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@ Permutation matrices

@ Orthogonal matrices

@ Scalar product, coordinate vectors, and matrices of linear
functions
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@ Permutation matrices

Definition

A permutation matrix is a square matrix that has exactly one 1 in
each row and each column, and has 0's everywhere else.

@ Examples:

100 100 00 1
010 00 1 01 0
oo 1] |o10] |10 0]
01 0] [o10] [o0ooO0 1]
100 00 1 100
(oo 1] [1to00] |01o0]
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Definition

A permutation matrix is a square matrix that has exactly one 1 in
each row and each column, and has Q's everywhere else.

@ The 0's and 1's in permutation matrices may belong to any
field IF of our choice.

e In our study of permutation matrices, we will never need to
add two non-zero numbers, and whenever we multiply two
numbers, at least one of the two numbers will be 0 or 1.

e So, it does not matter which particular field we are working in,
and therefore, we will not emphasize this.
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Definition

A permutation matrix is a square matrix that has exactly one 1 in
each row and each column, and has 0's everywhere else.

@ Obviously, identity matrices are permutation matrices.

@ Moreover, n X n permutation matrices are precisely the
matrices that can be obtained from the identity matrix /, by
reordering (i.e. permuting) rows, or alternatively, by reordering
(i.e. permuting) columns.

@ So, the columns of an n x n permutation matrix are the

standard basis vectors e, ..., e, (appearing in some order in
that matrix), whereas the rows are e{ , ..., e} (again,

appearing in some order in that matrix).



Definition

For a positive integer n and a permutation m € S,,, we define the
matrix of the permutation 7, denoted by P, to be the n x n

matrix that has 1 in the (i,w(i))—th entry for each each index

i€{1l,...,n}, and has 0 in all other entries. In other words, for
each index i € {1,...,n}, the i-th row of the matrix Py is e;’r—(i).

@ For example, for the permutation

(123 45
= 2416 5
in Sg, we obtain the 6 x 6 permutation matrix

01 0 0 O

0 0 01 O

1 0 0 0 O

Pr = 0 0 0 0 O

0 0 0 0 1

0

o~ OO

).




Definition

For a positive integer n and a permutation m € S,,, we define the
matrix of the permutation 7, denoted by P, to be the n x n
matrix that has 1 in the (i,w(i))—th entry for each each index

i€{l,...,n}, and has 0 in all other entries. In other words, for
each index i € {1,...,n}, the i-th row of the matrix Py is e] ;).

@ Obviously, for a positive integer n, the matrix of the identity
permutation 1, in S, is precisely the identity matrix /,, i.e.
Pl — In.
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Proof.
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Let n be a positive integer, and let m € S,,. Then P, is a
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Proof. Obviously, P; is an n X n matrix, all of whose entries are
0's and 1's. Moreover, by the definition of P,, we have that for
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column. Since P, has exactly n many 1’s, it is enough to show
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top to bottom) are e;—(l), . ,e;Tr(n), and since all those row vectors
are pairwise distinct (because 7 is a permutation), we see that no
two rows of P, have a 1 in the same position.



Proposition 2.3.10

Let n be a positive integer, and let m € S,,. Then P, is a
permutation matrix.

Proof. Obviously, P; is an n X n matrix, all of whose entries are
0's and 1's. Moreover, by the definition of P,, we have that for
each index i € {1,..., n}, the i-th row of Py is the row vector
eI(I.). So, P: has exactly one 1 in each row. Note that this means
that the matrix P, has exactly n entries that are 1, whereas all the
other entries are Q's.

It remains to show that the matrix P, has exactly one 1 in each
column. Since P, has exactly n many 1’s, it is enough to show
that no column has more than one 1. Since the rows of P, (from
top to bottom) are e;—(l), . ,e;Tr(n), and since all those row vectors
are pairwise distinct (because 7 is a permutation), we see that no
two rows of P, have a 1 in the same position. So, no column of

P, has more than one 1, and we are done. [
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@ What about the converse: is every permutation matrix the
matrix of some permutation?
e The answer to this question is “yes,” and it follows from a
simple counting argument, as follows.
e Let n be a positive integer.
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matrices whose columns are the standard basis vectors
e, ...,e,, appearing in some order. There are n! many ways
to order the vectors ey, ..., e,, and consequently, there are n!
many n X n permutation matrices.
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o On the other hand, |S,| = n!, and consequently, there are n!
many matrices of permutations in S,.
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@ What about the converse: is every permutation matrix the
matrix of some permutation?

e The answer to this question is “yes,” and it follows from a
simple counting argument, as follows.

e Let n be a positive integer.
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many matrices of permutations in S,.

o We are using the fact that different permutations have
different matrices.




@ By Proposition 2.3.10, the matrix of a permutation is a
permutation matrix.

@ What about the converse: is every permutation matrix the
matrix of some permutation?

The answer to this question is “yes,” and it follows from a
simple counting argument, as follows.

e Let n be a positive integer.
e The n x n permutation matrices are precisely those n x n

matrices whose columns are the standard basis vectors
e, ...,e,, appearing in some order. There are n! many ways
to order the vectors ey, ..., e,, and consequently, there are n!
many n X n permutation matrices.
On the other hand, |S,| = n!, and consequently, there are n!
many matrices of permutations in S,.

o We are using the fact that different permutations have

different matrices.

So, the number of n x n permutation matrices is the same as
the number of matrices of permutations in S,,.



