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@ This lecture has five parts:

@ Properties of limits

@ The Monotone Sequence Theorem
© Euler's number

© The Squeeze Theorem

@ Some limits with roots



@ Properties of limits
@ Reminder:

Definition

We say that a sequence {a,}°; of real numbers converges to a
real number L provided that the following holds:
For all real numbers ¢ > 0, there exists some N € N s.t.
for all n € N: if n> N, then |a, — L| < e.

Under such circumstances, we say that L is the /imit of the
sequence {a,}>2;, and we write

L= lim a, or apn— L as n— oo.
n—oo
A sequence is convergent (or converges) if it has a limit.
Otherwise, it is divergent (or diverges).

@ Remark: Whether a sequence converges or diverges is
determined by what happens in the sequence “eventually,” i.e.
the first few terms do not count. Hence (next slide):



Let {a,}72; and {bn}52; be sequences of real numbers, and
assume that there exits some N € Ns.t. forall ne N, if n > N,
then a, = b,.? Then:

@ {an}S2, converges iff {b,}22; converges;

@ if {ap}52; and {b,}72; both converge, then

lim a, = lim b,.
n—o00 n—o00

“In other words, the two sequences may possibly differ in the first N terms,
but after that, they coincide.

@ Proof: Exercise.



@ In the previous lecture, we defined upper and lower bounds of
sets of real numbers, as well as their suprema and infima.

@ We can analogously (and straightforwardly) define these
concepts for sequences of real numbers, as follows.



Definition

For a sequence {a,}72; of real numbers:

an upper bound of {a,}>° ; is any real number x s.t. for all
n € N, we have a, < x.

the least upper bound (or supremum) of {a,}72; is an upper
bound x of {a,}72 s.t. for every upper bound y of {a,}2,
we have that x < y;

{an}2; is bounded above if it has an upper bound;

a lower bound of {a,}5° is any real number x s.t. for all
n € N, we have x < a,,.

the greatest lower bound (or infimum) of {a,}52, is a lower
bound x of {a,}52, s.t. for every lower bound y of {a,}%°;,
we have that y < x;

{an}2; is bounded below if it has a lower bound;

{an}2; is bounded if it is both bounded above and bounded
below.




@ Remarks:

e Since the ordered field R is complete, any sequence of real
numbers that is bounded above has a supremum, and any
sequence of real numbers that is bounded below has an
infimum.

o Note that if {a2,}52, is a bounded sequence of real numbers,
then there exists a real number M s.t. for all n € N, we have
that |a,| < M, and in particular, the sequence {|a,|}52; is also
bounded.

o Indeed, suppose that x is an upper bound of {a,}s2;, and
that y is a lower bound of {a,};2;. Set M := max{|x|, |y|}.
Then for all n € N, we have that - M <y <a, < x <M, and
consequently, |a.| < M.



Let {a,}52; be a convergent sequence of real numbers. Then we

have the following;:

@ {an}52, is bounded;

@ forall m,M € R s.t. mis a lower bound and M an upper
bound of {a,}%;, we have that m < nI|_>ngo an < M.

Proof. (a) Fix an arbitrary real number ¢ > 0, and using the fact
that L = nli_>m an, choose N € Nst. forall ne N, if n> N, then
oo

lan — L| < . Now, set
m:=min{a;,...,an,L—¢} and M :=max{a1,...,an,L+¢€}.

WTS m and M are a lower and upper bound, respectively, of the
sequence {a,}72;. Fix n€ N. WTS m < a, < M.



Let {a,}72; be a convergent sequence of real numbers. Then we

have the following:

@ {an}52, is bounded;

@ forall m,M € R s.t. mis a lower bound and M an upper
bound of {a,};, we have that m < nllﬁngO an < M.

Proof (continued). Reminder:
e m=min{ay,...,an,L— ¢},
e M:=max{ai,...,an,L+¢}.
WTS m< a, < M.

If n < N, then by construction, we have that
m < min{ay,...,any} < a, < max{a,...,an} < M,

and we are done.



Let {a,}72; be a convergent sequence of real numbers. Then we

have the following:

@ {an}52, is bounded;

@ forall m,M € R s.t. mis a lower bound and M an upper
bound of {a,};, we have that m < nI|_>ngo an < M.

Proof (continued). Reminder:
e m=min{ay,...,an,L— ¢},
e M:=max{a,...,an,L+¢}.
WTS m< a, < M.
From now on, we assume that n > N. Then |a, — L| < ¢, i.e.
an € (L—¢e,L+¢). But now
m < L—¢ < a, < L+e < M,

and again we are done.



