T1, a9, Tg, a5 is an induced P; in G, a contradiction. This proves
(3). O

(4) Ay is anticomplete to Ag.

Proof of (4). Suppose otherwise, and fix adjacent vertices a; € A; and
ag € Ag. By (1), ¢ is anticomplete to {a1,as}. But now ¢, zs, ag, a1, z2, ¢ is
a 5-hole in G, a contradiction. This proves (4). O
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(5) If Ay is complete to at least one of the sets Ay \ Ng(c) and
As \ Ng(c), then B is a 7-bracelet.

Proof of (5). Suppose that A is complete to at least one of the sets A3\ Ng(c)
and As \ Ng(c); by symmetry, we may assume that Ay is complete to
A\ Ng(c). Now, set A) = A1U(A2\Ng(c)), Ay = AsNNg(c), Ay = AsU{c},
and A} = A; for all i € {4,5,6,0}. Note that A} # () for all i € Z7. (Indeed,
since cxy € E(G), we see that zo € A), and for all i € Z7 \ {2}, we have
that A, D A; # 0.) Furthermore, by construction, {A}};cz. is a partition of
V(B.).

Now, our goal is to show that B, is a 7-bracelet with good partition
{A}}icz,. By Lemma 3.13, it suffices to show that B, is a quasi-7-bracelet
with good partition {A}};cz,. For this, we must prove the following:

(i) for all i € Z7, A} is a nonempty clique, complete to A;_; U A} ; and
anticomplete to Aj_5 U Aj_ 3;

(ii) for all i € Z7, some vertex in A} has a nonneighbor both in A, , and
in Aj_,.
We have already shown that A} # ) for all i € Z7. Next, since A; is

a clique for all i € Zz, since (by (1)) ¢ is complete to Az, and since A; is

complete to Ay, we see that A} is a clique for all i € Z7.

Next, we claim that for all i € Zr7, Aj is complete to Aj_; U A} ; clearly,
it suffices to show that for all i € Z7, A} is complete to A] ;. Since A; is
complete to A;41 for all i € Z7, and since (by (1)) ¢ is complete to Az U Ay,
it follows immediately from the construction that Aj is complete to A;
for all 7 € Z7 \ {0,1}. Next, since A; is complete to Ay, and since Aj is a
clique, we see that A’ is complete to A}. Finally, since A is complete to Ay
and to As \ Ng(c), we see that Af is complete to A}. This proves that A} is
complete to A;; for all i € Zz; consequently, A} is complete to Aj | U A]
for all i € Zr.

Further, we must show that Aj is anticomplete to Aj_5; U A} 5 for all
i € Zy; clearly, it suffices to show that for all ¢ € Z7, Al is anticomplete to
Aj_ 5. Since A; is anticomplete to A;_3U A;y 3 for all i € Z7, and since (by
(1)) ¢ is anticomplete to Ag U Ag U A1, we readily see that A is anticomplete
to Aj 5 for all i € Z7 \ {1}. It remains to show that A} is anticomplete
to A). By construction, 4} = 4; U (A3 \ Ng(c)) and A} = Ay; since 4; is
anticomplete to A4, we need only show that As \ Ng(c) is anticomplete to
Ay4. By the definition of a 7-bracelet, we know that every vertex in As is
anticomplete to at least one of Ay, Ay; since Ay # () is complete to Ag\ Ng(c),
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it follows that As \ Ng(c) is anticomplete to A4. Thus, A} is anticomplete
to Alj. It follows that A/ is anticomplete to A, U Al 43 forall i € Z7. This
proves (i).

It remains to prove (ii). By construction, for all i € Z7, we have that
x; € Al (for i = 2, we use the fact that czy € E(G)), and z; is anticomplete
to {xj_2,xi+o}. This proves (ii).

Thus, B, is a quasi-7-bracelet, and so by Lemma 3.13, B, is a 7-bracelet.
This proves (5). O

(6) If Ay is complete neither to Az \ Ng(c) nor to As \ Ng(c),
then B is a thickened emerald with good triple ({A;}iez.,{c},0).

Proof of (6). Assume that Ag is complete neither to Ay \ Ng(c) nor to
As \ Ng(c). In particular, As \ Ng(c) and As \ Ng(c) are both nonempty.
Now, we know that {c}, Ay, ..., Ag are nonempty cliques, and that they form
a partition of V(B.). Thus, to show that B, is a thickened emerald with
good triple ({4;}iez,,{c},0), we need only prove the following:

(i) for all i € Z7, A; is complete to A;—; U 4,11 and anticomplete to
Ai—3 U Aiys;

for all i € {1,3,4,6}, A; is anticomplete to A;_2 U A;42;
Ag, Ag, A3 Ay AL AT #0;
Ay = Aa U A(J]r,

As = AU A
Ay is complete to A;r and anticomplete to AF U Ag;

)

)

)
(v) A2 = AJU Ay

)

)

) Aar is complete to A, and anticomplete to A3 U As;

) cis complete to A5 U A3 U Ay U Af and anticomplete to A; UAgU AgU
AL UA;.

Statement (i) follows from the fact that {4;};cz. is a good partition of
the 7-bracelet B.

Next, we prove (iv). By (3), every vertex in Ay is complete to at least
one of the sets Ay \ Ng(c) and A5\ Ng(c). Since Az \ Ng(c) and A5\ Ng(c)
are both nonempty, it follows that Aj = ), and consequently, Ag = Ay U AJ.
This proves (iv).
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Next, we prove that Ag, Ag # (). By hypothesis, Ay is complete neither
to Az \ Ng(c) nor to As \ Ng(c). Fix ag,ai € Ap such that ag is not
complete to Ay \ Ng(c), and ag is not complete to A5 \ Ng(c). Then (by
(3)) aq is complete to As \ Ni(c), and ag is complete to Az \ Ne(c). Since
Ay \ Ng(c) and As \ Ng(c) are both nonempty, it follows that a, € A; and
ag € Af, and in particular, A, , AJ # 0.

Since Ay, A # 0, Lemma 3.8 implies that A, A7 # 0, that A = A =
A; = A; =0, and that A] = A = A; = A, = (. Furthermore, by (4),
we have that A7 = A} = 0. It now follows that A; = A}, Ay = A5 U A5,
Ag = A%, Ay = A;, As = AU A}, and Ag = A%, Thus proves (ii), (v), and
(vi).

We now prove (iii). We have already shown that Ay, A, Ay, AF # 0; it
remains to show that A%, Af (). We claim that z9 € A5 and x5 € Af. By
hypothesis, zo € Ng(c) N Az and x5 € Ng(c) N As, and so by (2), xa, x5 are
anticomplete to Ag. This implies that zo € A5 U A;r and r5 € AU A; . But
we already showed that A = Ay = 0. Thus, z2 € A} and x5 € A%, and in
particular, A%, A¥ # (). This proves (iii).

Next, we prove (ix). By (1), ¢ is complete to A3 U A4 and anticomplete
to Ag U Ag U A;. Further, it follows from (2) that ¢ is anticomplete to
Agr U A, . It remains to show that c is complete to A5 U Af. Suppose
otherwise; by symmetry, we may assume that ¢ has a nonneighbor a3 € A3.
Then a4 € Ay \ Ng(c). By hypothesis, there exists some ag € Ap such that
ap is not complete to As \ Ng(c); by (3), it follows that ag is complete to
Az \ Ng(c), and in particular, agay € E(G). But this is impossible since
ay € A3, and A} is anticomplete to Ag. This proves (ix).

It remains to prove (vii) and (viii). Since {4;}icz, is a good partition
of the 7-bracelet B, we have that Aj is anticomplete to Az U Ay, and that
A{ is anticomplete to A U Aj. It remains to show that A, is complete to
Agr, and that A(J{ is complete to A, ; by symmetry, it suffices to show that
Aar is complete to A, . Suppose otherwise, and fix nonadjacent aa“ € Aar
and a, € A;. By (ix), a; € A2\ Ng(c), and so since ag is not complete
to A2 \ Ng(c), (3) implies that ag is complete to A5 \ Ng(c). Since A is
anticomplete to Aj, it follows that A5 \ Ng(c) = (. But this contradicts our
assumption that As \ Ng(c) # 0. Thus, (vii) and (viii) hold.

This proves (6). O

By (5) and (6), we have that either B, is a 7-bracelet, or B, is a thickened
emerald with good triple ({4;}icz,,{c},0). This completes the argument. []
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Lemma 3.16. Let G be a (P7,Cy, Cs)-free graph, and assume that G contains
a dominating 7-hole. Then G contains exactly one nontrivial anticomponent,
and this anticomponent is either a 7-bacelet or a thickened emerald.

Proof. Let H = xg,x1,...,xq,xg be a dominating 7-hole in G. For all ¢ € Zr,
let T; = {x € V(G) | Ng[z] NV (H) = {xi—1,xi,xiy1}}. (Note that z; € T;
for all i € Z7.) By Lemma 3.14, G[Ui€Z7 T;] is a 7-bracelet, and {7} }icz, is a
good partition for it. Let B be a maximal induced 7-bracelet in G such that
Uiez, Ti € V(B), and let {A;}icz, be good partition of the 7-bracelet B.
Now, H is a 7-hole in the 7-bracelet B. By Lemma 3.11, and by symmetry,
we may assume that x; € A; for all i € Z;. Let U be the set of all vertices in
V(G) \ V(B) that are complete to V(H).

(1) U is a (possibly empty) clique, complete to V(B).

Proof of (1). Suppose that U is not a clique, and fix distinct, nonadjacent
vertices uq, us € U. But now xg, u1, 2, us, g is a 4-hole in G, a contradiction.
Thus, U is a clique.

It remains to show that U is complete to V(B). Suppose otherwise. By
symmetry, we may assume that some v € U and ag € Aj are nonadjacent.
But now u, g, ag, x1, u is a 4-hole in G, a contradiction. Thus, U is complete
to V(B). This proves (1). O

Set K = G[V(B) UU]. Clearly, the 7-bracelet B is anticonnected, and
so (1) implies that K has exactly one nontrivial anticomponent, and that
this anticomponent is the 7-bracelet B. If K = G, then we are done. So
assume that V(K) G V(G). Set C = V(G) \ V(K), and note that C' # (.
Set Bo = G\ U. (Thus, Be = [V(B)UC].) Our goal is to show that B¢ is
a thickened emerald.

(2) For all ¢ € C, there exists some i € Zy such that Ng(c) N
V(H) = {@iy2, Tits, Ti3, vi-2}.

Proof of (2). Fix ¢ € C. Since H is a dominating hole in G, we know
that ¢ is not anticomplete to V(H). Since ¢ ¢ U, we know that ¢ is not
complete to V(H). Since ¢ ¢ V(B), and since | J;cz, T; € V(B), we see that
¢ ¢ Uiez, Ti- Lemma 3.10 now implies that there exists some i € Z7 such
that Ng(c) N V(H) = {®it2, Tit3, Ti—3, xi—2}. This proves (2). O

(3) For all c € C, there exists some £ € Zz such that the following
hold:
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e cis complete to {xpi2,Tot3, To—3,Te—2} and anticomplete to
{Te—1, 20,0011 };

o G[V(B) U {c}] is a thickened emerald with good triple
({Aitiez,, {c}, 0).

Proof of (3). Fix ¢ € C. By (2), and by symmetry, we may assume that
Na(e) NV (H) = {x2, 23,24, x5}. Since B is a maximal 7-bracelet in G, we
know that G[V(B) U {c}] is not a 7-bracelet. Lemma 3.15 now implies that
G[V (B)U{c}] is a thickened emerald with good triple ({4;}icz., {c},0). This
proves (3). O

(4) There exists some ¢ € Zy such that C is complete to
{Toy2,To43, To—3,0—2} and anticomplete to {xyp_1,xp, xp11}-

Proof of (4). Suppose otherwise. In view of (3), this implies that there exist
distinct ¢1,co € C and distinct ¢1,¢y € Z7 such that for each j € {1,2},
GV (B)U{c;}] is a thickened emerald with good triple ({A4;}icz,, {c;},¢;). By
the definition of a thickened emerald, this implies that A4, , AZ ) A;Q,AZ # ().
But this is impossible since by the definition of a 7-bracelet, there exists at
most one index i € Z7 such that A;, A} # (. This proves (4). O

By (4), and by symmetry, we may assume that C is complete to
{2, x3, 24,5} and anticomplete to {x¢, o, z1}.