@ By Proposition 2.3.10, the matrix of a permutation is a
permutation matrix.

@ What about the converse: is every permutation matrix the
matrix of some permutation?

e The answer to this question is “yes,” and it follows from a
simple counting argument, as follows.

e Let n be a positive integer.

e The n x n permutation matrices are precisely those n x n
matrices whose columns are the standard basis vectors
e, ...,e,, appearing in some order. There are n! many ways
to order the vectors ey, ..., e,, and consequently, there are n!
many n X n permutation matrices.

o On the other hand, |S,| = n!, and consequently, there are n!
many matrices of permutations in S,.

o We are using the fact that different permutations have
different matrices.

e So, the number of n x n permutation matrices is the same as
the number of matrices of permutations in S,,.

e It now follows from Proposition 2.3.10 that n x n permutation
matrices are precisely the matrices of permutations in S,,.



@ Reminder:

Proposition 1.4.5

Let F be a field, and let A = [ a; ... apy } be a matrix in
F"*m_ Then for all indices i € {1,..., m}, we have that Ae” = a;.

Proposition 1.8.2

Let IF be a field, and let
ri
A = i
rn
be a matrix in F™™. Then for all i € {1,...,n}, we have that
e,TA = I,
where e; is the i-th standard basis vector of F".




Proposition 2.3.11

Let n be a positive integer, and let 7 € S,, be a permutation. Then

both the following hold:

@ Vvie{l,...,n}: /P, = €r(j), i-e. the i-th row of Py is eI(,.);

@ Vje{l,...,n}: Prej =e .1, i.e. the j-th column of P is
€r=1():

Consequently, in terms of its rows and columns, P, can be written

as follows:

€r(1)
P7r — — [ eﬂ_71(1) .. erl(,,) :| .
T
€x(n)

Proof. The last statement of the proposition follows immediately
from (a) and (b). So, it is enough to prove (a) and (b).
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@ Vie{l,...,n}: e/ P, = €(j), i-e. the i-th row of Py is e;—(i);

@ Vje{l,...,n}: Prej = €.-1(j), i-e. the j-th column of Py is
eﬂ.—l(j).
Proof (continued). (a) Fix an index i € {1,...,n}. By

Proposition 1.8.2, e,-TP7r is precisely the i-th row of the matrix P,
and by the definition of the matrix Py, its i-th row is precisely e.(;).
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(b) Fix an index j € {1,...,n}.
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Proposition 2.3.11

@ Vie{l,...,n}: e/ P, = €(j), i-e. the i-th row of Py is e;—(i);

@ Vje{l,...,n}: Prej = €.-1(j), i-e. the j-th column of Py is
eﬂ.—l(j).

Proof (continued). (a) Fix an index i € {1,...,n}. By

Proposition 1.8.2, e,-TP7r is precisely the i-th row of the matrix P,
and by the definition of the matrix Py, its i-th row is precisely e.(;).

(b) Fix an index j € {1,..., n}. By Proposition 1.4.5, P,e; is
precisely the j-th column of the matrix P,. Set i := m1(j), so that
Jj = m(i). By (a), the i-th row of Py is the row vector eI(,.) = ejT.

So, P; has 1 in its (/,/)-th entry.



Proposition 2.3.11
@ Vie{l,...,n}: e/ Pr =ey, i.e the i-th row of Py is e;—(i);

@ Vje{l,...,n}: Prej =e 1, i.e. the j-th column of P is
eﬂ.—l(j).

Proof (continued). (a) Fix an index i € {1,...,n}. By
Proposition 1.8.2, e,-TP7r is precisely the i-th row of the matrix P,
and by the definition of the matrix Py, its i-th row is precisely e.(;).

(b) Fix an index j € {1,..., n}. By Proposition 1.4.5, P,e; is
precisely the j-th column of the matrix P,. Set i := m1(j), so that
Jj = m(i). By (a), the i-th row of Py is the row vector eI(,.) = ejT.
So, P; has 1 in its (i, j)-th entry. Since Py is a permutation matrix
(by Proposition 2.3.10), and therefore has exactly one 1 in each

column, it follows that the j-th column of Py is €; = e,-1(;. U



Proposition 2.3.11

Let n be a positive integer, and let w € S, be a permutation. Then
both the following hold:

@ Vvie{l,...,n}: /P, = €r(i), i-e. the i-th row of Py is eI(I.);

@ Vje{l,...,n}: Pre;=e ), ie. the j-th column of Py is
Er=1():

Consequently, in terms of its rows and columns, P, can be written

as follows:

P, = = €r-11) .-+ ©x-l(p) }




Proposition 2.3.12
Let n be a positive integer, and let m € S,,. Then

P.. = P

Proof.



Proposition 2.3.12
Let n be a positive integer, and let m € S,,. Then

P.. = P
Proof. We have that
-
Cr1(1)
(*) T . *)
P;— = ( [ €r-11) --- €r-1(p) ] ) = : = Pr,
eT
©=1(n)

where both instances of (*) follow from Proposition 2.3.11. [J



Proposition 2.3.11

@ Vie{l,...,n}: e/ P, = €r(i), i-e. the i-th row of Py is el(l.);
v

Proposition 2.3.13

Let n be a positive integer, and let o and 7 be permutations in S,.
Then P,or = P P,.

Proof.