Let {a,}52; be a convergent sequence of real numbers. Then we

have the following:

@ {an}52, is bounded;

@ forall m,M € R s.t. mis a lower bound and M an upper
bound of {a,}7%;, we have that m < nILrgo an < M.

Proof (continued). (b) Let m, M € R be s.t. mis a lower bound
and M an upper bound of {a,}7%;. Set L = Jim_ap. WTS
m<L<M.

We prove that L < M; the proof that m < L is similar (see the
Lecture Notes).



Let {a,}72; be a convergent sequence of real numbers. Then we

have the following:

@ {an}52, is bounded;

@ forall m,M € R s.t. mis a lower bound and M an upper
bound of {a,};, we have that m < nI|_>ngo an < M.

Proof (continued). Suppose toward a contradiction that L > M.
Seteyy=L— M. Fix Ne Nst. forall neN, if n> N, then
\a,, — L| < EM.

Now, fix n € Ns.t. n > N. Then

em > lan—Ll > L—a, = (L-M)+(M—-a,) > em.
=em >0

We have now proven that ey > ey, a contradiction. So, L < M. [



For all ¢ € R, the constant sequence c, ¢, c, ... converges, and

lim c=c.
n—oo

Proof. This is "obvious,” but here's a formal proof. Fix € > 0, and
set N=1. Fixne Nst.n>N. Then |[c —c|] =0<e. So,

lim c=c. O
n—oo



Let {a,}72; and {b,}52; be convergent sequences of real
numbers, and let ¢ € R. Then all the following hold:

Q

© e e 6

Jim (can) = ¢ Jim (an)

A0 + ba) = ( i, 20) =+ i bn),

A (&= bah = fim, o) = (i, £o);
il = g, el g Bl

if b, %0 for all n € N and nllﬁngO b, # 0, then

lim ap
ﬁ) __ n—oo

lim b,-
n—oo

Jim_ (5

The full proof is in the Lecture Notes.

For illustration purposes, let us prove (b).




- Jp et ) = T o) 5 i, Bl

Proof of (b). Set a : nllm ap and b := Iinc1>O b,. WTS
nIi_)ngo(a,,+b )=a-+b. Fixe > 0.

Using the fact that nIer;O an = a, we choose N; € N s.t. for all
n €N, if n> Ny, then |a, —a| < 5.

Using the fact that I|m b, = b, we choose N, € N s.t. for all
neN,if n> Ny, then|b bl < 5.

Set N := max{N;, N}, and fix n € Ns.t. n > N.

Then n > Ny and n > Np; the former implies that |a, — a| < 5
whereas the later implies that [b, — b| < 5.



© lim (a0 +bn) = ( Jim, an) + ( im, br);

Proof of (b). We now compute:
(a0 + bn) = (a+ D)l = |(an — a) + (bn — D)

by the Triangle
Inequality

IN

|an — al + |bn — bl

< + = g,

NI
NI™
|

and so lim (a,+ b,) =a+b. O

n—oo



Let {an}5°, and {b,}52; be convergent sequences of real
numbers, and let ¢ € R. Then all the following hold:

® fim(can) = lim (an);

0= )= (i, ) < (g, Bl
50 =) = T =) = Mg, Bl
R G b Plimse ) (Gl o)

if b, # 0 for all n € N and n||—>nc]>o b, # 0, then

lim ap

H an\ — n—oo
n"_[*go(bn) = Tim by
n—o0

© e 6 ©




@ Reminder (from last lecture):

Show that lim % =0.
n—o0o

o Example 2.1.1, combined with Theorem 2.2.5 yields the
following:

Proposition 2.2.6

For all real numbers a and positive integers p, we have that

lim (%) = 0.




Proposition 2.2.6

For all real numbers a and positive integers p, we have that

A, ) = 0
Proof. We compute:
lim (&) = lim (a(})?)

n—o00 n—oo

= a( lim (3)P) by Theorem 2.2.5(a)

n—oo

by repeated applicaton
B R y rep PP
= a( lim ) of Theorem 2.2.5(d)

n—oo N

= aQr by Example 2.1.1



4n3+4+2n%—n+7
3n3—-3n2-12 °

Compute lim
n—0o0

Solution. Here, we have a rational expression, where both the
numerator and the denominator have the same degree. The trick is
to divide both the numerator and the denominator by n® (the
highest degree term of both), and then compute, as follows:

0
302 (%) 4+ @1 - @ + @
. 4n°+2n°—n+7 \"/ . —
nli>m:>o 3n3—3n2—-12 - nlngo ; @{ =

0 0

(SRS

where (*) was obtained by dividing both the numerator and the
denominator by ns. (Here, arrows indicate what limit the circled
expressions converge to as n — 00.) J



@ The Monotone Sequence Theorem
A sequence {a,}72; of real numbers is

@ non-decreasing if for all n € N, we have that a, < ap11;

e strictly increasing (or simply increasing) if for all n € N, we
have that a, < ap+1;

@ non-increasing if for all n € N, we have that a, > ap11;

e strictly decreasing (or simply decreasing) if for all n € N, we
have that a, > ap41;

@ monotone if it is either non-decreasing or non-increasing.