(5) C is a nonempty clique.

Proof of (5). By assumption, C' is nonempty. Suppose that C' is not a clique,
and fix distinct, nonadjacent vertices c1,co € C. Then c1, 9, co, 24,1 is a
4-hole in G, a contradiction. This proves (5). O

(6) B¢ is a thickened emerald with good triple ({4;}icz.,C,0).
Proof (6). Since C is complete to {z2,z3,24,25} and anticomplete to
{z6, 0,21}, (3) implies that for all ¢ € C, G[V(B) U {c}] is a thickened
emerald with good triple ({4;}icz,,{c},0). By (5), C is a nonempty clique,

and it readily follows that B¢ is a thickened emerald with good triple
({Ai}iez,,C,0). This proves (6). O

(7) U is complete to V(Bc¢).
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Proof of (7). By construction, V(B¢) = V(B)UC, and by (1), U is complete
to V(B). It remains to show that U is complete to C'. Suppose otherwise,
and fix nonadjacent vertices u € U and ¢ € C. But now u,xo,c, x4, u is a
4-hole in G, a contradiction. This proves (7). O

Clearly, every thickened emerald is anticonnected. By construction,
V(G) =V (Be)UU and V(Be) NU = 0; (1), (6), and (7) now imply that
B¢ is the only nontrivial anticomponent of G, and that B¢ is a thickened
emerald. This completes the argument. O

We are now ready to prove Theorem 3.4, restated below for the reader’s
convenience.

Theorem 3.4. Let G be a graph. Then the following two statements are
equivalent:

(i) G is a (P7,Cy,Cs)-free graph that contains a 7-hole and does not admit
a clique-cutset;

(ii) G contains exactly one nontrivial anticomponent, and this anticompo-
nent is either a 7-bracelet or a thickened emerald.

Proof. Suppose first that G satisfies (ii). By Lemma 3.2, every thickened
emerald contains an induced 7-bracelet, and by Lemma 3.11, every 7-bracelet
contains a 7-hole; it follows that G contains a 7-hole. Further, by Lemmas 3.7
and 3.9, G is (P, Cy, C5)-free and does not admit a clique-cutset. Thus, G
satisfies (i).

Suppose now that G satisfies (i). Let H* be a 7-hole in G, chosen so that
|Ng[H*]| is maximum. Set K = G[Ng[H*]]. Clearly, H* is a dominating 7-
hole in K, and so Lemma 3.16 implies that K contains exactly one nontrivial
anticomponent (call it B), and this anticomponent is either a 7-bracelet or
a thickened emerald. Set U = V(G) \ V(B); then U is a (possibly empty)
clique, complete to V(B) in G. If K = G, then we are done. So assume that
V(K) S V(G), and set R =V/(G) \ V(K). (Thus, R # 0.)

If B is a 7-bracelet, then let ({A;}icz,,i*) be a good pair for it, for all
i € Zv, let A7, Aj, A be as in the definition of a 7-bracelet, and set C' = .
On the other hand, if B is a thickened emerald, then let ({A;},C,*) be a
good triple for it, and for all ¢ € Z7, let A7, Aj, A;” be as in the definition
of a thickened emerald. By symmetry, we may assume that i* = 0. Note
that C' is a (possibly empty) clique, and that (by Lemma 3.2) B\ C is a
7-bracelet with good pair ({A;}icz,,7"). By symmetry, we may assume that
i* = 0.
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By the definition of a 7-bracelet, for all i € Z7, some vertex in A; has
a nonneighbor both in A;_5 and in A;19. Let g € Ag be such that zy has
a nonneighbor both in Ay and in As. If A5 # 0, then let xo € A3, and
otherwise, let 3 € Az be any nonneighbor of xy. Similarly, if Af # 0, then
let x5 € AZ, and otherwise, let x5 € As be any nonneighbor of zy. Fix
nonadjacent z1 € Ay and zg € Ag. Finally, fix any x3 € A3 and x4 € A4. Set
H = G[xo,x1,...,z6]. Since B\C is a 7-bracelet with good pair ({4;}icz.,0),
we see that H = xg,x1,...,2¢ is a 7-hole. Clearly, H is a dominating hole
of B, and since U is complete to V(B), we see that V(H) is complete to U.
Thus, V(K) C Ng[H]. Now, by construction, K = G[Ng[H*]], and so by the
choice of H*, we have that Ng[H]| = V(K); consequently, R is anticomplete
to H.

(1) C is complete to {w2,x3,x4,25} and anticomplete to
{w6, 20,71}

Proof of (1). If C'= (), then this is immediate. So assume that C' # (). Then
B is a thickened emerald with good triple ({4;}iez,,C,0). In particular,
A, Af # 0, and so z9 € A5 and z5 € Af. Furthermore, C' is complete to
A5 U A3 U Ag U AF and anticomplete to Ag U Ag U Ay. Since z; € A; for
all i € Zz, and since x5 € A5 and x5 € Af, we see that C' is complete to
{2, x3, 24,5} and anticomplete to {xg,xo,x1}. This proves (1). O

Let D be the vertex set of a component of G[R]. Our goal is to show that
Ng(D)NV(K) is a clique; this is enough because (since K is not a complete
graph) it implies that Ng(D) NV (K) is a clique-cutset of G, contrary to
the fact that G satisfies (i) and therefore does not admit a clique-cutset. If
D is anticomplete to V(K), then we are done. So assume that D is not
anticomplete to V(K).

(2) All vertices in D have ezxactly the same neighbors in C.

Proof of (2). Suppose otherwise. Since G[D] is connected, it follows that
there exist adjacent vertices d,d’ € D such that Ng(d) N C # Ng(d')NnC.
By symmetry, we may assume that there exists a vertex ¢ € C such that
cd € E(G) and c¢d' ¢ E(G). Now, recall that R is anticomplete to V(H);
consequently, d,d are anticomplete to V(H). But now by (1), we have
that d’,d, ¢, x5, x6, xo, 21 is an induced Py in G, a contradiction. This proves
(2). O

(3) All vertices in D have exactly the same neighbors in V(B).

33



Proof of (3). In view of (2), it suffices to show that all vertices in D have
exactly the same neighbors in (J;cz Ai. Suppose otherwise. Since G[D] is
connected, there exist adjacent vertices d,d’ € D and an index i € Z7 such
that Ng(d) N A; # Ng(d') N A;; by symmetry, we may assume that there
exists some a; € A; such that da; € F(G) and d'a; ¢ E(G). Recall that
R is anticomplete to V(H); consequently, d,d are anticomplete to V(H).
Now, we know that a; € A; is anticomplete to at least one of A;_o, A; 10,
and in particular, a; is nonadjacent to at least one of z;_o,x;10. But if
a;Tir2 & E(G), then d',d, a;, x;y1, Tit2, Tits, Ti—3 is an induced P; in G, and
if ajz;—o ¢ E(G), then d',d,a;, xi—1,%i—2,%i—3,Ti+3 is an induced P; in G,
a contradiction in either case. This proves (3). O

(4) For alld € D, No(d) NV (B) is a clique.

Proof of (4). Suppose otherwise, and fix some d € D such that Ng(d) N
V(B) is not a clique. Fix nonadjacent yi,y2 € Ng(d) N V(B). Since
R is anticomplete to V(H), we see that y1,y2 ¢ E(H). Now, set Y =
V(H)U{y1,y2}. Note that every vertex in V(B) \ V(H) has at least three
neighbors in V(H), and so we readily deduce that the distance between y1, y2
in G[Y] is at most three. Let P be a minimum-length induced path between
y1,y2 in G[Y]. Then P is of length at most three, and since y1y2 ¢ E(G),
P is of length at least two. Furthermore, every interior vertex of P belongs
to V(H); consequently, d is anticomplete to the interior of P. But now
V(P) U {d} induces a hole of length four or five in G, a contradiction. This
proves (4). O

We are now ready to show that Ng(D)NV(K) is a clique. First, V(K) =
V(B)UU, and U is a clique, complete to V(B). Thus, it suffices to show
that Ng(D) N V(B) is a clique. Fix dy € D. By (4), Ng(do) NV (GpR) is a
clique. By (3), Ng(do) NV (B) = Ng(D)NV(B). Thus, No(D)NV(B) is a
clique. This completes the argument. O

3.2 Proof of Theorem 3.5

Lemma 3.17. Let R be a lantern. Then R is P;-free, every hole in R is of
length siz, and R does not admit a clique-cutset.

Proof. Let (A, By,...,B;,C1,...,Cy, D), r > 3, be a good partition of the

lantern R.

(1) R does not admit a clique-cutset.
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Proof of (1). Let S be a clique of R; we must show that R\ S is connected.
Since S is a clique, and since A is anticomplete to D, we know that S
intersects at most one of A and D; by symmetry, we may assume that
SN A=0. Then there exists some ¢ € {1,...,7} such that S C B;UC; UD
(in fact, either S C B, UC; or S C C; U D). By symmetry, we may assume
that ¢ € {1,2}. Now, clearly, R\ (B; UC;UD) is connected. Further, B;\ S is
complete to A, and D\ S is complete to C3, and so R\ (S U C;) is connected.
But S intersects at most one of B; and D, and we know that every vertex in
C; has a neighbor in B;, and that C; is complete to D; thus, every vertex in
C; has a neighbor in (B; U D) \ S, and we deduce that R\ S is connected.
This proves (1). O

(2) R is P;-free.

Proof of (2). Suppose otherwise, and let P = x1,x9,...,2z7 be an induced
P7 in R.

Note that R\ (AU D) is the disjoint union of cobipartite graphs; since
P; is connected and not cobipartite, we see that V' (P) intersects at least one
of A and D. By symmetry, we may assume that V(P) N A # (. Since A is
complete to J;_; B;, and since P is a path (and therefore every vertex in
P is of degree one or two), we deduce that there exist at most two indices
i€ {1,...,r} such that V(P) intersects B;. Furthermore, there exist at most
two indices @ € {1,...,7} such that V(P) intersects C;, for otherwise, either
P would be disconnected (if V(P) N D = (), or some vertex in P would be
of degree at least three (if V/(P) N D # (), a contradiction in either case.

Now, our goal is to show that [V (P) N (AU;_, B;)| <3 and |[V(P)N
(DUU;_, C;)| < 3; this will contradict the fact that |V(P)| =17.

First, since A is a homogeneous set in R, and since P does not admit a
proper homogeneous set, we see that |[V(P)NA| < 1; since V(P)NA # 0, we
deduce that |V(P)NA| = 1. Next, since By, ..., B, are cliques, complete to A,
and since P is triangle-free, we see that |V(P)NB;| < 1foralli e {1,...,r}.
Since there are at most two indices i € {1,...,7} such that V(P) N B; # 0,
we deduce that |V(P) N (AUU;_, Bi))| < 3.

It remains to show that |V(P)N (D UJ;_, C;)| < 3. If V(P) N D # 0,
then the argument is completely analogous to the one establishing that
V(P)N(AUU;_, B))| < 3. So assume that V(P) N D = (; it now suffices
to show that |V(P) N (U;_; Ci)| < 3. Since C1,...,C, are cliques, and since
P is triangle-free, we see that |V(P) N C;| <2 for all i € {1,...,r}. Since
there are at most two indices ¢ € {1,...,r} such that V(P)NC; # 0, it
now suffices to show that there is at most one index i € {1,...,7} such
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that |[V(P) N C;| = 2. Suppose otherwise. Then there exists some index
1 € {2,...,r} such that |V(P) N C;| = 2; by symmetry, we may assume that
|[V(P) N Cy] = 2. But now if V(P) N By # (), then P contains a triangle,
and otherwise, P is disconnected, a contradiction in either case. This proves
(2). O

(8) R\ A and R\ D are both chordal.

