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@ Terminology:

o So far, we have typically referred to vector/linear subspaces of a
vector space simply as “subspaces.”

e In this lecture, we will study a generalization of linear subspaces,
called “affine subspaces.”

e To avoid any confusion, in this lecture, we will not use the term
“subspace” and will instead always write either “linear subspace’
or “affine subspace.”
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@ This lecture has four parts:

@ affine subspaces;

@ affine combinations and affine hulls;
© affine frames and affine bases;

@ affine transofrmations.



© Affine subspaces



© Affine subspaces

Definition
An affine subspace of a vector space V over a field F is any set of
the foom a+ U :={a+u |u € U} where a is a vector in V and U

is a linear subspace of V.

U
a

@ Thus, an affine subspace of V is obtained by shifting a linear
subspace U of V' by some vector a.
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Definition

An affine subspace of a vector space V over a field I is any set of
the form a+ U :={a+u|u € U} where a is a vector in V and U
is a linear subspace of V.

o Remarks:
@ For a vector space V over a field F:
@ every linear subspace U of V is also an affine subspace of V/,

since U =0+ U,
e V is an affine subspace of itself (because V is a linear subspace
of itself);

o for every vector a € V, {a} is an affine subspace of V, since
{a} =a+ {0} and {0} is a linear subspace of V.

@ As we know, linear subspaces of R" are {0}, lines through the
origin, planes through the origin, and higher dimensional
generalizations. So, affine subspaces of R" are {a} (for any
vector a € R"), lines, planes, and higher dimensional
generalizations (these lines, planes, and higher dimensional
generalizations may, but need not, pass through the origin).



Definition
An affine subspace of a vector space V over a field FF is any set of
the foom a+ U :={a+u |u € U} where a is a vector in V and U

is a linear subspace of V.

@ As Theorem 1.1 (next slide) shows, for an affine subspace
M = a+ U (where a and U are as in the definition above):

o the vector a need not be unique (it can be any vector in M);
o the linear subspace U is unique (it depends only on M, and not
on the vector a).



Let V be a vector space over a field F, and let M = a+ U be an
affine subspace of V, where a is a vector and U a linear subspace of
V. Then all the following hold:

a € M (and in particular, M # 0);
for all a’ € M, we have that M = a’ + U,
for all b € V' \ M, we have that M N (b + U) = 0;

for all vectors a’ and linear subspaces U’ of V s.t. M =a’' + U/,
we have that U’ = U.

e @ 660

o First some corollaries, then a proof.




Let V be a vector space over a field F. Then linear subspaces of V
are precisely those affine spaces of V that contain 0. In other words,
for all U C V, the following are equivalent:

@ U is a linear subspace of V;

@ U is an affine subspace of V and 0 € U.

Proof.
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Let V be a vector space over a field F. Then linear subspaces of V
are precisely those affine spaces of V that contain 0. In other words,
for all U C V, the following are equivalent:

@ U is a linear subspace of V;

@ U is an affine subspace of V and 0 € U.
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Suppose now that (ii) holds. Since U is an affine subspace of V/, we
know that there exists a vector a € V and a linear subspace U’ of V
s.t. U =a+ U’. Moreover, by (ii), we have that 0 € U, and so by
Theorem 1.1(b), we have that U =0+ U'.



Let V be a vector space over a field F. Then linear subspaces of V
are precisely those affine spaces of V that contain 0. In other words,
for all U C V, the following are equivalent:

@ U is a linear subspace of V;

@ U is an affine subspace of V and 0 € U.

Proof. Fix U C V. Suppose first that (i) holds. Then clearly, 0 € U,
and moreover, U =0+ U. So, (ii) holds.

Suppose now that (ii) holds. Since U is an affine subspace of V/, we
know that there exists a vector a € V and a linear subspace U’ of V
s.t. U =a+ U’. Moreover, by (ii), we have that 0 € U, and so by
Theorem 1.1(b), we have that U =0+ U’. So, U = U’, and so
since U’ is a linear subspace of V, we see that (i) holds. Q.E.D.
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@ In the case of affine subspaces, we have the following corollary.

Let V be a vector space over a field IF, and let M; and M, be affine
subspaces of V. Then either My N Mo = (), or My N M, is an affine
subspace of V.

Proof. We may assume that My N M, # (), for otherwise we are
done. Fix any a € My N M,. By Theorem 1.1, M; and M, can be
written as My, = a+ U; and My = a+ U,, for some linear subspaces
Ui and Us of V. Then U := U; N Uy is a linear subspace of V.



@ Recall that the intersection of two linear subspaces is a linear
subspace.

@ In the case of affine subspaces, we have the following corollary.

Let V be a vector space over a field IF, and let M; and M, be affine
subspaces of V. Then either My N Mo = (), or My N M, is an affine
subspace of V.

Proof. We may assume that My N M, # (), for otherwise we are
done. Fix any a € My N M,. By Theorem 1.1, M; and M, can be
written as My, = a+ U; and My = a+ U,, for some linear subspaces
Ui and Us of V. Then U := U; N Uy is a linear subspace of V.
Moreover, it is clear that My " M, = a+ U, and so M; N M, is an
affine subspace. Q.E.D.