@ Our goal is the prove the following theorem:

The Monotone Sequence Theorem

Every monotone and bounded sequence of real numbers is
convergent.




@ Our goal is to prove the following two lemmas:

Let {a,}72; be a non-decreasing sequence of real numbers
bounded above. Then {a,}72; converges, and its limit is precisely
the supremum of the sequence.

Let {a,}72; be a non-increasing sequence of real numbers
bounded below. Then {a,}5%; converges, and its limit is precisely
the infimum of the sequence.

@ Together, they imply the Monotone Sequence Theorem.

The Monotone Sequence Theorem

Every monotone and bounded sequence of real numbers is
convergent.

@ We prove Lemma 2.3.1. The proof of Lemma 2.3.2 is similar
and is left as an exercise.



Let {a,}5°; be a non-decreasing sequence of real numbers
bounded above. Then {a,}72; converges, and its limit is precisely
the supremum of the sequence.

Proof. Let S be the supremum of the sequence {a,}% ;. WTS

lim a, = S.
n—oo

Fix an arbitrary € > 0, and fix some N € N s.t. ay > S — ¢; such
an N exists because otherwise, S — ¢ would be an upper bound of
{an}52,, contrary to the fact that S is the supremum of the
sequence. Now, fix n € Ns.t. n> N. Then
(*) (%)

S—¢ < ay < a, < S,
where (*) follows from the fact that our sequence is
non-decreasing, wheres (**) follows from the fact that S is the
supremum of the sequence. Thus, —e < a, — § <0, and
consequently, |a, — S| < e. This completes the argument. [J



Let {a,}72; be a non-decreasing sequence of real numbers
bounded above. Then {a,}72; converges, and its limit is precisely
the supremum of the sequence.

Let {a,}72; be a non-increasing sequence of real numbers
bounded below. Then {a,}5%; converges, and its limit is precisely
the infimum of the sequence.

\,

The Monotone Sequence Theorem

Every monotone and bounded sequence of real numbers is
convergent.




The Monotone Sequence Theorem

Every monotone and bounded sequence of real numbers is
convergent.

@ The Monotone Sequence Theorem is often used to prove that
a recursively defined sequence converges, and we give an
example on the next slide.

@ First, we need one more limit law, which we state without
proof.

Let {a,}5°2, be a convergent sequence, and let p € R. Then

. p _ . P
Anfed) = e

as long as both the sequence {a57}%°; and the number (nI|_>ngo an)’
are both defined.




Example 2.3.4

Let {a,}72; be the sequence defined recursively as follows:
@ a = ﬁ;
@ ap 1 =+/2a, forall neN.

Show that {a,}5°; converges, and find its limit.

Solution. We first use the Monotone Sequence Theorem to prove
that the sequence {a,}5°; converges (i.e. has a limit), and then
we compute that limit.



o Reminder: a; = v/2; apy1 = +/2a, Vne N.
Solution (continued). Proving convergence. We first prove the
sequence {ap}72; is monotone and bounded. More precisely, we
will show that for all n € N, we have that v/2 < a,, < 2 and
an < apt1. We proceed by induction on n.

Base case: For n = 1, we simply observe that v/2 = a; < 2 and
that a; = /2 < \/ﬁz\/ﬂ:ag.

Induction step: Fix n € N, and suppose that V2<a,<2and
an < ant1. WTS V2 < api1 <2 and apy1 < ango.

First, since v/2 < a, < 2, we have that 2v/2 < 2a, < 4, and so
\/2\7@§\/E§2. Sinceﬁg\/ﬁand ant1 = \/2an, we
deduce that v/2 < ant1 < 2.

On the other hand, since 0 < a1 < 2, we have that

ant1 = \/E < V2ap+1 = apy2. This completes the induction.