Proposition 2.3.11
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v

Proposition 2.3.13
Let n be a positive integer, and let o and 7 be permutations in S,.
Then P,or = P P,.

Proof. It suffices to show that matrices P,., and P, P, have the
same corresponding rows.




Proposition 2.3.11
@ Vvie{l,...,n}: /P, = €r(i), i-e. the i-th row of Py is el(l.);
v

Proposition 2.3.13
Let n be a positive integer, and let o and 7 be permutations in S,.
Then P,or = P P,.

Proof. It suffices to show that matrices P,o, and P;P, have the
same corresponding rows. Fix an index i € {1,...,n}.




Proposition 2.3.11

@ Vvie{l,...,n}: /P, = €r(i), i-e. the i-th row of Py is el(l.);
v

Proposition 2.3.13

Let n be a positive integer, and let o and 7 be permutations in S,.

Then Pyor = P P,.

Proof. It suffices to show that matrices P,., and P, P, have the
same corresponding rows. Fix an index i € {1,...,n}. By
Proposition 1.8.2, the i-th row of the matrix P, is e,-TPUOTr, and
the i-th row of the matrix P, P, is e/ (P.P,).
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Proposition 2.3.13

Let n be a positive integer, and let o and 7 be permutations in S,.
Then P,or = P P,.

Proof. It suffices to show that matrices P,., and P, P, have the
same corresponding rows. Fix an index i € {1,...,n}. By
Proposition 1.8.2, the i-th row of the matrix P, is e,-TPUOTr, and
the i-th row of the matrix P, P, is e/ (P.P,). So, we just need to
show that e/ P,or =€/ (P:P,).
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Proposition 2.3.13
Let n be a positive integer, and let o and 7 be permutations in S,.
Then P,or = P P,.

Proof. It suffices to show that matrices P,., and P, P, have the
same corresponding rows. Fix an index i € {1,...,n}. By
Proposition 1.8.2, the i-th row of the matrix P, is e,-TPUOTr, and
the i-th row of the matrix P, P, is e/ (P.P,). So, we just need to
show that e/ P,or = e/ (P:P,). But follows easily via repeated
application of Proposition 2.3.11(a).




Proposition 2.3.11
@ Vie{l,...,n}: e/ P, = €r(i), i-e. the i-th row of Py is el(l.);

Proposition 2.3.13

Let n be a positive integer, and let o and 7 be permutations in S,.
Then P,or = P P,.

Proof. It suffices to show that matrices P,., and P, P, have the
same corresponding rows. Fix an index i € {1,...,n}. By
Proposition 1.8.2, the i-th row of the matrix P, is e,-TPUOTr, and
the i-th row of the matrix P, P, is e/ (P.P,). So, we just need to
show that e/ P,or = e/ (P:P,). But follows easily via repeated
application of Proposition 2.3.11(a). Indeed, we have that

T _ T (i) T (i)
€; (Pﬂ"PO') = (ei Pﬂ')PU - eﬂ'(i)PU - e[r(Tr(i))
. ) o7
- e(goﬂ)(,) - e,‘ PCTO7T7

where all three instances of (*) follow from Prop. 2.3.11(a). O



Theorem 2.3.14

Let n be a positive integer, and let m € S,,. Then Py is invertible,
and moreover,

Pt = P = P

™

Proof.
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and moreover,
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Proof. The fact that P,—1 = P follows immediately from
Proposition 2.3.12.



Theorem 2.3.14

Let n be a positive integer, and let m € S,,. Then Py is invertible,
and moreover,
P;l = [P = pT

T

Proof. The fact that P,—1 = P follows immediately from
Proposition 2.3.12. It remains to show that P, is invertible, and
that its inverse is P -1.



Theorem 2.3.14
Let n be a positive integer, and let m € S,,. Then Py is invertible,
and moreover,

Pt = P = P

™

Proof. The fact that P,—1 = P follows immediately from
Proposition 2.3.12. It remains to show that P, is invertible, and
that its inverse is P -1.

We now compute:

P7T’D7r_1 (*:) 'D7r_107r = Pl,, = Ina

where (*) follows immediately from Proposition 2.3.13.



Theorem 2.3.14

Let n be a positive integer, and let m € S,,. Then Py is invertible,
and moreover,

Pt = P = P

™

Proof. The fact that P,—1 = P follows immediately from
Proposition 2.3.12. It remains to show that P, is invertible, and
that its inverse is P -1.

We now compute:

P7T’D7r_1 (*:) 'D7r_107r = Pl,, = Ina

where (*) follows immediately from Proposition 2.3.13.
Analogously, P.-1P, = I,.



Theorem 2.3.14

Let n be a positive integer, and let m € S,,. Then Py is invertible,
and moreover,

™

Pt = P = P

Proof. The fact that P,—1 = P follows immediately from
Proposition 2.3.12. It remains to show that P, is invertible, and
that its inverse is P -1.

We now compute:

P7T’D7r_1 (*:) 'D7r_107r = Pl,, = Ina
where (*) follows immediately from Proposition 2.3.13.
Analogously, P_1P; = I,. So, P; and P_.-1 are invertible and are
each other's inverses. This completes the argument. [



Theorem 2.3.14

Let n be a positive integer, and let w € S,,. Then P, is invertible,
and moreover,

@ Remark: A matrix @ € R"*" is orthogonal if it satisfies
QRTQ=1n
e Theorem 2.3.14 guarantees that permutation matrices are
orthogonal (as long as we consider the 0's and 1's in those
matrices as belonging to R, rather than to some other field).



