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@ This lecture has two parts:
© The limit superior and the limit inferior

@ Series



© The limit superior and the limit inferior

Proposition 2.8.1
Let {a,}7°; be a sequence of real numbers. Then:

@ the following are equivalent:
(a.1) {a,}52, is bounded above,
(a.2) all subsequences of {a,}52; are bounded above,
(a.3) for all k € N, the subsequence {a,}22, is bounded above,
(a.4) there exists some k € N s.t. the subsequence {an}22, is
bounded above;
@ the following are equivalent:
(b.1) {a,}52; is bounded below,
(b.2) all subsequences of {a,}>2; are bounded below,
(b.3) for all k € N, the subsequence {a,}°°, is bounded below,
(b.4) there exists some k € N s.t. the subsequence {a,}7°, is
bounded below.

@ Proof: Lecture Notes (easy).




Definition

For a sequence {a,}7; of real numbers and a positive integer k:

o we define sup a, to be the supremum of the subsequence
n>k

{an}2 . if this subsequence is bounded above,? and we set

sup ap := +oo otherwise;
n>k

o we define @Z a, to be the infimum of the subsequence
n

{an}o  if this subsequence is bounded below,? and we set

inf a, := —oo otherwise.
n>k

“By Proposition 2.8.1(a), we know that {a,};2, is bounded above if and
only if the sequence {a,};2; is bounded above. Moreover, since the ordered
field R is complete, we know that if the subsequence {a,}:2, is bounded
above, then it does indeed have the least upper bound (supremum).

®By Proposition 2.8.1(b), we know that {a,}2%, is bounded below if and
only if the sequence {an};2; is bounded below. Moreover, since the ordered
field R is complete, we know that if the subsequence {a,};2, is bounded
below, then it does indeed have the greatest lower bound (infimum).



Example 2.8.2
. T

o0 .
g 1-€- the sequence

Then:

@ the sequence {sup (=
n>k

n)}iozl is the (non-increasing)
sequence

o the sequence { mf (—)}k | is the (non-decreasing)
sequence



Proposition 2.8.2

Let {a,}5°, be a sequence of real numbers. Then all the following
hold:

@ for all k € N, we have that inf a, < a, < sup ap;
n>k n>k

@ the sequence {Sii an}?2, is non-increasing;
n>

@ the sequence {IQ]Z an}?2, is non-decreasing.
n_

Proof. We first prove (a). Fix k € N.
Then |21Z ap is a lower bound of the subsequence {a,}7° ,, and in
n

particular, it satisfies inf a, < a.
n>k

Similarly, sii an is an upper bound of the subsequence {a,}7° .
n_
and in particular, it satisfies ax < sup ap.
n>k

This proves (a).



Proposition 2.8.2
Let {a,}72; be a sequence of real numbers. Then all the following
hold:

@ for all k € N, we have that inf a, < ax < sup ap;
n=k n>k

@ the sequence {Sii an}?2 is non-increasing;
n_

@ the sequence {lgﬁ( an}32; is non-decreasing.
n>

Proof (continued). For (b), we simply observe that for all k € N,
we have that
supa, = max{ak, sup a,} > sup ap.

n>k n>k+1 n>k+1
Similarly, for (c), we observe that for all k € N, we have that

infa, = min{as, inf a < inf ap.
n>k " { " n>kt1 ny < >kl "

This completes the argument. [J



@ Reminder:

Proposition 2.7.10

Let {a,}72; be a sequence of real numbers. Then:

@ if {an}52; is non-decreasing, then I|m an = sup ap;
—00 n>1

if {an}52; is non-increasing, then I|m ap = mf an.