We have now shown that {a,}5%; is monotone and bounded, and
so by the Monotone Sequence Theorem, the sequence converges.



o Reminder: a; = v/2; a,41 = v/2a, Vn € N.
Solution (continued). Computing the limit. Set a = nll_)ﬁgo an.
(The existence of the limit follows from the convergence of the
sequence {a,}52 ,, proven above.) Then

a = lim a = |lim /2a /2 lim a
n—oo n+1 n—o0o n—oo n

So, a2 = 2a, which implies that a=0 or a = 2.
However, since {a,}°2, is bounded below by v/2, we know by
Lemma 2.2.3(b) that v/2 < a, and in particular, 2 # 0. So, a = 2.

Conclusion. We have shown that {a,}7%; converges and satisfies

lim a, = 2,
n—oo

and we are done. [



Example 2.3.4

Let {a,}52; be the sequence defined recursively as follows:
@ a; = V2;
@ apy1 = +/2a, forall n € N.

Show that {a,}52; converges, and find its limit.

e Remark: When solving problems similar to Example 2.3.4, it
is imperative that you prove that the limit actually
exists, i.e. that the sequence in question does converge.

e It is not enough to simply compute the limit.
o Let us explain why (next slide).



@ Suppose we are given a sequence {an}7° ;, defined recursively
as follows:
o a = —1;
@ apy1 = —a, forall n € N.
@ Suppose we simply set a:= lim a, and then try to
n—o00

evaluate a.
o We get:
a = limap; = lim(—a,) = —lima, = -a
n—oo n—oo n—o0
@ Thus, a = —a, and consequently, 2a =0, i.e. a = 0.

@ But this doesn't work!

@ Indeed, our sequence satisfies a, = (—1)" for all n € N, and
therefore does not converge (by Example 2.1.5 from the
previous lecture).

@ What our computation actually showed is that if nIl_)ﬁ;o an
exists, then lim a, = 0.

n—o0

o It did not show that n||_>ngo a, does in fact exist. As a matter of

fact, the limit does not exist.



© Euler's number

@ You may recall from high school that Euler's number e is an
(irrational) real number that satisfies e ~ 2.71828.

@ Formally, Euler's number is defined as follows:

. . 1\n
e = lim (1+)"
@ This immediately raises the following question: how do we
even know that this limit exists?

@ To prove that it does, we will use the Monotone Sequence
Theorem and Bernoulli's inequality. (Reminder: below.)

The Monotone Sequence Theorem

Every monotone and bounded sequence of real numbers is
convergent.

Bernoulli's inequality

For all integers n > 0 and all real numbers x > —1, we have
(1+x)">1+ nx.




e First, we consider the auxiliary sequence {a,}7°; given by
a, = (1+1)™  vneN

e We will show that {a,}5 is non-increasing and bounded
below, and is consequently convergent (by the Monotone
Sequence Theorem).

@ It is clear that a, > 0 for all n € N, and in particular, the
sequence {a,}°2; is bounded below.

o Let us show that {a,}5%, is non-increasing (next slide).



e Reminder: a, = (1+ %)nﬂ VneN
@ Next, for all n € N, we have that

a, _ (1+ % )n+1
i1 )2

1 by Bernoulli's
inequality

— 1 1 —
- (1+;)'1+1 - 1»

n

and consequently (since apy1 > 0), that a, > ap41.
@ So, the sequence {a,}5°, is non-increasing.



o Reminder: a, = (1 + %)HH VneN

@ We have now shown that {a,}?2; is monotone and bounded,
and consequently, it is convergent (by the Monotone
Sequence Theorem).

o In other words, lim a, exists.
n—oo

e Finally, we compute:

N lim a,
lim (1 + 7) = lim 2 = ==
n—00 n n—oo 1+3 lim (1+7)
n— oo
lim a,
= =F— = lim a,
n—o00

o This proves that the sequence {(1+4 £)"} _ is in fact
convergent, and that Euler's number

e = lim (1+%)n

n—oo

is indeed well defined.



@ The Squeeze Theorem

The Squeeze Theorem

Let {an}5%, {bn}S2,, and {c,}72; be sequences of real numbers
s.t. ap < b, < ¢, for all n € N. Assume that {a,}72; and {c,}72;
converge to the same limit L. Then {b,}%2; also converges to L.

e Remark: Schematically (and informally), we can represent
the Squeeze Theorem like this:

< b, < @D\VneN — lim b, = L
n—o0o
L L

@ We will prove the Squeeze Theorem, but let us first take a
look at an example.



Example 2.4.1

nl
n

Compute lim ((—1)"+), or prove that the limit does not exist.
n— o0

Solution.

) == @ e & mry -

0 0

where (*) follows from the Squeeze Theorem. [J



The Squeeze Theorem

Let {an}5%, {bn}52,, and {c,}72; be sequences of real numbers
s.t. ap < b, < ¢, for all n € N. Assume that {a,}72; and {c,}72;
converge to the same limit L. Then {b,}%2; also converges to L.