@ As our next theorem (Theorem 2.3.15, next slide) shows,
multiplying a matrix by a permutation matrix on the left
permutes the rows of the original matrix.



@ As our next theorem (Theorem 2.3.15, next slide) shows,
multiplying a matrix by a permutation matrix on the left
permutes the rows of the original matrix.

@ On the other hand, multiplying a matrix by a permutation
matrix on the right permutes the columns of the original
matrix.



Theorem 2.3.15

r

LetA=| : | =[a ... am | bean nx m matrix with entries
Fn
in some field F. Then all the following hold:

@ forall m € S, we have that

@ forall m € S,;,, we have that
AP, = [arq) ... arim) |
@ for all m € S, we have that
APl = [azq) .- agm |-

Proof.



Theorem 2.3.15

r

LetA=| : | =[a ... am | bean nx m matrix with entries
Fn
in some field F. Then all the following hold:

@ forall m € S, we have that

@ forall m € S,;,, we have that
AP, = [arq) ... arim) |
@ for all m € S, we have that
APl = [azq) .- agm |-

Proof. We prove (b). Parts (a) and (c) are in the Lecture Notes.



Theorem 2.3.15

ri
Let A=| @ | =[a ... an | bean nx m matrix with entries

L
in some field F. Then all the following hold:

@ forall m € S,,, we have that

AP,

[ ar1(1) coo arl(m) ] o

Proof of (b).



Theorem 2.3.15

ri

Let A=| @ | =[a ... an | bean nx m matrix with entries
rn

in some field F. Then all the following hold:

@ forall m € S,,, we have that

AP, = [ Ar-1(1) .- Ax-1i(m) ] o
Proof of (b). Fix any permutation m € S,,. In what follows,
ei1,...,en are the standard basis vectors of F™. We compute:
AP, = A [ €r-1(1) --- €r—i(m) } by Proposition 2.3.11
= [ Aeﬂ71(1) cee Aeﬂ.—l(m) } by th.e defm!tl?n Of
matrix multiplication
= [ Ar-11) -+ Ar-i(m) ] by Proposition 1.4.5.

This proves (b). O



Theorem 2.3.15

r

LetA=| : | =[a ... an | bean nx m matrix with entries
L)
in some field F. Then all the following hold:

@ forall m € S, we have that

Fr(1)
PrrA = ;
Fr(n)
@ for all 7 € 5;,, we have that
APﬂ- = [ aﬂ_1(1) 0oo a,r_1(m) ] ;

@ for all m € 5,,, we have that

AP;Tr = [ Ar(1) --- Ax(m) } .



@ Orthogonal matrices



@ Orthogonal matrices

@ In our study of orthogonal matrices, we assume that R" is
equipped with the standard scalar product - and the induced
norm || - ||.



@ Orthogonal matrices

@ In our study of orthogonal matrices, we assume that R" is
equipped with the standard scalar product - and the induced
norm || - ||.

Definition

A matrix Q € R"™*" is orthogonal if it satisfies QT Q = I,.




Definition

A matrix Q € R™" is orthogonal if it satisfies QT Q = I,.




Definition

A matrix Q € R™" is orthogonal if it satisfies QT Q = I,.

@ Obviously, matrices I, and —/,, are orthogonal.



Definition

A matrix Q € R™" is orthogonal if it satisfies QT Q = I,.

@ Obviously, matrices I, and —/,, are orthogonal.

e By Theorem 2.3.14, permutation matrices are orthogonal (as
long as we consider the 0's and 1's in those matrices as being
real numbers).

Theorem 2.3.14

Let n be a positive integer, and let w € S,,. Then Py is invertible,
and moreover,
p-l = P.1 = PWT.




Definition

A matrix Q € R™" is orthogonal if it satisfies QT Q = I,.

@ Obviously, matrices I, and —/,, are orthogonal.

e By Theorem 2.3.14, permutation matrices are orthogonal (as
long as we consider the 0's and 1's in those matrices as being
real numbers).

Theorem 2.3.14

Let n be a positive integer, and let w € S,,. Then Py is invertible,
and moreover,
p-l = P.1 = PWT.

@ The matrices mentioned so far all have entries only —1,0, 1.
However, there are many other orthogonal matrices, and we
will see a couple of examples later.



@ Reminder:

Corollary 3.3.18

Let IF be field, and let A, B € F"*" be such that AB =/, or
BA=1,. Then AB= BA=1,, i.e. A and B are both invertible
and are each other’s inverses.




Theorem 6.8.1

Let Q@ € R™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q7! = QT;
QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of Q form an orthonormal basis of R”;

©e oe e 6o

the columns of QT form an orthonormal basis of R”.

Proof.



Theorem 6.8.1

Let Q@ € R™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q7! = QT;
QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of Q form an orthonormal basis of R”;

©e oe e 6o

the columns of QT form an orthonormal basis of R”.

Proof. By Corollary 3.3.18, we have that (a), (b), and (c) are
equivalent.



Theorem 6.8.1

Let Q@ € R™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q7! = QT;
QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of Q form an orthonormal basis of R”;

©e oe e 6o

the columns of QT form an orthonormal basis of R”.

Proof. By Corollary 3.3.18, we have that (a), (b), and (c) are
equivalent. Moreover, since (QT)7 = Q, we have that (c) and (d)
are equivalent.