Let V be a vector space over a field ¥, and let M = a+ U be an

affine subspace of V/, where a is a vector and U a linear subspace of
V. Then all the following hold:

a € M (and in particular, M # 0);
for all a’ € M, we have that M = a’ + U;
for all b € V' \ M, we have that M N (b + U) = 0;

for all vectors a’ and linear subspaces U’ of V st. M =a’' + U/,
we have that U’ = U.

Proof.
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Proof. (a) Since U is a linear subspace of V, we have that 0 € U,
and consequently, a=a+0€a+ U= M.
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@ forallbe V\ M, we have that M N (b + U) = 0;
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affine subspace of V/, where a is a vector and U a linear subspace of
V. Then all the following hold:

@ forallbe V\ M, we have that M N (b + U) = 0;
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Let V be a vector space over a field F, and let M = a+ U be an
affine subspace of V/, where a is a vector and U a linear subspace of
V. Then all the following hold:

@ forallbe V\ M, we have that M N (b + U) = 0;

Proof (continued). (c) Fixbe V\ M. WTS Mn(b+ U) =0.
Suppose otherwise, and fix x € M N (b + U). Sincex e M =a+ U,
there exists some u; € U s.t. x = a + uy; on the other hand, since
x € b+ U, there exists some u; € U s.t. x = b + u,. So,

a+u; = b+ uy, and it follows that b =a+ (u; — uz). Since
ui,up € U, and since U is a linear subspace of V, we have that

u; —up € U; consequently, b=a+ (uy —up) ca+ U=M,
contrary to the fact that b e V \ M.



Let V be a vector space over a field F, and let M = a+ U be an
affine subspace of V/, where a is a vector and U a linear subspace of
V. Then all the following hold:

a € M (and in particular, M # 0);
for all a’ € M, we have that M = a’ + U;
for all b € V' \ M, we have that M N (b + U) = 0;

for all vectors @’ and linear subspaces U’ of V s.t. M =a’ + U/,
we have that U' = U.
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Proof (continued). (d) Fix a vector a’ and a linear subspace U’ of
V st. M=a' + U'. By (a), we have that a’ € M, and so by (b),
we have that M =a’ + U. So, a’ + U’ = a’ + U, and we deduce

that U’ = U.
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affine subspace of V, where a is a vector and U a linear subspace of
V. Then all the following hold:

@ ae€ M (and in particular, M # 0);
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Let V be a vector space over a field F, and let M = a+ U be an
affine subspace of V, where a is a vector and U a linear subspace of
V. Then all the following hold:

@ ae€ M (and in particular, M # 0);
@ for all ' € M, we have that M = a’ + U;
@ forallbe V\ M, we have that M N (b + U) = 0;

@ for all vectors a’ and linear subspaces U’ of V s.t. M =a’ + U/,
we have that U’ = U.

@ Given a vector space V over a field IF, we define the dimension
of an affine subspace M = a+ U of V (where a is a vector and
U a linear subspace of V) to be dim(U).

o By Theorem 1.1(d), this is well defined.
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@ Affine combinations and affine hulls

@ Recall from analytic geometry that if x and y are distinct
points (vectors) in R?, then the line in R? that passes through
xandyis {tx+ (1 —t)y|teR}.

{tx+(1—-t)y|teR}

.

o

@ This in fact holds for all distinct points x and y in R” (not just
R?).

@ Affine combinations are a generalization of this concept.




Definition
Suppose that x1,...,x, (n > 1) are vectors in a vector space V
over a field F. An affine combination of x1,...,x, is any sum of the
form aix; + - - + apx,, where aq, ..., a, € F satisfy

a1+ -+ a, = 1. The set of all affine combinations of xq,...,X,,
denoted Aff(xy,...,Xp), is called the affine hull (or affine span) of
X1,-.-,Xp. S0, we have that
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n
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Suppose that x1,...,x, (n > 1) are vectors in a vector space V
over a field F. An affine combination of x1,...,x, is any sum of the
form aix; + - - + apx,, where aq, ..., a, € F satisfy

a1+ -+ a, = 1. The set of all affine combinations of xq,...,X,,
denoted Aff(xy,...,Xp), is called the affine hull (or affine span) of
X1,-.-,Xp. S0, we have that

il n
Aff(x1,...,%Xp) = { aix; | ai,...,a, €F, '210[;:1}'
= =

i=1

@ Since x; = 0xg + -+ -+ 0x;_1 + 1x; + 0x;41 + - - - + Ox,, for all
i€{l,...,n}, we see that x1,...,x, € Aff(x1,...,Xp).

@ As Theorem 2.1 (next slide) shows, affine subspaces of V' are
precisely those non-empty subsets of V that are closed under
affine combinations.

@ As a corollary (see Corollary 2.2), we deduce that all affine
hulls are affine subspaces of V.




Let V be a vector space over a field IF, and let M be a non-empty

subset of V. Then the following are equivalent:

@ M is an affine subspace of V;

@ M is closed under affine combinations, that is, for all
X1,...,Xpn € Mand aq,...,ap €Fst. a1+ --+a,=1, we
have that ayx1 + -+ -+ apx, € M.
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Proof. “(i) = (ii)": Set M =a + U, where a is a vector and U a
linear subspace of V/, as in the definition of an affine subspace. Fix
X1,...,Xp € M, and fix a1,...,ap € Fst. a1+ - +a,=1;
WTS aix1 + -+ apx, € M.

