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@ This lecture has four parts:
@ Matrices of linear functions between non-trivial,
finite-dimensional vector spaces
@ Change of basis (transition) matrices
© Similar matrices
@ Checking the existence and uniqueness of linear functions with
certain specifications: examples with polynomials and matrices
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finite-dimensional vector spaces

Theorem 1.10.5

Let F be a field, and let f : ™ — " be a linear function. Then
there exists a unique matrix A (called the standard matrix of )
s.t. for all x € F™, we have that f(x) = Ax. Moreover, the
standard matrix A of f is given by

A = [f(el) f(em)],

where ey, ..., e, are the standard basis vectors of [F'".
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@ Matrices of linear functions between non-trivial,
finite-dimensional vector spaces

Theorem 1.10.5

Let F be a field, and let f : ™ — " be a linear function. Then
there exists a unique matrix A (called the standard matrix of )
s.t. for all x € F™, we have that f(x) = Ax. Moreover, the
standard matrix A of f is given by

A = [f(el) f(em)],

where ey, ..., e, are the standard basis vectors of [F'".

@ Linear functions between general vector spaces do not have
standard matrices.

@ However, we can associate a matrix to a linear function
between non-trivial, finite-dimensional vector spaces, provided
we have first specified a basis of the domain and a basis of the
codomain.

o First, we review some of the results from previous lectures.



Let V be a vector space over a field F, and let vy, ..
Then the following are equivalent:

(i) {vi,...,vn} is a basis of V;

(i) for all vectors v € V/, there exist unique scalars
ai,...,oan €Fst.v=aivi+ -+ a,v,.

.,Vp E V.




Let V be a vector space over a field F, and let vy,...,v, € V.
Then the following are equivalent:

(i) {vi,...,vn} is a basis of V;

(i) for all vectors v € V/, there exist unique scalars
ai,...,oan €Fst.v=aivi+ -+ a,v,.

@ Suppose B ={by,...,b,} (n>1) is a basis of a vector space
V over a field F. Then by Theorem 3.2.7, to every vector
v € V, we can associate a unique vector

[V]B =

in F" s.t. v =aiby + - - + a,b,; the vector [ v |, is called
the coordinate vector of v associated with the basis 5.



@ Remark: Suppose that F is a field, and that
En ={e1,...,ey} is the standard basis of F".

T .
e Then for all vectors x = [ X1 ... Xp } in F", we have that
X = Xxiey+ -+ Xpep,

and consequently,

(x], =[x . %] = x

n



Proposition 3.2.9

Let B = {b1,...,b,} (n> 1) be a basis of a vector space V over
a field F. Then for all i € {1,...,n}, we have that | b; |, =e].

Proof. Fix i € {1,...,n}. Then

b = Ob;+---+0bj_;+1b;+0bj;1+---+0b,

and consequently,

[ b; ]B = 1 + i-th entry




Theorem 4.3.2

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Let B = {uy,...,u,} be a basis of U, and let
Vi,...,Vp € V.7 Then there exists a unique linear function
f:U— Vst f(u) =vi,...,f(u,) = v,. Moreover, if the vector
space U is non-trivial (i.e. n # 0), then this unique linear function
f . U — V satisfies the following: for all u € U, we have that

f(u) = aivi+--+ apvp,

where [ u ]B: [a1 ... an }T. On the other hand, if U is
trivial (i.e. U = {0}),® then f : U — V is given by f(0) = 0.

“Here, v, ...,v, are arbitrary vectors in V. They are not necessarily
pairwise distinct.
bNote that in this case, we have that n =0 and B = 0.




Corollary 4.3.3
Let U and V be vector spaces over a field IF, and assume that U is

finite-dimensional. Let {ug,...,ux} be a linearly independent set
of vectors in U, and let vi,...,vix € V.? Then there exists a linear
function f : U — V s.t. f(u1) = vi,..., f(ux) = vk. Moreover, if
V is non-trivial, then this linear function f is unique iff
{u1,...,ux} is a basis of U.

“Here, v, ..., vk are arbitrary vectors in V. They are not necessarily

pairwise distinct.

A



@ Standard matrices once again:

Theorem 1.10.5

Let F be a field, and let f : ™ — " be a linear function. Then
there exists a unique matrix A (called the standard matrix of f)
s.t. for all x € F™™, we have that f(x) = Ax. Moreover, the
standard matrix A of f is given by

A = [f(el) f(em)],

where ey, ..., e, are the standard basis vectors of ™.

@ Let's generalize this (next slide)!



Theorem 4.5.1

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by,...,by,} be a basis of U, let
C ={c1,...,cp} be a basis of V, and let f : U — V be a linear
function. Then exists a unique matrix in F"*™ denoted by

f |, and called the matrix of f with respect to B and C, s.t.
for all u € U, we have that

C[f]B [“}B = [f(”)]C'

Moreover, the matrix ,[ f |, is given by

C[f]B = [[f(bl)]c [f(bm)]c}'




Theorem 4.5.1

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by,...,by,} be a basis of U, let
C ={c1,...,cp} be a basis of V, and let f : U — V be a linear
function. Then exists a unique matrix in F"*™ denoted by

f |, and called the matrix of f with respect to B and C, s.t.
for all u € U, we have that

C[f]B [“}B = [f(”)]C'

Moreover, the matrix ,[ f |, is given by

C[f]B = [[f(bl)]c [f(bm)]c}'

@ First an example and a remark, then a proof.



Example 4.5.2

Consider the basis B = { l (1) ] , l i ] } of R?, and consider the

unique linear function f : R? — R? that satisfies the following:

A=) eA[2)-[2]

Compute the matrix ,[ f |.




0 1
11
01
Invertible Matrix Theorem. The existence and uniqueness of
the linear function f follows from Theorem 4.3.2.

@ Remark: The fact that B = { [ 1 1, [ ! 1 } is a basis of R?

follows from the fact that rank( ) = 2 and from the



Solution. Using the formula from Theorem 4.5.1, we compute:

=[G [




o Remark: Matrices of the form [ f ], are generalizations of
standard matrices.
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is precisely the standard matrix of f, where as usual,
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E,={ef,...,el} is the standard basis of F".

o Indeed, suppose that I be a field, that f : F™ — " is a linear
function, and that A is the standard matrix of f.

e Then for all u € F™, we have the following:



o Remark: Matrices of the form [ f ], are generalizations of
standard matrices.
o Indeed, if F is a field and f : F™ — [F" is a linear function,
then the matrix

el e,
is precisely the standard matrix of f, where as usual,
Em={e,...,eM} is the standard basis of F™, and

E,={ef,...,el} is the standard basis of F".
o Indeed, suppose that I be a field, that f : F™ — " is a linear
function, and that A is the standard matrix of f.
e Then for all u € F™, we have the following:
Al u ] = Au = f(u) = [f(u)]gn.
e Now the uniqueness part of Theorem 4.5.1 guarantees that
A= c [ f ]g ,i.e. < [ f ]5 is the standard matrix of f.



Theorem 4.5.1

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by,...,by,} be a basis of U, let
C ={c1,...,cp} be a basis of V, and let f : U — V be a linear
function. Then exists a unique matrix in F"*™ denoted by

f |, and called the matrix of f with respect to B and C, s.t.
for all u € U, we have that

C[f]B [“}B = [f(”)]C'

Moreover, the matrix ,[ f |, is given by

C[f]B = [[f(bl)]c [f(bm)]c}'

@ Let's prove the theorem!



Proof. Existence.



Proof. Existence. Fix u € U. We must show that
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u = pibi+ -+ Bnbm.



Proof. Existence. Fix u € U. We must show that

[ [ f(b1) }c o [ f(bm) }C][U}B = [ f(u) ]c‘
Set

so that
u = pibi+ -+ Bnbm.

We then compute (next slide):



Proof (continued).

[ [ f(b1) ]c o [ f(bm) ]c J [ u ]B

B
= { [ f(b1) ]c e [ f(bm) ]c ] { : ]
Bm

= ﬁl[f(bl) ]C+"'+/Bm[f(bm) ]c

(;) [ Blf(b1)+"'+ﬂmf(bm) }C

,\
Il %
X

[ f(ﬁlbl + - +b)mbm) ]C

[ f(u) ]c’

where (*) follows from the fact that [ - |, : V — F"is an
isomorphism (and in particular, a linear function), and (**) follows
from the fact that f is linear.



Proof (continued). Uniqueness.



Proof (continued). Uniqueness. Fix any matrix
A= [ a; ... ap } in F7*™ that has the property that for all

u € U, we have that

We must show that



Proof (continued). Uniqueness. Fix any matrix
A= [ a; ... ap } in F7*™ that has the property that for all
u € U, we have that
Aluly = [fu) ]
We must show that

A= [[fob1)], . [Ffbm)]. ]

We prove this by showing that the two matrices have the same
corresponding columns, that is, that a; = [ f(b;) ]c for all indices
ie{l,...,m}.



Proof (continued). Uniqueness. Fix any matrix
A= [ a; ... ap } in F7*™ that has the property that for all
u € U, we have that

Alu]y = [flw ]
We must show that
A = [[f(bl) }c [f(bm) ]C]

We prove this by showing that the two matrices have the same
corresponding columns, that is, that a; = [ f(b;) ]c for all indices
i€{l,...,m}. Indeed, for all i € {1,..., m}, we have the
following (next slide):



Proof (continued).
a;, = Aer by Proposition 1.4.4

because [ b; }B =em
B (by Proposition 3.2.9)

= [ f(b) ], by the choice of A.

This proves that A=[ [ f(b1) |, ... [ f(bm) |, ], and we are
done. [J



Theorem 4.5.1

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by,...,by,} be a basis of U, let
C ={c1,...,cp} be a basis of V, and let f : U — V be a linear
function. Then exists a unique matrix in F"*™ denoted by

f ], and called the matrix of f with respect to B and C, s.t.
for all u € U, we have that

c[f]s [U}B = [f(“)]C'

Moreover, the matrix ,[ f |, is given by

c[f]s = [[f(bl)]c [f(bm)]c}'




o Remark: Suppose that U and V are non-trivial,
finite-dimensional vector spaces over a field F, that
B={bi,...,by} and C = {c1,...,c,} are bases of U and
V, respectively, and that f : U — V is a linear function, as in
Theorem 4.5.1.



o Remark: Suppose that U and V are non-trivial,
finite-dimensional vector spaces over a field F, that
B={bi,...,by} and C = {c1,...,c,} are bases of U and
V, respectively, and that f : U — V is a linear function, as in
Theorem 4.5.1.

e Then the uniqueness part of Theorem 4.5.1 guarantees that if
A € F"™™ is any matrix that satisfies the property that for all
u € U, we have that

Alulg = [flw) ],

then we in fact have that A = c[ f ]B.
o We will use this observation repeatedly.



@ Reminder:

Proposition 4.1.7

Let U, V, and W be vector spaces over a field F. Then all the

following hold:

@ for all linear functions f, g : U — V/, the function f + g is
linear;

@ for all linear functions f : U — V and scalars o € FF, the
function af : U — V is linear;

@ for all linear functions f : U — V and g : V — W, the
function g o f is linear.




@ Reminder:

Proposition 4.1.7

Let U, V, and W be vector spaces over a field F. Then all the

following hold:

@ for all linear functions f, g : U — V/, the function f + g is
linear;

@ for all linear functions f : U — V and scalars o € FF, the
function af : U — V is linear;

@ for all linear functions f : U — V and g : V — W, the
function g o f is linear.

gof
U 1 1%

@ What about the matrices of sums, scalar multiples, and
compositions of linear functions?

o Next slide!