Theorem 6.8.1

Let Q@ € R™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q7! = QT;
QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of Q form an orthonormal basis of R”;

©@e oe eceo

the columns of QT form an orthonormal basis of R”.

Proof. By Corollary 3.3.18, we have that (a), (b), and (c) are
equivalent. Moreover, since (QT)7 = Q, we have that (c) and (d)
are equivalent. This proves that (a), (b), (c), and (d) are
equivalent.



Theorem 6.8.1

Let Q@ € R"*". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QTQ = )=

Q is invertible and satisfies Q71 = QT :
QQT = Iy;

QT is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of Q form an orthonormal basis of R”;

©@Ge oceece

the columns of Q7 form an orthonormal basis of R”.

Proof (continued). Next, (b) and (d) together imply (e).



Theorem 6.8.1

Let Q@ € R"*". Then the following are equivalent:

Q is orthogonal (i.e. satisfies QTQ=1 )

Q is invertible and satisfies Q71 = QT :

QQT =

QT is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of Q form an orthonormal basis of R”;

©@Ge oceece

the columns of Q7 form an orthonormal basis of R”. )

Proof (continued). Next, (b) and (d) together imply (e).

Suppose now that (e) holds. Then by applying “(a) = (b)" to
the matrix @1, we see that Q! is invertible and satisfies
(QH1=(Q )T Consequently, @1 = QT, and it follows
that (b) holds.



Theorem 6.8.1

Let @ € R"*". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = I,);

Q is invertible and satisfies Q1 = QT;
QQRT =Iy;

QT is orthogonal;

Q is invertible and Q1 is orthogonal;

the columns of Q form an orthonormal basis of R”;

©@Ge oce ece

the columns of QT form an orthonormal basis of R”.

Proof (continued). So far, we have established
that (a), (b), (c), (d), and (e) are equivalent.



Theorem 6.8.1

Let @ € R"*". Then the following are equivalent:

Q is orthogonal (i.e. satisfies QT Q = I,);

Q is invertible and satisfies Q1 = QT;

QQRT =Iy;

QT is orthogonal;

Q is invertible and Q1 is orthogonal;

the columns of @ form an orthonormal basis of R”;

©@Ge oce ece

the columns of QT form an orthonormal basis of R”.

Proof (continued). So far, we have established
that (a), (b), (c), (d), and (e) are equivalent.

Let us now show that (a) and (f) are equivalent.



Theorem 6.8.1

@ Q is orthogonal (i.e. satisfies QT = In);
@ the columns of @ form an orthonormal basis of R";

Proof (continued).



Theorem 6.8.1
@ Q is orthogonal (i.e. satisfies QT = In);
@ the columns of @ form an orthonormal basis of R";

Proof (continued). Set Q =

- T A

RTQ =

q1 - q1
q2 - q1

dn - 1

_UI1

[(h

qdi -
* g2

q2

qn -

q2

q2

q2

an

q1
92

Qn

qn } Then

*qn
*dn

*dn



Theorem 6.8.1

@ Q is orthogonal (i.e. satisfies QT = In);
@ the columns of @ form an orthonormal basis of R";

Proof (continued). Set Q=] q1 ... dp } Then
_ ql; -
RTQ = q.2 [(h qQ2 ... qn]
I q:nT 1
[qr-a1 qird2 ... qi-q,
B 291 9292 ... Qq2-q,
_Qn:lh Qn:CI2 qn:qn

So, QT Q = I, iff {d1,...,qn} is an orthonormal set.



Theorem 6.8.1

@ Q is orthogonal (i.e. satisfies QT = In);
@ the columns of @ form an orthonormal basis of R";

Proof (continued). Set Q = | q1

- T A

RTQ = TP

qi1°d1 91°Q2
q2:q1 92 - Q2

dn°91 9n - Q2

an } Then
an |

g1 qn
q2 - qp

qn * qn

So, QTQ = I, iff {q1,...,q,} is an orthonormal set. But by
Proposition 6.3.4(b), any orthonormal set of n vectors in R” is in
fact an orthonormal basis of R". So, (a) and (f) are equivalent.



Theorem 6.8.1

Let Q@ € R™". Then the following are equivalent:

Q is orthogonal (i.e. satisfies QT = In);

Q is invertible and satisfies Q! = QT;

QQT = Iy;

QT is orthogonal;

Q is invertible and Q7! is orthogonal;

the columns of @ form an orthonormal basis of R”;

©Ge ocoeeece

the columns of Q7 form an orthonormal basis of R".

Proof (continued). Analogously to “(a) <= (f),” we have that (d)
and (g) are equivalent. OJ



Theorem 6.8.1

Let Q@ € R"™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q7! = QT;
QQT = Iy;

QT is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of @ form an orthonormal basis of R":

©@Ge oeece

the columns of Q7 form an orthonormal basis of R”.




@ We can make new orthogonal matrices out of old ones, as
Propositions 6.8.2, 6.8.3, and 6.8.4 (below and next slide)
show.

@ The proofs of these propositions are easy and are in the
Lecture Notes (we omit them here).

Proposition 6.8.2

Let

Q=la . =]
]

r

be an orthogonal matrix in R”. Then all the following hold:

@ Vai,...,ape{-1,1}: [ aaq1 ... anq, | is orthogonal;
Oéll':z—

@ Vai,...,ape{-1,1}: : is orthogonal;
anr]

@ the matrix —Q is orthogonal.