Since x1,...,X, € M = a+ U, there exist vectors uy,...,u, € U
s.t. x; =a-+uy,...,X, =a+u, We now have that
X1+ -t apx, = ai(atu)+--+ay(atu)

= (1 +--+aya+ (aqu; + -+ ayuy)
N ———’
=1

= a+ (aiu; + -+ ayuy).

=u

Since uy,...,u, € U, and U is a linear subspace of V, we have
that u € U.
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Proof. “(i) = (ii)": Set M =a + U, where a is a vector and U a
linear subspace of V/, as in the definition of an affine subspace. Fix
X1,...,Xp € M, and fix a1,...,ap € Fst. a1+ - +a,=1;
WTS aix1 + -+ apx, € M.

Since x1,...,X, € M = a+ U, there exist vectors uy,...,u, € U
s.t. x; =a-+uy,...,X, =a+u, We now have that
X1+ -t apx, = ai(atu)+--+ay(atu)

= (1 +--+aya+ (aqu; + -+ ayuy)
N ———’
=1

= a+ (aiu; + -+ ayuy).

=u

Since uy,...,u, € U, and U is a linear subspace of V, we have
thatu e U. So, auxy + -+ apxp=a+uca+ U=M, e (i
holds.
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Proof (continued). “(ii) = (i)": Using the fact that M # (), we fix
someac M. Set U :={x—a|xec M}. Clearly, M=a+ U. It
remains to show that U is a linear subspace of V. By Theorem 2.7
of Lecture Notes 6, it suffices to show that 0 € U, and that U is
closed under vector addition and scalar multiplication.

First, since a € M, we havethat 0 =a—a € U.

Next, fix u,upx € U. WTS u; + up € U. Since ug,up € U, there
exist X1,Xp € M s.t. uy =x; —aand up = x> —a. Then

up +uy = (xl—a)—i—(xz—a) = (1x1+1xz—|—(—1)a)—a.
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Proof (continued). “(ii) = (i)": Using the fact that M # (), we fix
someac M. Set U :={x—a|xec M}. Clearly, M=a+ U. It
remains to show that U is a linear subspace of V. By Theorem 2.7
of Lecture Notes 6, it suffices to show that 0 € U, and that U is
closed under vector addition and scalar multiplication.

First, since a € M, we havethat 0 =a—a € U.
Next, fix u,upx € U. WTS u; + up € U. Since ug,up € U, there

exist X1,Xp € M s.t. uy =x; —aand up = x> —a. Then

up +uy = (xl—a)—i—(xz—a) = (1x1+1xz+(—1)a)—a.
=y

Since x1,x2,a € M and 1+ 14 (—1) =1, and since (ii) holds, we
seethaty € M. But nowu; +up =y —ac U.
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Finally, fix u € U and a € F; WTS au € U. Since u € U, we know
that there exists some x € M s.t. u=x — a.
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Finally, fix u € U and a € F; WTS au € U. Since u € U, we know
that there exists some x € M s.t. u = x — a. But now

au = a(x—a) = (ax+(1—a)a)—a.
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Proof (continued). “(ii) = (i)": Reminder U := {x —a |x € M}.

Finally, fix u € U and a € F; WTS au € U. Since u € U, we know
that there exists some x € M s.t. u = x — a. But now

au = a(x—a) = (ax+(1—a)a) —a.
—_——
=y
Since x,a € M, and since (ii) holds, we have that
y=ax+(l—-a)aec M.
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@ M is closed under affine combinations.
Proof (continued). “(ii) = (i)": Reminder U := {x —a |x € M}.

Finally, fix u € U and a € F; WTS au € U. Since u € U, we know
that there exists some x € M s.t. u = x — a. But now

au = a(x—a) = (ax+(1—a)a) —a.
—_——
=y
Since x,a € M, and since (ii) holds, we have that
y=ax+(l—a)ae M. But now au=y—ac U. QE.D.
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Let x1,...,X, (n > 1) be vectors in a vector space V over a field F.
Then M := Aff(x1,...,x,) is an affine subspace of V.

Proof. Since x1,...,x, € M, we see that M # (). In view of
Theorem 2.1, it now suffices to show that M is closed under affine
combinations. Fix y1,...,ym € M and a1, ...,ayn € F s.t.
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Let x1,...,X, (n > 1) be vectors in a vector space V over a field F.
Then M := Aff(x1,...,x,) is an affine subspace of V.

Proof. Since x1,...,x, € M, we see that M # (). In view of
Theorem 2.1, it now suffices to show that M is closed under affine

combinations. Fix y1,...,ym € M and a1, ...,ayn € F s.t.
a1+ +an=1. WISy :=a1y1 + -+ a&mym belongs to M.
Since y1,...,¥Ym € M, we see that for all i € {1,..., m}, there exist

scalars 6;’1, ce >Bi,n eFsty = er',:l Bi,jxj and Zle ﬁ,’J =1.
But now:

°oy= ;aiw =3 ai( 2 5:‘,ij> = > > aif3ijxj,

i=1 j=1 j=1li=1

° ZZOCO)IJ_ZO[I(EﬁlJ) = ia,-:l,

j=1li= i=1
where where (*) follows from the fact that >°7 ; 8;; = 1. This
proves that y is an affine combination of x1,...,x,, and soy € M.