@ Remark: In other words:

o part (a) states that if a non-decreasing sequence is bounded
above, then it converges to its supremum, and otherwise it
diverges to +oc;

o part (b) states that if a non-increasing sequence is bounded
below, then it diverges to its infimum, and otherwise it
diverges to —oo



@ Notation:
e As a convention, for the constant sequence
~+00, +00, +00, . .., we define nIi_}n;O(—&—oo) = 400, as well as
sup(+00) = +0o0 and inf (+00) = +oo (for each k € N).
n>k n>k
o Likewise, for the constant sequence —oo, —00, —00, ..., We
define nIme(—oo) = —00, as well as sup(—o0) = —oo and

n>k

Ag}l(—oo) = —oo (for each k € N).



Definition
The limit superior of a sequence {a,}5° of real numbers is
defined to be

limsupa, := lim (supa,) = inf (supap),
n—o0 k=00 " p>k k21" n>k

whereas the limit inferior of {a,}? ; is defined to be

liminfa, := Ilim (inf a = sup( inf a,).
n=o0 " k%oo(nzk 2 kzq(nZk ")

e Remark: As Proposition 2.8.4 (in a couple of slides) shows,
the limit superior and limit inferior are indeed well defined for

any sequence {a,}°2; of real numbers.

o We emphasize that each of limsup a, and liminf a, may
n—00 n—oo

possibly be a real number, +00, or —co. This is in contrast to
the fact that lim a, need not exist.
n—oo

o First, an example.




Example 2.8.5
(=1)"yoo .
.1 I-€. the sequence

1 11 11 .
—1,2, 3947 5rGr Then:

o the sequence { sup (( L"
n

)}k , is the sequence

111111

512124742676 """ and we see that
limsupa, = lim (sup((f ")) = o;
n—00 k—00 " p>k

@ the sequence {sup (( Ok )}k | is the sequence

_1’_1 1 l 1

3,—%> 5> —5,---, and we see that
liminfa, = lim (inf (52)) = 0.
n—co " k—voo (nZk( ")

Note also that lim (ﬂ) =0, so that the limit, the limit

superior, and the I|m|t inferior of the sequence {( 1) 100

_, are all
equal.



e Remark: As we shall see (see Theorem 2.8.8), for a sequence
{an}52; of real numbers, lim_a, exists (as a real number, as
+00, or as —c0) if and only if the limit superior and the limit
inferior of the sequence are equal, and in this case, nI|_>n;o ap is
equal to both the limit superior and the limit inferior.

@ But first, we must prove that the limit superior and limit
inferior are actually well defined!



Proposition 2.8.4

Let {a,}5°, be a sequence of real numbers. Then {a,}>2; has
both the limit superior and the limit inferior, that is, both limsup a,

n—o00
and Iirr_1>inf a, are well defined. Moreover, the following hold:
n—o0o
@ limsup a, = 400 if and only if {a,}72; is not bounded above;
n—o0o
° I|nr1|nf a, = —oo if and only if {a,}7° is not bounded below.
o0

Proof. We prove the statement for the limit superior. The proof
for the limit inferior is in the Lecture Notes.

First of all, if {a,}52, is not bounded above, then for all kK € N,
the subsequence {a,}7°, is not bounded above, either, and

consequently, sup a, = +o00. Thus, if {a,}52; is not bounded
n>k
above, then we simply have that

limsupa, = lim (supa,) = inf (supa,) = -oo.
n—o00 k—00 ( n>k ) k>1 (nZk )



Proof (continued). Suppose now that {a,}5°; is bounded above.
Then for all k € N, the subsequence {a,}7, is also bounded

above, and so since the ordered field R is complete, sup a, is
n>k
defined and is a real number.

By Proposition 2.8.3(b), the sequence {sup a,}?°; is
n>k

non-increasing, and therefore, by Proposition 2.7.10(b), we have

that _ _
khmm(f,;ian) = k”ifl(i;'ia”)’

which in particular means that

limsupa, = lim (supa,) = inf (supay),
n—00 k—00 " >k k=1 " p>k

is well defined and is either a real number or —oo. J



Proposition 2.8.4

Let {a,}5°, be a sequence of real numbers. Then {a,}>2; has

both the limit superior and the limit inferior, that is, both limsup a,
n—o0o

and Iirlinf an are well defined. Moreover, the following hold:
n o

@ limsup a, = 400 if and only if {a,}72; is not bounded above;
n—o00

° Ii,m)ioréf ap = —oo if and only if {a,}72; is not bounded below.