Proposition 6.8.3
If @1, Q> € R"™" are orthogonal, then so is their product Q1 Q>.

Proposition 6.8.4

Let @1 € R™™ and @, € R™" be orthogonal matrices. Then the
(m+ n) x (m+ n) matrix

is an orthogonal matrix in R(m+m)x(m+n),




@ Next, we discuss two particularly significant orthogonal
matrices: the Householder matrix and the Givens matrix.



@ Next, we discuss two particularly significant orthogonal
matrices: the Householder matrix and the Givens matrix.

@ Reminder:

Corollary 6.6.4
Let a be a non-zero vector in R”. Then the standard matrix of
orthogonal projection onto the line L := Span(a) is the matrix

a(a’a)la’ = a(a-a)la’ = Llaal.

Consequently, for every vector x € R”, we have that

x; = proj(x) = aflaaa-’—x.

X

projr(x)




Definition

For a non-zero vector a in R”, the Householder matrix is the n X n
matrix




Definition
For a non-zero vector a in R”, the Householder matrix is the n X n
matrix

H(@) = I,— #aa' = I,—Zaa’.

@ To see that H(a) is an orthogonal matrix, we compute:

H(a)" H(a)

|
—
~
S
|
o
o
Q
Q
-
~
-
—
=~
|



@ Let us now discuss the geometric meaning of this matrix.



@ Let us now discuss the geometric meaning of this matrix.
o First of all, we observe that if U is a subspace of R”, then for
any vector x € R”, the reflection of x about U is given by

refy(x) = x+2(xy —x) = 2xy—X,
and the reflection of x about U™ is given by

= x+2( ) ) x—2xy = -—refy(x),
where (*) follows from the fact that x = xy + x. (by
Corollary 6.5.3); so, either one of xy and x;;. can be obtained
from the other by reflecting about the origin.

Ut

X Xy — X

refy(x)




e Reminder: H(a) := I, — #aa' =/, — *aa



e Reminder: H(a) := I, — a%’aaT =l,— Zaa'.

@ So, for any x € R”, then the projection of x onto L is given by
_ 1 T
X[_ — ﬁaa X,



e Reminder: H(a) := I, — a%’aaT =l,— Zaa'.

@ So, for any x € R”, then the projection of x onto L is given by
X, = ﬁaaTx, the reflection of x about the line L is given by

ref (x) = 2x,—x = ﬁaaTx—/,,x

= (Zaa’ —I,)x = —H(a)x,

a-a



e Reminder: H(a) := I, — a%’aaT =l,— Zaa'.
@ So, for any x € R”, then the projection of x onto L is given by
X = ﬁaaTx, the reflection of x about the line L is given by

ref; (x) T

- 2
= 2x,—x = j;aa

x — I,x
= (Zaa’ —I,)x = —H(a)x,

and the reflection of x about Lt is given by

ref,i(x) = —ref (x) = H(a)x.



e Reminder: H(a) := I, — a%’aaT =l,— Zaa'.

@ So, for any x € R”, then the projection of x onto L is given by
X, = ﬁaaTx, the reflection of x about the line L is given by

ref (x) = 2x,—x = iaaTx—/,,x

= (Zaa’ —I,)x = —H(a)x,
and the reflection of x about Lt is given by

ref,i(x) = —ref (x) = H(a)x.

)

—H(a)x

LL




e Reminder: H(a) := I, — a%’aaT =1I,—2aa’.

LL

e Thus, —H(a) is the standard matrix of reflection about the
line L = Span(a), whereas the Householder matrix H(a) itself
is the standard matrix of reflection about L. Thus, —H(a) is
the standard matrix of reflection about the Span(a) line.



e Reminder: H(a) := I, — a%’aaT =l,— Zaa'.
1)
L
a
H(a|x
XL X7 — X
%
T
LL

@ Remark: Suppose that a is a non-zero vector in R".

e Then the standard matrix of reflection about the line
L := Span(a) in R" is an orthogonal matrix.

o Indeed, as we saw, the Householder matrix H(a) is an
orthogonal matrix.

o By Proposition 6.8.2(c), it follows that —H(a) is also an
orthogonal matrix, and as we saw above, —H(a) is the
standard matrix of reflection about the line L = Span(a) in R".



e Given an integer n > 2, indices i,j € {1,..., n} such that
i < j, and real numbers ¢ and s such that c® 4+ s®> =1, we
define the Givens matrix G; j(c,s) as follows:

i J

10 ...0 00 ...0 00 ...0

01 ...0 00 ...0 00 ...0

0 0 100 000 ...0

i 0 0 0 ¢ 0 0-s 0 ...0

0 0 00 1 000 ...0

Gij(e,s) = : 0
00 ...0 00 100 ...0

j 00 ...0 s 0 0 ¢ 0 ...0

0 0 00 0 00 1 0

0 0 00 0 00 0 1




e Given an integer n > 2, indices i,j € {1,..., n} such that
i < j, and real numbers ¢ and s such that c® 4+ s®> =1, we
define the Givens matrix G; j(c,s) as follows:

10 0 0 0 0
0 0 0 .0
0 0 1.0 0 000 ...0
i 0 0 0 ¢ 0 0-s5s 0 ...0
0 0 0 0 1 000 ...0
Gijle,s) = 0
0 0 .0 0 0 100 ...0
j 00 .0 s 0 0 ¢c 0 ...0
0 0 00 0 0 0 1 0
0 0 00 0 00 0 1

@ It is not hard to check that the columns of G;j(c,s) form an
orthonormal set of vectors in R”, and therefore (by
Proposition 6.3.4) an orthonormal basis of R".