Proof of (3). By symmetry, it suffices to show that R\ A is chordal. Us-

ing the definition of a lantern, we set By = {b%,...,bﬂBﬂ} and C; =
{c%,...,cﬂcﬂ} so that NR[bllBl‘] NCy C -+ C NgpilnC; = C7 and
NR[ClC1|] NnNB € --- C NR[C%] NB = B;. Set B = U;:QBZ' and
C = U:ZZCZ Set D = {dl,...,d|D|}, and B = {bl,...,b|B|} and
C = {c1,-..,¢¢(}.- Then the following is a simplicial elimination order-
ing for R\A b|1 1|7-"7b%7b17"-ab|B|7c%7"-7C|101|a017-"76\0\7d17'--7d|D\'
Thus (by [13]) R\ A is chordal. This proves (3). O

(4) All holes in R are of length six.

Proof of (4). Let k >4, and let H = xg,x1,...,2x_1, 2o (with indices in Zj)
be a hole in R. We claim that k = 6. First, by (3), H intersects both A
and D. Clearly, the distance in R between any vertex in A and any vertex
in D is three, and in Cy and Cj, the distance between any two vertices is
at most two. Thus, k£ > 6. Now, A and D are homogeneous sets in R, and
holes of length greater than four do not admit a proper homogeneous set; it
follows that |V (H)N A| = |V(H) N D| = 1. Since A is complete to | J;_; B;,
since every vertex of H is of degree two in H, and since V(H) N A # (), we
see that |[V(H) N (U;_; Bi)| < 2; similarly, |V(H) N (U;_; Ci)| < 2. Thus,
k= |V(H)| = |V(H)NA+[V(H)N D+ [V(H) N (U= Bo)l + [V(H) N
(U1 Ci)] <1414 2+ 2= 6. But we already showed that k£ > 6, and so
k = 6. This proves (4). O

We are now done by (1), (2), and (4). O

A thickened ©% is any graph obtained from ©% by blowing up each vertex
to a nonempty clique of arbitrary size. In other words, a thickened ©% (r > 3)
is a graph T whose vertex set can be partitioned into nonempty cliques
A, By,...,B.,Ci,...,C., D such that all the following hold:

e A is anticomplete to D;

e A is complete to |J;_; B; and anticomplete to (J;_, Ci;
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Figure 3.10: Thickened ©5, r > 3, with good partition
(A, By,...,B,,C1,...,C., D). A cross-hatched disk represents a nonempty
clique. A straight line between two cliques indicates that the two cliques are
complete to each other. The absence of a line between two cliques indicates
that the two cliques are anticomplete to each other.

e D is complete to |J;_, C; and anticomplete to | J;_; Bi;
o forallie {1,...,r}, B;is complete to Cj;
e for all distinct ¢,j € {1,...,7}, B; UC; is anticomplete to B; U Cj.

Under these circumstances, we say that (A4, By,...,B,,Cy,...,C,, D) is a
good partition for the thickened ©% T' (see Figure 3.10).

Note that for an integer r > 3, ©% is a thickened ©%, and every thickened
©% contains an induced ©%. Furthermore, every thickened ©5 is an r-lantern,
and every r-lantern contains an induced ©53.

For a graph G, an integer r > 3, an induced subgraph 7' of G such that
T is a thickened ©% with good partition P = (A, By,...,B,,C1,...,Cr, D):

o USTP is the set of all vetices in V(G) \ V(T) that are complete to
V(T);

e X&TP is the set of all vertices in V(G) \ V(T) that are mixed on
V(T);

e ZGTP is the set of all vertices in V(G) \ V(T) that are anticomplete
to V(T');

e forallic {1,...,r},
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TGTP is the set of all vertices in X% T'P that are complete to

A U B;, mixed on Cj, and anticomplete to V(T \ (AU B; U C}),
— Tg TP is the set of all vertices in X TP that are complete to

D U C;, mixed on B;, and anticomplete to V(T') \ (DU C; U B;),

RG TP is the set of all vertices in X& TP that are complete to A,

have a neighbor in B;, and are anticomplete to V(T') \ (AU B;),

RG TP is the set of all vertices in X&T°P that are complete to D,

have a neighbor in C}, and are anticomplete to V(T') \ (D U C;).

° Li’T’P is the set of all vertices in X that have a neighbor in A and are

anticomplete to V(T') \ A4;

° Lg’T’P is the set of all vertices in X that have a neighbor in D and are

anticomplete to V(T') \ D.

When G, T, and P are clear from the context, we suppress the su-
perscripts, and we write simply U, X, Z,Tp,,T¢,, RB,, Rc;, La, Lp instead
OfUGTP XGTP ZGTP TGTP TGTP RGT'P RGTP LGTP LGTP re-
spectively.  Clearly, V(G) = V( )U U U X U Z, Wlth V( ), U,
X, and Z pairwise disjoint. Furthermore, it is clear that the sets
Ls,Lp,Tg,,...,1B,,RB,,...,RB,,1Ic,,.--,1c,, Rc,, ..., Rc, are pairwise
disjoint. In what follows, we will repeatedly use the following two facts
(which follow immediately from the construction):

e forallie {1,...,r}, every vertex in T, U Rp, is complete to A, has
a neighbor in B; and a nonneighbor in C;, and is anticomplete to
V(T)\ (AU B; U Cy);

e for alli e {1,...,r}, every vertex in T¢; U R¢, is complete to D, has
a neighbor in C; and a nonneighbor in B;, and is anticomplete to

By construction, we have that LyULpUJ;_, (T, URB,UTc,URc,) C X. In
Lemma 3.18, we show that if G is (Py, Cy, Cs, Cr)-free, and T is an inclusion-
wise maximal induced thickened ©% in G, then equality holds. In Lemma 3.19,
we describe some additional properties of the sets defined above in the case
when G is (P7,Cy,Cs,Cy)-free. Finally, we use Lemmas 3.7, 3.17, 3.18,
and 3.19 to prove Theorem 3.5.

Lemma 3.18. Let G be a (P, Cy,C5,Cy)-free graph, and let v > 3 be an
integer such that G contains an induced ©5. Let T be an inclusion-wise
mazximal induced thickened ©% in G, and let (A, By,...,B;,C1,...,Cy, D)
be a good partition for G. Then X = LxULpUJ;_,(T, URp, UTc, URc,).
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Proof. The fact that LAULpUJ;_, (T, URB, UTc,URc,) C X is immediate
from the construction. For the reverse inclusion, we fix some =z € X, and we
show that x € Ly U Lp UJ;_, (T, U Rp, UTc, U R¢;,).

(1) Vertex x is anticomplete to at least one of A and D.

Proof of (1). Suppose otherwise, and fix a € A and d € D such that za, xd €
E(G). Our goal is to show that « € U, contrary to the fact that x € X.

First, we claim that z is complete to [J;_,(B; U C;). Suppose otherwise.
By symmetry, we may assume that z is nonadjacent to some b} € B;. Fix
any ¢; € Cy. But now if z¢; € E(G), then z,a,V), c1,z is a 4-hole in G, and
if ze; ¢ E(G), then x,a,b],c1,d, x is a 5-hole in G, a contradiction in either
case. This proves that x is indeed complete to | J;_,(B; U C;).

Next, we claim that z is complete to A U D. Suppose otherwise. By
symmetry, we may assume that z is nonadjacent to some a’ € A. Fix by € By
and by € By. By what we just showed, we have that xby,zbs € E(G), and it
follows that x, by, a’, be, x is a 4-hole in G, a contradiction. Thus, z is indeed
complete to AU D.

We now have that z is complete to AUDUJ;_,(B; UC;) = V(T'). Thus,
x € U, contrary to the fact that x € X. This proves (1). O

(2) Vertex x has a neighbor in at most one of the sets By, ..., B,.
Similarly, x has a neighbor in at most one of the sets Cq, ..., C,.

Proof of (2). By symmetry, it suffices to prove the first statement. Suppose
otherwise, that is, suppose that x has a neighbor in at least two of By, ..., B,.

First, we claim that x is complete to A. Suppose otherwise, and fix a’ € A
such that za’ ¢ FE(G). Further, since x has a neighbor in at least two of
Bi, ..., B,, we may assume by symmetry that x is adjacent to some by € B;
and to some by € By. But now x, by, d’, ba, x is a 4-hole in G, a contradiction.
Thus, z is complete to A, and by (1), it follows that x is anticomplete to D.

Next, we claim that 2 is anticomplete to |J;_, C;. Suppose otherwise.
By symmetry, we may assume that x is adjacent to some ¢; € C;. By
supposition, x has a neighbor in at least two of Bi,..., B,; consequently,
x has a neighbor in | J;_, B;. By symmetry, we may now assume that x is
adjacent to some by € By. Fix co € Cy and d € D. Since z is anticomplete
to D, we know that xd ¢ E(G). But now if zcy € E(G), then xz,c1,d, co,x
is a 4-hole in G, and if zco ¢ E(G), then x,c1,d, ca,be, x is a 5-hole in G, a
contradiction in either case. This proves that x is anticomplete to (J;_; C;.

We now have that z is complete to A, has a neighbor in at least two of
B, ..., By, and is anticomplete to D U |J;_; C;. If = is complete to | J;_, B;,
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then G[V(T) U {z}] is a thickened ©% (we simply “add” x to A), contrary
to the maximality of 7. Thus, z is not complete to (J;_; B;. But now we
may assume by symmetry that x is adjacent to some b; € By and bs € Bo,
and is nonadjacent to some b5 € Bs. Fix ca € Cy, c3 € C3, and d € D.
Then by, x, b, ca,d, c3, b5 is an induced P7 in G, a contradiction. This proves

(2). 0

(8) Vertex x has a neighbor in at most one of the sets By U
Ci,...,B, UC,.

Proof of (3). Suppose otherwise. By (2), and by symmetry, we may assume
that x is adjacent to some b; € B; and to some co € (5, and that z is
anticomplete to V(T) \ (B1 UC2). By (1), and by symmetry, we may assume
that z is anticomplete to A. Fix a € A and by € By. Then z, b1, a, ba, co, x is
a 5-hole in G, a contradiction. This proves (3). O

(4) For alli € {1,...,r}, if x has a neighbor in B; and a non-
neighbor in Cj, then x is complete to A and anticomplete to
V(T)\ (AU B; UCy). Similarly, for alli € {1,...,7}, if x has a
netghbor in C; and a nonneighbor in B;, then x is complete to D
and anticomplete to V(T) \ (DU C; U B;).

Proof of (4). By symmetry, it suffices to prove the first statement. In fact, by
symmetry, it suffices to show that if « has a neighbor in B; and a nonneighbor
in C1, then x is complete to A and anticomplete to V(T') \ (AU B; UCY). So
assume that z is adjacent to some by € By and nonadjacent to some ¢} € Ci.
By (3), x is anticomplete to |J;_,(B; U C;). Further, = is anticomplete to
D, for otherwise, we fix some d € D such that zd € E(G), and we observe
that z,b1,c},d,z is a 4-hole in G, a contradiction. We have now shown
that x is anticomplete to D U |J;_o(B; U C;) = V(T)\ (AUB1UCY). Tt
remains to show that x is complete to A. Suppose otherwise, and fix some
a’ € A such that xza’ ¢ E(G). Further, fix by € By, ¢ € Cy, d € D, c3 € Cs.
Now z,b1,d’, by, co,d, c3 is an induced P; in G, a contradiction. This proves
(4). O

(5) For alli € {1,...,r}, if x has a neighbor both in B; and in
Ci, then x € T, UTg,.

Proof of (5). By symmetry, it suffices to show that if = has a neighbor both
in By and in (', then x € Ts, UT,. So assume that x has a neighbor both
in By and in Cy. By (3), z is anticomplete to | J;_,(B; U C;).
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Suppose first that z is complete to By U Cy. By (1), = is anticomplete to
at least one of A and D; by symmetry, we may assume that x is anticomplete
to D. Suppose first that = has a nonneighbor o’ € A. Now, fix b; € By,
by € By, co € Oy, c3 € C3,and d € D. Then z,b1,d’, ba, ¢2,d, c3 is an induced
P; in G, a contradiction. Thus, x is complete to A. But now G[V(T') U {z}]
contradicts the maximality of 7' (we simply “add” = to Bj).