Q.E.D.



Let V be a vector space over a field IF, and let M be a non-empty
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have that aix; + - -+ + apx, € M.
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Let V be a vector space over a field I, let M be an affine subspace
of V, and let x3,...,x, (n > 1) be vectors in V. Then the
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assume that (ii) holds, and we prove (i).
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M C Aff(x1,...,%xn). WTS Aff(x1,...,x,) C M.
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@ xi1,...,X, € M, and every vector in M is an affine combination
of X1,...,Xn.
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assume that (ii) holds, and we prove (i). Since every vector in M is
an affine combination of x1,...,Xx,, we have that
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of V, and let x3,...,x, (n > 1) be vectors in V. Then the

following are equivalent:

@ M= Aff(x1,...,%n);

@ xi1,...,X, € M, and every vector in M is an affine combination
of X1,...,Xn.

Proof. Obviously, (i) implies (ii). For the reverse implication, we
assume that (ii) holds, and we prove (i). Since every vector in M is
an affine combination of x1,...,Xx,, we have that

M C Aff(x1,...,%p). WTS Aff(x1,...,x,) € M. Fix

x € Aff(x1,...,X,). By (ii), we have that x1,...,x, € M, and by
Theorem 2.1, we know that M is closed under affine combinations.
Since x is an affine combination of xq,...,x,, we deduce that

x € M.




Let V be a vector space over a field I, let M be an affine subspace

of V, and let x3,...,x, (n > 1) be vectors in V. Then the

following are equivalent:

@ M= Aff(x1,...,%n);

@ xi1,...,X, € M, and every vector in M is an affine combination
of X1,...,Xn.

Proof. Obviously, (i) implies (ii). For the reverse implication, we
assume that (ii) holds, and we prove (i). Since every vector in M is
an affine combination of x1,...,Xx,, we have that

M C Aff(x1,...,%p). WTS Aff(x1,...,x,) € M. Fix

x € Aff(x1,...,X,). By (ii), we have that x1,...,x, € M, and by
Theorem 2.1, we know that M is closed under affine combinations.
Since x is an affine combination of xq,...,x,, we deduce that

x € M. This proves that Aff(x1,...,x,) C M. Thus, (i) holds.
Q.E.D.
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@ Affine frames and affine bases

@ We have extensively studied bases of (finite-dimensional) vector
spaces.

@ For affine subspaces, we have two analogues of bases: “affine
frames” and “affine bases.”

@ We first discuss affine frames, and then we discuss affine bases.

@ As we shall see, the two concepts are closely related.



Definition

Let n be a non-negative integer, and let M be an n-dimensional
affine subspace of a vector space V over a field F. An affine frame
of M is an ordered (n+ 1)-tuple (a,uy,...,u,) of vectors of V s.t.
M can be written in the form M = a + U, where U is a linear
subspace of V, and {ui,...,u,} is a basis of U.
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@ Remark: Infinite-dimensional affine subspaces do not have
affine frames.

@ By Theorem 1.3 of Lecture Notes 7, if {v1,...,v,} is a basis
of a vector space V over a field IF, then every vector in V can
be written as a linear combination of the vectors vi,...,v, in
a unique way.



Definition

Let n be a non-negative integer, and let M be an n-dimensional
affine subspace of a vector space V over a field F. An affine frame

of M is an ordered (n+ 1)-tuple (a,uy,...,u,) of vectors of V s.t.
M can be written in the form M = a + U, where U is a linear
subspace of V, and {ui,...,u,} is a basis of U.

@ Remark: Infinite-dimensional affine subspaces do not have
affine frames.

@ By Theorem 1.3 of Lecture Notes 7, if {v1,...,v,} is a basis
of a vector space V over a field IF, then every vector in V can
be written as a linear combination of the vectors vi,...,v, in
a unique way.

@ Our next theorem (next slide) is an analogue of this result for
affine subspaces and affine frames.



Let M be an affine subspace of a vector space V over a field I, and
let (a,uy,...,u,) be an affine frame of M. Then for all x € M,
there exist unique scalars ag,...,a, € F s.t.
X=a-+oauy +- -+ apup,.

Proof (outline).



Let M be an affine subspace of a vector space V over a field I, and
let (a,uy,...,u,) be an affine frame of M. Then for all x € M,
there exist unique scalars ag,...,a, € F s.t.
X=a-+oauy +- -+ apup,.

Proof (outline). Set U := Span(ug,...,u,), so that M =a+ U.



Let M be an affine subspace of a vector space V over a field I, and
let (a,uy,...,u,) be an affine frame of M. Then for all x € M,
there exist unique scalars ag,...,a, € F s.t.
X=a-+oauy +- -+ apup,.

Proof (outline). Set U := Span(ug,...,u,), so that M =a+ U.
Now for every vector x € M, there exists a unique vector u € U s.t.
x = a + u. But for every vectror u € U, there exist unique scalars
at,...,o, € Fst.u=au; +---+ ayu, Q.ED.



Definition

Given vectors Xx1,...,X, in a vector space V over a field I, we say
that vectors x1,...,x, € V are affinely independent, or that the set
{x1,...,%n} is affinely independent, if for all a1,...,a, € F s.t.

a1X1 + -+ apx, =0 and ag + - -+ + a, = 0, we have that
ay=---=a,=0.