Theorem 4.5.3

Let U, V, and W be non-trivial, finite-dimensional vector spaces
over a field F. Let B = {by,...,bn,} be a basis of U, let

C ={c1,...,¢c,} be a basis of V, and let D = {dy,...,d,} bea
basis of W. Then all the following hold:

@ for all linear functions f, g : U — V/, the function f + g is
linear, and moreover,

c[ f+g]5 = c[ f]s"_c[g]s;

@ for all linear functions f : U — V and scalars o € F, the
function «af is linear, and moreover,

c[ of ]3 = O‘c[ f ]B;

@ for all linear functions f : U — V and g : V — W, the
function g o f is linear, and moreover,

D[gof]B = D[g}c C[f]B'



Theorem 4.5.3

Let U, V, and W be non-trivial, finite-dimensional vector spaces
over a field F. Let B = {by,...,bn,} be a basis of U, let

C ={c1,...,¢c,} be a basis of V, and let D = {dy,...,d,} bea
basis of W. Then all the following hold:

@ for all linear functions f, g : U — V/, the function f + g is
linear, and moreover,

c[ f+g]5 = c[ f]s"_c[g]s;

@ for all linear functions f : U — V and scalars o € F, the
function «af is linear, and moreover,

c[ of ]3 = O‘c[ f ]B;

@ for all linear functions f : U — V and g : V — W, the
function g o f is linear, and moreover,

D[gof]B = D[g}c C[f]B'

y

@ We prove (c). The proofs of (a) and (b) are left as an exercise.



Theorem 4.5.3

@ for all linear functions f : U — V and g : V — W, the
function g o f is linear, and moreover,

’D[gof]B = D[g}c C[f]B'

C B pl 9 e
U 1% w
T T T
B € D

Proof. The fact that g o f is linear follows from
Proposition 4.1.7(c).



Theorem 4.5.3

@ for all linear functions f : U — V and g : V — W, the
function g o f is linear, and moreover,

’D[gof]B = D[g}c C[f]B'

C B pl 9 e
U 1% w
T T T
B € D

Proof. The fact that g o f is linear follows from
Proposition 4.1.7(c). It remains to show that

pleofls = plele ol fls



Proof (continued).
Claim. For allu € U, we have that

(D[g}c c[f]5> [uls = [(goN) 5.

Proof of the Claim.



Proof (continued).
Claim. For allu € U, we have that

(olele el fls) [uls = [(goN)],.
Proof of the Claim. For all u € U, we have the following:
(oleleclfls) [uls = nlele ([ fls [uly)
= plele [fluw],
= [&(f(w) ],

= [(gof)u) |p-
This proves the Claim. ¢



Proof (continued).
Claim. For allu € U, we have that

(D[g}c c[f]5> [uls = [(gofN) |5



Proof (continued).
Claim. For allu € U, we have that

(D[g}c c[f]5> [uls = [(gofN) |5

The Claim and the uniqueness part of Theorem 4.5.1 now imply
that
plecfly = plele cl fls

which is what we needed to show. [J



Theorem 4.5.3

Let U, V, and W be non-trivial, finite-dimensional vector spaces
over a field F. Let B = {b;,...,b,} be a basis of U, let

C ={c1,...,¢c,} be a basis of V, and let D = {dy,...,dp} bea
basis of W. Then all the following hold:

@ for all linear functions f,g : U — V/, the function f + g is
linear, and moreover,

c[ f+g]5 = c[ f]zg"_c[g]ls;

@ for all linear functions f : U — V and scalars «« € U, the
function af is linear, and moreover,

c[ af ]B = ac[ f ]B;

@ for all linear functions f : U — V and g : V — W, the
function g o f is linear, and moreover,

D[gof]B = D[g}c C[f]B'




@ We have already seen that it is possible to use the standard
matrix of a linear function f : F™ — F" (where F is a field) in
order to determine various properties of f.
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@ Our goal will be to generalize those results to linear functions
between arbitrary non-trivial, finite-dimensional vector spaces
and the matrices of those linear functions (see Theorem 4.5.4
in a couple of slides).



@ We have already seen that it is possible to use the standard
matrix of a linear function f : F™ — F" (where F is a field) in
order to determine various properties of f.

@ Our goal will be to generalize those results to linear functions
between arbitrary non-trivial, finite-dimensional vector spaces
and the matrices of those linear functions (see Theorem 4.5.4
in a couple of slides).

@ Let's first review those old results (and some relevant
definitions).



Definition
Given a linear function f : U — V/, where U and V are vector
spaces over a field I, the kernel of f is defined to be the set

Ker(f) := {ue U] f(u)=0}.

The image of f is the set

Im(f) = {f(u)|ue U}
f

Ker(f) — Im(f)




Definition
Given a linear function f : U — V/, where U and V are vector
spaces over a field I, the kernel of f is defined to be the set

Ker(f) := {ue U] f(u)=0}.

The image of f is the set

Im(f) = {f(u)|ue U}
f

Ker(f) — Im(f)

U v

@ Reminder: By Theorem 4.2.3, Ker(f) is a subspace of U, and
Im(f) is a subspace of V.



Definition
Given a linear function f : U — V/, where U and V are vector
spaces over a field I, the kernel of f is defined to be the set

Ker(f) := {ue U] f(u)=0}.

The image of f is the set

Im(f) = {f(u)|ue U}
f

Ker(f) — Im(f)

U v

v
@ Reminder: By Theorem 4.2.3, Ker(f) is a subspace of U, and

Im(f) is a subspace of V.
e rank(f) := dim(Im(f))



Proposition 4.2.7

Let IF be a field, let £ : "™ — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ rank(f) = rank(A);
@ dim(Ker(f)) = dim(Nul(A)).




Proposition 4.2.7

Let IF be a field, let £ : "™ — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ rank(f) = rank(A);
@ dim(Ker(f)) = dim(Nul(A)).

Theorem 1.10.8

Let IF be a field, let f : "™ — " be a linear function, and let
A € F™™ be the standard matrix of f. Then both the following
hold:

@ f is one-to-one iff rank(A) = m (i.e. A has full column rank);
@ f is onto iff rank(A) = n (i.e. A has full row rank).




Theorem 1.11.9 (abridged)

Let IF be a field, let A € F"*" be a square matrix, and let

f:F" — F" be given by f(x) = Ax for all x € F”. Then f is linear
and its standard matrix is A. Furthermore, the following are
equivalent:

@ f is an isomorphism;
@ A s invertible.

Moreover, in this case, f~ ! is an isomorphism and its standard
matrix is A~1.




Theorem 1.11.9 (abridged)

Let IF be a field, let A € F"*" be a square matrix, and let

f:F" — F" be given by f(x) = Ax for all x € F”. Then f is linear
and its standard matrix is A. Furthermore, the following are
equivalent:

@ f is an isomorphism;
@ A s invertible.

Moreover, in this case, f~ ! is an isomorphism and its standard
matrix is A~1.

@ No matrices, but still relevant to our topic:

Theorem 4.2.4

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.




Theorem 1.11.9 (abridged)

Let IF be a field, let A € F"*" be a square matrix, and let

f:F" — F" be given by f(x) = Ax for all x € F”. Then f is linear
and its standard matrix is A. Furthermore, the following are
equivalent:

@ f is an isomorphism;
@ A s invertible.

Moreover, in this case, f~ ! is an isomorphism and its standard
matrix is A~1.

@ No matrices, but still relevant to our topic:

Theorem 4.2.4

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.

@ Now let's generalize these results!



Theorem 4.5.4

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {bs,...,by} be a basis of U, let

C ={ci1,...,cp} be a basis of V, and let f : U — V be a linear
function.? Then all the following hold:

@ rank(f) = rank(c[ f ]B>;
@ dim(Ker(f)) = dim(Nul( [ £ ],));
@ f is one-to-one iff Nul(c[ f ]B) ={0};
Q@

f is one-to-one iff rank(c[ f ]
has full column rank);

@ f is onto iff rank(c[ f ]B) = n (i.e. the matrix ,[ f |, has
full row rank);

B) = m (i.e. the matrix c[ f ]B

“Note that this means that dim(U) = m, dim(V)) = n, and
C[ f ]B € Frxm.




Theorem 4.5.4 (continued)

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by,...,bn,} be a basis of U, let

C ={ci1,...,cp} be a basis of V, and let f : U — V be a linear
function.? Then all the following hold:

@ f is an isomorphism iff the matrix c[ f ]B is invertible (and in
particular, square);

1
@ if f is an isomorphism, then B[ fF=1 }C: (c[ f }B) )

“Note that this means that dim(U) = m, dim(V) = n, and
C[ f ]B € Fmm.




Theorem 4.5.4 (continued)

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by,...,bn,} be a basis of U, let

C ={ci1,...,cp} be a basis of V, and let f : U — V be a linear
function.? Then all the following hold:

@ f is an isomorphism iff the matrix c[ f ]B is invertible (and in
particular, square);

1
@ if f is an isomorphism, then B[ fF=1 }C: (c[ f }B) )

“Note that this means that dim(U) = m, dim(V) = n, and
C[ f ]B € Fmm.

@ The full proof is in the Lecture Notes.

@ Here, we prove parts (a), (b), (c).



Theorem 4.5.4
@ rank(f) = rank(c[ f ]B);

Proof of (a).



Theorem 4.5.4

Q rank(f):rank(c[ f ]B);

Proof of (a). By Theorem 4.5.1, we have that
lfls = | [fb) Jo oo [ fbm) o ]

We now compute:

rank(f) = dim(Span(f(bl) ..... f(bm)))



Theorem 4.5.4
@ dim(Ker(f)) :dim(Nu|(C[ f ]B));

Proof of (b).




Theorem 4.5.4
@ dim(Ker(f)) :dim(Nu|(C[ f ]B));

Proof of (b). We first observe that

N

rank(f) + dim(Ker(f)) “) dim(U) = m

= rank( [ F ] ) +dim(Nul( [ F]5))
where (*) follows from the rank-nullity theorem for linear

functions, and (**) follows from the rank-nullity theorem for
matrices (since ,| f |, is an n x m matrix).




Theorem 4.5.4
@ dim(Ker(f)) :dim(Nu|(C[ f ]B));

Proof of (b). We first observe that

*

rank(f) + dim(Ker(f)) “) dim(U) = m

N

(+%)

= rank(c[ f ]B) +dim(N“|(c[ f ]3))

where (*) follows from the rank-nullity theorem for linear
functions, and (**) follows from the rank-nullity theorem for
matrices (since ,| f |, is an n x m matrix).

But by (a), we have that rank(f) = rank(c[ f ]B>. Therefore,
dim (Ker(£)) = dim (Nul ([ £ ]5)). O



Theorem 4.5.4

@ f is one-to-one iff Nul(c[ f ]B> ={0};

Proof of (c).