@ So, by Theorem 6.8.1, G;j(c,s) is orthogonal.



@ Let us now give a geometric interpretation of this matrix.



@ Let us now give a geometric interpretation of this matrix.

@ Since ¢ + s2 = 1, we see that there exists a real number
(angle in radians) 6 such that ¢ = cosf and s = sin§.



@ Let us now give a geometric interpretation of this matrix.
@ Since ¢ + s2 = 1, we see that there exists a real number
(angle in radians) 6 such that ¢ = cosf and s = sin§.

e With this set-up, we see that G j(c,s) represents rotation

about the origin by angle 6 in the x;jx;-plane.



@ Let us now give a geometric interpretation of this matrix.
@ Since ¢ + s2 = 1, we see that there exists a real number
(angle in radians) 6 such that ¢ = cosf and s = sin§.

e With this set-up, we see that G j(c,s) represents rotation

about the origin by angle 6 in the x;jx;-plane.

@ This is particularly easy to see in the case when n = 2. In that
case, we have that

c —s} _ {cos& —sinQ}

Gra(c,s) = [s c sinf cosf

which is precisely the standard matrix of counterclockwise
rotation about the origin by angle 6.

€T
c=cosf

G1s(c,s)u s =sinf

u

T




Theorem 6.8.5
Let Q = [ qij ]nxn be an orthogonal matrix in R™". Then:

@ for all x,y e R", (Qx) - (Qy)=x"-Yy;
@ forall x e R, ||@x|| = [|x][;
@ foralli,je{l,...,n} |qij| <1

@ Proof: next slide.



Theorem 6.8.5

Let Q = [ qij ]nxn be an orthogonal matrix in R™". Then:
@ for all x,y e R", (Qx) - (Qy)=x"-Yy;

@ forall x e R”, ||Qx|| = [|x]];

@ foralli,je{l,...,n} |qij| <1

@ Proof: next slide.

e Remark: By Theorem 6.8.5(b), multiplication by an
orthogonal matrix (on the left) preserves vector length.



Theorem 6.8.5

Let Q = [ qij ]nxn be an orthogonal matrix in R™". Then:

@ for all x,y e R", (Qx) - (Qy)=x"-Yy;
@ forall x e R, ||@x|| = [|x][;
@ foralli,je{l,...,n} |qij| <1

@ Proof: next slide.
e Remark: By Theorem 6.8.5(b), multiplication by an
orthogonal matrix (on the left) preserves vector length.

e On the other hand, recall that for non-zero vectors x,y € R”,

we have that x -y = ||x]|| ||y|| cos @, where 0 is the angle
between x and y.




Theorem 6.8.5
Let Q = [ qij ]nxn be an orthogonal matrix in R™". Then:

@ for all x,y e R", (Qx) - (Qy)=x"-Yy;
@ forall x e R, ||@x|| = [|x][;
@ foralli,je{l,...,n} |qij| <1

@ Proof: next slide.

e Remark: By Theorem 6.8.5(b), multiplication by an
orthogonal matrix (on the left) preserves vector length.

e On the other hand, recall that for non-zero vectors x,y € R”,
we have that x -y = ||x]|| ||y|| cos @, where 0 is the angle
between x and y.

e So, Theorem 6.8.5(a-b) implies that multiplication (on the

left) by an orthogonal matrix preserves angles between
non-zero vectors.




Theorem 6.8.5

Let Q = [ qi j ]an be an orthogonal matrix in R™". Then:
@ forall x,y € R”, (@x)-(Qy) =x-y;

@ forall x € R”, ||Qx|| = [|x]];

@ foralli,je{l,...,n} |qij| <1.

Proof.



Theorem 6.8.5
Let Q = [ qi j ]an be an orthogonal matrix in R™". Then:

@ forall x,y € R", (Qx):(Qy)=x"-Yy;
@ forall x € R”, ||Qx|| = [|x]];
@ foralli,je{l,...,n} |qij| <1.

Proof. (a) For x,y € R”, we have the following:

(Qx)-(Qy) = (Qx)7(Qx) = XTQTBy = x'y = x-y.

=1,



Theorem 6.8.5

Let Q - |: q’,'l :|an
@ for all X,yGRn, (Qx).(Qy):x.y;
@ forall x € R”, ||Qx|| = [|x]];

@ foralli,je{l,...,n} |qij| <1.

be an orthogonal matrix in R"*". Then:

Proof. (a) For x,y € R”, we have the following:

(Qx)-(Qy) = (x)7(@x) = xT@y = xTy = x-y.

=1,

(b) For x € R", we have the following:

|| Qx| V@) (@x) @ = [xIl.



Theorem 6.8.5

Let Q = [ qi j ]an be an orthogonal matrix in R™". Then:
@ forall x,y € R”, (@x)-(Qy) =x-y;

@ forall x € R”, ||Qx|| = [|x]];

@ foralli,je{l,...,n} |qij| <1.

Proof. (a) For x,y € R”, we have the following:

(Qx)-(Qy) = (Qx)7(Qx) = XTQTBy = x'y = x-y.