Thus, z is not complete to B1 U Cy. If x is mixed on both B; and C1,
then (4) implies that = is complete to both A and D, contrary to (1). We
now have that x has a neighbor both in By and in C4, that x is not complete
to By U1, and that z is mixed on at most one of By and C7. This implies
that = is complete to one of By, and is mixed on the other; by symmetry,
we may assume that z is complete to B; and mixed on C;. Now (4) implies
that x is complete to A and anticomplete to V(T') \ (AU By U C}), and we
deduce that = € Tz,. This proves (5). O

(6) r € LaULpUJ,_(Tg, URp, UTc, URc,).

Proof of (6). Suppose first that x is anticomplete to (J;_,(B; U C;). By (1),
x is anticomplete to at least one of A and D; by symmetry, we may assume
that z is anticomplete to D. Thus, x is anticomplete to V(T') \ A, that is,
all neighbors of = in V(T') belong to A. Since x € X, we know that z has at
least one neighbor in V(7'), and we deduce that x € L.

From now on, we assume that = has a neighbor in (J;_,(B; U C;). By
symmetry, we may assume that x has a neighbor in B; UC;. If x has a
neighbor both in B and in C1, then by (5), z € T, UT¢,, and we are done.
By symmetry, we may now assume that x has a neighbor b; € By and is
anticomplete to C;. We claim that x € Rp, .

By (3), « is anticomplete to |J;_,(B; U C;). Next, if = is adjacent to
some d € D, then we fix some ¢; € ', and we observe that x,b1,c1,d, x is a
4-hole, a contradiction. Thus, x is anticomplete to D.

We now have that = has a neighbor in B and is anticomplete to V(T") \
(AU By). It remains to show that z is complete to A. Suppose otherwise,
and fix some o’ € A such that xza’ ¢ E(G). Fix some by € Bg, ¢ € Cy,
d € D, and c3 € C3. But now x,b1,ad’, b, co,d, c3 is an induced P in G, a
contradiction. Thus, x is complete to A, and it follows that x € Rp,. This
proves (6). O

By (6), we have that X C Ly ULp UUJ;_,(T, URpB, UTc, U Rc,), and
we are done. O
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Lemma 3.19. Let G be a (Pr,Cy,Cs,C7)-free graph, and let r > 3 be an
integer such that G contains an induced ©%. Let T be an induced thickened

5 in G, and let (A, B1,...,B,,C1,...,Cy, D) be a good partition for T.
Then all the following hold:

(a) either L4 is anticomplete to Lp, or G contains an induced ©5™.

(b) La is anticomplete to |J;_,(Tc, U Re,), and Lp is anticomplete to
U;:l(TBi U RBi);

(¢) Ui, (T, U Rp,) is anticomplete to | J;_,(Tc, U Re,);

(d) at most one of the sets Tp, U Rp,,...,TB, URp, is nonempty, and at
most one of the sets Tc, U Rc,,...,Tc, U Rc, is nonempty;

(e) at most one of the sets Tp, UTc,,...,Tp, UTc, is nonempty;
(f) Tpy,y-.. I, TIcy,...,Tc, are (possibly empty) cliques;

(g9) U is a (possibly empty) clique, complete to \J;_,(Ts, UTc,);
(h) Z is anticomplete to Ly U Lp UJ;_,(T, U Rp, UTc, URc;,).

Proof. We first prove (a). Suppose that L4 is not anticomplete to Lp, and
fix adjacent vertices z € Ly and y € Lp. Fixa € A and d € D such that
za,yd € E(G). Further, for all i € {1,...,r}, fix b; € B; and ¢; € C;. Then
Gla,by,...,bp,z,c1,. .. cryy,d] is a @g“. This proves (a).

Next, we prove (b). By symmetry, it suffices to show that L4 is anticom-
plete to T, U Re, . Suppose otherwise, and fix adjacent vertices a’ € L4 and
x € To, U Re, . By construction, a’ has a neighbor a € A and is anticomplete
to V(T') \ A, and z is complete to D, and has a neighbor ¢; € C and a non-
neighbor b] € By. But now d’,a,b),c1,z,a’ is a 5-hole in G, a contradiction.
This proves (b).

We next prove (c). By symmetry, it suffices to show that Tz, U Rp, is
anticomplete to T, U R, UTe, U Re,.

We first show that Tp, U Rp, is anticomplete to To, U Rc,. Suppose
otherwise, and fix adjacent vertices x € T, U Rp, and y € T, U Rg,. We
claim that one of Ng[z]N (B1UC1) and Ngly]N(B1UCY) includes the other.
Suppose otherwise, and fix v,, v, € B U C; such that zv,, yv, € E(G) and
xvy, yvy ¢ E(G). Since By U C) is a clique, we now have that x, vy, vy, y,
is a 4-hole in G, a contradiction. By symmetry, we may now assume that
Ngly) N (B UC1) € Nglz] N (ByUCL). Since z € Tp, U Rp,, we know
that z is adjacent to some by € By and nonadjacent to some c¢; € C. Since
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Ngly] N (B1UCy) € Nglz] N (B U Ch), it follows that ye; ¢ E(G), and
consequently, y ¢ T¢,. Thus, y € R¢,, and in particular, yby ¢ E(G).
We now fix d € D, and we observe that z, by, c1,d,y,x is a 5-hole in G, a
contradiction. This proves that Tp, U Rp, is anticomplete to T, U R, .

We now show that T, U Rp, is anticomplete to T, U Rc,. Suppose
otherwise, and fix adjacent vertices z € Tg, U Rp, and y € T¢, U R¢,. Fix
by € By and ¢; € C; such that zb; € F(G) and zc; ¢ E(G). Fix d € D.
Now z,b1,c1,d,y, x is a 5-hole in G, a contradiction. This proves (c).

Next, suppose that (d) is false. By symmetry, we may assume T, U Rp,
and T, U Rp, are both nonempty. Fix x; € Ts, U Rp, and 22 € T, U Rp,.
For each i € {1,2}, fix b; € B; and ¢; € C; such that z is adjacent to b;
and nonadjacent to ¢;. Further, fix d € D; then x1,zs are nonadjacent to
d. But now if 129 € E(G), then x1,b1,c1,d, co,ba, x2, 21 is a 7-hole in G,
and otherwise, x1,b1,c1,d, 2, bo, x9 is an induced P; in G, a contradiction
in either case. This proves (d).

Next, suppose that (e) is false. By (d), and by symmetry, we may assume
that T, and T, are both nonempty. Fix x € Tp, and y € T¢,. By (c),
xy ¢ E(G). Since = € Tp,, we know that x has a neighbor b; € B; and a
nonneighbor ¢; € C;. Since y € T,, we know that y is mixed on B»; fix
by, by € By such that ybe € E(G) and yb), ¢ E(G). Finally, fix d € D. Now
x,b1,c1,d,y, b, by is an induced Py in G, a contradiction. This proves (e).

Next, we prove (f). By symmetry, it suffices to show that Tz, is a clique.
Suppose otherwise, and fix nonadjacent x,y € Tp,. Suppose that neither
of Ng[z] N Cy and Ngly| N Ch is included in the other. Fix ¢;, ¢, € C such
that xcg,ycy € E(G) and xcy, yc, ¢ E(G). Fix a € A. Then a,z, ¢z, ¢y, y,a
is a 5-hole in G, a contradiction. By symmetry, we may now assume that
N¢gly) N C1 € Nglz] N Cy. Since y € Tp,, we know that y has a neighbor
c1 € C1; since Ngly] N C1 € Nglz] N Cy, it follows that zc; € E(G). Fix
a € A. Now a,z,c1,y,a is a 4-hole in G, a contradiction. This proves (f).

We now prove (g). Suppose that U is not a clique, and fix nonadjacent
vertices u1,u9 € U. Fixa € Aand d € D. Then a,uq,d, us, a is a 4-hole in G,
a contradiction. Thus, U is a clique. It remains to show that U is complete
to U;_, (T, UTc,). Suppose otherwise. By symmetry, we may assume that
some u € U and x € Ty, are nonadjacent. Fix a € A, and fix ¢; € C4 such
that zc; € E(G). Then a,z, ¢y, u,a is a 4-hole in G, a contradiction.

It remains to prove (h). Suppose that some z € Z has a neighbor in
LaULpUlJ;_,(Ts, URR, UTc, U R¢,). By symmetry, we may assume that
z is adjacent to some z € Ly UTpg, U Rp,. Then = has a neighbor a € A,
has a nonneighbor ¢; € C1, and is anticomplete to V(7') \ (AU B; UC}). Fix
by € By, co € Co, and d € D. Now z,z,a,bs,co,d, c1 is an induced P; in G,
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a contradiction. This proves (h). O

We are now ready to prove Theorem 3.5, restated below for the reader’s
convenience.

Theorem 3.5. Let G be a graph. Then the following two statements are
equivalent:

i) G is a (Py,Cy,Cs,C7)-free graph that contains an induced ©3 and does
g 3
not admit a clique-cutset;

(i) G contains exactly one nontrivial anticomponent, and this anticompo-
nent is a lantern.

Proof. The fact that (ii) implies (i) follows from Lemmas 3.7 and 3.17, and
from the fact that every lantern contains an induced ©3. It remains to show
that (i) implies (ii). For this, we assume that G satisfies (i), that is, that
(P7,Cy, Cs, Cr)-free, contains an induced ©3, and does not admit a clique-
cutset; we must show that G contains exactly one nontrivial anticomponent,
and that this anticomponent is a lantern.

Let r > 3 be maximal with the property that G contains an induced
©5. Let T be an inclusion-wise maximal thickened ©% in G, and let
(A, By,...,B,,Cy,...,Cr, D) be a good partition for 7. By construction, we
have that V(G) = V(T)UU U X U Z, and by Lemma 3.18, we have that
X=L4ULpu U::1(TBZ- U RBi UTe, U Rci).

(1) ZULsU LpUUi_,(Rp, URc,) = 0.

Proof of (1). Suppose otherwise; our goal is to show that G admits a clique-
cutset, contrary to the fact that G satisfies (i). Since ZUL4ULpUJ;_,(Rp,U
R¢,;) # 0, we see that at least one of ZUL4U|J;_; Rp, and ZULpU|J;_, R,
is nonempty. By symmetry, we may assume that ZU L4 UJ;_; Rp, # 0. By
Lemma 3.19 (d), we know that at most one of the sets Tp,URp,,...,Tp URp,
is nonempty; by symmetry, we may assume that | J;_,(Tp, U Rp,) = 0 (the
set Tp, U Rp, might or might not be empty). Our goal is to show that
UUAUB; UTp, is a clique-cutset of G. The fact that U U AU By UTp, is
a clique follows from the construction, and from Lemma 3.19 (f) and (g). It
remains to show that U U AU By UTp, is a cutset of G.

Clearly, it suffices to show that Z U L4 U Rp, is anticomplete to V(T) \
(AUBy) and to X \ (LaUTg, URp,). The former is immediate from the
construction. For the latter, recall that X = L, U Lp UJ;_,(TB, U Rp, U
Tc, U Re,) and that | J;_,(Tg, U Rp,) = 0. Thus, it suffices to show that
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ZULaURp, is anticomplete to Lp UJ;_,(T¢; U Rc;). The fact that L, is
anticomplete to Lp follows from Lemma 3.19 (a), and from the maximality
of r. The rest follows from Lemma 3.19 (b), (c), and (h). This proves (1). O

(2) There exists some i € {1,...,r} such that V(G) = V(T) U
UuTp, UTg,.