Definition

Given vectors Xx1,...,X, in a vector space V over a field I, we say
that vectors x1,...,x, € V are affinely independent, or that the set
{x1,...,Xn} is affinely independent, if for all as,...,a, € F s.t.
a1xy + -+ apx, =0and a1 + - + a, = 0, we have that
ar=---=a, =0.

Proposition 3.2

Let V be a vector space over a field I, and let xg, X1, ..., X,
(n > 0) be vectors in V. Then the following are equivalent:
@ xo,X1,...,X, are affinely independent;
@ there exists some i € {0,1,...,n} s.t. vectors
X0 — Xjyeoy Xj—1 — Xj, Xj41 — Xj, ..., Xy — X; are linearly
independent;
@ forallie{0,1,...,n}, vectors
X0 — Xjy ooy Xj—1 — Xj, Xj41 — Xj, ..., X — X; are linearly

independent.
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and that (i) implies (iii).

Suppose that (ii) holds. Let us prove (i). By (ii) and by symmetry,
WMA x; — Xg,...,X, — Xg are linearly independent. Now, fix scalars
ag, 1, ...,0, € F st apgxg+ aixy + -+ + ayx, = 0 and
apt+ar+-+a, =0 WISag=a1=---=a, =0.
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Proof. Obviously, (iii) implies (ii). We will show that (ii) implies (i),
and that (i) implies (iii).

Suppose that (ii) holds. Let us prove (i). By (ii) and by symmetry,
WMA x; — Xg,...,X, — Xg are linearly independent. Now, fix scalars
ag, 1, ...,0, € F st apgxg+ aixy + -+ + ayx, = 0 and
agt+ar+--+a, =0 WISag=a1 =---=a, =0. Since
ag+aq+---+a, =0, we have that g = —av1 — - - - — app, and so

0 = aoxo+ aixy + -+ apXy
= (o= —an)Xo+oaxi + -+ anXp

= al(xl — Xo) + -+ a,,(x,, — Xo).



Proof. Obviously, (iii) implies (ii). We will show that (ii) implies (i),
and that (i) implies (iii).

Suppose that (ii) holds. Let us prove (i). By (ii) and by symmetry,
WMA x; — Xg,...,X, — Xg are linearly independent. Now, fix scalars
ag, 1, ...,0, € F st apgxg+ aixy + -+ + ayx, = 0 and
agt+ar+--+a, =0 WISag=a1 =---=a, =0. Since
ag+aq+---+a, =0, we have that g = —av1 — - - - — app, and so

0 = aoxo+ aixy + -+ apXy
= (—oq — - —ap)xo+ aixy + -+ anXy

= Oél(Xl - XO) + -+ an(xn - XO)'

Since vectors X1 — Xg, - .., X — Xg are linearly independent, we see
thatay =---=a, =0.



Proof. Obviously, (iii) implies (ii). We will show that (ii) implies (i),
and that (i) implies (iii).

Suppose that (ii) holds. Let us prove (i). By (ii) and by symmetry,
WMA x; — Xg,...,X, — Xg are linearly independent. Now, fix scalars
ag, 1, ...,0, € F st apgxg+ aixy + -+ + ayx, = 0 and
agt+ar+--+a, =0 WISag=a1 =---=a, =0. Since
ag+aq+---+a, =0, we have that g = —av1 — - - - — app, and so

0 = aoxo+ aixy + -+ apXy
= (—oq — - —ap)xo+ aixy + -+ anXy

= Oél(Xl - XO) + -+ an(xn - XO)'

Since vectors X1 — Xg, - .., X — Xg are linearly independent, we see
that a; = -+ = a, = 0. Since ag = —a1 — - - - — @y, it follows that
ap = 0. This proves (i).



Proof (continued). Suppose now that (i) holds. Let us prove (iii).
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By symmetry, it suffices to show that x; — xq, ..., X, — X are
linearly independent.



Proof (continued). Suppose now that (i) holds. Let us prove (iii).
By symmetry, it suffices to show that x; — xq, ..., X, — X are
linearly independent. Fix scalars ay,...,a, € F s.t.

a1(x1 —Xo) + -+ + an(xp — %) = 0. Then

(—Oél—~--—Ozn)X0+041X1+"'+Oéan = 0.
—_——— ———

=g



Proof (continued). Suppose now that (i) holds. Let us prove (iii).
By symmetry, it suffices to show that x; — xp, ..., X, — Xg are
linearly independent. Fix scalars ay,...,a, € F s.t.

a1(x1 —Xo) + -+ + an(xp — %) = 0. Then

(—Oél—~--—Ozn)X0+041X1+"'+Oéan = 0.
—_——
=g
Since xg, X1, - - ., X, are affinely independent, we now get that

ap =aj =--- = ap =0, and we deduce that (iii) holds. Q.E.D.



Proposition 3.2

Let V be a vector space over a field F, and let xg, X1,...,Xp
(n > 0) be vectors in V. Then the following are equivalent:
@ xo,X1,.-..,X, are affinely independent;
@ there exists some i € {0,1,...,n} s.t. vectors
X0 — Xjy ooy Xj—1 — Xj, Xj4+1 — Xj, ..., X — X; are linearly
independent;
@ forallie{0,1,...,n}, vectors
X0 — Xjy ooy Xj—1 — Xj, Xj41 — Xj, ..., X — X; are linearly

independent.
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Let M be an affine subspace of a vector space V over a field F. An
affine basis (also called a barycentric frame) of M is a non-empty
ordered set {xg,X1,...,X,} of vectors in M s.t.

