Linear Algebra 2: Lecture 23

Irena Penev

Summer 2023

Terminology: So far, we have typically referred to vector/linear subspaces
of a vector space simply as “subspaces.” In this lecture, we will study a
generalization of linear subspaces, called “affine subspaces.” To avoid any
confusion, in this lecture, we will not use the term “subspace” and will
instead always write either “linear subspace” or “affine subspace.”

1 Affine subspaces

An affine subspace of a vector space V over a field F is any set of the form
a+U = {a+u|uelU},

where a is a vector in V and U is a linear subspace of V.
A

a+U

Thus, an affine subspace of V is obtained by shifting a linear subspace U of
V by some vector a.

Remarks:

1. For a vector space V over a field F:

e every linear subspace U of V is also an affine subspace of V, since
U=0+U:;!

"Moreover, as we shall see, linear subspaces of V are precisely those affine subspaces of
V' that contain 0 (see Corollary 1.2).



e 1 is an affine subspace of itself (because V' is a linear subspace of
itself);

e for every vector a € V, {a} is an affine subspace of V', since
{a} =a+ {0} and {0} is a linear subspace of V.

2. As we know, linear subspaces of R™ are {0}, lines through the origin,
planes through the origin, and higher dimensional generalizations. So,
affine subspaces of R™ are {a} (for any vector a € R"), lines, planes,
and higher dimensional generalizations (these lines, planes, and higher
dimensional generalizations may, but need not, pass through the origin).

As Theorem 1.1 (below) shows, for an affine subspace M = a+ U (where
a and U are as in the definition above), the vector a need not be unique
(indeed, it can be any vector in M),2 but the linear subspace U is unique (it
depends only on M, and not on the vector a).3

Theorem 1.1. Let V' be a vector space over a field F, and let M = a+ U be
an affine subspace of V', where a is a vector and U a linear subspace of V.
Then all the following hold:

(a) a€ M (and in particular, M # 0);
(b) for all a' € M, we have that M = a’ + U;
(c) for allb eV \ M, we have that M N (b + U) = 0;

(d) for all vectors a’ and linear subspaces U' of V' such that M = a' +U’,
we have that U' =U.

Proof. (a) Since U is a linear subspace of V, we have that 0 € U, and
consequently, a=a+0ca+U =M.

(b) Fix a’ € M. Since a’ € M = a+ U, there exists some u’ € U such
that a’ = a + u’. Now, we must show that M =a’ + U.

Let us first show that M C a’ + U. Fix x € M. Since M = a + U, there
exists some u € U such that x =a+u. Thenx=a4+u=(a' —u)+u=
a' + (u—u'). Since u,u’ € U, and U is a linear subspace of V, we have that
u—u €U;so,x=a'+ (u—u')ea +U. This proves that M Ca'+U.

Let us now show that a’ + U C M. Fix u € U; we must show that
a’ +u € M. But note that a’ +u=a + u’ + u. Since u’,u € U, and U is
a linear subspace of V, we have that u’ + u € U; consequently, a’ + u =
at+u +uca+U=M. This proves that a’ + U C M.

(¢) Fix b e V\ M. We must show that M N (b+ U) = (). Suppose
otherwise, and fix x € M N(b+U). Since x € M = a+ U, there exists some

2This follows that Theorem 1.1(b)
3This follows from Theorem 1.1(d).



u; € U such that x = a + uy; on the other hand, since x € b 4+ U, there
exists some uy € U such that x = b+ us. So, a+u; = b+ us, and it follows
that b = a+ (u; — ug). Since uj,ug € U, and since U is a linear subspace of
V', we have that u; —ug € U; consequently, b=a+ (u; —ug) € a+U = M,
contrary to the fact that b € V'\ M.

(d) Fix a vector a’ and a linear subspace U’ of V such that M =a' + U’".
By (a), we have that a’ € M, and so by (b), we have that M =a’ + U. So,
a' + U =a + U, and we deduce that U' = U 4 O

Given a vector space V over a field F, we define the dimension of an
affine subspace M = a+ U of V (where a is a vector and U a linear subspace
of V') to be dim(U). By Theorem 1.1(d), this is well defined.

