Linear Algebra 2: Tutorial 11

Irena Penev

Summer 2025

Exercise 1. Consider the bilinear form f on R3 given by the formula
f(xy) = @y + 22192 + 21y3 — T2y + T2y + T3y1 — 5T3Y3
for allx = [ Tl Ty T3 ]T andy = [ YT Y2 Y3 ]T in R3. Compute the matriz of the bilinear

orm () respec o e stanaar asits ¢3 O . 1S e owwnear jorm SYmmetric
form f with t to the standard basis E3 of R3. Is the bili form f tric?

Exercise 2. Determine whether the following matrices (with entries in R are positive definite.
Do this in two ways: using the Gaussian elimination test of positive definiteness, and using
Sylvester’s criterion of positive definiteness.

(1 0 17
(a) A=]10 1 1 |;
11 1|
o 1 31
() B=|1 2 1 |;
|3 1 2|
(1 2 37
(c)C=12 4 1
|3 1 1|

Exercise 3. Consider the bilinear form {-,-) on R? given by
(x,y) = 3ziy1 + 2x1y2 + x1y3 + 222y1 + 222y2 + T3Y1 + 273Y3
for all x = [ r1 Ty X3 ]T andy = [ Y1 Y2 Y3 ]T in R3.
(a) Compute the matriz of the bilinear form (-,-) with respect to the standard basis 3 of R3.
(b) Is the bilinear form (-,-) symmetric?

(c) Is the bilinear form {-,-) a scalar product in R3?

Exercise 4. Compute the (symmetric) matriz of the quadratic form q on R3 given by
q(x) = zmy+ 4Azi23 + 23 — 62223 + 223

for all x = [ T1 To X3 ]T in R3 (with respect to the standard basis £ of R3).



Exercise 5. Give an ezample of a quadratic form q on Z3 for which there does not exist a
symmetric matriz A € Z%XQ that satisfies the following:

q(x)=xTAx  for all x € 72.

Exercise 6. Let F be an algebraically closed field, and let A € F™*"™ and B € F™*™. Using the
Jordan normal form, prove that A® B = [ _ A Omxn ] 1s diagonalizable if and only if A

and B are both diagonalizable.

Exercise 7. Using Fxercise 6, explain why the complexr matriz below is not diagonalizable.

11000 0]
010000
004310
00556 6
003122
(008 9 9 7|