@ vectors Xg, X1, ..., X, are affinely independent;

o M = Aff(xq, X1,...,Xpn).
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@ By Theorem 3.4 (later!), every affine basis of an n-dimensional
affine subspace contains exactly n + 1 vectors.



Definition

Let M be an affine subspace of a vector space V over a field F. An
affine basis (also called a barycentric frame) of M is a non-empty
ordered set {xg,X1,...,X,} of vectors in M s.t.

vectors Xg, X1, - - . , X, are affinely independent;
M = Aff(xo, X1, - . ., Xpn).

By Theorem 3.4 (later!), every affine basis of an n-dimensional
affine subspace contains exactly n + 1 vectors.

Remark: Suppose that M is an affine subspace of a vector
space V over a field F, and let xg, X1, ..., X, be vectors in V.
In view of Corollary 2.3, we have that {xo,X1,...,X,} is an
affine basis of M iff all the following hold:

Q xo,%X1,...,%X, € M,

@ vectors xg, X1, ...,X, are affinely independent;

@ every vector in M can be expressed as an affine combination of

X0, X1, ... Xp.




Let M be an affine subspace of a vector space V over a field I, and
.,Xp} be an affine basis of M. Then for all x € M,
.,apn € F, called the barycentric

coordinates of x with respect to the affine basis {xg, x1,...,Xp}, s.t.
x=>igaix;and Y} iLga; =1.

let {xq,x1, ..
there exist unique scalars «g, ag, . .

Proof.



Let M be an affine subspace of a vector space V over a field I, and
let {xo,X1,...,Xy} be an affine basis of M. Then for all x € M,
there exist unique scalars ag, aa,...,a, € F, called the barycentric
coordinates of x with respect to the affine basis {xg, x1,...,Xp}, s.t.
x=>oaix;iand } i ga; = 1.

Proof. Fix x € M. The existence of scalars ag, a1,...,a, € F s.t.
x = > 1" gaix; and Y i_ga; =1 follows from the fact that
M = Aff(xo,X1,...,Xp).



Let M be an affine subspace of a vector space V over a field I, and
let {xo,X1,...,Xy} be an affine basis of M. Then for all x € M,
there exist unique scalars ag, aa,...,a, € F, called the barycentric
coordinates of x with respect to the affine basis {xg, x1,...,Xp}, s.t.
x=>oaix;iand } i ga; = 1.

Proof. Fix x € M. The existence of scalars ag, a1,...,a, € F s.t.
x = > 1" gaix; and Y i_ga; =1 follows from the fact that
M = Aff(xo,X1,...,Xp).

It remains to prove uniqueness.



Let M be an affine subspace of a vector space V over a field I, and
let {xo,X1,...,Xy} be an affine basis of M. Then for all x € M,
there exist unique scalars ag, aa,...,a, € F, called the barycentric
coordinates of x with respect to the affine basis {xg, x1,...,Xp}, s.t.
x=>oaix;iand } i ga; = 1.

Proof. Fix x € M. The existence of scalars ag, a1,...,a, € F s.t.
x = > 1" gaix; and Y i_ga; =1 follows from the fact that
M = Aff(xo,X1,...,Xp).
It remains to prove uniqueness. So, fix
Cto,al,...,an,ﬁo,ﬁl,...,,@n € F s.t.

e x=>"oax; and > ja; =1,

@ X = Z?:O ,8,-x,- and 27:0 ,8,' =1.
Then Y7 g aixi = Y. /o Bixi, and so >/ (i — Bi)x; = 0.



Let M be an affine subspace of a vector space V over a field I, and
let {xo,X1,...,Xy} be an affine basis of M. Then for all x € M,

there exist unique scalars ag, aa,...,a, € F, called the barycentric
coordinates of x with respect to the affine basis {xg, x1,...,Xp}, s.t.

x=>igaix;and Y} iLga; =1.

Proof. Fix x € M. The existence of scalars ag, a1,...,a, € F s.t.
x = > 1" gaix; and Y i_ga; =1 follows from the fact that
M = Aff(xo,X1,...,Xp).
It remains to prove uniqueness. So, fix
Cto,al,...,an,ﬁo,ﬁl,...,,@n € F s.t.

e x=>"oax; and > ja; =1,

° x = oBixiand Y[ o0 = 1.
Then Y7 g aixi = Y. /o fBixi, and so > i (i — Bi)x; = 0. Also,
Siolai—Bi) = (o i) — (g Bi) =1 —1=0. Since vectors
X0, X1, - - - , Xp are affinely independent, we deduce that o; — 3; =0
(and consequently, o; = ;) for all i € {0,1,...,n}. Q.E.D.



Let M be an affine subspace of a vector space V over a field I, and
let (a,u1,...,u,) be an affine frame of M. Then for all x € M,
there exist unique scalars ag,...,a, € F s.t.
X=a+ aqiug + - -+ azup,.