Proof of (2). Recall that V(G) =V(T)uUUXUZ and X =Ly ULpU
Ui_1(Ts, URpB, UT¢, U Re,). Tt then follows from (1) that V(G) = V(T') U
UulJ;_,(Tg, UT¢,). By Lemma 3.19 (e), and by symmetry, we may assume
that U;_o(TB, UT¢,) = 0. But now V(G) = V(T)JUU UTp, UT¢,. This
proves (2). O

By (2), and by symmetry, we may now assume that V(G) = V(T) U
UUTp, UTe,. Set H= G\ U. By construction, and by Lemma 3.19 (g),
U is a (possibly empty) clique, complete to V(H). Furthermore, since
V(H)=V(T)UTp, UTg,, it is easy to see that H is anticonnected. Thus,
H is the only anticomponent of G. It remains to show that H is a lantern.
Set Bf = By UTp, and C] = Cy UTg,. Further, for all i € {2,...,r},
set Bl = B; and C] = C;. We claim that H is an r-lantern with good
partition (A, By,...,B.,C,...,Cl, D). Lemma 3.19 (f) implies that B} and
C] are cliques. It now suffices to show that B] and C can be ordered as
B, ={vl,... ’b\lBil} and C] = {c},.. "Cllcil} so that NH[bﬂBH] nNCcyc---C
Ny[bi]n C) = ¢} and NH[cllcﬂ] N B} C--- C Ny[cl]n B) = Bj (all other
axioms from the definition of an r-lantern are clearly satisfied).

(3) For all distinct xz,y € B}, one of Ng[x]NC and Ng[y] N C4
includes the other. Similarly, for all distinct x,y € C}, one of
Nylz] N B} and Ngly] N B} includes the other.

Proof of (3). By symmetry, it suffices to prove the first statement. Suppose
otherwise, and fix distinct x,y € B} such that neither one of Ny[z]NC] and
Ngly] N CY includes the other. Then there exist distinct vertices ¢, ¢, € C]
such that zcg, ye, € E(GQ) and zey, ye, ¢ E(G). Since Bj and Cf are cliques,
we know that xy,c,cy € E(G). But now z, ¢z, ¢y, y,x is a 4-hole in G, a
contradiction. This proves (3). O

It follows from (3) that B} and C] can be ordered as B} = {bi,..., bllB“}
and C] = {c%,...,cicﬂ} so that NH[bﬂB“] NC; C--- C Nyglbi]NC} and
Nu [c‘lcl|] N B} C--- C Nglel] N By. It remains to show that b} is complete

1

45



,/'
€
N

Figure 3.11: Three types of 3PC: theta (left), pyramid (center), and prism
(right). A solid line represents an edge, and a dashed line represents a path
that has at least one edge.

to C7, and that c% is complete to Bj. By symmetry, it suffices to prove

the former. Suppose otherwise, and fix an index j € {1,...,|C}|} such that
bicj ¢ E(G). Since NH[b‘lB“] NCy C --- C Ny[b] N CY, it follows that c;

is anticomplete to Bj. Since B; C Bj, it follows that cjl is anticomplete to
B;. But this is impossible since cjl- € C} = C1UTg,, Cy is complete to By,
every vertex in T, has a neighbor in By, and By # (). This completes the
argument. O

3.3 Proof of Theorem 3.6

A theta is any subdivision of the complete bipartite graph K 3; in particular,
Ky 3 is a theta. A pyramid is any subdivision of the complete graph Ky in
which one triangle remains unsubdivided, and of the remaining three edges,
at least two edges are subdivided at least once. A prism is any subdivision
of Cg in which the two triangles remain unsubdivided; in particular, Cy is a
prism. A three-path-configuration, or 8PC for short, is any theta, pyramid,
or prism (see Figure 3.11).

Note that all holes in a (P7, Cy, Cs5, Cy)-free graph are of length six. It
is easy to see that every theta other than ©3 contains at least one hole of
length other than six. On the other hand, @g is a lantern, and so Lemma 3.17
implies that ©3 is (P7, Cy, Cs, C7)-free. Thus, O3 is the only (P, Cy, Cs, C7)-
free theta. It is also easy to see that the only prism in which all holes are of
length six is the one obtained from Cg by subdividing each of the three edges
that do not belong to any triangle exactly once; however, this prism contains
an induced P; (see Figure 3.12). Finally, it is clear that every pyramid
contains an odd hole, and consequently, no pyramid is (Pr, Cy, Cs, C7)-free.
It follows that ©3 is the only (Py, Cy, Cs, C7)-free 3PC.

46



Figure 3.12: The only prism in which all holes are of length six. An induced
Py is shown with a bold line.

A wheel is a graph that consists of a hole and an additional vertex that
has at least three neighbors in the hole. If this additional vertex is adjacent
to all vertices of the hole, then the wheel is said to be a universal wheel; if
the additional vertex is adjacent to three consecutive vertices of the hole,
and to no other vertices of the hole, then the wheel is said to be a twin wheel.
For k > 4, the universal wheel on k + 1 vertices is denoted by W}, and the
twin wheel on k + 1 vertices is denoted by W{. A proper wheel is a wheel
that is neither a universal wheel nor a twin wheel.

It is easy to see that the only wheels in which every hole is of length six
are the wheels Wg and W¢. Clearly, Ws and W are Pr-free, and we deduce
that Ws and W¢ are the only (P7, Cy, Cs, C7)-free wheels.

Let Gur be the class of all (3PC, proper wheel)-free graphs.

Lemma 3.20. Every (P;,Cy,Cs,C7,03)-free graph is (3PC, proper wheel)-
free. In other words, all (Py,Cy, Cs,C7,03)-free graphs belong to Gyr.

Proof. This follows from the fact that ©3 is the only (P, Cy, Cs, C7)-free
3PC, and from the fact that the universal wheel W5 and the twin wheel W
are the only (P7, Cy, C5, C7)-free wheels. O

A ring is a graph R whose vertex set can be partitioned into k& > 4
nonempty sets, say Xo,...,Xr_1 (with indices understood to be in Zj),
such that for all i € Z;, X; can be ordered as X; = {u’i,...,ufxil} SO
that X; C NR[’U’TXA] c ... C NR[UH =X, 1uUuX;uU XZ'+1.1O Under these
circumstances, we say that the ring R is of length k, as well as that R is
a k-ring. Furthermore, (X, ..., X;_1) is said to be a good partition of the

ONote that this implies that Xo, ..., Xx_1 are cliques, as well as that uf, ui, ..., u'f_l, ud

is a k-hole in R. It also implies that for all ¢ € Zg, X; is anticomplete to V(R) \ (X;—1 U
X; U Xi+1).

47



Figure 3.13: 6-Ring with good partition (Xjp,...,X5). A cross-hatched disk
represents a nonempty clique. A wavy line between two cliques indicates
that there are edges between the two cliques (furthermore, such edges must
obey the axioms from the definition of a ring). The absence of a line between
two cliques indicates that the two cliques are anticomplete to each other.

ring R. A ring is long if it is of length at least five. In what follows, we will
mostly need 6-rings (see Figure 3.13).

Lemma 3.21. Let R be a graph, and let (X, ..., X5), with indices in Zg,
be a partition of V(R) into nonempty sets. Then the following are equivalent:

e R is a 6-ring with good partition (Xo,...,Xs), Xo is complete to X1,
Xo is complete to X3, and X4 is complete to X5;

e R is a 6-wreath with good partition (Xo,...,Xs).
Proof. This is immediate from the appropriate definitions. O

For an integer k > 4, a k-hyperhole is any graph obtained from C} by
blowing up each vertex to a nonempty clique. A long hole is a hole of length
at least five. Note that for all k£ > 4, every k-hyperhole is a k-ring.

Let Byt be the class of all graphs G that satisfy at least one of the
following:

e (G has exactly one nontrivial anticomponent, and this anticomponent
is a long ring;

e G is (long hole, K» 3, Cg)-free;
e o(G) =2, and every anticomponent of G is either a 5-hyperhole or a

(Cs, Cg)-free graph.
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The following two results were proven in [3] (Theorem 3.22 below cor-
responds to Theorem 1.6 from [3], and Theorem 3.23 follows immediately
from Lemma 2.4 from [3]).

Theorem 3.22. [3] Every graph in Gy either belongs to Byr or admits a
clique-cutset.

Theorem 3.23. [3] Let k > 4. Then every k-ring is (3PC, proper wheel,
universal wheel)-free, and every hole in a k-ring is of length k.

Lemma 3.24. Let R be a 6-ring. Then R is (Cy,C5,C7,03)-free, and R
does not admit a clique-cutset.

Proof. Since @g is a theta, and every theta is a 3PC, Theorem 3.23 immedi-
ately implies that R is (Cy, Cs, C7, ©3)-free.

It remains to show that R does not admit a clique-cutset. Let
(Xo,...,X5), with indices in Zg, be a good partition of the 6-ring R. Let S
be a clique in R; we must show that R\ S is connected. By the definition of
a ring, we see that there exists some i € Zg such that S C X; U X; 1. Clearly,
R\ (X; U X,11) is connected, and every vertex in X; U X;41 has a neighbor
in V(R) \ (X; UX;y1); thus, R\ S is indeed connected. This completes the
argument. O

Lemma 3.25. Let R be a graph. Then the following are equivalent:
(a) R is a (Pr,Cy,Cs,C7)-free ring;

(b) R is a Pr-free 6-ring;

(c) R is either a 6-wreath or a 6-crown.

Proof. We show that (a) and (b) are equivalent, and that (b) and (c) are
equivalent.

By Lemma 3.24, (b) implies (a). Let us show that (a) implies (b). The
definition of a ring implies that, for every integer k > 4, every k-ring contains
a k-hole. Furthermore, it is clear that every hole of length greater than seven
contains an induced P;. Thus, every (Pr, Cy, C5, Cr)-free ring is of length
six, and it follows that (a) implies (b). This proves that (a) and (b) are
equivalent.

We next show that (c) implies (b).

(1) Every 6-wreath is a P;-free 6-ring.
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Proof of (1). It is clear that every 6-wreath is a 6-ring. Further, note that
if (Xo,...,X5) is a good partition of a 6-wreath, then Xy U X1, Xy U X3,
and X4 U X5 are cliques; consequently, the vertex set of any 6-wreath can be
partitioned into three cliques. Since a(P7) = 4, it follows that every 6-wreath
is Pr-free. This proves (1). O

(2) Every G-crown is a Pr-free 6-ring.

Proof of (2). We use the notation from Figure 3.9.

It is clear that C§ and C§ are 6-rings; it is also clear that any graph
obtained by blowing up each vertex of a 6-ring to a nonempty clique is a
6-ring. Thus, every 6-crown is a 6-ring. It remains to show that 6-crowns
are Pr-free. Since P; does not admit a proper homogeneous set, it is clear
that any graph obtained by blowing up each vertex of a Pr-free graph to a
nonempty clique is Pr-free. Thus, we need only show that Cg and C§ are
Pr-free. Since 063 is an induced subgraph of C’g, it in fact suffices to show
that Cél is Pr-free.

Suppose that Cg is not Pr;-free, and let P be an induced Pr in C’g.
Clearly, {c1,c2,da}, {ds}, {cs,ca,da}, {c5,ds,co} is a partition of V(Cg) into
four cliques; since a(P) = a(P;) = 4, it follows that V(P) intersects each
of these four cliques, and in particular, d3 € V(P). Similarly, dy € V(P).
Let us show that V(P) N {c3,ca} # 0. Suppose otherwise. Then P is an
induced Py in the 8-vertex graph Cg \ {cs,c4}, and it follows that P contains
all but one of the vertices ¢y, c1, ¢, ¢5,ds, d3, d4, ds. But this implies that
either cg, c5,ds € V(P) or ¢y, ca,dy € V(P), neither of which is possible since
{co,c5,ds5} and {c1,ca,da} are both cliques of size three in Cg, and Py is
triangle-free. Thus, V(P)N{cs,ca} # 0.

By symmetry, we may assume that cs € V(P). We now have that
c3,ds,dy € V(P). Since c3 is complete to {ds,ds}, and since no vertex of P
is of degree greater than two in P, we see that Ng[c3] NV (P) = {c3,ds, ds}.
But this implies that co,da, cs ¢ V(P). Since Cg has ten vertices, while P
has seven, it follows that V(P) = V(C§) \ {ca, d2, c4}. But this is impossible
since (for instance) {cg, cs,ds} is now a triangle in P, contrary to the fact
that P is triangle-free. This proves (2). O

By (1) and (2), we have that (c) implies (b). It remains to show that
(b) implies (c¢). From now on, we assume that R satisfies (b), that is,
that R is a Pr-free 6-ring. Let (Xo,...,X5) be a good partition of the
6-ring R. For all i € Zs, set t; = |X;| and X; = {uf,...,u} } so that
X; € Np[uj] C -+ C Ng[ui] = X;-1 U X; U X1, as in the definition of a
ring.
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(3) For all i € Zg, either X; is complete to X1, or X;13 is
complete to X;44.

