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@ Our goal is to describe the “Gram-Schmidt orthogonalization
process,” which gives a recipe for transforming an arbitrary
basis of a real or complex vector space (equipped with a scalar
product and the norm induced by it) into an orthogonal (and
even orthonormal) basis.

@ There are in fact two different (but similar) versions of the
Gram-Schmidt orthogonalization process.

e The first version first produces an orthogonal basis, and then
(optionally) produces an orthonormal basis.
e The second version produces an orthonormal basis directly.

@ We first describe the first version, we give a numerical
example, and we outline the proof of correctness of the
process (the full technical details are in the Lecture Notes).

@ Then we describe the second version.

e The proof of correctness is similar to the proof of the first, and
we omit it.
e A numerical example is given in the Lecture Notes.



Gram-Schmidt orthogonalization process (version 1)

Let V be a real or complex vector space, equipped with a scalar
product (-,-) and the induced norm || - ||, and let vq,...,vi be
linearly independent vectors in V. For all £ € {1,..., k}, set

/-1 /-1

ug = vg— > proj,(ve) = v— 3 E‘{fﬂ;u,
i=1 =1 "
Then {uy,...,ux} is an orthogonal basis of Span(vy,...,vk), and
{ﬁ’ e Hl‘:—:H} is an orthonormal basis of Span(vi, ..., vk).
@ The sequence uy,. .., uy is obtained (recursively) as follows:

@ U = Vy,
o uy := vy — proj, (v2);

° uz :=v3— (projul(V3) + projUQ(V3)>;

o Uk = vy — (projul(vk) + proj,, (Vi) + -+ + projukil(vk)).



Example 6.3.8

Consider the following linearly independent vectors in R*:

3 -5 8
4 10 19
im0 2 7 20 T 1n
3 11 —2

Set U := Span(vi, v2,v3). Using the Gram-Schmidt

orthogonalization process (version 1):

@ compute an orthogonal basis of U (w.r.t. the standard scalar
product - in R?%).

@ compute an orthonormal basis of U (w.r.t. the standard scalar
product - in R* and the norm || - || induced by it).




@ Remark: To see that vy, vy, v3 really are linearly independent,
we compute

RREF([V1 Vs V3}) —

O O O
o O - O
O = OO

and we deduce that rank( [ Vi Vo V3 } ) =3, ie.

[ Vi V2 V3 } has full column rank. So, by
Theorem 3.3.12(a), vectors vy, vp, v3 are linearly independent.



Example 6.3.8

Consider the following linearly independent vectors in R*:

3 -5 8
4 10 19
3 11 =2

Set U := Span(vi, vz, v3). Using the Gram-Schmidt

orthogonalization process (version 1):

@ compute an orthogonal basis of U (w.r.t. the standard scalar
product - in R%).

@ compute an orthonormal basis of U (w.r.t. the standard scalar
product - in R* and the norm || - || induced by it).

@ Solution: On the board.

v,
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Proposition 6.3.7
Let V be a real or complex vector space, equipped with a scalar
product (-,-). Let {us,...,ux} be an orthogonal set of non-zero

vectors in V. Let ve V, and set y := Z proj, (v) = fj &'—Z’éu,
and 2 = v — y. Then all the following hold: =

@ {ui,...,ug,z} is an orthogonal set of vectors;

@ z=0iff ve Span(uy, ..., uk);

@ Span(ug, ... uk,v)—Span(ul....,uk,z).

Proof.




@ Let's now prove the correctness of the Gram-Schmidt
orthogonalization process! (Or rather: give an outline of it.)

@ We begin with a technical proposition.

Proposition 6.3.7

Let V be a real or complex vector space, equipped with a scalar

product (-,-). Let {us,...,ux} be an orthogonal set of non-zero
k

vectors in V. Let v e V, and set y := Z proj,.(v) = ,;1 &'—Z’éu,

and z :=v —y. Then all the following hoId

@ {ui,...,ug,z} is an orthogonal set of vectors;

@ z=0iff ve Span(uy, ..., uk);

@ Span(ug,...,ux,v) = Span(ul. ey Uk, Z).