@ Reminder:

Definition

An accumulation point of a sequence {a,}5°; of real numbers is a
real number A s.t. for all real numbers € > 0 and all N € N, there
exists some n € Ns.t. n> N and |a, — A| < e.

Theorem 2.6.2

Let {a,}5°, be a convergent sequence of real numbers. Then
{an}72; has exactly one accumulation point, namely L := lim a,.
n—oo

| A\

e We will prove:

Proposition 2.8.6

Let {a,}52; be a bounded sequence of real numbers. Then both

lim sup a, and I|m mf ap are both real numbers, and moreover, they
n—oo

are both accumulatlon points of the sequence {a,}7 ;.




Proof. We prove the statement for the limit superior; the proof of
the limit inferior is analogous.

Let m € R be a lower bound of the sequence {a,}52 ;.
Further, to simplify notation, set S := limsup a,,, and for all kK € N,

n—oo
set S := sup a,.
n>k
Since {a,}5° is bounded, we know that Sk is a real number for all
k € N, and moreover, that

S = limsupa, = lim (supa,) = lim S.
n—o00 k=00 " p>k k—o0

Let us first explain why S is a real number. Clearly, for all kK € N,

we have that m < ay < sup a, = S. Thus, the sequence {S,}72,
n>k

is bounded below (by m). Since the sequence {5}%° ; is also
non-increasing (by Proposition 2.8.3(b)), Lemma 2.3.2 guarantees
that it converges (to its infimum). Thus, S is indeed a real
number.



Proof (continued). It remains to show that S is an accumulation
point of the sequence {a,}72;. Fixe >0 and N € N. WTS
dneNst.n>Nand |a,— S| <e.

Using the fact that S = I|m Sk, we fix some K € N s.t. for all
keN, if k> K, then \Sk—S]< 2.

Now, set k := max{N, K}. Then k > K, and consequently,
|Sk — S| < 5. Further, by definition, we have that S, = suian,
n>
and consequently, 3n € Ns.t. n > k and 5 — 5 < a, < Sk.
@ The existence of such an n follows from the fact that Sy is an
upper bound of {a,}5° ,, whereas Sk — 5 is not.
Note that this implies that |a, — S| < 5. We now have that
n> N, and that

lan =S| = [(an = Sk) + (5 = 9)|
< lan— Sk| + Sk — S| by the Triangle Inequality
< §+5 - -

which proves that S is indeed an accumulation point of {a,}72 ;. O



Proposition 2.8.6

Let {a,}52; be a bounded sequence of real numbers. Then both

limsup a, and liminf a, are both real numbers, and moreover, they
n—00 =29

are both accumulation points of the sequence {a,}7° ;.

Proposition 2.8.7

Let {a,}52, be a sequence of real numbers. Then

liminf a, < limsup a.
=9 n—00

@ Proof: Lecture Notes.



Theorem 2.8.8

Let {a,}52; be a sequence of real numbers. Then I|m ap exists

(as a real number, as 400, or as —o0) if and only |f
liminf a, = limsup a,, and in this case, we have that
N=+00 n—00

lim a, = I|m mf a, = limsup a,.

(Ao n—00

Proof. We give the proof for the case when the sequence {a,}52
is bounded. The general case is in the Lecture Notes.