Proof of (3). Suppose otherwise. By symmetry, we may assume that
Xy is not complete to X;, and that X3 is not complete to X4. Then
UJgOu;}l,ut?)ut4 ¢ F(R); note that this implies that tg, ¢, t3,t4 > 2. But now
u?o, u(l), u,}l,ul, utg,u‘ll, ui is an induced P; in R, a contradiction. This proves

(3). O

(4) If X; is complete to at least one of X;_1, Xit1 for all i € Zsg,
then R is a 6-wreath.

Proof of (4). Assume that X; is complete to at least one of X; 1, X;4; for
all i € Zg. If X; is complete to X;_1 U X;y1 for all i € Zg, then R is a
6-hyperhole and therefore a 6-wreath. So assume that this is not the case.
We may assume that X; is not complete to Xo (we cyclically permute the
X;’s if necessary). Then by assumption, X is complete to X1, and X5 is
complete to X3. Furthermore, by (3), X4 is complete to X5. Lemma 3.21
now implies that R is a 6-wreath with good partition (Xj,...,X5). This
proves (4). O

Recall that X; C NR[U%Z_] C .-+ C Ng[ul] = X;1 U X; UX;yq for all
i € Zg. For all i € Zg, let s; € {1,...,t;} be maximal with the property
that NR[uéi] =X;1UX;UXjy1. Further for all ¢ € Zg, let 5 e{l,...,t;}
be maximal with the property that u+ is complete to Xz+1, and let s;
{1,...,t;} be maximal with the proplerty that u_ is complete to X;_ 1.

Clearly, s; = min{s;", s; } for all i € Zg. For alli € Zﬁ, set C; = {ut,. oy b}
and D; = X; \ C;. By construction, we have that for all i € Zg, u} € C;
(consequently, C; # 0), C; is complete to X; 1 U X;11, and every vertex in
D; has a nonneighbor in X;_; U X,-Jrl.l1

(5) For alli € Zg, if X; is complete neither to X;—1 nor to X;41,
then sf =s; =s5; <t.

Proof of (5). By symmetry, it suffices to prove the statement for i = 1.
So assume that X7 is complete neither to Xy nor to Xo. It is then clear
that sf,s; < t1, as well as that u,}l is anticomplete to {ugo,ut2} Since
51 = min{sf, s1 }, it only remains to show that sf = 5] . Suppose otherwise.

11f D; = 0, then it is vacuously true that every vertex in D; has a nonneighbor in
Xic1UXiq1.
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By symmetry, we may assume that s > s;. Set £ = s| + 1. Then

51 << sf, and it follows that u} is complete to X5, but is not complete
to X (consequently, uju) ¢ E(G)). But now uj,, uy,uf,, ut, uf,uf, up is an

induced P7 in R, a contradiction. This proves (5). O

(6) For all i € Zg, if X; is complete neither to X;—1 nor to
Xit1, then s; < t;, D; # 0, and D; is a (not necessarily proper)
homogeneous set in R.

Proof of (6). By symmetry, it suffices to prove the claim for ¢ = 1. So
assume that X is complete neither to X nor to X». By (5), we have that
sf = s, = s1 < t1. Note that this implies that Dy # @, and that Dy is
anticomplete to {u ,u?,}. Now, clearly, {uf,...,u} } U{ul,u}} is complete
to Dy, and X3 U X4 U X5{u) ,u?,} is anticomplete to D1. Thus, in order to
show that D; is a homogeneous set in R, it suffices to show that no vertex
in (Xo\ {uf,u) }) U (X2 \ {uf,uj,}) is mixed on D;. Suppose otherwise. By
symmetry, we may assume that there exists some ¢o € {2,...,ta—1} such that
uj, is mixed on Dy. Fix £y, 0] € {s1+1,...,t1} such that u7 is adjacent to uy,
and nonadjacent to u},l ; clearly, ¢1 < ¢}. But now u}/l , u%l,ui,u:f , u‘ll, u?, u?o

is an induced P7 in R, a contradiction. This proves (6). O

(7) For alli € Zg, if X; is complete neither to X;—1 nor to X;41,
then D;_1,D;, Di11 # 0, and D; is anticomplete to D;_1 U D;y1.

Proof of (7). Fix i € Zg, and assume that X; is complete neither to X;_1
nor to X;y1. Clearly then, D;_1,D;, D;y1 # 0. It remains to show that
D; is anticomplete to D;—1 U D;y1. Suppose otherwise. By symmetry, we
may assume that some d; € D; and d;11 € D;1 are adjacent. By (6), D; is
a homogeneous set in R; since d;4+1 has a neighbor in D;, we now deduce
that d;y1 is complete to D;. By construction, C; is complete to X;,1; since
diy1 € X;41, we see that d;1 is complete to C;. Thus, d;11 is complete to
C; UD; = X;. Since djy1 € D;+1, we deduce that d; 11 is not complete to
Xit92. But now we have that X;,; is complete neither to X; nor to X2,
and so (6) implies that D;;; is a homogeneous set in R. Since D; and D; 41
are disjoint homogeneous sets in R, and since d; € D; and d;1 € D;41 are
adjacent, we deduce that D; is complete to D;41. But since C; is complete to
Xi+1, and Cjy1 is complete to X;, we now readily deduce that X; is complete
to Xiy1, a contradiction. This proves (7). O

(8) If there exists some i € Zg such that X; is complete neither
to X;—1 nor to X;41, then R is a 6-crown.
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Proof (8). By symmetry, we may assume that X, is complete neither to
X3 nor to X5. By (7), we have that D3, D4, D5 are nonempty and pairwise
anticomplete to each other. By (3), X is complete to Xo U X5. Further, by
(3), either X5 is complete to X3, or X5 is complete to Xo; by symmetry, we
may assume that X5 is complete to Xy (X2 may or may not be complete to
X3). Note that this implies that Dy = D1 = ). Our goal is to show that R
is a 6-crown with good triple ({C;}iezg, {Di}tiezg, 2)-

So far, we have shown that Dj3, D4, D5 are nonempty and anticomplete
to each other, and that Dy = D; = (. We claim that Dy,..., D5 are
pairwise anticomplete to each other. Clearly, we need only show that Do
is anticomplete to D; for all i € Zg \ {2}. Since X3 is anticomplete to
Xo U X4 U X5 (and therefore to Dy U Dy U D5 as well), and since Dy = (), it
only remains to show that D is anticomplete to D3. If Dy = (3, then this
is immediate. So suppose that Dy # (). Recall that X7 is complete to Xo;
since Dy # (), we deduce that X5 is not complete to X3. But now X3 is
complete neither to X nor to Xy, and so (7) implies that Dj is anticomplete
to Do, which is what we needed. We have now established that Dy, ..., D5
are pairwise anticomplete to each other.

Next, by the definition of a 6-ring, Xj, ..., X5 are cliques; consequently,
D; is complete to C; for all i € Zg. Further, by construction, C; is complete
to X;—1 U X;41 for all i € Zg; consequently, D; is complete to C;_1 U C;11
for all ¢+ € Zg. By the definition of a 6-ring, we have that X; is anticomplete
to Xito U X413 U X;y4 for all ¢ € Zg; consequently, D; is anticomplete to
Cito U Cipg U Ciqyq for all i € Zg.

To show that R is a 6-crown with good partition ({C;}iezg, {Diticzg: 2),
it now remains to show that Cp,...,Cs are nonempty cliques, and that C;
is complete to C;_1 U C;11 and anticomplete to Cjyo U Ci13 U Cjyyg for all
i € Zg. The fact that Cy,...,C5 are cliques follows from the fact that,
by the definition of a 6-ring, Xjy,..., X5 are cliques. Furthermore, it is
clear that u} € C; for all i € Zg, and so Cj, . ..,Cs are all nonempty. By
construction, C; is complete to X;_1UX;4+1 (and consequently, to C;_1UC;41)
for all ¢ € Zg. Further, by the definition of a 6-ring, X; is anticomplete
to Xjyo U X3 U X;14 for all ¢ € Zg; consequently, C; is anticomplete to
Cita U Cir3 U Ciqy for all i € Zg. It now follows that R is a 6-crown with
good triple ({C;}iezg, {Di}iczs,2). This proves (8). O

Clearly, (4) and (8) together imply that R is either a 6-wreath or a
6-crown. Thus, (b) implies (¢). This completes the argument. O

We are now ready to prove Theorem 3.6, restated below for the reader’s
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convenience.

Theorem 3.6. Let G be a graph. Then the following two statements are
equivalent:

(i) G is a (Py,Cy, Cs5,Cq,03)-free graph that does not admit a clique-cutset;

(ii) either G is a complete graph, or G contains exactly one nontrivial
anticomponent, and this anticomponent is either a 6-wreath or a 6-
crown.

Proof. Suppose first that G satisfies (ii); we must show that G satisfies
(i). If G is a complete graph, then this is immediate. So assume that G
contains exactly one nontrivial anticomponent, call it R, and that R is either
a 6-wreath or a 6-crown. By Lemma 3.25, R is a Pr-free 6-ring. Since R is
a 6-ring, Lemma 3.24 implies that R is (Cy, Cs, C7,©3)-free and does not
admit a clique-cutset. Thus, R is (Py, Cy, C5, C7, ©3)-free and does not admit
a clique-cutset. The fact that G satisfies (i) now follows from Lemma 3.7.

Suppose now that G satisfies (i); we must show that G satisfies (ii). By
Lemma 3.20, G € Gur. Since G satisfies (i), G does not admit a clique-cutset.
Theorem 3.22 now implies that G € Byt. Then by the definition of By,
one of the following holds:

(a) G has exactly one nontrivial anticomponent, and this anticomponent
is a long ring;

(b) G is (long hole, K33, Cs)-free;

(¢) a(G) =2, and every anticomponent of G is either a 5-hyperhole or a
(C5, Cg)-free graph.

Suppose first that G satisfies (a). Let R be the unique nontrivial anticom-
ponent of G; then R is a long ring. Since G (and therefore R as well) is
(P7,Cy, Cs5,Cy)-free, Lemma 3.25 implies that R is either a 6-wreath or a
6-crown, and in either case, G satisfies (ii).

Suppose now that G satisfies (b) or (c¢). Then either G is long-hole-free,
or a(G) = 2. Since every hole of length greater than five contains a stable
set of size three, we deduce that G contains no holes of length greater than
five. But by (i), G is also (Cy, Cs)-free. Thus, G contains no holes, that
is, G is chordal. By [9], it follows that either G is complete, or G admits
a clique-cutset. Since G satisfies (i), the latter is impossible; thus, G is
complete, and it follows that G satisfies (ii). O
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4 Algorithms and y-boundedness

In this section, we give polynomial-time algorithms for solving the following
three discrete optimization problems for the class of (Py, Cy, C5)-free graphs:
the minimum coloring problem, the maximum weight stable set problem,
and the maximum weight clique problem. We also show that the class of
(P7,Cy, Cs)-free graphs is x-bounded by a linear function.

Our algorithms will take the following general approach.

1. Decompose the input graph G via clique-cutsets into subgraphs
that do not admit clique-cutsets. These subgraphs are called atoms.

2. Find the solution for each atom.

3. Combine solutions for atoms along the clique-cutsets to obtain a
solution for G.

4.1 Clique-cutset decomposition

Let G = (V, E) be a graph and K C V a clique-cutset such that G \ K is a
disjoint union of two subgraphs H; and Hy of G. We let G; = G[H; U K]
for ¢ = 1,2. We say that G is decomposed into G1 and Gy via K, and call
this a decomposition step. We then recursively decompose G1 and Go via
clique-cutsets until no clique-cutset exists. This procedure can be represented
by a rooted binary tree T'(G) where G is the root and the leaves are induced
subgraphs of G that do not admit clique-cutsets. These subgraphs are called
atoms of G. Tarjan [28] showed that for any graph G, T(G) can be found
in O(nm) time. Moreover, in each decomposition step Tarjan’s algorithm
produces an atom, and consequently T'(G) has at most n — 1 leaves (or
equivalently atoms).