Let M be an affine subspace of a vector space V over a field I, and
let {x0,X1,...,Xn} be an affine basis of M. Then for all x € M,
there exist unique scalars ag, a1, ...,a, € F, called the barycentric
coordinates of x with respect to the affine basis {xg, x1,...,X,}, s.t.
x=>igaix;and Y ga; =1.




@ Theorem 3.4 (below) gives a relationship between affine bases
and affine frames.

Theorem 3.4
Let V be a vector space over a field I, let M be an affine subspace
of V, and let xg, X1,...,X, € V. Then the following are equivalent:

@ {x0,X1,...,X,} is an affine basis of M,
@ (x0,X1 — X0, --.,Xn — Xo) is an affine frame of M.




@ Theorem 3.4 (below) gives a relationship between affine bases
and affine frames.

Theorem 3.4

Let V be a vector space over a field I, let M be an affine subspace
of V, and let xg, X1,...,X, € V. Then the following are equivalent:

@ {x0,X1,...,X,} is an affine basis of M,
@ (x0,X1 — X0, --.,Xn — Xo) is an affine frame of M.

@ Remark: Since every affine frame of an n-dimensional affine
subspace contains n + 1 vectors, Theorem 3.4 implies that
every affine basis of an n-dimensional affine subspace contains
exactly n+ 1 vectors.



Theorem 3.4

Let V be a vector space over a field IF, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,Xp} is an affine basis of M;
@ (x0,X1 — X0, -..,Xn — Xo) is an affine frame of M.

Proof.
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@ {x0,X1,...,Xp} is an affine basis of M;
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Proof. We prove “(i) == (ii)." The proof of “(ii) == (i)" is similar
(see the Lecture Notes).
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@ {x0,X1,...,Xp} is an affine basis of M;
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Assume (i) holds. WTS (ii).
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Let V be a vector space over a field IF, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,Xp} is an affine basis of M;
@ (x0,X1 — X0, -..,Xn — Xo) is an affine frame of M.

Proof. We prove “(i) == (ii)." The proof of “(ii) == (i)" is similar
(see the Lecture Notes).

Assume (i) holds. WTS (ii). Since (i) holds, we know that
X0, X1,...,X, € M.



Theorem 3.4
Let V be a vector space over a field IF, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,Xp} is an affine basis of M;
@ (x0,X1 — X0, -..,Xn — Xo) is an affine frame of M.

Proof. We prove “(i) == (ii)." The proof of “(ii) == (i)" is similar
(see the Lecture Notes).
Assume (i) holds. WTS (ii). Since (i) holds, we know that

X0,X1,---,Xn € M. So, by Theorem 1.1(b), M can be written in the
form M = x¢ + U for some linear subspace U of V.



Theorem 3.4
Let V be a vector space over a field IF, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,Xp} is an affine basis of M;
@ (x0,X1 — X0, -..,Xn — Xo) is an affine frame of M.
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(see the Lecture Notes).

Assume (i) holds. WTS (ii). Since (i) holds, we know that
X0,X1,---,Xn € M. So, by Theorem 1.1(b), M can be written in the

form M = xg + U for some linear subspace U of V. It remains to
show that {x; — xo,...,X, — X0} is a basis of U.



Theorem 3.4
Let V be a vector space over a field IF, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,Xp} is an affine basis of M;
@ (x0,X1 — X0, -..,Xn — Xo) is an affine frame of M.

Proof. We prove “(i) == (ii)." The proof of “(ii) == (i)" is similar
(see the Lecture Notes).

Assume (i) holds. WTS (ii). Since (i) holds, we know that
X0,X1,---,Xn € M. So, by Theorem 1.1(b), M can be written in the
form M = xg + U for some linear subspace U of V. It remains to
show that {x; — xg,...,X, — Xo} is a basis of U. Since
X1,...,Xp € M =xg+ U, it is clear that x; — xg,...,X, — Xg € U.



Theorem 3.4
Let V be a vector space over a field IF, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,Xp} is an affine basis of M;
@ (x0,X1 — X0, -..,Xn — Xo) is an affine frame of M.

Proof. We prove “(i) == (ii)." The proof of “(ii) == (i)" is similar
(see the Lecture Notes).
Assume (i) holds. WTS (ii). Since (i) holds, we know that

X0,X1,---,Xn € M. So, by Theorem 1.1(b), M can be written in the
form M = xg + U for some linear subspace U of V. It remains to

show that {x; — xg,...,X, — Xo} is a basis of U. Since
X1,...,Xp € M =xg+ U, it is clear that x; — xg,...,X, — Xg € U.
Moreover, since the set {xq, X1, ...,Xp} is affinely independent

(by (i)), Proposition 3.2 guarantees that {x; — Xg,...,X, — Xo} is

linearly independent.
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of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,X,} is an affine basis of M,
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Proof (continued). It remains to show that any vector in U can be
written as a linear combination of x; — Xg, ..., X, — Xg.
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of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,X,} is an affine basis of M,
@ (x0,X1 —Xo,-.-,X, — Xo) is an affine frame of M.

Proof (continued). It remains to show that any vector in U can be
written as a linear combination of x; — Xg, ..., X, — Xg. Fix any
uec U.



Theorem 3.4
Let V be a vector space over a field I, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,X,} is an affine basis of M,
@ (x0,X1 —Xo,-.-,X, — Xo) is an affine frame of M.