So, we assume that {a,}7; is bounded, and to simplify notation,

we set S :=limsupa, and | := I|m |nf an.
n—0o0

Since the sequence {a,}%2; is bounded, we know that the
subsequence {a,}7° , is bounded for all k € N, and consequently,

|nf a, and sup a, are real numbers for all k € N. Moreover, by
n>k
Prop05|t|on 2.8.6, both / and S are real numbers and accumulation

points of {a,}%%;



Theorem 2.8.8
Let {a,}5°, be a sequence of real numbers. Then lim_a, exists

—00
(as a real number, as 400, or as —o0) if and only |f
liminf a, = limsup a,, and in this case, we have that
n=rco n—00
lim a, = I|m mf a, = limsup a,.
i=c2 n—00

Proof (continued). Suppose first that L := Jim_ap exists.
o

Since {a,}72 is bounded, Proposition 2.7.3 guarantees that
L # 4o00; consequently, L is a real number, i.e. the sequence
{an}52, converges to L.

Consequently, by Theorem 2.6.2, L is the only accumulation point
of the sequence {a,}%° ;. Since S and [ are accumulation points of
{an}52,, it follows that L =S = /.



Theorem 2.8.8

Let {a,}72; be a sequence of real numbers. Then Jim_a, exists

(as a real number, as +o00, or as —o0) if and only |f

I|m mf ap, = limsup a,, and in this case, we have that
n—o0

I|m ap, = liminf a, = limsup a,.

n—o0 n—o00 n—00

Proof (continued). Suppose now that S = /. Now, note that

infa, < a < supa,
nzk n>k

for all k € N. Since lim mf a,=1=5= lim supa,, the

k—00 n> k—00 p>k
Squeeze Theorem guarantees that k||m ar=1=50
—00



@ Series

@ Suppose we are given a sequence {a,}22; of real numbers.

e We can then form the following infinite sequence of partial
sums, as follows:

1
o > an=an
n=1
2
o Y an=a+ a;
n=1

3
o > a,
n=1

a1+ a2 + as;



@ Suppose we are given a sequence {a,}22; of real numbers.
o We can also consider the associated infinite series (or simply

o0
series) > a, (also denoted a; + ay + a3 +...).

n=1

o0
o We say that the series > a, converges (or is convergent) if
n=1

K
o0 .
the sequence { Y a,},_, of partial sums converges;
n=1 -

o0
otherwise, the series > a, diverges (or is divergent).

n=1
o0
o If the series > a, converges, then its sum is the limit
n=1
k e’}
s:= lim (Y an), and we write Y- a, =s.
k—oo * p21 n=1



@ Suppose we are given a sequence {a,}22; of real numbers.

k o0
o If lim (3" a,) = 400, then we say that the series > aj

k—o0o * p21 n=1

o0
diverges to +00, and we write Y a, = +o0.

n=1
k
o Similarly, if lim ( > a,,) = —o00, then we say that the series
k— o0 n=1
oo o0
> a, diverges to —oo, and we write Y a, = —oc.

n=1 n=1



@ Remark: Sometimes, it is convenient to start our series at an
index other than n = 1.

o0 o0
e So, we may get series of the form >~ a,, or Y a,, or even
n=0 n=5
o0
> an.
n=-—10

e Convergence and divergence of such series, as well as their
sums, are defined in a natural way.

@ By applying properties of limits to the sequences of partial
sums, we obtain the following proposition (next slide).



Proposition 2.9.1

Let {a,}02; and {b,}52; be sequences of real numbers, and let
c € R. Then:

o o0
@ if Y a, converges, then so does > (ca,), and in that case,
n=1 n=1

we have that Z (can) = ¢( Z an);

@ if Z a, and Z b, both converge, then so does Z (an + bn),

and |n that case we have that

Z(an+bn):(zan) (an>;
1 n=1 n=1

n=

(o.0) [e¢] o
@ if > a,and > b, both converge, then so does >~ (a, — by),
n=1 n=1 n=1
and in that case, we have that

S (an — by) = <§1 an) — <n§:°:1 Br):

n=1




@ The geometric series is a series of the form
[e.e]
S bg" = b+bg+bg®+bg®+bgt+ ...,
n=0

where b, g € R, with b # 0.