Corollary 1.2. Let V' be a vector space over a field F. Then linear subspaces
of V' are precisely those affine spaces of V' that contain 0. In other words,
for allU C V', the following are equivalent:

(i) U is a linear subspace of V;
(ii) U is an affine subspace of V and 0 € U.

Proof. Fix U C V. Suppose first that (i) holds. Then clearly, 0 € U, and
moreover, U = 0+ U. So, (ii) holds.

Suppose now that (ii) holds. Since U is an affine subspace of V', we know
that there exists a vector a € V and a linear subspace U’ of V such that
U = a+U’. Moreover, by (ii), we have that 0 € U, and so by Theorem 1.1(b),
we have that U = 0+ U’. So, U = U’, and so since U’ is a linear subspace
of V, we see that (i) holds. O

Recall that the intersection of two linear subspaces is a linear subspace.”

In the case of affine subspaces, we have the following corollary.

Corollary 1.3. Let V be a vector space over a field F, and let My and My
be affine subspaces of V. Then either My N Mo = (), or My N My is an affine
subspace of V.

Proof. We may assume that M; N Ms # (), for otherwise we are done. Fix any
a € M1NMs. By Theorem 1.1, M7 and Ms can be written as M7 = a+U; and
My = a+ Us, for some linear subspaces Uy and Uy of V. Then U := Uy NUs
is a linear subspace of V.6 Moreover, it is clear that M; N My =a+U,” and
so M7 N My is an affine subspace. ]

4This is “obvious,” but here is a formal proof. By symmetry, it suffices to show that
U' CU. Fixu €U'. Thena' +u’ € a’'+ U’ =a’ + U, and it follows that there exists
some u € U such that a’ + u’ = a’ + u. By subtracting a’ from both sides, we get u’ = u;
since u € U, we deduce that u’ € U. So, U’ C U.

5This was Problem 4 of HW#6 from Linear Algebra 1, winter 2022.

5This follows from Problem 4 of HW#6 from Linear Algebra 1, winter 2022.

"This is “obvious,” but here is a full proof. It is clear that a+ U C M; N Mz. For



2 Affine combinations and affine hulls

Recall from analytic geometry that if x and y are distinct points (vectors) in
R2, then the line in R? that passes through x and y is {tx+ (1 —t)y | t € R}.
This in fact holds for all distinct points x and y in R™ (not just R?). Affine
combinations are a generalization of this concept.

A

{tx+(1—-t)y|teR}

v
o

Suppose that x1,...,x, (n > 1) are vectors in a vector space V over
a field F. An affine combination of x1,...,x, is any sum of the form
a1X1 + -+ - - + ap Xy, where oy, ..., a, € F satisfy a; + -+ + o, = 1. The set
of all affine combinations of x1,...,x,, denoted Aff(xi,...,xy,), is called the
affine hull (or affine span) of x1,...,X,. So, we have that

n n
Aff(xq1,...,%xp,) = { Saxi|ag,...,an €F, > a; = 1}.

i=1 1=1
Since x; = 0x1 + -+ - +0x;_1 + 1x; +0x;41 +- - -+ 0x,, for all i € {1,...,n}, we
see that x1,...,x, € Aff(x1,...,x%,). As Theorem 2.1 (below) shows, affine
subspaces of V' are precisely those non-empty subsets of V' that are closed
under affine combinations. As a corollary (see Corollary 2.2), we deduce that
all affine hulls are affine subspaces of V.