Theorem 4.5.4

@ f is one-to-one iff Nul(c[ f ]B> ={0};

Proof of (c). We have the following sequence of equivalent
statements:

—
*
~

f is one-to-one S Ker(f) = {0}
= dlm(Ker )
o d|m<N ( )) =0
— NuI(C ) — {0},

where (*) follows from Theorem 4.2.4, and (**) follows from
part (b). O



Theorem 4.5.4

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {bs,...,by} be a basis of U, let

C ={ci1,...,cp} be a basis of V, and let f : U — V be a linear
function.? Then all the following hold:

@ rank(f) = rank(c[ f ]B>;
@ dim(Ker(f)) = dim(Nul( [ £ ],));
@ f is one-to-one iff Nul(c[ f ]B) ={0};
Q@

f is one-to-one iff rank(c[ f ]
has full column rank);

@ f is onto iff rank(c[ f ]B) = n (i.e. the matrix ,[ f |, has
full row rank);

B) = m (i.e. the matrix c[ f ]B

“Note that this means that dim(U) = m, dim(V)) = n, and
C[ f ]B € Frxm.




Theorem 4.5.4 (continued)

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {b1,...,bn,} be a basis of U, let

C ={c1,...,cp} be a basis of V, and let f : U — V be a linear
function.? Then all the following hold:

@ f is an isomorphism iff the matrix ,[ f |, is invertible (and in
particular, square);

@ if f is an isomorphism, then B[ F=1 }c = (c[ f }B)_l.

“Note that this means that dim(U) = m, dim(V) = n, and
C[ f ]B e Frxm,




@ Suppose that U and V are non-trivial, finite-dimensional
vector spaces over a field F, that B = {by,...,b,} is a basis
of U, and that C = {c3,...,c,} is a basis of V.



@ Suppose that U and V are non-trivial, finite-dimensional
vector spaces over a field F, that B = {by,...,b,} is a basis
of U, and that C = {c3,...,c,} is a basis of V.

@ By Theorem 4.5.1, to every linear function f : U — V/, we can
associate a unique matrix A € F"*™ (which we denoted by
ol f]g) st forallue U, we have that



@ Suppose that U and V are non-trivial, finite-dimensional
vector spaces over a field F, that B = {by,...,b,} is a basis
of U, and that C = {c3,...,c,} is a basis of V.

@ By Theorem 4.5.1, to every linear function f : U — V/, we can

associate a unique matrix A € F"*™ (which we denoted by
ol f1g) st forallue U, we have that

Alulg = [flw .

@ How about the converse? Is it true that for every matrix
A € ™™ there exists a linear function f : U — V s.t.
A= c[ f ]B?



@ Suppose that U and V are non-trivial, finite-dimensional
vector spaces over a field F, that B = {by,...,b,} is a basis
of U, and that C = {c3,...,c,} is a basis of V.

@ By Theorem 4.5.1, to every linear function f : U — V/, we can

associate a unique matrix A € F"*™ (which we denoted by
ol f1g) st forallue U, we have that

Alulg = [flw .

@ How about the converse? Is it true that for every matrix
A € ™™ there exists a linear function f : U — V s.t.
A= c[ f ]B?

@ As our next proposition shows, this is indeed true, but the
proof is not completely obvious: it relies on several different
theorems that we have proven so far.



Proposition 4.5.5

Let U and V be non-trivial, finite-dimensional vector spaces over a
field I, let B ={by,...,bs,} be a basis of U, and let

C ={ci1,...,c,} be a basis of V. Then for every matrix A € F"*™,
there exists a unique linear function f : U — V st. A= [ f |,.

Proof (outline).



Proposition 4.5.5

Let U and V be non-trivial, finite-dimensional vector spaces over a
field I, let B ={by,...,bs,} be a basis of U, and let

C ={ci1,...,c,} be a basis of V. Then for every matrix A € F"*™,
there exists a unique linear function f : U — V st. A= [ f |,.

Proof (outline). Existence. The basic idea is in the diagram
below. (The full details are in the Lecture Notes.)

fi=frofacfi

ta ey &

=~ e’ el

LT F??I F‘H v

B Em En C



Proposition 4.5.5

Let U and V be non-trivial, finite-dimensional vector spaces over a
field I, let B ={by,...,bs,} be a basis of U, and let

C ={ci1,...,cp} be a basis of V. Then for every matrix A € F"*™,

there exists a unique linear function f : U — V st. A= [ f |,.

Proof (outline, continued). Uniqueness.



Proposition 4.5.5

Let U and V be non-trivial, finite-dimensional vector spaces over a
field I, let B ={by,...,bs,} be a basis of U, and let
C ={ci1,...,cp} be a basis of V. Then for every matrix A € F"*™,

there exists a unique linear function f : U — V st. A= [ f |,.

Proof (outline, continued). Uniqueness. Suppose that
f,g: U — V are linear functions s.t. ,[ f ], =A and

cleglg=A WTSf=g.



Proposition 4.5.5

Let U and V be non-trivial, finite-dimensional vector spaces over a
field I, let B ={by,...,bs,} be a basis of U, and let

C ={ci1,...,cp} be a basis of V. Then for every matrix A € F"*™,
there exists a unique linear function f : U — V st. A= [ f |,.

Proof (outline, continued). Uniqueness. Suppose that
f,g: U — V are linear functions s.t. ,[ f ], =A and

c[ g }B =A. WTS f = g. First of all, note that Vi € {1,..., m}:



Proposition 4.5.5

Let U and V be non-trivial, finite-dimensional vector spaces over a
field I, let B ={by,...,bs,} be a basis of U, and let

C ={ci1,...,cp} be a basis of V. Then for every matrix A € F"*™,
there exists a unique linear function f : U — V st. A= [ f |,.

Proof (outline, continued). Uniqueness. Suppose that
f,g: U — V are linear functions s.t. ,[ f ], =A and

c[ g }B =A. WTS f = g. First of all, note that Vi € {1,..., m}:

[f(b')]c = c[f]g [b']B = c[g]zs [b’}B = [g(b')]c7

and consequently, f(b;) = g(b;) (because [ - |,:V —F"is an
isomorphism and therefore one-to-one).



Proposition 4.5.5

Let U and V be non-trivial, finite-dimensional vector spaces over a
field I, let B ={by,...,bs,} be a basis of U, and let

C ={ci1,...,cp} be a basis of V. Then for every matrix A € F"*™,
there exists a unique linear function f : U — V st. A= [ f |,.

Proof (outline, continued). Uniqueness. Suppose that
f,g: U — V are linear functions s.t. ,[ f ], =A and

c[ g }B =A. WTS f = g. First of all, note that Vi € {1,..., m}:

[f(b')]c = c[f]g [b']B = c[g]zs [b’}B = [g(b')]c7

and consequently, f(b;) = g(b;) (because [ - |,:V —F"is an
isomorphism and therefore one-to-one). But now since

B ={bi,...,by} is a basis of U and f,g : U — V are linear, the
uniqueness part of Theorem 4.3.2 guarantees that f = g. [J



Theorem 4.5.1

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by,...,bn,} be a basis of U, let
C ={c1,...,cp} be a basis of V, and let f : U — V be a linear
function. Then exists a unique matrix in F"*™ denoted by

[ f ]B and called the matrix of f with respect to B and C, s.t.
f%r all u € U, we have that

c[f]s [U}B = [f(“)]C'

Moreover, the matrix ,[ f ], is given by

lflsg = [[Ffb) ] .. [Flbm) ] ]

Proposition 4.5.5

Let U and V be non-trivial, finite-dimensional vector spaces over a
field IF, let B ={b1,...,by} be a basis of U, and let

C ={ci1,...,cp} be a basis of V. Then for every matrix A € F"*™,
there exists a unique linear function f: U — V st. A= [ f |,.




@ Remark: Suppose that U and V are non-trivial,
finite-dimensional vector spaces over a field IF, and recall that
Hom(U, V), the set of all linear functions from U to V, is a
vector space over the field ' (vector addition and scalar
multiplication in this vector space are the usual addition and
scalar multiplication of functions).



@ Remark: Suppose that U and V are non-trivial,
finite-dimensional vector spaces over a field IF, and recall that
Hom(U, V), the set of all linear functions from U to V, is a
vector space over the field ' (vector addition and scalar
multiplication in this vector space are the usual addition and
scalar multiplication of functions).

e Set m:=dim(U) and n:=dim(V), and let B={by,...,by}
and C ={cy,...,c,} be bases of U and V, respectively.



@ Remark: Suppose that U and V are non-trivial,
finite-dimensional vector spaces over a field IF, and recall that
Hom(U, V), the set of all linear functions from U to V, is a
vector space over the field ' (vector addition and scalar
multiplication in this vector space are the usual addition and
scalar multiplication of functions).

e Set m:=dim(U) and n:=dim(V), and let B={by,...,by}
and C = {cy,...,cp} be bases of U and V, respectively.

@ By Theorem 4.5.1 and Proposition 4.5.5,
¢l - ]z Hom(U, V) — F™™ is a bijection, and by
Theorem 4.5.3(a-b), it is also a linear function.



@ Remark: Suppose that U and V are non-trivial,
finite-dimensional vector spaces over a field IF, and recall that
Hom(U, V), the set of all linear functions from U to V, is a
vector space over the field ' (vector addition and scalar
multiplication in this vector space are the usual addition and
scalar multiplication of functions).

e Set m:=dim(U) and n:=dim(V), and let B={by,...,by}
and C = {cy,...,cp} be bases of U and V, respectively.

@ By Theorem 4.5.1 and Proposition 4.5.5,
¢l - ]z Hom(U, V) — F™™ is a bijection, and by
Theorem 4.5.3(a-b), it is also a linear function.

@ So, ,[ - ]z :Hom(U,V) —F™" is in fact an isomorphism.



@ Remark: Suppose that U and V are non-trivial,
finite-dimensional vector spaces over a field IF, and recall that
Hom(U, V), the set of all linear functions from U to V, is a
vector space over the field ' (vector addition and scalar
multiplication in this vector space are the usual addition and
scalar multiplication of functions).

e Set m:=dim(U) and n:=dim(V), and let B={by,...,by}
and C = {cy,...,cp} be bases of U and V, respectively.

@ By Theorem 4.5.1 and Proposition 4.5.5,
¢l - ]z Hom(U, V) — F™™ is a bijection, and by
Theorem 4.5.3(a-b), it is also a linear function.

@ So, ,[ - ]z :Hom(U,V) —F™" is in fact an isomorphism.

@ By Theorem 4.2.14(c), it follows that
dim (Hom(U, V)) = dim(F"*™) = nm.



@ Change of basis (transition) matrices



@ Change of basis (transition) matrices

Definition

Given a non-trivial, finite-dimensional vector space V over a field FF,
and bases B and C of V/, we call the matrix ,[ Idv ], the change
of basis matrix from B to C or the transition matrix from B to C.




@ Change of basis (transition) matrices

Definition

Given a non-trivial, finite-dimensional vector space V over a field FF,
and bases B and C of V/, we call the matrix ,[ Idv ], the change
of basis matrix from B to C or the transition matrix from B to C.

Proposition 4.5.6

Let V be a non-trivial, finite-dimensional vector space over a field
F, and let B={bs,...,b,} and C = {cy,...,c,} be bases of V.
Then the change of basis matrix ,[ Idy |, satisfies:

clldv ]y [v]g = [v], weV.

Moreover, this matrix is given by the formula

clldv ], = [[bi]. o [ba].].




Proposition 4.5.6

Let V be a non-trivial, finite-dimensional vector space over a field
F, and let B={by,...,b,} and C = {c1,...,c,} be bases of V.
Then the change of basis matrix ,[ Idy |, satisfies:

v g [vl]g = [v] WeV.
Moreover, this matrix is given by the formula
C[IdV]B = [[bl]c [b"]c}'

Proof.