Let k£ > 1 be a fixed integer. Tarjan [28] observed that G is k-colorable
if and only if each atom of G is k-colorable. This implies that if one can
solve the minimum coloring problem for atoms, then one can also solve the
problem for G. It is straightforward to check that once a k-coloring of each
atom is found, then it takes O(n?) time to combine these colorings to obtain
a k-coloring of GG. Similarly, a maximum weight clique of G can be found in
O(n?) time once a maximum weight cliuge is found for each atom.

In a slightly more complicated fashion, Tarjan [28] showed that once
the maximum weight stable set problem is solved for atoms, one can solve
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the problem for G. Let G = (V,E) be a graph with a weight function
w:V — R. For a given subset S C V, we let w(S) = > cqw(v), and
denote the maximum weight of a stable set of G by au,(G). Suppose that
G is decomposed into A and B via a clique-cutset S, where A is an atom.
We explain Tarjan’s approach as follows. To compute a stable set of weight
ay(G), we do the following.

(1) Compute a maximum weight stable set I’ of A\ S.

(2) For each vertex v € S, compute a maximum weight stable set I,, of
A\ Nv].

(3) Re-define the weight of v € S as w'(v) = w(v) + w(I,) — w(I’).

(4) Compute the maximum weight stable set I” of B with respect to the
new weight w'. If I NS = {v}, then let I = I, U I"; otherwise let
I=rur.

It is easy to see that a,(G) = w(I). This divide-and-conquer approach
can be applied top-down on T(G) to obtain a solution for G by solving
O(n?) subproblems on induced subgraphs of atoms, since there are O(n)
decomposition steps and each step amounts to solving O(n) subproblems as
explained in (1)-(4).

Therefore, it suffices to explain below how to solve each problem for
atoms of (P7, Cy, Cs)-free graphs. In the following, we assume that A is an
atom. The join of two given graphs GG; and G is the graph obtained from the
disjoint union of G; and G5 by adding every possible edge between vertices
in G and vertices in G2. We only need the following two decomposition
theorems, which follow from Theorem 3.4, and from Theorems 3.5 and 3.6,
respectively.

Theorem 4.1 (Decomposition C7). Let G be a (Pr, Cy, C5)-free atom that
contains a C7. Then G is the join of a (possibly null) complete graph with
either a thickened emerald (see Figure 3.3) or a T-bracelet (see Figure 3.1).

Theorem 4.2 (Decomposition Cy-free). Let G be a (P7,Cy,Cs,C7)-free
atom. Then G is either a complete graph, or the join of a (possibly null)
complete graph with either a lantern, or a 6-ring.

4.2 Solving the maximum weight stable set problem

Let A be a (Pr, Cy, Cs)-free atom. It then follows from Theorems 4.1 and 4.2
that A is either a complete graph, or the join of a (possibly empty) complete
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graph U with either a thickened emerald, or a 7-bracelet, or a lantern or a
6-ring. Note that any vertex in U is a universal vertex of A. Therefore, any
stable set containing a vertex u in U must be {u}. It thus suffices to solve
the problem for thickened emeralds, or 7-bracelets, or lanterns or 6-rings.
We do so by the following unified approach developed in [4]. Let G be a
graph with a weight function w : V(G) — R. Then the following holds:

ay(G) = max({0} U{w(v) + aw(G — Nv]) | v e V(G)})

(Note that a,,(G) = 0 if and only if w(v) < 0 for all v € V(G). In this case,
() is a maximum weight stable set.) Therefore, computing the maximum
weight of a stable set in G reduces to n subproblems on certain induced
subgraphs of G. Luckily, the structure of the induced subgraphs G — N[v] of
the four special kinds of graphs under consideration is simple and it allows
the maximum weight stable set problem to be solved efficiently.

Lemma 4.3. Let G be a thickened emerald, or a 7-bracelet, or a lantern or
a 6-ring. For any vertex v € V(G), G — N[v] is a chordal graph.

Proof. This is routine to verify. O

It is well known that the maximum weight stable set problem can be
solved in O(m+ n) time for a chordal graph with n vertices and m edges [16].
Moreover, since the property in Lemma 4.3 also holds for all induced sub-
graphs of the four kinds of graphs, it then follows from Lemma 4.3 that we
can solve the problem for an induced subgraph of a (Pr, Cy, C5)-free atom in
O(na+ma)O(na) = O(many) time. Note that for two different atoms A and
B, the subgraphs of A for which the subproblems need to be solved are vertex-
disjoint from the subgraphs of B for which the subproblems need to be solved.
This implies that it takes O(n) Y. 4, O(mana) = O(n)O(mn) = O(n*m) time
to solve all these subproblems, where the summation goes over all atoms
of GG. So, the total running time is dominated by solving subproblems for
atoms, that is, O(n?m).

Theorem 4.4. The maximum weight stable set problem can be solved in

O(n*m) time for (Pr,Cy, Cs)-free graphs.

4.3 Solving the minimum coloring and maximum weight
clique problems

Let A be a (Pr,Cy4, Cs)-free atom. It then follows from Theorems 4.1 and 4.2

that A is either a complete graph, or the join of a (possibly empty) complete
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graph U with either a thickened emerald, a 7-bracelet, a lantern, or a 6-ring.
Note that any vertex in U is a universal vertex of A and thus requires its
own color in A. It thus suffices to solve the problem for thickened emeralds,
7-bracelets, lanterns, and 6-rings.

We first deal with lanterns and 6-rings.

Lemma 4.5. Let R be an r-lantern with a good partition
(A,By,...,B,,C1,...,Cr,D) and clique number w. Then x(R) = w,
and furthermore, there is an algorithm to optimally color R in O(|R|) time.

Proof. Recall that the vertices in B; and C7 can be ordered as B;

{b%,...,b‘IBﬂ} and C = {6%7"'7C|101|} so that NR[b‘IBﬂ] nc, € --- C
NR[bH NC; = Cq and NR[C\ICH] NnNB C .- C NR[CH N By = B;. We
greedily color the vertices of R using colors 1,2, ..., w as follows.
e Assign colors 1,2, ...,|B| to vertices b}, b, ..., b|lBl|, respectively.
e Assign colors w,w — 1,...,w — |C1| + 1 to vertices c},ci .. .,c|101|, re-
spectively.
e Assign colors w,w —1,... and 1,2, ... to vertices in A and D, respec-
tively.
e For each ¢ > 2, assign colors 1,2,... and w,w — 1, ... to vertices in B;

and Cj, respectively.

We show that this is a proper coloring of R. Suppose not. Then there
exist two adjacent vertices = and y that have the same color, say i, under
this coloring. Clearly, x and y are in different sets in the good partition.
Suppose first that 2 € By and y € C;. Then z = b} and y = ¢,_,,; due
to the definition of our coloring. It follows from the definition of B; and
Cy that {b,... b} cl ..., Ciii+1} is a clique of size w + 1, a contradiction.
The remaining cases can be proved in a similar way. Thus, this indeed is a
proper coloring of R. Clearly, it takes O(|R|) time to obtain this coloring.
This completes our proof. ]

Lemma 4.6. Let R be a 6-ring with a good partition (Xo, X1,...,X5) and
clique number w. Then x(R) = w, and there is an algorithm to optimally
color R in O(|R|) time.

Proof. We greedily color the vertices of R using colors 1,2,...,w as follow.
e Assign colors 1,2, ... to vertices uﬁ, ug, ... for even i and assign colors
w,w —1,... to vertices uj,us, ... for odd .
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We show that this is a proper coloring of R. Suppose not. Then there exist
two adjacent vertices z and y that have the same color, say ¢, under this
coloring. Clearly,  and y are in adjacent sets in the good partition, say
z € Xpandy € Xy. Thenz = ug and y = ui_Hl due to the definition of our

coloring. It follows from the definition of R that {u{,... ,u? ul,... ,u(})_iﬂ}
is a clique of size w + 1, a contradiction. Clearly, it takes O(|R|) time to
obtain this coloring. This completes our proof. O

To apply the above greedy algorithm, however, we need to first obtain a
good partition of a lantern and of a 6-ring, and to find the clique number of
such graphs.

To recognize 6-rings and find a good partition, we use the algorithm in [3],
which takes O(n?) time to find a good partition of a graph if the graph is
a 6-ring or determine that the graph is not a 6-ring. Now we show how to
recognize lanterns. For any graph G, we say that a pair {u,v} of vertices are
twins if Ng[v] = Ng[u]. Note that being twins defines an equivalence relation
on V(G), and so V(G) can be partitioned into equivalence classes of twins
Ty,...,T,. The skeleton G’ of G is the subgraph induced by {t1,...,t}
where t; € T;. We first determine the equivalence classes 11, ..., T, of twins
and the skeleton G’ in O(m + n) time [3]. Note that if G is a r-lantern with
a good partition (4, By,...,B,,C1,...,C,, D), then A, D, B; and C; for
2 < i < r become singletons {a}, {d}, {b;} and {¢;} in G'. Moreover, b; and
c¢; have degree 2 in G’ and a and d have degree » > 3 in G’. So, we can scan
the adjacency list of each vertex v € G’ to separate vertices of low degree
from those of high degree: if dj,(v) = 2, then we put v in L; otherwise we put
v in H. If we cannot find a vertex u € L such that one of its two neighbors
has degree 2 and the other neighbor has degree r, then G is not a lantern.
Otherwise, let u € L such that one of its neighbors w has degree 2 and the
other neighbor v has degree r. Then scanning the adjacency list of each
vertex in G’ starting from v (this vertex must be a or d if G is a lantern)
will either find the skeleton of a r-lantern or show that G is not a lantern.
All we do in the algorithm is to scan the adjacency lists twice and therefore
the running time is O(m + n).

Lemma 4.7. Given a graph G with n vertices and m edges, there exists
an algorithm that determines whether or not G is a lantern, and if it is a
lantern, finds a good partition of G in O(n?) time.

We also need to compute the clique number of 6-rings and lanterns before
we can use the greedy algorithms. In fact, we can compute a maximum
weight clique (and so the clique number) for 6-rings and lanterns.

99



Lemma 4.8. Given a 6-ring or a lantern G with n vertices and m edges
and a good partition of G with a weight function f:V(G) — R, there exists
an O(n +m) algorithm to compute a mazimum weight clique of G.

Proof. Suppose first that G is a 6-ring and (Xo, X1, ..., X5) is a good parti-
tion of G. We denote by wy(G) the maximum weight of a clique in G. We
observe that any maximal clique of G must be contained in X;U X, for some
i. Therefore, wy(G) = max;ez wr(G[X; U Xi1]). Since G[X; U Xiq] is Cy-
free cobipartite and thus chordal, a maximum weight clique of G[X; U X 1]
can be found in time linear in the size of G[X; U X;41] [16]. Hence, the total
running time is O(m + n), since each vertex or edge of G is counted at most
twice when summing up the running time over all i.

Now assume that G is an r-lantern and (A, By, ..., B,,C1,...,C,, D) is
a good partition of GG. Clearly, a maximum weight clique of G must be one
of AUB;, B;UC; or C; UD for somei¢=1,2,...,r, or a maximum weight
clique in G[B1UC4]. Since G[B;UC)] is Cy-free cobipartite and thus chordal,
a maximum weight clique of G[B; U C] can be found in linear time [16].
Hence, a maximum weight clique of G can be found in linear time. O

We now turn to thickened emeralds and 7-bracelets. A graph G is called
a circular-arc graph if it is the intersection graph of arcs of a circle, i.e., each
vertex v € V(G) corresponds to an arc A, on a circle in such a way that
v and u are adjacent if and only if A, and A, intersect on the circle. We
say that the family {A, },ev (@) is a circular-arc representation of the graph
G. A circular-arc representation is proper if no arc is properly contained
in another. If a graph admits a proper circular-arc representation, then
it is called a proper circular-arc graph. It is known that coloring proper
circular-arc graphs can be done in O(n!-%) time [27]. We show that thickened
emeralds and 7-bracelets are subfamilies of the class of proper circular-arc
graphs and hence can be colored in O(n!?) time.