Proof. First of all, Proposition 6.3.2 guarantees that {uq,... ux}

is a linearly independent set, and we deduce that {uq,... ux} is

an orthogonal basis of Span(uy,. .., uy).
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where (*) follows from r.2 and r.3 (in the real case) or from c.2
and c.3 (in the complex case), and (**) follows from the fact that
{u1,...,ux} is an orthogonal set.
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ui,..., U, are pairwise orthogonal. On the other hand, for each
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where (*) follows from r.2 and r.3 (in the real case) or from c.2
and c.3 (in the complex case), and (**) follows from the fact that
{u1,...,ux} is an orthogonal set. Thus, {u1,...,ux,z} is an
orthogonal set of vectors. This proves (a).



Proof (continued). Next, we prove (b).
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u,,u,
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So, we need to show that v = Z yu; iff v e Span(uy, ..., ug).
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i=1 {ui,ui)
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Proof (continued). Next, we prove (b). Clearly, z = 0 iff
Z vu,

l:l

k
So, we need to show that v = Z u, iff v € Span(uy, ..., ug).

k
Z Vu’ u;, then v is a linear combination of the vectors
ug,..., uk, and consequently, v € Span(uy, ..., uy).

On the other hand if v.€ Span(uy, ..., ug), then Theorem 6.3.5

guarantees v = Z <<: l:")>u, (because {uy,...,ux} is an orthogonal
:1 Iy

basis of Span(uy, ..., ux)). This proves (b).



Proof (continued).



Proof (continued). Finally, we prove (c). Fix any vector x € V.
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Proof (continued). Finally, we prove (c). Fix any vector x € V.
WTS x € Span(uy, ..., uk,v) iff x € Span(ui, ..., ux,z). We
prove both directions (they are very similar).

Suppose first that x € Span(uy, ..., u,,v). Then there exist scalars
Qat, ...,k B st.x=aiu; + -+ axug + Sv. But now
X = oqui+ -+ oagug+ Py
k
= ( _Zlaiui) + By +2)
=
= (zk: a-u-) +5(( Zk: iy ) +z)
Y =T =y Qwiui ™

= (5 (+BE)u) + 2,

i=1

and we deduce that x € Span(uy, ..., u,z).



Proof (continued). Suppose, conversely, that
x € Span(uy, ..., uk,2z).



Proof (continued). Suppose, conversely, that
x € Span(uy, ..., uk,z). Then there exist scalars o, ..., ax, (3 s.t.
X = aiuy + - - + agu, + fz.



Proof (continued). Suppose, conversely, that
x € Span(uy, ..., uk,z). Then there exist scalars o, ..., ax, (3 s.t.

X = aqug + - - - + agu, + fz. But now

X = aiui+---+au,+ Pz

= (Ekjl Oéiui) +B(v—y)




Proposition 6.3.7

Let V be a real or complex vector space, equipped with a scalar

product (-,-). Let {u1,...,u,} be an orthogonal set of non-zero
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vectors in V. Let v e V, and set y := ’gl proj,.(v) = i; %u,

and z := v —y. Then all the following hold:

@ {ui,...,ug,z} is an orthogonal set of vectors;
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Proposition 6.3.7

Let V be a real or complex vector space, equipped with a scalar

product (-,-). Let {u1,...,u,} be an orthogonal set of non-zero
k k
vectors in V. Let v € V, and set y := )~ proj, (v) = >
i=1 i=1
and z := v —y. Then all the following hold:

<V7ui> .
{ur,ury Wi

@ {ui,...,ug,z} is an orthogonal set of vectors;
@ z=0iff veSpan(u,...,uy);
@ Span(uy,...,uk,v) =Span(uy,...,u,z).

@ Using Proposition 6.3.7, we can now prove the correctness of
the Gram-Schmidt orthogonalization process (version 1).



Gram-Schmidt orthogonalization process (version 1)

Let V be a real or complex vector space, equipped with a scalar
product (-,-) and the induced norm || - ||, and let v1,..., v, be
linearly independent vectors in V. For all £ € {1,..., k}, set

-1 (S
u, = Vy— Z:l prOJu,-(vf) = Vi~ Z:I W e
1= =
Then {uy,...,ux} is an orthogonal basis of Span(vy,...,vk), and
{m, o Hl‘:—il‘} is an orthonormal basis of Span(vi, ..., vk).

Proof (outline).