Proposition 4.5.6

Let V be a non-trivial, finite-dimensional vector space over a field
F, and let B={by,...,b,} and C = {c1,...,c,} be bases of V.
Then the change of basis matrix ,[ Idy |, satisfies:

C[IdV]B[V]B: ["]c WeV.

Moreover, this matrix is given by the formula

C[IdV]B = [[bl]c [b"]c}'

Proof. The first statement follows straight from the definition of a
change of basis matrix; indeed, for all vectors v € V, we have that

c[ldV}B [V]B = [IdV(")]c = [V]C'



Proposition 4.5.6

Let V be a non-trivial, finite-dimensional vector space over a field
F, and let B={by,...,b,} and C = {c1,...,c,} be bases of V.
Then the change of basis matrix ,[ Idy |, satisfies:

C[IdV]B[V]B: ["]c WeV.

Moreover, this matrix is given by the formula

clldv], = [[b], o [ba].].

Proof (continued). For the second statement, we observe that

iy Ty @ [ [dvby) ] oo [Mdv(by) ], ]

= [[bade oo [ba]c]

where (*) follows from Theorem 4.5.1. [J

N>



Proposition 4.5.7

Let V be a non-trivial, finite-dimensional vector space over a field
F, and let B={by,...,b,} and C = {cy,...,c,} be bases of V.
Then the change of basis matrices ,[ Idy |, and [ Idy |, are
invertible, and moreover, they are each other's inverses.

Proof.



Proposition 4.5.7

Let V be a non-trivial, finite-dimensional vector space over a field
F, and let B={by,...,b,} and C = {cy,...,c,} be bases of V.
Then the change of basis matrices ,[ Idy |, and [ Idy |, are
invertible, and moreover, they are each other's inverses.

Proof. Clearly, Idy : V — V is an isomorphism, and so by
Theorem 4.5.4(f), matrices [ Idv ], and [ Idy |, are both
invertible. Moreover,

el v ]y 2 c[ld;l 15 ) (B[|dv ]c)il’

where (*) follows from the fact that Id,' = Idy, and (**) follows
from Theorem 4.5.4(g). This completes the argument. [

—



@ For the special case of F” (where F is a field), we get a nice
formula for change of basis matrices (below).



@ For the special case of F” (where F is a field), we get a nice
formula for change of basis matrices (below).

Theorem 4.5.9
Let F be a field, and let B = {by,...,b,} and C = {c1,...,c,} be
two bases of F”. Set B:=[ by ... b, | and
C:=[c ... c,]. Then the matrix c[ Idgn ]B is invertible, and
it is given by the formula

Jldem ], = CIB




@ For the special case of F” (where F is a field), we get a nice
formula for change of basis matrices (below).

Theorem 4.5.9
Let F be a field, and let B = {by,...,b,} and C = {c1,...,c,} be

two bases of F”. Set B:=[ by ... b, | and
C:=[c ... c,]. Then the matrix c[ Idgn ]B is invertible, and
it is given by the formula

e ], = C1B.

@ To prove Theorem 4.5.9, we need a technical lemma.




Lemma 4.5.8

Let F be a field, let £, = {e1,...,e,} be the standard basis of F”,
and let B = {by,...,b,} be any basis of F". Set
B:=[ by ... b, |. Then Bis invertible, and moreover,

e[ lden ], = B and gllde ], = B

n

Proof.



Lemma 4.5.8

Let F be a field, let £, = {e1,...,e,} be the standard basis of F”,
and let B = {by,...,b,} be any basis of F". Set
B:=[ by ... b, |. Then Bis invertible, and moreover,

e[ lden ], = B and gllde ], = B

n

Proof. Let us first prove that e [ Idgn ]B = B.



Lemma 4.5.8

Let F be a field, let £, = {e1,...,e,} be the standard basis of F”,
and let B = {by,...,b,} be any basis of F". Set
B:=[ by ... b, |. Then Bis invertible, and moreover,

e[ lden ], = B and gllde ], = B

n

Proof. Let us first prove that e [ Idgn ]B = B. In view of the
uniqueness part of Theorem 4.5.1, it suffices to show that Vv € F":
B[ v ]B = [ v ]g :

n



Lemma 4.5.8

Let F be a field, let £, = {e1,...,e,} be the standard basis of F”,
and let B = {by,...,b,} be any basis of F". Set
B:=[ by ... b, |. Then Bis invertible, and moreover,

e[ lden ], = B and gllde ], = B

n

Proof. Let us first prove that e [ Idgn ]B = B. In view of the
uniqueness part of Theorem 4.5.1, it suffices to show that Vv € F":
B[ v ]B: [ v ]g . So, fix a vector v € F", and set

[V]B:[ﬂl oo Bn ]T, so that v = G1by + - + B,b,.



Lemma 4.5.8

Let F be a field, let £, = {e1,...,e,} be the standard basis of F”,
and let B = {by,...,b,} be any basis of F". Set
B:=[ by ... b, |. Then Bis invertible, and moreover,

e[ lden ], = B and gllde ], = B

n

Proof. Let us first prove that e [ Idgn ]B = B. In view of the
uniqueness part of Theorem 4.5.1, it suffices to show that Vv € F":

B[ v ]B: [ v ]En' So, fix a vector v € F”, and set

[v]g=[6 ... Ba] sothatv=piby+--+ B,b, Then
b1 .

B[V}B = [bl bn} = Z:lﬁlbl = Vv = [v]fn'
Bn .

This proves that [ Idgw ]B = B.



Lemma 4.5.8

Let F be a field, let £, = {e1,...,e,} be the standard basis of F”,
and let B = {by,...,b,} be any basis of F". Set
B:=[ by ... b, |. Then Bis invertible, and moreover,

gl ], = B and gl lde ], = B7L

Proof (continued). Reminder: , [ Idp. |, = B.



Lemma 4.5.8

Let F be a field, let £, = {e1,...,e,} be the standard basis of F”,
and let B = {by,...,b,} be any basis of F". Set
B:=[ by ... b, |. Then Bis invertible, and moreover,

gl ], = B and gl lde ], = B7L

Proof (continued). Reminder: , [ Idp. |, = B.

The fact that B is invertible and that
follows from Proposition 4.5.7. [

B[ Idpn }g = B! now



Theorem 4.5.9

Let IF be a field, and let B = {by,...,b,} and C = {c1,...,cp} be
two bases of F”. Set B:=|[ b; ... b, | and
C:=[ec ... c,]. Then the matrix c[ Idgn ]B is invertible, and
it is given by the formula

e ], = ClB.

Proof.



Theorem 4.5.9

Let IF be a field, and let B = {by,...,b,} and C = {c1,...,cp} be

two bases of F”. Set B:=|[ b; ... b, | and
C:=[ec ... c,]. Then the matrix c[ Idgn ]B is invertible, and
it is given by the formula

Jldm ], = C7'B

Proof. The fact that c[ Idgn ] is invertible follows from
Proposition 4.5.7. To prove that the formula for this matrix is
correct, we observe that

—
*
~

C[ld[pn }B = C[ld[gnold[pn }B = C[ld[pn L‘:n Sn[ld]yn ]B

@ c-1p,

where (*) follows from Theorem 4.5.3, and (**) follows from
Lemma 4.5.8. U



@ The following proposition is simply a special case of
Theorem 4.5.3(c), but it is used for computation particularly
often.



@ The following proposition is simply a special case of

Theorem 4.5.3(c), but it is used for computation particularly
often.

Proposition 4.5.10

Let U and V be non-trivial, finite-dimensional vector spaces over a
field I, let By and B> be bases of U, let C; and C> be bases of V/,
and let f : U — V be a linear function. Then

Cz[ f }Bz = Cz[ Idy o foldy ]82

= cz[ Idv }cl cl[ f ]31 Bl[ Idy ]52

Proof. This follows immediately from Theorem 4.5.3(c). O




@ Let us now return to the linear function f from Example 4.5.2:
we would like to compute its standard matrix.



@ Let us now return to the linear function f from Example 4.5.2:
we would like to compute its standard matrix.

Example 4.5.11

1 1
0’1
unique linear function f : R? — R? that satisfies the following:

AlD-[3F eai)-[3)

Compute the standard matrix of the linear function f.

Consider the basis B = { l ] } of R?, and consider the




Solution. In Example 4.5.2, we saw that [ f |, = { (1) g }
Now, we set B := (1) i 1 and we compute B~ 1:{ - ]

Then the standard matrix of f is

el fle = ollde ]y 5 Fls [ M ], by Prop. 4510

f ]B B! by Lemma 4.5.8

S0, the columns of B are the vectors of the basis B, arranged from left to
right in the order in which they appear in B.



Solution (continued). Reminder: [ f |, = [

2 |

1
0



Solution (continued). Reminder: [ f |, = [ (1) ; }

Optional: Let us check that our answer is correct. Indeed, we
have that

Lo ]lol=[o]=r([s])
*Loa )= )= ])

So, our answer is correct. [J



@ Our next proposition essentially states that change of basis
matrices are precisely the invertible matrices.



@ Our next proposition essentially states that change of basis
matrices are precisely the invertible matrices.

Proposition 4.5.12

Let IF be a field, let A € F"™*" be a matrix, and let V be any
n-dimensional vector space over the field F. Then the following are
equivalent:

@ A is invertible;

@ for all bases B of V/, there exists a basis C of V s.t.

A=, [ ldv ]z
@ for all bases C of V, there exists a basis B of V s.t.
A= [ ldv |

@ there exist bases B and C of V s.t. A= c[ Idy ]B.




Proof. Clearly, it is enough to prove the implications shown in the
diagram below.



Proof. Clearly, it is enough to prove the implications shown in the
diagram below.

(a)

21N

(0) == (d) &= (¢

Since V has at least one n-element basis (because dim(V) = n),
we see that (b) implies (d), and that (c) implies (d).



Proof. Clearly, it is enough to prove the implications shown in the
diagram below.

(a)

21N

(0) == (d) &= (¢

Since V has at least one n-element basis (because dim(V) = n),
we see that (b) implies (d), and that (c) implies (d). Further, by
Proposition 4.5.7, (d) implies (a).



Proof. Clearly, it is enough to prove the implications shown in the
diagram below.

(a)

21N

(0) == (d) &= (¢

Since V has at least one n-element basis (because dim(V) = n),
we see that (b) implies (d), and that (c) implies (d). Further, by
Proposition 4.5.7, (d) implies (a). It remains to show that (a)
implies (b) and (c).



Proof. Clearly, it is enough to prove the implications shown in the
diagram below.

(a)

21N

(0) == (d) &= (¢

Since V has at least one n-element basis (because dim(V) = n),
we see that (b) implies (d), and that (c) implies (d). Further, by
Proposition 4.5.7, (d) implies (a). It remains to show that (a)
implies (b) and (c). We prove the former; the proof of the latter is
similar and is left as an exercise.



Proof (continued). So, assume that (a) is true; we must prove (b).



Proof (continued). So, assume that (a) is true; we must prove (b).

Fix any basis B = {by,...,b,} of V; we must construct a basis
C={c1,...,cpfof Vst. A= [ ldy |



Proof (continued). So, assume that (a) is true; we must prove (b).

Fix any basis B = {by,...,b,} of V; we must construct a basis
C={c1,...,cpfof Vst. A= [ ldy |

Using Proposition 4.5.5, we let f : V — V be the (unique) linear
function s.t. A= [ f ],



Proof (continued). So, assume that (a) is true; we must prove (b).
Fix any basis B = {by,...,b,} of V; we must construct a basis
C={c1,...,cpfof Vst. A= [ ldy |

Using Proposition 4.5.5, we let f : V — V be the (unique) linear
function s.t. A= [ f ],

Since A is invertible, Theorem 4.5.4(f) guarantees that f is an
isomorphism.