We first observe that the emerald is a proper circular-arc graph. It is
routine to verity that the representation given in Figure 4.1 is a proper
circular-arc representation of the emerald. Since creating a twin vertex
preserves being a proper circular-arc graph (we can use the same arc to
represent a pair of twin vertices), it follows that thickened emeralds are
proper circular-arc graphs. We state this below for future reference.

Lemma 4.9. FEvery thickened emerald is a proper circular-arc graph.

We now show that 7-bracelets are also proper circular-arc graphs.
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Figure 4.1: A proper circular-arc representation of the emerald in Figure 3.3.
The dashed circle is the underlying circle.

Y1 Y2 Y3 Ya

x1 L2 3 Iy

Figure 4.2: A canonical cobipartite graph (X,Y") of order 4. For clarity, the
edges with both ends in X or Y are not drawn.

Reduction to canonical 7-bracelets. A cobipartite graph G = (X,Y)
is canonical if | X| = |Y| = t and vertices in X and Y can be ordered as
T1,...,2; and y1, ...,y such that

Ny (x;) ={y1,...,yi} and Nx(y;) = {x4,...,x¢} foreach i =1,... ¢t

We refer to z; and y; as the ith vertex in X and Y, respectively. Here we
view (X,Y’) as an ordered pair so that under the neighborhood containment
relation the ¢th vertex in X is the ¢th smallest vertex in X and the ith vertex
in Y is the ith largest vertex in Y. The quantity t is called the order of G.
A canonical cobipartite graph of order 4 is drawn in Figure 4.2.

Let B be a 7-bracelet with good pair ({A;}icz,,?*) as shown in Figure
3.2. We may assume by symmetry that ¢* = 0. We say that B is a canonical
T-bracelet if it satisfies the following two conditions.
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(1) Each of the sets Ag, A4, Af, Af, A3, Af and Af is a singleton.

(2) The pairs (A7, 4;) , (Af, Ay) and (A, A7) all induce canonical cobi-
partite graphs of the same order ¢ with some integer ¢t > 1. The quantity
t is called the order of B.

Lemma 4.10. Every 7-bracelet with no twins is an induced subgraph of a
canonical 7-bracelet.

Proof. Let B be a T-bracelet with good pair ({4;}icz,,0). We note that by
the definition all of the sets A3z, A4, Af, A7, A5, A: and Af are homogeneous
cliques in B, and (AJ, Ay), (4, A;) and (A+,A1_) are cobipartite graphs.
Since B has no twins, it follows that each of A3, A4, Aj, A7, A5, Af and Aj
has size at most one, and each of (A, A3), (Ay, AZ) and (A, A7) induces
a canonical cobipartite graph. If we let ¢ be the maximum order of the three
canonical cobipartite graphs, then B is an induced subgraph of a canonical
7-bracelet of order t¢. O

It follows from Lemma 4.10 that it suffices to show that canonical 7-
bracelets are proper circular-arc graphs.
Reduction to interval representations. Let B be a canonical 7-bracelet
with good pair ({A;}icz,,0) of order t. We can assume that Az = {as},
Ay = {a4}7 Ay = {CLE;}, Al = {CLT}, A = {a§}= Ay = {ag} and Ag = {ag},
and each of the pairs (A3, Ay) , (Ad, 45) and (A, A7) induces a canonical
cobipartite graph of the same order t. We now show that it is possible to
reduce the problem of constructing a proper circular-arc representation for B
to that of constructing a special proper interval representation for B — asay.

Proposition 4.11. If there is a proper interval representation for B — agay
such that the interval I,, is the leftmost and the interval I, is the rightmost,
then there is a proper circular-arc representation for B.

Proof. Let {I,},cv(p) be a proper interval representation for B — agay as
described in the hypothesis. We then obtain a proper circular-arc represen-
tation for B by identifying the left endpoint of I,, with the right endpoint
of Iy,. O

Interval representation for B — aszay4. It follows from Proposition 4.11
that it suffices to construct a proper interval representation for B — aga4
such that the interval I,, is the leftmost and the interval I,, is the rightmost.
Recall that t is the order of B. Choose a rational number s such that
0<st<l.

62



Recall that each of (A7, Ay ) , (Ad, A7) and (A, A7) induces a canonical
+

. . . Az Ay .
cobipartite graph of order ¢. For 1 <14 <t,let x;° and x; ° be the ith vertex
. - . . AL A7 AT AT
in Ag‘ and A, respectively. The vertices x;°, x;*, z;°, ;"
analogously. We give an interval representation {1, },cy (p) for B — azay as

follows.

are defined

o I, = [1,4], Iy = [3,6], Lz = [5,8], Loz = [7,10], Lz = [9,12], I3 =
[11,14], I, = [13,16].

o Foreach 1 <i<t, 1 ,+ = [3+1is,6 + is] and I ,- = [6 +is,9 + is].

T Ty

o Foreach 1 <i<t, 1 ,+ = [7 + 15,10 + is] and I - = [10 + is, 13 + is].
x; x,

o Foreach 1 <i<t, 1 ,+ =[5 +1is,8 + is] and I ,-
x; T,

= [8+1s,11 +is].

It can be readily checked that {Iv}vev( p) is indeed an interval represen-
tation of B — aszayq. Moreover, each interval has equal length 3 and therefore
the representation is proper. Thus:

Lemma 4.12. FEvery 7-bracelet is a proper circular-arc graph.
We are now ready to present our main result in this section.

Theorem 4.13. There exists an O(n3) algorithm to find a minimum coloring
for any (Pr,Cy, C5)-free graph with n vertices and m edges.

Proof. Let G be a (Py,Cy,Cs)-free graph with n vertices and m edges, and
A be an atom of G. It suffices to show that we can color A in O(n?) time.
We may assume that A has no universal vertices, since each universal vertex
increases the chromatic number by 1 and all universal vertices can be found
in O(n?) time. Now by Theorems 4.1 and 4.2, A is a thickened emerald,
a T-bracelet, a 6-ring or a lantern. By Lemmas 4.9 and 4.12, a thickened
emerald or a 7-bracelet is a proper circular arc graph.

We first use the linear-time algorithm in [8] to test if A is a proper
circular-arc graph. If the answer is yes, then we use the algorithm in [27] to
find an optimal coloring of A in O(n'®) time. Otherwise A is not a proper
circular-arc graph. Then we use the O(n?) time algorithm in [3] to test if A
is a 6-ring. If the answer is yes, we then greedily color A in O(n + m) time
by Lemmas 4.6 and 4.8. Otherwise, G is not a 6-ring and hence must be a
lantern. We find a good partition of A in O(n?) time by Lemma 4.7 and
then color it in O(n 4+ m) time by Lemmas 4.5 and 4.8. In any case, we can
color A in O(n?). O
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We note that all of our algorithms are robust in the sense that we do not
need to assume that the input graph is in the class of graphs for which the
algorithm is guaranteed to work; that is, given any graph as input, each of
the above algorithms either finds a correct solution, or correctly determines
that the graph is not in the class.

As a byproduct of Lemma 4.8, we can also find a maximum weight
clique for any (Py, Cy, Cs)-free graph in O(n?) time. The argument is exactly
the same as that in Theorem 4.13 except we use a linear-time algorithm
developed in [2] to find a maximum weight clique for proper circular-arc
graphs instead of the coloring algorithm in [27].

We have shown that a (Cy4, Cs5, Pr)-free graph is either perfect or has a
clique-cutset or is a clique or is the join of a possibly empty clique and a
proper circular-arc graph. A similar result was shown for a related class of
graphs called (pan, even hole)-free graphs. A pan is a hole together with an
additional vertex with exactly one neighbor on the hole. In [5], it was shown
that a (pan, even hole)-free graph either has a clique-cutset or is a clique or
is the join of a possibly empty clique and a unit circular-arc graph.

4.4 y-Boundedness

In this subsection, we show that the class of (P7, C4, C5)-free graphs is x-
bounded by a linear function. More precisely, we show that every (Pr, Cy, C)-
free graph G satisfies x(G) < [3w(G)] (see Theorem 4.14). We also
give a lower bound on the optimal x-bounding function for this class (see
Lemma 4.16).

Theorem 4.14. Every (P, Cy, C5)-free graph G satisfies x(G) < L%w(G)J

Proof. Let G be a (P7,Cy, Cs)-free graph, and assume inductively that every
(P7,Cy, Cs)-free graph G’ such that |V(G')| < |[V(G)| satisfies x(G') <
|3w(G")]. We must show that x(G) < [3w(G)].

Suppose first that G admits a clique-cutset, and let (A, B, C) be a clique-
cut-partition of G. Set G4 = G[AUC| and Gp = G[B U C(C]. By the
induction hypothesis, x(G4) < [3w(Ga)| and x(Gp) < [3w(Gp)]. Clearly,
w(Ga),w(Gp) < w(@G), and we deduce that x(Ga), x(Gg) < [3w(G)]. We
properly color G4 and Gp with colors 1,..., L%w(G)J; after possibly per-
muting colors, we may assume that the two colorings agree on the clique C.
The union of these two colorings is a proper coloring of G that uses at most
[3w(G)] colors, and so x(G) < |3w(G)]. From now on, we assume that G
does not admit a clique-cutset.
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If G is complete, then x(G) = w(G) < [3w(G)], and we are done. So
assume that G is not complete.

Next, suppose that G is not anticonnected, and let K7, ..., K; (with ¢t > 2)

t t
be the anticomponents of G. Clearly, x(G) = > x(K;) and w(G) = > w(K;).
i=1 i=1
By the induction hypothesis, x(K;) < [3w(K;)| for all i € {1,...,t}, and
we readily deduce that x(G) < |3w(G)]. From now on, we assume that G is
anticonnected.

Suppose that G contains an induced C7. Since G is anticonnected and
does not admit a clique-cutset, Theorem 3.4 implies that G is either a 7-
bracelet or a thickened emerald. It now follows from Lemmas 4.9 and 4.12
that G is a circular arc graph, and so by [21], we have that x(G) < |3w(G)].

From now on, we assume that G is C7-free; thus, G is (Pr, Cy, Cs5, C7)-free.
Since G is anticonected, is not complete, and does not admit a clique-cutset,
Theorems 3.5 and 3.6 and Lemma 3.25 imply that G is either a lantern or a
6-ring. But now Lemmas 4.5 and 4.6 imply that y(G) = w(G) < |3w(G)],
and we are done. O

Lemma 4.15. Let ¢ be a positive integer. Then there exists a thickened

emerald B with w(B) = 3¢ and x(B) > [13£].

Proof. Let B be the graph obtained by blowing up each vertex of the emerald
(see Figure 3.3) to a clique of size ¢. Clearly, the emerald has 11 vertices,
and its clique number is three; consequently, |V (B)| = 11¢ and w(B) = 3.

By Lemma 3.9, we have that a(B) = 3. Thus, x(B) > [IZ((g))I] = [%ﬁ O

Lemma 4.16. Let ¢ be a positive integer. Then there exists a (Pr,Cy,C5)-

free graph G that satisfies w(G) = 3¢ and x(G) > [Hw(G)].

Proof. Using Lemma 4.15, we fix a thickened emerald B such that w(B) = 3¢
and x(B) > (%E] Then x(B) > [Hw(B)]. By Lemma 3.9, every thickened
emerald is (P7, Cy4, C5)-free. This completes the argument. O

5 Conclusion

In this paper, we obtained a structure theorem for (P7, Cy, C5)-free atoms
and used the theorem to solve maximum weight stable set problem and
minimum coloring problem for the class. We also derived a linear x-binding
function for the class. From the perspective of complexity of coloring, it is
natural to consider the complexity of coloring (Ps, Cy, C5)-free graphs; the
answer together with the recent result in [15] would give a dichotomy for
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coloring (P, Cy4, C5)-free graphs. On the other hand, there is a gap between
the lower bound and upper bound for the y-binding function. It would be
interesting to determine the optimal x-binding function for this class.
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