Gram-Schmidt orthogonalization process (version 1)

Let V be a real or complex vector space, equipped with a scalar
product (-,-) and the induced norm || - ||, and let v1,..., v, be
linearly independent vectors in V. For all £ € {1,..., k}, set

5 oo SR

u = vy — lefoJu,-(Ve) = v — 21 Turuny Wi

Then {uy,...,ux} is an orthogonal basis of Span(vy,...,vk), and
_ug U

{Hm\l"' . HUkH} is an orthonormal basis of Span(vi, ..., vk).
Proof (out//ne) If {u1,...,ux} is an orthogonal basis of
Span(vi, ..., vk), then Proposition 6.3.3(b) guarantees that
{ﬁ, o T H} is an orthonormal basis of Span(vy, ..., vk). So,
we just need to show that {uy,... ux} is an orthogonal ba5|s of

Span(vy, ..., V).



Proof (outline, continued).



Proof (outline, continued). How do we prove that {uy,... ux} is
an orthogonal basis of Span(vi,...,vk)? The idea is to prove (by
induction) that for all £ € {1,..., k}, we have that {uq,... . us}is

an orthogonal basis of U; := Span(vy, ..., v).
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For £ = 1, we have that u; = vy, and the result is immediate.



Proof (outline, continued). How do we prove that {uy,... ux} is
an orthogonal basis of Span(vi,...,vk)? The idea is to prove (by
induction) that for all £ € {1,..., k}, we have that {u,... u/} is
an orthogonal basis of U; := Span(vy, ..., v).

For £ = 1, we have that u; = vy, and the result is immediate.

Now fix £ € {1,...,k — 1}, and assume that {uy,...,us} is an
orthogonal basis of Uy := Span(vi,...,vy). Then letting v := vy 4
and z := uy1, we apply Proposition 6.3.7. [J



Gram-Schmidt orthogonalization process (version 2)

Let V be a real or complex vector space, equipped with a scalar
product (-,-) and the induced norm || - ||, and let vq,...,vi be
linearly independent vectors in V. For all £ € {1,..., k}, set

-1 -1

u = vy— 2:1 projzl,(vz) = Vy— .X:1<VK,Z,‘> Zj;
fi= =

uy

[uel]*

Then {z1,...,24} is an orthonormal basis of Span(vy, ..., v).




@ The Gram-Schmidt orthogonalization process (version 2)
recursively constructs two sequences of vectors, namely,

ui,...,u, and zq,...,2, as follows:
o u; =Vvy,
— _uw .
AT Tul
o uy = vy — proj, (v2);
— u .
® 27 T
° uz=v3— (projzl(w,) + pronQ(v3));
@ Z3 = us .

[us]["

° Uk = v — (PFOJZI(Vk) + proj,, (V) + -+ + Projzk,l(vk)>;

o Zy = Uk

k][




@ The Gram-Schmidt orthogonalization process (version 2)
recursively constructs two sequences of vectors, namely,

ui,...,u, and zq,...,2, as follows:

e uU; =V,
° 21 =
o uy = vy — proj, (v2);

. u. .
® 2=
° Uz =v3— (projzl(V3) + pI’O_jZ2(V3));
° = i
° up = vk — (Pfojzl(vk) + proj,, (vi) + -+ + Projzk,l(vk)>;
@ Z) = o

[u]

@ So, at each step, we obtain a vector uy that is orthogonal to
the previously constructed vectors z1,...,2z,_1, and then we
normalize uy to obtain the unit vector z, that points in the
same direction as uy.



Gram-Schmidt orthogonalization process (version 2)

Let V be a real or complex vector space, equipped with a scalar
product (-,-) and the induced norm || - ||, and let v1,..., v, be
linearly independent vectors in V. For all £ € {1,..., k}, set

-1 -1

u = vp— lerojz,(ve) = v— Zl<vz,zi> e
1= 1=

Uy

z = 7 T-
¢ [luell

Then {zi1,...,24} is an orthonormal basis of Span(vy, ..., v).

@ The proof of correctness is similar to that of version 1.

@ A numerical example is given in the Lecture Notes.



Corollary 6.3.11

Let V be a finite-dimensional real or complex vector space,
equipped with a scalar product (-, -) and the induced norm || - ||.
Let U be a subspace of V. Then all the following hold:

@
Q@

U has an orthogonal basis;

any orthogonal basis of U can be extended to an orthogonal
basis of V:?