@ Let us check that this series converges if and only if |g| < 1,
and that in this case (i.e. if |[g| < 1), we have that

S n b
nXZ:O bq - =g’

o First, if g = 1, then our series is simply of the form
b+b+b+b+..., and since b # 0, it obviously diverges (to
+oo if b> 0, and to —oo if b < 0).

@ So, let us assume that g # 1.

@ Then




k+1

k
@ Reminder: b,g e R; b#0; g #1; > bq" = %
n=0
Vk € N.
e Now, if |g| < 1, then n|l_>ﬁgo q" = 0 (by Proposition 2.7.9), and
consequently,

[es) k
. . o . b—b k+1 o b
nzzjo bg" = Im (X q") = Ilm =% = g

k—o00 " p=0 k—o00 1-q

[&.°]
and in particular, the series > bg" converges.
n=0

@ On the other hand, if |g| > 1, then since g # 1, we know that
{q"}52, diverges (by Proposition 2.7.9), and consequently,
(o ¢]

the series >  bq" diverges as well.
n=0



Theorem 2.9.2

o0
Let {a,}5°, be a sequence of real numbers. If the series 21 an
n=
converges, then lim a, = 0.
n—o0

o0
Proof. Assume that the series ) a, converges, and set
n=1

k
For each k € N, set s, := > ap, so that s = lim s,. For

n=1 k—o00
convenience, we may set so := 0.

We then have the following:

0 = (klmmSk)_<kmeSk_l) - kl;ngo(sk—sk_l) - klmmak’
=s =s

and we are done. J



Theorem 2.9.2

o0
Let {a,}72; be a sequence of real numbers. If the series Zl an
n=

converges, then lim a, = 0.
n—o0o

@ Remark: Theorem 2.9.2 can sometimes be used to show that
a series diverges: if a sequence {a,}5°; does not converge to

[oe)
0, then the series Y a, diverges.
n=1

@ However, the converse of Theorem 2.9.2 is false in general.
o For example, we shall see (later!) that the so called “harmonic
series”
_ 1,1,1,1,1
= 1+3+L+3+L1+%...

118
S|

n=1

=0.

diverges, even though lim
n—o0



The Comparison Test

Let {an}52, and {b,}52; be sequences of real numbers s.t.
0<a,<b,forall neN. Then:
o0 o0
@ if the series Y b, converges, then so does the series Y a,,
=1 =1
n 0o 0o n
and moreover, Y a, < Y. by;

n=1 n=1

o0 o0
@ if the series ) a, diverges, then so does the series > by,.
n=1 n=1

Proof. Note that (b) is simply the contrapositive of (a). So, it is

enough to prove (a). Let us therefore assume that the series >_ b,
-1
converges. !



Proof. For all k € N, consider the partial sums

k k
A= 3" ap and By = > b,
n=1 n=1
Since all terms of the sequences {a,}5°; and {b,}°2, are
non-negative, we see that the sequences {Ax}2° ; and {By}72, are
both non-decreasing, and moreover, we have that

0 < A < By Vk € N.

Moreover, since { B, }22 ; converges (by assumption), Lemma 2.2.3

guarantees that it is bounded. Consequently, {A,}?2 is also

bounded. Now the sequence {A}%°, is monotone and bounded,

and so by the Monotone Sequence Theorem, it converges, that is,
o0

the series > a, converges. Moreover, by Theorem 2.7.7, we have
n=1 [e.°] o0

that lim A, < lim By, thatis, > a,< > b,. O

k—00 k—o00

n=1 n=1



The Comparison Test

Let {an}52; and {,}72; be sequences of real numbers s.t.
0<a,<b,forall neN. Then:

o0 o0
@ if the series Y b, converges, then so does the series > a,,
n=1 n=1

oo o0
and moreover, Y a, < Y by;
n=1 n=1

o0 o0
@ if the series > a, diverges, then so does the series >  b,.

n=1 n=1

@ The harmonic series is the series
o
1 _ 1,1,1,1,1
nzlﬁ = l+3+t3+z+5+5.-

We will use the Comparison Test to show that this sequence
diverges.



