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The Substitution Rule. Let I, J C R be intervals, let f be a function that has an antiderivative
F on the interval I, and let ¢ : J — I is a continuously differentiable functz’onE] Then

[ Fe(@) ¢ (z)dz = F(p(x)) +C
on the interval J.

Notation: For u = ¢(x), where ¢ is a differentiable function, we write du(z) = ¢'(x)dz, or
simply du = ¢'(z)dz. So, under the assumptions of the Substitution Rule, we get the following
formula:

. _ u = ()
[1(e@)e @z = [, 57

Integration by parts. Let function u and v be continuously differentiable on an interval I.
Then

Ju(@)dv(z) = w(@)v(z)— [v(z)du(z)

on the interval I.

More succinctly: [ udv = uv — [vdu.

180, we are assuming ¢ is differentiable at all points = € J, and that ¢’ : J — R is continuous.



Exercise 1. Using substitution, compute the following indefinite integrals:

(a) [ 2®sin(x%)dz; (d) [ cotxdx; (9) f%;
(b) [ €*cos(e”)dx. (e) [%; (h) fﬁlﬁf
(c) [ ™% cosxdx; (f) fﬁdw; (i) fx/ld—xTaz:2

Exercise 2. Using integration by parts, compute the following integrals:

(a) [ xcosxzdx; (b) [axe *dx; (¢) [Inzdz.

Exercise 3. Prove that
fx"exdx = g"e% — nfx"_lexdx Vn € N.

Then, compute [ ztetdx.

Exercise 4. Compute I := [ \/%dx.

T

Hint: Start by integrating by parts with u = x and dv = ﬁdx, and try to obtain
an equation in I. Then solve for I.

Exercise 5. Compute the following integrals (using any method or combination of methods):
(a) [ zsin(z?)dz; (c) [2°Va?—1dx; (e) [ xarctanzdx; (9) [ /reVidz;

(b) f%d% (d) [arctanzdz; (f) [sin(Inz)dz; (h) flnﬁdm