Proof (continued). So, assume that (a) is true; we must prove (b).

Fix any basis B = {by,...,b,} of V; we must construct a basis
C={c1,...,cpfof Vst. A= [ ldy |

Using Proposition 4.5.5, we let f : V — V be the (unique) linear
function s.t. A= [ f ],

Since A is invertible, Theorem 4.5.4(f) guarantees that f is an
isomorphism. Then by Proposition 4.4.1, f~1: V — V is also an
isomorphism.
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Using Proposition 4.5.5, we let f : V — V be the (unique) linear
function s.t. A= [ f ],

Since A is invertible, Theorem 4.5.4(f) guarantees that f is an
isomorphism. Then by Proposition 4.4.1, f~1: V — V is also an
isomorphism. For each index i € {1,...,n}, we set



Proof (continued). So, assume that (a) is true; we must prove (b).

Fix any basis B = {by,...,b,} of V; we must construct a basis
C={c1,...,cpfof Vst. A= [ ldy |

Using Proposition 4.5.5, we let f : V — V be the (unique) linear
function s.t. A= [ f ],

Since A is invertible, Theorem 4.5.4(f) guarantees that f is an
isomorphism. Then by Proposition 4.4.1, f~1: V — V is also an
isomorphism. For each index i € {1,...,n}, we set

C;, = fﬁl(b;).

Since f~1: V — Vis an isomorphism and B = {bs,...,b,} is a
basis of V/, Theorem 4.4.4(c) implies that
{f~1(by),...,fY(by)} = {c1,...,€,} =: C is also a basis of V.
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C={c1,....cal = {F1(b1),.... (b))



Proof (continued). Reminder: A— [ Idy

Is
C={c1,....cal = {F1(b1),.... (b))

Now, we claim that A = c[ Idy ]B.



Proof (continued). Reminder: A— [ Idy
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C={c1,...,cp} = {f1(b1),...,f (b, )}
Now, we claim that A = c[ Idy ]B. First, we note that
clldv ]y = [ flof]

= c[ f1 }B B[ f }B by Theorem 4.5.3(c)



Proof (continued). Reminder: A— [ Idy

Is
C={c1,....cal = {F1(b1),.... (b))

Now, we claim that A = c[ Idy ]B. First, we note that

c[ldV ]B = [f_lof}zs

= C[ f1 }B B[ f }B by Theorem 4.5.3(c)

A

= A

It now suffices to show that c[ 1 ]B = [,, for it will then
immediately follow that A = c[ Idy ]B, which is what we need.



Proof (continued). Reminder: A— [ Idy

Is
C={c1,....cal = {F1(b1),.... (b))

Now, we claim that A = c[ Idy ]B. First, we note that

c[ldV ]B = [f_lof}zs

= C[ f1 }B B[ f }B by Theorem 4.5.3(c)

A

= c[ fl }B A.
It now suffices to show that c[ 1 ]B = [,, for it will then

immediately follow that A = c[ Idy ]B, which is what we need. We
compute (next slide):



Proof (continued). Reminder: B = {by,...,b,},
C={c1,...,cp} = {fYb1),...,f1(b,)}.

—

*

c[ f }B = [ [ f1(b1) ]c [ f~1(bn) ]c ]

= [lale - [el]

(g)

~

[el ... er] = Iy,

where (*) follows from Theorem 4.5.1, and (**) follows from
Proposition 3.2.9. This proves (b), and we are done. [J
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© Similar matrices

Definition

Let F be a field. Given matrices A, B € F™ ", we say that A is
similar to B if there exists an invertible matrix P € F"*" s t.
B =P lAP.

e By Proposition 4.5.13 (below), matrix similarity is an
equivalence relation on F"*".

Proposition 4.5.13

Let F be a field. Then all the following hold:

@ VA F™" Ais similar to A;

@ VA, BeF™" if Aissimilar to B, then B is similar to A;

@ VA, B,C e F™" if Ais similar to B and B is similar to C,
then A is similar to C.
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then A is similar to C.
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Let F be a field. Then all the following hold:

@ VA F™" Ais similar to A;

@ VA, BeF™" if Aissimilar to B, then B is similar to A;
@ VA, B,C e F™" if Ais similar to B and B is similar to C,

then A is similar to C.

Proof. (a) Fix a matrix A € F™". Then A = I, Al,, and it
follows that A is similar to itself.
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Let F be a field. Then all the following hold:

@ VA F™" Ais similar to A;

@ VA, BeF™" if Aissimilar to B, then B is similar to A;

@ VA, B,C e F™" if Ais similar to B and B is similar to C,
then A is similar to C.

Proof. (a) Fix a matrix A € F™". Then A = I, Al,, and it
follows that A is similar to itself.

(b) Fix a matrices A, B € F"*", and assume that A is similar to B.



Proposition 4.5.13

Let F be a field. Then all the following hold:

@ VA F™" Ais similar to A;

@ VA, BeF™" if Aissimilar to B, then B is similar to A;

@ VA, B,C e F™" if Ais similar to B and B is similar to C,
then A is similar to C.

Proof. (a) Fix a matrix A € F™". Then A = I, Al,, and it
follows that A is similar to itself.

(b) Fix a matrices A, B € F"*", and assume that A is similar to B.
Then there exists an invertible matrix P € F™" s.t. B = P 1AP.



Proposition 4.5.13

Let F be a field. Then all the following hold:

@ VA F™" Ais similar to A;

@ VA, BeF™" if Aissimilar to B, then B is similar to A;

@ VA, B,C e F™" if Ais similar to B and B is similar to C,
then A is similar to C.

Proof. (a) Fix a matrix A € F™". Then A = I, Al,, and it
follows that A is similar to itself.
(b) Fix a matrices A, B € F"*", and assume that A is similar to B.

Then there exists an invertible matrix P € F"™*" s.t. B= P~1AP.
But then A= PBP~! = (P~1)~1BP~1, and it follows that B is

similar to A.



Proposition 4.5.13

@ VA,B,C e F™" if Ais similar to B and B is similar to C,
then A is similar to C.

Proof (continued). (c) Fix matrices A, B, C € F"™", and assume
that A is similar to B and that B is similar to C. Then there exist
invertible matrices P, Q € F"*" s.t. B= P~1AP and
C = Q'BQ. But now
C = Q'BQ

= QYPAP)Q

= (Q'PHA(PQ)

= (PQ)A(PQ),

and it follows that A is similar to C. O
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e Remark: By Proposition 4.5.13(b), the similarity relation on
F"*" (where F is a field) is symmetric.
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Proposition 4.5.13

Let IF be a field. Then all the following hold:

@ VA F™" Ais similar to A;

@ VA, BeF™" if Aissimilar to B, then B is similar to A;

@ VA B,C e F™" if Aissimilar to B and B is similar to C,
then A is similar to C.

e Remark: By Proposition 4.5.13(b), the similarity relation on
F"*" (where F is a field) is symmetric.
o Consequently, we may speak of matrices A, B € F"*" as being
similar or not being similar to each other.
e In particular, in what follows, we will often write something
like “let A, B € F™ " be similar matrices.”
@ This means that A is similar to B and vice versa.



Proposition 4.5.14

Let F be a field, and let A, B € F™*" be similar matrices, say

B = P~1AP for some invertible matrix P € F™". Then A is
invertible iff B is invertible, and in this case, B~ = P~1A~1P and
Al =pp-lp-1

Proof.



Proposition 4.5.14

Let F be a field, and let A, B € F™*" be similar matrices, say

B = P~1AP for some invertible matrix P € F™". Then A is
invertible iff B is invertible, and in this case, B~ = P~1A~1P and
Al =pp-lp-1

Proof. Since B = P~1AP, we have that A= PBP~!. Since P and
P~1 are invertible, Proposition 1.11.8(e) guarantees that A is
invertible iff B is invertible. Suppose now that A and B are
invertible. Then

Bl = (P'AP)! = PlAT(PH)l = plalp

But now since B! = P71A71P, we immediately get that
A=l = PB~'P~1. This completes the argument. [J



Proposition 4.5.14

Let IF be a field, and let A, B € F"*" be similar matrices, say

B = P~1AP for some invertible matrix P € F™". Then A is
invertible iff B is invertible, and in this case, B~ = P~1A=1P and
A"l =pp-1p-1




Proposition 4.5.14

Let IF be a field, and let A, B € F"*" be similar matrices, say

B = P~1AP for some invertible matrix P € F™". Then A is
invertible iff B is invertible, and in this case, B~ = P~1A=1P and
A"l =pp-1p-1

Proposition 4.5.15

Let F be a field, and let A, B € F"*" be similar matrices, say
B = P~1AP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B™ = P~1A™P, and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible,? then we in fact have that B™ = P~1A™P for all
integers m.

?By Proposition 4.5.14, A is invertible iff B is invertible.




Proposition 4.5.15

Let F be a field, and let A, B € F™*" be similar matrices, say

B = P~ AP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B = P"1A™P, and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof.
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Let F be a field, and let A, B € F™*" be similar matrices, say

B = P~ AP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B = P"1A™P, and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof. We first prove that B™ = P~1A™P for all non-negative
integers m.



Proposition 4.5.15

Let F be a field, and let A, B € F™*" be similar matrices, say

B = P~ AP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B = P"1A™P, and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof. We first prove that B™ = P~1A™P for all non-negative
integers m. We proceed by induction on m.
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Let F be a field, and let A, B € F™*" be similar matrices, say

B = P~ AP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B = P"1A™P, and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof. We first prove that B™ = P~1A™P for all non-negative
integers m. We proceed by induction on m.

For m = 0, we note that B® = /, and
P~1A°P = Pp~11,P = P71P = I,, and so B® = P71AOP.



Proposition 4.5.15

Let F be a field, and let A, B € F™*" be similar matrices, say

B = P~ AP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B = P"1A™P, and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof. We first prove that B™ = P~1A™P for all non-negative
integers m. We proceed by induction on m.

For m = 0, we note that B® = /, and
P~1A°P = Pp~11,P = P71P = I,, and so B® = P71AOP.

Now, fix a non-negative integer m, and assume inductively that
B™ = P~1AMP. We then have that (next slide):



Proposition 4.5.15

Let F be a field, and let A, B € F"*" be similar matrices, say

B = P~1AP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B™ = P~1A™P, and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof (continued).

ind._hyp.

Bmtt = B™B (P*ATP)(P'AP)
N M —

=Bm =B

= PlAm(PP HAP

=1,
—  PlAmAP = plamilp,

This completes the induction.



Proposition 4.5.15

Let IF be a field, and let A, B € F"*" be similar matrices, say

B = P~LAP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B” = P~1A™P and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof (continued). Reminder: B™ = P~1A™P ¥m € Nj.




Proposition 4.5.15

Let IF be a field, and let A, B € F"*" be similar matrices, say

B = P~LAP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B” = P~1A™P and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof (continued). Reminder: B™ = P~1A™P ¥m € Nj.

Assume now that A and B are invertible.



Proposition 4.5.15

Let IF be a field, and let A, B € F"*" be similar matrices, say

B = P~LAP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B” = P~1A™P and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof (continued). Reminder: B™ = P~1A™P ¥m € Nj.