Proof. Fix € > 0.

Using the fact that nIer;O ap = L, we fix some N; € N s.t. for all

n €N, if n > Ny, then |a, — L| < e.

Similarly, using the fact that nILngo cn = L, we fix some Ny € N s.t.
for all n € N, if n > Ny, then |c, — L| < e.

Let N = max{ Ny, Np}. Fix n € Nsit. n > N. Then n> Ny, and it
follows that |a, — L| < £, and so —¢ < a, — L < . Similarly,

n > Ny, and it follows that |c, — L| <&, and so —e < ¢, — L < e.
Since a, < b, < ¢, we have that

— < a,—L < b,—-L < ¢,—L < ¢

and we deduce that |b, — L| < e. This proves that lim b, = L. O
n—oo



@ Remark: Recall that the first few terms of a sequence have
no effect on the existence or value of the limit.
@ This allows us to state a slightly stronger version of the
Squeeze Theorem, as follows.
e Try to give a formal proof by yourself, using the original
Squeeze Theorem, plus Lemma 2.2.2!

The Squeeze Theorem for sequences (stronger version)

Let {an}02 1, {bn}221, and {c,}52,; be sequences of real numbers.
Assume that there exists an integer N € N s.t. for all n € N
satisfying n > N, we have that a, < b, < ¢,. Assume that
{an}72; and {cp}52; converge to the same limit L. Then {b,}5°,
also converges to L.

@ Remark: A schematic (and informal) representation of the
theorem above looks like this:

<bn<@D\vn>N - lim b, =L
n—oo
L L



© Some limits with roots

Proposition 2.4.2

lim /n=1.

n—o0

Proof. Clearly, for all n € N, we have that y/n > 1, and
consequently,

rn = y/n—1 > 0.
Our goal is to show that Ii_}m rn = 0. This is enough, for it will
n—,oo
imply that
Am e = Jim ) = 14 limn = 140 = 1

which is what we need.



Proof (continued). Reminder: r, = ¢/n—1> 0; WTS nLrgO rp=0.
Claim. 0 < r, < ,/% for all integers n > 2.

Proof of the Claim. Fix an integer n > 2. We already saw that
rn > 0. For the other inequality, we observe that

(%) (+x) & (%) -
R o L s
and consequently r, < % where

@ (*) follows from the definition of ry;
e (**) follows from the Binomial Theorem;
°

(¥**) follows from the fact that each summand in the sum
n
> (})rk is strictly positive (because r, > 0), and so each

k=0
summand is strictly smaller than the whole sum (because

there is more than one summand).
This proves the Claim. ¢



Proposition 2.4.2

lim /n=1.

n—o0

Proof (continued). Reminder: r, = ¢/n—1> 0; WTS Jim_rp = 0.
oo
Claim. 0 < r, < ,/% for all integers n > 2.

Clearly, nh—U;o’/”—l = 0. So, by the Claim and the Squeeze
Theorem, we have that nILn;O r, = 0, and we are done.

@ Indeed, the Claim guarantees that for all integers n > 2, we
have that

0 < n < ,

0
and so by the Squeeze Theorem, lim r, =0. (Here, we are
n—oo

using our “stronger version” of the Squeeze Theorem, for
N=2) 0



Proposition 2.4.2

lim ¢/n=1.

n—o0

Proposition 2.4.3

For all real numbers a > 0, we have that lim /a=1.

n—oo

@ Remark: We could prove Proposition 2.4.3 similarly to the
way we proved Proposition 2.4.2 (try it!).
e However, since we have already proven Proposition 2.4.2, we
can simply use it, together with the Squeeze Theorem to prove
Proposition 2.4.3.



Proposition 2.4.2
lim /n=1.

n—o0

Proposition 2.4.3

For all real numbers a > 0, we have that lim va=1.
n—oo

Proof. Fix a real number a > 0. We consider two cases: when
a>1 andwhen 0 < a< 1.

Casel: a>1. Fix NeNst.a<N. ThenVne Ns.t. n> N,
we have that 1 < y/a < {/n. Since nli_>m v/n=1 (by

oo
Proposition 2.4.2), the Squeeze Theorem guarantees that

lim y/a=1.

n—o0

Case 2: 0 < a< 1. Then%>1,andsobyCase1, lim "%: )

n—o0

We now compute:

C e — P L 1 _ 1 _
lim ya = lim —= = ——W = 1 = L
a

n— oo n—oo