=1,

(b) For x € R", we have the following:

loxll = V@9 (@) 2 vxx = x|

(c) By Theorem 6.8.1, the columns of @ form an orthonormal
basis. In particular, all columns of @ are unit vectors, and it
follows that all entries of @ have absolute value at most 1. (J



© Scalar product, coordinate vectors, and matrices of linear
functions



© Scalar product, coordinate vectors, and matrices of linear
functions

Proposition 6.9.1

Let V be a real or complex vector space, equipped with the scalar
product (-,-) and the induced norm || - ||, and let B = {uy,...,u,}
be an orthonormal basis of V. Let - be the standard scalar
product in R" or C" (depending on whether the vector space V is
real or complex). Then for all x,y € V, we have that

W) =[xy (v,

@ Proof: Lecture Notes.




Theorem 6.9.2

Let U and V be non-trivial, finite-dimensional real vector spaces.
Assume that U is equipped with a scalar product (-, )y and the

induced norm || - ||y, and that V is equipped with a scalar product
(-,-)v and the induced norm || - ||y. Let By = {u1,...,un} and
By = {vi,...,v,} be orthonormal bases of U and V,

respectively, and let £ : U — V be a linear function. Then the

following two statements are equivalent:

@ the columns of the n x m matrix B\/[ f ]BU form an
orthonormal set of vectors in R” (with respect to the standard
scalar product - and the induced norm || - ||);?

@ f preserves the scalar product, that is, for all vectors x,y € U,
we have that (f(x), f(y)>v = (x,y)u-

?However, despite Theorem 6.8.1, this does not necessarily mean that the

matrix Bv[ f ]Bu is orthogonal. This is because f ]Bu isan nx m

f ]

sl
matrix, and it is possible that m # n, in which case
matrix. Only square matrices can be orthogonal!

is not a square

By [ By



Proof. Set Bv[ f ]BU: [ ... cm |



Proof. Set , [ f |5 =[¢c ... ¢ ]. We observe that
C T
L
T 2

(Bv[f}gu) Bv[f]l’j’u = : (a1 @ ... cn |
| <

_C1'C1 Ci1-C ... C€1-Cp

CCp €C-'C ... C-Cp

_Cm'C1 Cnh-Co ... Cm- Ch

So, we see that (i) holds iff (, [ f ;)" 5 [ f ]g, = Im-



Proof (cont.). Reminder: (i) holds iff (5 [ f |5 )" 5,[ f 15, = Im-



Proof (cont.). Reminder: (i) holds iff (5 [ f |5 )" 5,[ f 15, = Im-

Next, by Proposition 6.9.1, the following hold for all x,y € U:
(1) (xy)u= [ X ]Bu. [ y ]B ;

U

(2) (Fx) )y =1 fx) I, [ F(¥) Ig,-

v



Proof (cont.). Reminder: (i) holds iff (5 [ f |5 )" 5,[ f 15, = Im-

Next, by Proposition 6.9.1, the following hold for all x,y € U:
(1) ypu=[x]g Y]z
(2) <f(x)7f(y)>\/ = [ f(x) }Bv ° [ f(y) ]B .

Now, for all x,y € U, we have that )
(FOF))y 2[00 1y - [ F) 1
(169 T,) V
= (sl 1s [xs,) (L7, [¥]s)

= ([ X }BU)T (Bv[ f ]BU)T BV[ f ]BU [y ]BU'

v

T

[ f(y) ]B



Proof (continued). Suppose first that (i) holds. Then
(BV[ f ]BU)T Bv[ f ]BU = I,, and consequently, for all x,y € U,
we have that

<f(x)7f(Y)>v = ([x ]BU)T (Bv[ f ]BU)T Bv[ f ]Bu [y ]Bu

Thus, (ii) holds.



Proof (continued). Reminder: [ f ], =[e ... cn |
Suppose now that (ii) holds. Then for all i,j € {1,..., m}, we
have that
ef el = [w g -[w]g
)
D (r(w), Fw),
[ Ty, [ F) 1,
= (Bv[ f }Bu [ u; ]Bu)'(Bv[ f }Bu [ u; }Bu)
= (Bv[ f }Bu e:m)'(BV[ f }Bu ejm)
= Ci*Cj.
So, {c1,...,cp} is an orthonormal set of vectors in R”, that is,

(i) holds. O



Theorem 6.9.2

Let U and V be non-trivial, finite-dimensional real vector spaces.
Assume that U is equipped with a scalar product (-, )y and the

induced norm || - ||y, and that V is equipped with a scalar product
(-,-)v and the induced norm || - ||y. Let By = {u1,...,un} and
By = {vi,...,v,} be orthonormal bases of U and V,

respectively, and let £ : U — V be a linear function. Then the

following two statements are equivalent:

@ the columns of the n x m matrix B\/[ f ]BU form an
orthonormal set of vectors in R” (with respect to the standard
scalar product - and the induced norm || - ||);?

@ f preserves the scalar product, that is, for all vectors x,y € U,
we have that (f(x), f(y)>v = (x,y)u-

?However, despite Theorem 6.8.1, this does not necessarily mean that the

matrix Bv[ f ]Bu is orthogonal. This is because f ]Bu isan nx m

f ]

sl
matrix, and it is possible that m # n, in which case
matrix. Only square matrices can be orthogonal!

is not a square

By [ By