Assume now that A and B are invertible. By Proposition 4.5.14,
we have that B~1 = p~1A1p.



Proposition 4.5.15

Let IF be a field, and let A, B € F"*" be similar matrices, say

B = P~LAP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B” = P~1A™P and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof (continued). Reminder: B™ = P~1A™P ¥m € Nj.

Assume now that A and B are invertible. By Proposition 4.5.14,
we have that B~ = P~1A=1P. But now by an argument
completely analogous to the above, we get that for all nonegative
integers m, we have that (B=1)™ = P71(A=1)™P, that is,

B~—m =P lA—TP.



Proposition 4.5.15

Let IF be a field, and let A, B € F"*" be similar matrices, say

B = P~LAP for some invertible matrix P € F"*". Then for all
non-negative integers m, we have that B” = P~1A™P and in
particular, A™ and B™ are similar. Moreover, if A and B are
invertible, then we in fact have that B™ = P~1A™P for all integers
m.

Proof (continued). Reminder: B™ = P~1A™P ¥m € Nj.

Assume now that A and B are invertible. By Proposition 4.5.14,
we have that B~ = P~1A=1P. But now by an argument
completely analogous to the above, we get that for all nonegative
integers m, we have that (B=1)™ = P71(A=1)™P, that is,

B—™ = P~1A—-mP_ Combined with the above, this implies that
B™ = P~1A™P for all integers m. [J



@ Our next theorem essentially states that two n x n matrices
are similar iff they represent the same linear function from an
n-dimensional vector space to itself, but possibly with respect
to different bases.



@ Our next theorem essentially states that two n x n matrices
are similar iff they represent the same linear function from an
n-dimensional vector space to itself, but possibly with respect
to different bases.

Theorem 4.5.16

Let IF be a field, let B, C € F"*" be matrices, and let V be an

n-dimensional vector space over the field IF. Then the following are

equivalent:

@ B and C are similar;

@ for all bases B of V and linear functions f : V — V s.t.
B= B[ f ]B, there exists a basis C of V s.t. C = c[ f ]C;

@ for all bases C of V and linear functions f : V — V s.t.
C= c[ f }c' there exists a basis B of V s.t. B = B[ f }B;

@ there exist bases B and C of V and a linear function
f:V—=Vst. B:B[ f]Band C:C[ f]c.




Proof. Clearly, it is enough to prove the implications shown in the
diagram below.

(a)

A1\

(b) == (d) &= (¢)



Proof. Clearly, it is enough to prove the implications shown in the
diagram below.

(a)

A1\

(b) == (d) &= (¢)

But since matrix similarity in F"*" is symmetric (by

Proposition 4.5.13(b)), the proofs of the implications

“(a) = (b)" and "“(a) = (c)" are completely analogous, as are
the proofs of the implications “(b) = (d)" and “(c) = (d)."



Proof. Clearly, it is enough to prove the implications shown in the
diagram below.

(a)

A1\

(b) == (d) &= (¢)

But since matrix similarity in F"*" is symmetric (by

Proposition 4.5.13(b)), the proofs of the implications

“(a) = (b)" and "“(a) = (c)" are completely analogous, as are
the proofs of the implications “(b) = (d)" and “(c) = (d)."

So, it is enough to prove the implications shown in the diagram
below.



Proof (continued). First, we assume (a) and prove (c).



Proof (continued). First, we assume (a) and prove (c). Assume
that C is a basis of V and that f : V — V is a linear function s.t.

C:c[ f}C'



Proof (continued). First, we assume (a) and prove (c). Assume
that C is a basis of V and that f : V — V is a linear function s.t.

C:C[ f }C. WTS there exists a basis B of V s.t. B:B[ f ]B.



Proof (continued). First, we assume (a) and prove (c). Assume
that C is a basis of V and that f : V — V is a linear function s.t.
C=,[ f ].. WTS there exists a basis B of V st. B= [ f |,.
By (a), matrices B and C are similar, which by definition means
that there exists an invertible matrix P € F"™*" st. B= P~1CP.



Proof (continued). First, we assume (a) and prove (c). Assume
that C is a basis of V and that f : V — V is a linear function s.t.
C=,[ f ].. WTS there exists a basis B of V st. B= [ f |,.
By (a), matrices B and C are similar, which by definition means
that there exists an invertible matrix P € F"™*" st. B= P~1CP.
Since P is invertible, Proposition 4.5.12 guarantees that there
exists a basis B of V' s.t. P= [ ldv |.



Proof (continued). First, we assume (a) and prove (c). Assume
that C is a basis of V and that f : V — V is a linear function s.t.
C=,[ f ].. WTS there exists a basis B of V st. B= [ f |,.
By (a), matrices B and C are similar, which by definition means
that there exists an invertible matrix P € F"™*" st. B= P~1CP.
Since P is invertible, Proposition 4.5.12 guarantees that there
exists a basis B of V' s.t. P= [ Idv |,. But now we have that

B = PCP = (c[ldv ]B>_1c[f]c el ldv ],

—
*
~

2 gl e o[ F e [ v ]
() gl ldvefoldy [ = [ f]g,

where (*) follows from Proposition 4.5.7, and (**) follows from
Theorem 4.5.3(c). This proves (c).



Proof (continued). Next, we assume (c) and prove (d).



Proof (continued). Next, we assume (c) and prove (d). Since V is
an n-dimensional vector space, it has a basis C of size n.



Proof (continued). Next, we assume (c) and prove (d). Since V is
an n-dimensional vector space, it has a basis C of size n. Next, by
Proposition 4.5.5, there exists a (unique) linear function
f:V—=Vst. C=,[f],.



Proof (continued). Next, we assume (c) and prove (d). Since V is
an n-dimensional vector space, it has a basis C of size n. Next, by
Proposition 4.5.5, there exists a (unique) linear function

f:V—= Vst C=,[f], Butthen by (c), there exists a basis

Bof Vst. B= [ f ], This proves (d).



Proof (continued). Next, we assume (c) and prove (d). Since V is
an n-dimensional vector space, it has a basis C of size n. Next, by
Proposition 4.5.5, there exists a (unique) linear function

f:V—= Vst C=,[f], Butthen by (c), there exists a basis

Bof Vst. B= [ f ], This proves (d).

e Remark: The implication “(c) = (d)" may seem trivial, but
in fact it is not!

o To get this implication, we need to make sure that (c) is not
just “vacuously true” due to there not existing any C and f s.t.
C= c[ f }c

e The existence of the basis C follows immediately from
dimension considerations, but the existence of a linear function
f:V—= Vst C=,[f ], only follows from the not entirely
trivial Proposition 4.5.5.



Proof (continued). Finally, we assume (d) and prove (a).



Proof (continued). Finally, we assume (d) and prove (a).
Using (d), we fix bases B and C of V and a linear function

f:V%Vs.t.B:B[f]BandC:C[f}c.



Proof (continued). Finally, we assume (d) and prove (a).
Using (d), we fix bases B and C of V and a linear function
f:V-=Vst B:B[ f ]B and C:C[ f }C. Set P::B[ Idy ]c.



Proof (continued). Finally, we assume (d) and prove (a).

Using (d), we fix bases B and C of V and a linear function
f:V-=Vst B:B[ f ]B and C:C[ f }C. Set P::B[ Idy ]c.
By Proposition 4.5.7, P is invertible and satisfies P~! = c[ Idy ]B.
We now compute:

PiBP = [ldv |z gl flg gl v ],

g C[ld\/ofoldv ]C

Il
a
—

-
-
a

Il

i)

where (*) follows from Theorem 4.5.3(c). So, B and C are similar.
This proves (a), and we are done. [J



Theorem 4.5.16

Let IF be a field, let B, C € F"*" be matrices, and let V be an
n-dimensional vector space over the field . Then the following are
equivalent:

@ B and C are similar;

@ for all bases B of V and linear functions f : V — V s.t.
B= ;[ f | there exists a basis C of V s.t. C=,[ f ]
@ for all bases C of V and linear functions f : V — V s.t.

C:C[ f }c' there exists a basis B of V s.t. B:B[ f }B;

@ there exist bases B and C of V and a linear function

f:V%Vs.t.B:B[f]BandC:c[f]c.




Corollary 4.5.17

Let F be a field, and let B, C € F"*" be similar matrices. Then
rank(B) = rank(C).
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Let F be a field, and let B, C € F"*" be similar matrices. Then
rank(B) = rank(C).

@ This follows immediately from the definition of matrix
similarity and from Proposition 3.3.14(c) (below).



Corollary 4.5.17

Let F be a field, and let B, C € F"*" be similar matrices. Then
rank(B) = rank(C).

@ This follows immediately from the definition of matrix
similarity and from Proposition 3.3.14(c) (below).

Proposition 3.3.14

Let F be a field, and let A € F"*™. Then all the following hold:
@ for all invertible matrices S € F"*": rank(SA) = rank(A);
@ for all invertible matrices S € F™*™: rank(AS) = rank(A);

@ for all invertible matrices S; € F"™" and S, € F™*™M:
rank(51AS,) = rank(A).




Corollary 4.5.17

Let F be a field, and let B, C € F"*" be similar matrices. Then
rank(B) = rank(C).

@ This follows immediately from the definition of matrix
similarity and from Proposition 3.3.14(c) (below).

Proposition 3.3.14

Let F be a field, and let A € F"*™. Then all the following hold:
@ for all invertible matrices S € F"*": rank(SA) = rank(A);
@ for all invertible matrices S € F™*™: rank(AS) = rank(A);

@ for all invertible matrices S; € F"™" and S, € F™*™M:
rank(51AS,) = rank(A).

@ However, let us give a different proof of Corollary 4.5.17, one
relying on Theorem 4.5.16 (in order to illustrate how
Theorem 4.5.16 can be used).



Corollary 4.5.17

Let IF be a field, and let B, C € F"*" be similar matrices. Then
rank(B) = rank(C).

Proof.



Corollary 4.5.17

Let IF be a field, and let B, C € F"*" be similar matrices. Then
rank(B) = rank(C).

Proof. Since B and C are similar, Theorem 4.5.16 guarantees that
there exist bases B and C of F" and a linear function f : F" — F”
such that B:B[ f ]B and C:C[ f }C. But then

rank(B) = rank(B[ f ]B) because B= [ f |,
= rank(f) by Theorem 4.5.4(a)
= rank( C[ f ]C) by Theorem 4.5.4(a)
= rank(C) because C = ,[ f |,

and we are done. O



@ Checking the existence and uniqueness of linear functions with
certain specifications: examples with polynomials and matrices



@ Checking the existence and uniqueness of linear functions with
certain specifications: examples with polynomials and matrices

@ In what follows, we will see a couple of examples of the
following form:



@ Checking the existence and uniqueness of linear functions with
certain specifications: examples with polynomials and matrices

@ In what follows, we will see a couple of examples of the
following form:

o We are given vector spaces U and V over some field F (where
at least U is non-trivial and finite-dimensional), and we are
asked whether there exists a linear function f : U — V that
maps certain specified vectors from U to certain specified
vectors from V/, and if so, whether this linear function f is
unique.



@ Checking the existence and uniqueness of linear functions with
certain specifications: examples with polynomials and matrices

@ In what follows, we will see a couple of examples of the
following form:

o We are given vector spaces U and V over some field F (where
at least U is non-trivial and finite-dimensional), and we are
asked whether there exists a linear function f : U — V that
maps certain specified vectors from U to certain specified
vectors from V/, and if so, whether this linear function f is
unique.