@ Define the sequence {a,}7°; by setting

ki = 2k71+1
for all k,f € Ngs.t. 0 < ¢ <2k 1.
Note that the sequence {a,}5°, is precisely the sequence
11111111 1 1 1 1 11

4488881616161616161616
iy 4 8

H{I\) =

Clearly, for all n € N, we have that 0 < a, < %

o0
Thus, by the Comparison Test, we need only show that > a,
n=1

diverges.
But note that

o0
San = 3+3+5+ +...

and we are done.



o0
@ We have shown that the harmonic series > % diverges.
n=1

@ Remark: The harmonic series and the Comparison Test can
often be used to show that a series diverges.
e For example, note that for all n € N, we have that
0<ic ﬁ

o0
e So, since the harmonic series ) % diverges, so does the series

n=1
)
>

N

3
i



The Alternating Series Test

Let {a,}52; be the a non-increasing sequence of non-negative real
numbers s.t. lim a, = 0. Then the series
n—oo

(&)

S(-1)"ta, = ay—ataz—agtas—ag+...

n=1

converges.

@ Remark: Here, we are assuming that the following are
satisfied:
e a,>0forall neN;
@ > a>az>ay>

o lim a,=0.
n— 00

The Alternating Series Test states that, under these
circumstances, the “alternating series”

(o]

S (—1)"ta,=ay —ax+az —as+as —ag+... converges.

n=1



The Alternating Series Test
Let {a,}52; be the a non-increasing sequence of non-negative real
numbers s.t. lim a, = 0. Then the series

n—oo

(&)

S(-1)"ta, = ay—ataz—astas—ag+...
n=1

converges.

Proof. For each k € N, consider the partial sum

k
sc= 30 (~1)"La,

n=1
We will show that I|m Sy, and I|m Sok+1 converge to the same
limit; this will |mpIy that I|m Sk aIso converges to that same limit
(check this!).



Proof (continued). First, we note that Vk € N:

Q)
k42 = S2k T A2kl — Ak42 = 2k
where (*) follows from the fact that the sequence {a,}7; is
non-increasing, and consequently, asx1+1 — azk42 > 0. Thus, the
subsequence {sy,}?°; is non-decreasing.

On the other hand, we note that for all k € N, we have that

sk = a1 —(;2—a3)—(as—as) — - — (Gok—2 — @2k—1) — a2 < an,
—— —— ~—
%o Yo %o “

where each instance of (*) follows from the fact that the sequence
{an}22; is non-increasing, and where (**) follows from the fact
that all terms of the sequence {a,}22; are non-negative. Thus, the
subsequence {sy,}7?° ; is bounded above by a.
e Since the sequence {ay,}72; is non-decreasing, it is obviously
bounded below by its first term, that is, by the term
So = a1 — ar.



Proof (continued). The Monotone Sequence Theorem now implies
that {so,}72, converges.

Now, set s := lim si. Then
k— o0

lim spp1 = lim (S + @2k+1)
k—o00 k—o00
= li li
( kl—>moo S2k) + ( kl—>moo 32k+1)
= s+0
= s.

This completes the argument. [J



The Alternating Series Test

Let {a,}5°, be the a non-increasing sequence of non-negative real
numbers s.t. lim a, = 0. Then the series
n—o0

o0

S(-1)"1ta, = ag—aptaz—azta—ag+t...
n=1

converges.

@ By the Alternating Series Test, the alternating harmonic series

> B = 144
n=1

W=
|
Bl=
ol
|
o=

+ ...

N[

converges.