U has an orthonormal basis;

any orthonormal basis of U can be extended to an
orthonormal basis of V.2

“This means that for any orthogonal basis B of U, there exists an orthogonal

basis C of V s.t. B CC.

bThis means that for any orthonormal basis B of U, there exists an

orthonormal basis C of V s.t. B C C.
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Proof. We first prove (a) and (c). Since V is finite-dimensional,
Theorem 3.2.21 guarantees that the subspace U of V is also
finite-dimensional. Consider any basis {v1,...,vx} of U. Then the
Gram-Schmidt orthogonalization process (version 1) applied to the
vectors vi, ...,V yields a sequence of vectors uq,...,ux s.t.

u
[ua]”

basis of U = Span(vi,...,vk). This proves (a) and (c).

{uy, ..., ux} is an orthogonal and {



Proof (continued). For (b), consider any orthogonal basis
{v1,...,vk} of U, and using Theorem 3.2.19, extend it to a basis
{Vi, . Vi, Vii1, ..., vy} of V.
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to the sequence vi,..., Vg, Vi 1,...,V,, and we obtain a sequence
Ug, ... U Upit, .. U, St {ug, oo ug U, ..o U} is an

orthogonal basis of V.

However, since v, ...,V were pairwise orthogonal to begin with,
we see from the description of the Gram-Schmidt orthogonalization
process that u; = vy,...,ux = V.



Proof (continued). For (b), consider any orthogonal basis
{v1,...,vk} of U, and using Theorem 3.2.19, extend it to a basis

{Vi, . Vi, Vii1, ..., vy} of V.

We apply the Gram-Schmidt orthogonalization process (version 1)
to the sequence vi,..., Vg, Vi 1,...,V,, and we obtain a sequence
Ug, ... U Upit, .. U, St {ug, oo ug U, ..o U} is an

orthogonal basis of V.

However, since v, ...,V were pairwise orthogonal to begin with,
we see from the description of the Gram-Schmidt orthogonalization
process that u; = vy,...,ux = V.

So, the orthogonal basis {uy, ..., ux,uxr1,...,u,} of V extends

the orthogonal basis {v1,...,vx} of U. This proves (b).



Proof (continued). For (d), consider any orthonormal basis
{ug,...,ux} of U.



Proof (continued). For (d), consider any orthonormal basis
{u1,...,ug} of U. In particular, the basis {uy,..., ux} of Uis
orthogonal, and so by (b), it can be extended to an orthogonal
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Proof (continued). For (d), consider any orthonormal basis
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Then by Proposition 6.3.3(c),
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that [Jug] = --- = [Jue][ = 1,



Proof (continued). For (d), consider any orthonormal basis
{u1,...,ug} of U. In particular, the basis {uy,..., ux} of Uis

orthogonal, and so by (b), it can be extended to an orthogonal
basis {u1,...,ug, U1, ... u,} of V.

Then by Proposition 6.3.3(c),

{ u; U Uk un }
Mual[> 2 Tlull Tlugall? 2 Tlugl]

is an orthonormal basis of V.

But since the basis {uy, ..., ux} of U is orthonormal, we know
that ||ui|| = -+ = |Juk]| = 1, and it follows that
up

— Uy —
=uy,... = Uy.
[ua]] Lo Tugl K



Proof (continued). For (d), consider any orthonormal basis
{u1,...,ug} of U. In particular, the basis {uy,..., ux} of Uis
orthogonal, and so by (b), it can be extended to an orthogonal
basis {u1,. .., ug, ugiq,. .., ,u,} of V.

Then by Proposition 6.3.3(c),

{ ug ug Ujt1 un }
Tug[? """ * TuelT? Tugall? 7 Tual]

is an orthonormal basis of V.

But since the basis {uy, ..., ux} of U is orthonormal, we know
that ||ui|| = -+ = |Juk]| = 1, and it follows that

up —
Mol =Uui,... = Ug.

Uy
> [ul]
So, our orthonormal basis { ..... I } of V

Tutll7 7 Tugll? Tueall? Hu Tl
in fact extends the orthonormal basis {uy,. .., ,ug} of U. This
proves (d). O



Corollary 6.3.11

Let V be a finite-dimensional real or complex vector space,
equipped with a scalar product (-, -) and the induced norm || - ||.
Let U be a subspace of V. Then all the following hold:

@
Q@

U has an orthogonal basis;

any orthogonal basis of U can be extended to an orthogonal
basis of V:?

U has an orthonormal basis;

any orthonormal basis of U can be extended to an
orthonormal basis of V.2

“This means that for any orthogonal basis B of U, there exists an orthogonal

basis C of V s.t. B CC.

bThis means that for any orthonormal basis B of U, there exists an

orthonormal basis C of V s.t. B C C.