@ In subsection 1.10.4, we already saw such examples for linear
functions f : F™ — F” (where F is a field).

@ Now, we will take a look at examples involving polynomials
and matrices (rather than vectors in F").



@ Checking the existence and uniqueness of linear functions with
certain specifications: examples with polynomials and matrices

@ In what follows, we will see a couple of examples of the
following form:

o We are given vector spaces U and V over some field F (where
at least U is non-trivial and finite-dimensional), and we are
asked whether there exists a linear function f : U — V that
maps certain specified vectors from U to certain specified
vectors from V/, and if so, whether this linear function f is
unique.

@ In subsection 1.10.4, we already saw such examples for linear
functions f : F™ — F” (where F is a field).

@ Now, we will take a look at examples involving polynomials
and matrices (rather than vectors in F").

o We may further be asked to determine various properties of
such a linear function f (for example, we may need to
determine whether f is an isomorphism).



@ Checking the existence and uniqueness of linear functions with
certain specifications: examples with polynomials and matrices

@ In what follows, we will see a couple of examples of the
following form:

o We are given vector spaces U and V over some field F (where
at least U is non-trivial and finite-dimensional), and we are
asked whether there exists a linear function f : U — V that
maps certain specified vectors from U to certain specified
vectors from V/, and if so, whether this linear function f is
unique.

@ In subsection 1.10.4, we already saw such examples for linear
functions f : F™ — F” (where F is a field).

@ Now, we will take a look at examples involving polynomials
and matrices (rather than vectors in F").

o We may further be asked to determine various properties of
such a linear function f (for example, we may need to
determine whether f is an isomorphism).

e In our solutions, we will rely on matrices of linear functions
with respect to the most natural bases of the domain and
codomain (natural for the vector spaces in question, with no
regard to the particular linear function f).



Example 4.5.18

Consider the following matrices with entries in Zo:

oMzz-(l)cl)cl)-; °/\/76:-(1)(1)8-,
oM3:_(1)(1)8_, °M7=—828-;

Further, consider the following polynomials with coefficients in Z,:
@ pi(x)=x3+x2+x+1; @ ps(x) = x5+ x%+1;

@ p(x)=x*+x>+x+1; @ pe(x)=x>+x*+x%2+x;

(x) (x)
0p3(x):x B R e ° pr(x) = x>+ x;
pa(x) = @ pg(x) = x>+ x.



Example 4.5.18 (continued)
Q

Q@
@
@

Prove that there exists a unique linear function

f:73% > P%z that satisfies the property that f(M;) = p;(x)
for all indices i € {1,...,8}.

Find rank(f) and dim(Ker(f)).

Is f one-to-one? Is it onto? Is it an isomorphism?

Find a formula for the linear function f, that is, fill in the
blank in the following:

f( ar1 d12 a3 ) _
a1 a2 a3

If f is an isomorphism, then find a formula for =1 thatis, fill
in the blank in the following:

Vai1,a1,2,a1,3,a2,1, 822,33 € Zo.

f71(35X5 + -+ ax + 30) =
Vao, ai,...,as € Zs.



Solution.



Solution. In our solution, we will use the basis

_ 100]f[010] (001
M= {[000}’[000}’[000}’
000][oo0oo0]ToO
100[°[010]]0

of Z3*3, and the basis P := {1, x, x%, x3,x* x5} of P%z.

o o
= O
[ I
——

[a—y



Example 4.5.18

@ Prove that there exists a unique linear function
f:22% - PP3, that satisfies the property that f(M;) = pi(x)
for all indices i € {1,...,8}.

Solution (continued). (a)



Example 4.5.18

@ Prove that there exists a unique linear function
f:22% - PP3, that satisfies the property that f(M;) = pi(x)
for all indices i € {1,...,8}.

Solution (continued). (a) We will solve for the matrix



Example 4.5.18

@ Prove that there exists a unique linear function
f:22% - PP3, that satisfies the property that f(M;) = pi(x)
for all indices i € {1,...,8}.

Solution (continued). (a) We will solve for the matrix [ f |, .

We need our linear function f to satisfy f(M;) = pi(x) for all

indices i € {1,...,8}, and consequently, our (unknown) matrix
»| ], should satisfy
73[ f ]M [ M; ]M = [p,-(x) ]73

for all indices i € {1,...,8}.



Example 4.5.18

@ Prove that there exists a unique linear function
f:22% - PP3, that satisfies the property that f(M;) = pi(x)
for all indices i € {1,...,8}.

Solution (continued). (a) We will solve for the matrix [ f |, .

We need our linear function f to satisfy f(M;) = pi(x) for all

indices i € {1,...,8}, and consequently, our (unknown) matrix
»| ], should satisfy
73[ f ]M [ M; ]M = [p,-(x) ]73

for all indices i € {1,...,8}. This is equivalent to

P[fl\/l[[‘]ul L\/l [MS}M} = [[pl(””)]p [2”8(3‘) ]7;}




Example 4.5.18

@ Prove that there exists a unique linear function
f:22% - PP3, that satisfies the property that f(M;) = pi(x)
for all indices i € {1,...,8}.

Solution (continued). (a) We will solve for the matrix [ f |, .

We need our linear function f to satisfy f(M;) = pi(x) for all

indices i € {1,...,8}, and consequently, our (unknown) matrix
»| ], should satisfy
73[ f ]M [ M; ]M = [p,-(x) ]73

for all indices i € {1,...,8}. This is equivalent to

P[fl\/l[[‘]ul L\/l [MS}M} = [[pl(””)]p [2”8(3‘) ]7;}

=M =P

Here, matrices M and P can easily be computed, whereas the

matrix f } is the unknown that we need to solve for.

’P[ M



Solution (continued). Reminder: We need to solve the equation

Pl My o [ My ] = [[m@]p o [ms@)]p].

for 79[ f]M.



Solution (continued). Reminder: We need to solve the equation

P[fl\/l[[‘]ul L\/l [MS}M} = [[pl(‘r)]p [pg(ac) ]7;}

for 79[ f]M.

We first take the transpose of both sides of the equation above,
and we obtain
T 4 T
MT (L[ fly) = P,

.
which we solve for (P[ f }M> }



Solution (continued). We form the matrix

)

OO 1O - = O™
O+ HOOHOO
— OO0 +H0O 00O
A= O - - O
— = O OO
A e - - O O OO
~—~ P
X X — - OO0 O
SN—r SN—r
— 0
Q Q [eNeoNoNoNoRTIS el
\\\\\\\ - -+ 00O
~ 3 ~ 3 OO0 HOOOOoO
Ml MS =R NeNoNoNe N
JR— - o000 HHOO
L ] L 1
I Il
~
Q.
~

and we row reduce to obtain (next slide)



O OO —+H OO
— OO 1 OO OO0O
OO —+H O OO OO
O OO -H - O OO
OO OO - OO
OO O —+HOO OO
coococomoo
OO OO —+HO OO
O OO —-H OO OO
OO H OO OO Oo
O O O OO OO
- O O O OO oo
L 1
Il
N
—
~
Q.
‘TM‘
. =
S =
-
3 o
A o



Solution.

0 00011
0 00 0O01
0 00 1 00
101 010
011000
01 0001
0 00 O0O0TO
0 00 O0O0TO

1.0 0 0 0O
01 00O0O
0 01 00O
0 00100
0 00O0T1O
0 00 0O01
0 000O0OTO
0 00O0O0OTO

RREF([ MT ' PT]) =

T

We now read off the (unique) solution for (73[ f ]M)

]

— - O O O
- O O - OO
OO - O OO
OO O +H+HO
[eNoNeNol B
OO OO —+H OO0
e — |
Il
~
N
—
S
[
Q
N———



Solution (continued). By taking the transpose, we obtain the

(unique) solution for the matrix [ f | :
0 001O0O0
0 00011
[ £ } _ 0 00110
P M 0 01 0O0O
100 1 00
1100 01



Solution (continued). By taking the transpose, we obtain the

(unique) solution for the matrix [ f | :
0 001O0O0
0 00011
[ £ } _ 0 00110
P M 0 01 0O0O
100 1 00
1100 01

The existence and uniqueness of the matrix 79[ f ]M guarantees
the existence and uniqueness of the linear function f : Z§X3 — IP’%2
that satisfies the property that f(M;) = pi(x) for all indices

ied{l,...,8}.



Solution (continued).

@ Remark: In the above, the existence and uniqueness of the
matrix ,,[ f |, implied the existence and uniqueness of the
linear function f with the specifications from the statement of
the example.



Solution (continued).

@ Remark: In the above, the existence and uniqueness of the
matrix ,,[ f |, implied the existence and uniqueness of the
linear function f with the specifications from the statement of
the example.

o If we had obtained more than one solution for the matrix
P[ f }M, this would have implied that a linear function f
with the given specifications exists, but is not unique.



Solution (continued).

@ Remark: In the above, the existence and uniqueness of the
matrix ,,[ f |, implied the existence and uniqueness of the
linear function f with the specifications from the statement of
the example.

e If we had obtained more than one solution for the matrix
P[ f }M, this would have implied that a linear function f
with the given specifications exists, but is not unique.

e On the other hand, if there had been no solutions for
73[ f }M’ this would have meant that no linear function f
with the given specifications exists.



Example 4.5.18
@ Find rank(f) and dim(Ker(f)).

Solution (continued). (b)



Example 4.5.18
@ Find rank(f) and dim(Ker(f)).

Solution (continued). (b) By row reducing, we see that

RREF(,[ f ] = k.

M)

Consequently,

rank(f) © rank(P[f]M) = 6,

where (*) follows from Theorem 4.5.4(a).



Example 4.5.18
@ Find rank(f) and dim(Ker(f)).

Solution (continued). (b) By row reducing, we see that

RREF(,[ f ] = k.

)
Consequently,

rank(f) © rank(P[ f ]M) = 6,
where (*) follows from Theorem 4.5.4(a).

On the other hand, by the rank-nullity theorem, we have that
rank(f) + dim(Ker(f)) = dim(Z3*3),
and it follows that

dim(Ker(f)) = dim(Z3*3) —rank(f) = 6-6 = 0.



Example 4.5.18

@ Is f one-to-one? Is it onto? Is it an isomorphism?

Solution (continued). (c)



Example 4.5.18

@ Is f one-to-one? Is it onto? Is it an isomorphism?

Solution (continued). (c) Since dim(Ker(f)) = 0, Theorem 4.2.4
guarantees that f is one-to-one.



Example 4.5.18
@ Is f one-to-one? Is it onto? Is it an isomorphism?

Solution (continued). (c) Since dim(Ker(f)) = 0, Theorem 4.2.4
guarantees that f is one-to-one.

Since rank(f) =6 = dim(IP’%z), Proposition 4.2.6 guarantees that f
is onto.



Example 4.5.18
@ Is f one-to-one? Is it onto? Is it an isomorphism?

Solution (continued). (c) Since dim(Ker(f)) = 0, Theorem 4.2.4
guarantees that f is one-to-one.

Since rank(f) =6 = dim(IP’%z), Proposition 4.2.6 guarantees that f
is onto.

Since the linear function f is one-to-one and onto, it is an
isomorphism.



Example 4.5.18
@ Is f one-to-one? Is it onto? Is it an isomorphism?

Solution (continued). (c) Since dim(Ker(f)) = 0, Theorem 4.2.4
guarantees that f is one-to-one.

Since rank(f) =6 = dim(IP’%z), Proposition 4.2.6 guarantees that f
is onto.