Proof (continued). It remains to show that any vector in U can be
written as a linear combination of x; — Xg, ..., X, — Xg. Fix any
uec U. Thenx:=xg+uexg+U=M,



Theorem 3.4
Let V be a vector space over a field I, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,X,} is an affine basis of M,
@ (x0,X1 —Xo,-.-,X, — Xo) is an affine frame of M.

Proof (continued). It remains to show that any vector in U can be

written as a linear combination of x; — Xg, ..., X, — Xg. Fix any
uc U. Then x:=x¢+u € xp+ U= M, and so by (i),
dag, a1, ...,a, € Fsit. x = agxg + a1x1 + - - - + apx, and

oty +-Fa, =1



Theorem 3.4
Let V be a vector space over a field I, let M be an affine subspace

of V, and let xg,X1,...,X, € V. Then the following are equivalent:
@ {x0,X1,...,X,} is an affine basis of M,
@ (x0,X1 —Xo,-.-,X, — Xo) is an affine frame of M.

Proof (continued). It remains to show that any vector in U can be

written as a linear combination of x; — Xg, ..., X, — Xg. Fix any
uc U. Then x:=x¢+u € xp+ U= M, and so by (i),
dag, a1, ...,a, € Fsit. x = agxg + a1x1 + - - - + apx, and

ap+ a1+ -+ a, =1. We now compute:

u = X-—Xp

= (OéoXo—l—Oéle—l—"'—l—Oéan)—(Oé0+041+"'+04n)X0

= ag(x1 —x0) + - + an(x, — x0).

So, u is a linear combination of x; — xg, ..., X, — Xg. Q.E.D.



@ Affine transofrmations



@ Affine transofrmations

Definition

Suppose that V4 and V5 are vector spaces over a field IF. A function
f: Vi — Vais called an affine transformation (or an affine function)
if there exists a linear transformation g : V; — V5, and a vector

b € V, s.t. for all x € V4, we have that f(x) = g(x) + b.
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take g ;== f and b := 0).



@ Affine transofrmations

Definition

Suppose that V4 and V5 are vector spaces over a field IF. A function
f: Vi — Vais called an affine transformation (or an affine function)
if there exists a linear transformation g : V; — V5, and a vector

b € V, s.t. for all x € V4, we have that f(x) = g(x) + b.

@ Obviously, every linear transformation f is affine (we simply
take g ;== f and b := 0).
e We now state a few propositions/theorems about affine
transformations.
o The proofs are in the Lecture Notes (here, we omit them).



Proposition 4.1

Let V41 and V5 be vector spaces over a field IF, and let 7 : V; — V)
be a linear transformation. Then f is linear iff £(0) = 0.




Proposition 4.1

Let V41 and V5 be vector spaces over a field IF, and let 7 : V; — V)
be a linear transformation. Then f is linear iff £(0) = 0.

Theorem 4.2

Let Vi, V5, V3 be vector spaces over a field IF. Then all the

following hold:

@ for all affine transformations fi,» : V; — V5, we have that
fi + f> is an affine transformation;

@ for all affine transformations f : V; — V5 and scalars «, we
have that af is an affine transformation;

@ for all affine transformations 1 : Vi — Vb and 6 : Vo — V3,

we have that f o f; is an affine transformation.
fao fi

Vi & V3




Theorem 4.3

Let Vi and V, be vector spaces over a field IF, let g : V4 — V5 be a
linear transformation, and let U, be a linear subspace of V5. Then
g [Us] is a linear subspace of V.




Theorem 4.3

Let Vi and V, be vector spaces over a field IF, let g : V4 — V5 be a
linear transformation, and let U, be a linear subspace of V5. Then
g [Us] is a linear subspace of V.

Theorem 4.4

Let Vi1 and V5 be vector spaces over a field IF, and let £ : Vj — V),
be an affine transformation. Then all the following hold:

@ for every affine subspace M; of V4, we have that f[M;] is an
affine subspace of V5;

@ Im(f) is an affine subspace of V5;

@ for every affine subspace My of V5, f_l[/\/lz] is either empty or
an affine subspace of Vi;

@ for every b € V/, the set of solutions of the equation f(x) =b
is either empty or an affine subspace of V;.




Theorem 4.4

Let V41 and V, be vector spaces over a field IF, and let 7 : V7 — V)
be an affine transformation. Then all the following hold:

Q

Q
Q

for every affine subspace M; of V4, we have that f[M;] is an
affine subspace of V5;

Im(f) is an affine subspace of V5;

for every affine subspace My of Vs, f~1[Ms] is either empty or
an affine subspace of Vi;

for every b € V/, the set of solutions of the equation f(x) =b
is either empty or an affine subspace of V.




Theorem 4.4

Let V41 and V, be vector spaces over a field IF, and let 7 : V7 — V)
be an affine transformation. Then all the following hold:

@ for every affine subspace M; of Vi, we have that f[Mj] is an
affine subspace of V5;

@ Im(f) is an affine subspace of V5;

@ for every affine subspace My of Vs, f~1[Ms] is either empty or
an affine subspace of Vi;

@ for every b € V/, the set of solutions of the equation f(x) = b
is either empty or an affine subspace of V.

Corollary 4.5

Let F be a field, and let A € F"*™ and b € F". Then the solution
set of the matrix-vector equation Ax = b is either empty or an affine
subspace of F™.