Since the linear function f is one-to-one and onto, it is an
isomorphism.

@ Alternatively, since the domain and the codomain of the linear
function f have the same finite dimension, and since f is
one-to-one, Corollary 4.2.10 guarantees that f is also onto
and an isomorphism.



Example 4.5.18

@ Find a formula for the linear function f, that is, fill in the
blank in the following:

f< ar1 di12 a3 ) _
a1 422 a3

Solution (continued). (d)

Vai1,a1,2,a1,3,a2,1,a22,33 € Zo.




Example 4.5.18

@ Find a formula for the linear function f, that is, fill in the
blank in the following:

f< ar1 di12 a3 ) _
a1 422 a3

Solution (continued). (d) Using the matrix
read off the formula for f, as follows.

Vai1,a1,2,a1,3,a2,1,a22,33 € Zo.

»l ], we can easily



Solution (continued). For ay1,a1,2,a13,a2,1,322,a33 € Zo:

¥ apl a2 a3 _ [ ¥ } a1 a2 13
. o - o - - P M . o ¢ o -
a1 a2 a3 P az1 a22 G223 M

00 0100 aiy
000O0T171 a2
o 00 0110 a3
- 001000 a1
1 00100 az2
L 1 100 01 a3
a1
az2 + a3
_ a1+ a2
N a3
ajn+az;
L ai,1 + a2 +azs
(a1,1 + a2+ as3)r >+
_ +(ar1 + agq)zt 4 ar 323+
N +(az1 + 112,2)-7”2-&-
+(ag2 +az3)x +azq P



Solution (continued). Since [ - ], is an isomorphism (and in
particular, one-to-one), we deduce that

(a11+a12+ a2,3)X5+
f( a1,1 412 a13 ) _ +(3171 + 3271)X4 + 8173X3+
a1 ap a3 +(a2,1 + a22)x%+
+(3272 + 3273)X + a1

for all a1,1,a12,a1,3,a2,1,a2,2,a3 € Zo. This is the formula that
we needed.



Example 4.5.18

@ If f is an isomorphism, then find a formula for =1 thatis, fill

in the blank in the following:

f_1(35X5 + -t ax+ 30) =
Vaog, ai,...,as € Zy.

Solution (continued). (e)



Example 4.5.18

@ If f is an isomorphism, then find a formula for =1 thatis, fill

in the blank in the following:

f_1(35X5 + -t ax+ 30) =
Vaog, ai,...,as € Zy.

Solution (continued). (e) As we saw in part (c), f is an
isomorphism. Let us find a formula for f~1. First, we have that

1 0 0 01 O

01 1 0 1 1

_ (*) -1 0 0 01 0O
M[fl}P = (P[f]M) = 100 0 0 01"

1 01 0 0 O

1 11 0 0 O

where (*) follows from Theorem 4.5.4(g).



Example 4.5.18

@ If f is an isomorphism, then find a formula for =1 thatis, fill

in the blank in the following:

f_1(35X5 + -t ax+ 30) =
Vaog, ai,...,as € Zy.

Solution (continued). (e) As we saw in part (c), f is an
isomorphism. Let us find a formula for f~1. First, we have that

1 0 0 01 O

01 1 0 1 1

_ (*) -1 0 0 01 0O
M[fl}P = (P[f]M) = 100 0 0 01"

1 01 0 0 O

1 11 0 0 O

where (*) follows from Theorem 4.5.4(g). We now proceed
similarly as in part (d).



Solution (continued). For all ag, a1, a2, a3, a4, as € Zy, we have the
following:

{ f‘1 (615.1’5 + agz* + azz® + aga? + arx + a0> ] "

= M[ ! }P [ a5z’ + agxt + azz® + a2 + a1z + ag }P

100010 agp
011011 a
_ 000100 as
- 100 000 as
101000 a4
L1 1 1 .00 0] |[as
ap + a4
a;+az+aq+as
_ as
N ag
ap + az
ap + a1 + az
_ [Ja+a ar+a+astas a3 } }
- L ag ap + as ap + ay +az M.



Solution (continued). Since [ - | is an isomorphism (and in
particular, one-to-one), it follows that

1 (85X5 + agx* + a3x3 4 ax? + ajx + ao)

_ ap + as a) +ax+ ag+ as as
EN) ao + az ag + a1 + a»

for all ag, a1, a2, a3, as, as € Zo. This is the formula for f~1 that
we needed.



Solution (continued). Since [ - | is an isomorphism (and in
particular, one-to-one), it follows that

1 (85X5 + agx* + a3x3 4 ax? + ajx + ao)

_ ap + as a) +ax+ ag+ as as
EN) ao + az ag + a1 + a»

for all ag, a1, a2, a3, as, as € Zo. This is the formula for f~1 that
we needed.

@ Optional: Because it is easy to miscompute, it is a good idea
to check our formulas for f and 1.

e For f, we do this by plugging in My, ..., Mg into our formula
for f (the one that we obtained in part (d)), and checking that
we do indeed obtain p;(x), ..., ps(x), resp.

o Similarly, for f=1, we do this by plugging in p1(x),. .., ps(x)
into our formula for f (the one that we obtained in part (e)),
and checking that we do indeed obtain My,..., Mg, resp.

o Details: Lecture Notes. O



Example 4.5.20

Consider the following matrices with entries in Zo:

cm=[1 01
R )
S S B

Determine if there exists a linear function f : Z3*? — Z3*3 such
that f(M;) = N; for all i € {1,2,3,4}. If such a linear function f
exists, determine if it is unique, and if it is not, determine the
number of such linear functions f.



@ Remark: In this particular case, it is not very hard to see that
f does not exist.
e Indeed, we can see that M3 = M; + M,, and so any linear
function f : Z3*% — 73”3 satisfying f(M;) = Ny and
f(Ms) = N> must also satisfy

f(Ms3) = f(My+ M)

W f(M1) + f(Mz)

<

- N1+ N2 # N37

where (*) follows from the linearity of f.



@ Remark: In this particular case, it is not very hard to see that
f does not exist.

e Indeed, we can see that M3 = M; + M,, and so any linear
function f : Z3*% — 73”3 satisfying f(M;) = Ny and
f(Ms) = N> must also satisfy

f(Ms3) = f(My+ M)

W f(M1) + f(Mz)
= N+ N, 75 N3,

where (*) follows from the linearity of f.

@ However, we give a solution that illustrates the general
principle, which we can also use in those situations when the
non-existence of the function in question is not quite so
obvious (and also when the function with the given
specifications does in fact exist).



Example 4.5.20

Consider the following matrices with entries in Zo:

cm=[1 01
R )
S S B

Determine if there exists a linear function f : Z3*? — Z3*3 such
that f(M;) = N; for all i € {1,2,3,4}. If such a linear function f
exists, determine if it is unique, and if it is not, determine the
number of such linear functions f.



Solution.



Solution. We proceed as in our solution to Example 4.5.18(a).



Solution. We proceed as in our solution to Example 4.5.18(a). We
set

e I T R DT O FE O
and we further set

T1 0 o To
Bl'*{o 00}’ BZ'*[OO

w[r38) w] |

In our solution, we will use the basis A := {A1, A2, A3, As} of ngz
and the basis B := {By, By, B3, B, Bs, Bg} of Z3*3.

-
oo
[
(o]
P’y
Il
—
oo
oo
o
[E—

oo
-
oo

[E—

Joy)
=)
Il

—
oo
oo
= o



Solution (continued). Instead of directly solving for the linear
function f : Z3*2 — 733 satisfying f(M;) = N; for all

i €{1,2,3,4}, we will solve for the matrix [ f |, in Z3**
satisfying

for all i € {1,2,3,4}.



Solution (continued). Instead of directly solving for the linear
function f : Z3*2 — 733 satisfying f(M;) = N; for all

i €{1,2,3,4}, we will solve for the matrix [ f |, in Z3**
satisfying

for all i € {1,2,3,4}. This is equivalent to

R P L P e N S P L P




Solution (continued). Instead of directly solving for the linear
function f : Z3*2 — 733 satisfying f(M;) = N; for all

i €{1,2,3,4}, we will solve for the matrix [ f |, in Z3**
satisfying
B[f]A [Mf]A = [N’]B
for all i € {1,2,3,4}. This is equivalent to
sl Ll o Im ] ] = [[m] - [w] ]

Matrices M and N can easily be computed, whereas the matrix

f ] is the unknown that we need to solve for.

sl la



Solution (continued). Instead of directly solving for the linear
function f : Z3*2 — 733 satisfying f(M;) = N; for all
i €{1,2,3,4}, we will solve for the matrix [ f |, in Z3**

A A
satisfying

for all i € {1,2,3,4}. This is equivalent to

R P L P e N S P L P

Matrices M and N can easily be computed, whereas the matrix
sl f ], is the unknown that we need to solve for. We first take
the transpose of both sides of the equation above, and we obtain

M (gl 1) = W

.
which we solve for (B[ f ]A> )



Solution (continued). Reminder: We need to solve the equation
T T
MT ([ 1) =NTfor (5[ F1,)



Solution (continued). Reminder: We need to solve the equation
T T
MT ([ 1) =NTfor (5[ F1,)

We form the matrix

[MTNT ] = ;

O Rk
oo
= = O
O =



Solution (continued). Reminder: We need to solve the equation
T T
M7 (sl F1a) =N for (] £ 1)

We form the matrix

r T T
[Ml]A:[Nl]B
[MTONT] = A
7! T
[ Ma ] [ Ne ]
110 1,1 111 11
. 1011:101101
o 0 110,101 01 0]}
_10011110011
and we row reduce to obtain
100 1,001011
‘ 01 0 0'0 O1 1 0O
T T _
RREF([M‘N})_00101011110
0000]111000



Solution (continued). Reminder: We need to solve the equation
T T
M7 (sl 1a) =T for (5 £ 1)

RREF([ MT 'NT ]) =

oo o
[ el )
o= OO
= = O O
==
o == O
o= O
oo o



Solution (continued). Reminder: We need to solve the equation
T T
M7 (sl 1a) =T for (5 £ 1)

RREF([ MT 'NT ]) =

oo o
[ el )
o= OO
= = O O
==
o == O
o= O
oo o

Because of the fourth row of RREF( [ MT NT ] > we see that

;
the equation MT(B[ f }A) = N7 has no solutions for

(sl 7 1)



Solution (continued). Reminder: We need to solve the equation
T T
M7 (sl 1a) =T for (5 £ 1)

RREF([ MT 'NT ]) =

oo o
[ el )
o= OO
= = O O
==
o == O
o= O
oo o

Because of the fourth row of RREF( [ MT NT ] > we see that
T
the equation MT(B[ f }A) = N7 has no solutions for

,
(B[ f ]A) . Consequently, the equation ,[ f | , M =N has no

solutions for B[ f ]A.



Solution (continued). Reminder: We need to solve the equation
T T
M7 (sl 1a) =T for (5 £ 1)

RREF([ MT 'NT ]) =

oo o
[ el )
o= OO
= = O O
==
o == O
o= O
oo o

Because of the fourth row of RREF( [ MT NT ] > we see that
T
the equation MT(B[ f }A) = N7 has no solutions for

,
(B[ f ]A) . Consequently, the equation f ], M=N has no

sl 14

solutions for B[ f ]A.

This implies that there is no linear function f : Z%XZ — Z%”
satisfying f(M;) = N; for all i € {1,2,3,4}. O