Theorem 2.1. Let V be a vector space over a field F, and let M be a
non-empty subset of V.. Then the following are equivalent:

(i) M is an affine subspace of V;

(i) M is closed under affine combinations, that is, for all x1,...,%, €
M and aq,...,an, € F such that oy 4+ --- + a,, = 1, we have that
o1X) + o Fapx, € M.

the reverse inclusion, we fix some x € M; N M2, and we show that x € a+ U. Since
x € My = a+ U, we know that there exists some u; € U; such that x = a4 u;. Similarly,
since x € M2 = a+ Us, there exists some uz € Uz such that x = a+uz2. So, a+u; = a+us,
and consequently, u; = uz. Since u; € U; and uz € Uz, we deduce that u; = u2 belongs
to Uiy NUz =U. But now x =a+u; € a+ U, and we are done.



Proof. Assume first that (i) holds. Let us prove (ii). Set M = a + U,
where a is a vector and U a linear subspace of V, as in the definition of
an affine subspace. Fix xj,...,x, € M, and fix a1,...,a, € F such that
a1 + -+ a, = 1; we must show that ayx; + -+ + a,x, belongs to M.
Since x1,...,X, € M = a—+ U, there exist vectors uy,...,u, € U such that
X, =a+ug,...,X, = a4+ u,. We now have that

axi+tapx, = aifatw)+-+an(at+ug)

= (a1 +-+ap)a+ (aug + -+ azuy)
~—————
=1

= a+(ajup + -+ azuy).

=u

Since uy,...,u, € U, and U is a linear subspace of V', we have that u € U.
So, ayxy + -+ apx, =a+u€a+ U = M. This proves (ii).

Conversely, suppose that (ii) holds. We must prove (i). Using the fact
that M # (), we fix some a € M. Set U := {x —a | x € M}. Clearly,
M = a4+ U. It remains to show that U is a linear subspace of V. By
Theorem 2.7 of Lecture Notes 6, it suffices to show that 0 € U, and that U
is closed under vector addition and scalar multiplication.

First, since a € M, we have that 0 =a—a € U.

Next, fix uy,us € U. We must show that u; +us € U. Since uy,us € U,
there exist x1,X9 € M such that u; = x; —a and us = x5 — a. Then

ut+u = (x3—a)+(xe—a) = <1x1+1xQ+(—1)a>—a.

=y

Since x1,x2,a € M and 1+ 1+ (—1) = 1, and since (ii) holds, we see that
yeM. Butnowu, +us=y—aecU.

Finally, fix u € U and a € F; we must show that au € U. Since u € U,
we know that there exists some x € M such that u = x — a. But now

ou = a(x—a) = (ax—l—(l—a)a) —a.
| S
=y
Since x,a € M, and since (ii) holds, we have that y = ax + (1 — a)a € M.
But now au=y —aeU.
We have now shown that U is a linear subspace of V', and it follows
that (i) holds. ]

Corollary 2.2. Let x1,...,%X, (n > 1) be vectors in a vector space V' over
a field F. Then M := Aff(x1,...,X,) is an affine subspace of V.



Proof. Since x1,...,x, € M, we see that M # (). In view of Theorem 2.1,
it now suffices to show that M is closed under affine combinations. Fix
Yi,---,Ym € M and aq,...,q,, € F such that a1 +--- 4+ a;,;, = 1. We must
show that y := a1y1 + - - + amym belongs to M. Since y1,...,ym € M, we
see that for alli € {1,...,m}, y; is an affine combination of vectors x1, . .., X,
that is, there exist scalars 3;1,..., i, € F such that y; = 2?21 Bi,jx; and
> i—1Bij = 1. But now

m

Yy = f:laiy'i = TZZ: (Zﬁz,ﬁ%) = ZEU‘/HJXJ

7j=1 j=1li=

For each j € {1,...,n}, weset v; := > 71" a;0; ;. Theny = 30| ypx;. It
now remains to bhOW that Z _,7vj = 1, for this will imply that y is an affine
combination of x1,...,X,, that is, that y € M, which is what we need to
show. We compute:

n n m p m n (*) m
S o= Llafy = La (X)) © Ta =1,
7=1 j=1li=1 =1 =1

where (*) follows from the fact that > 7, ;; = 1. This completes the
argument. [

Corollary 2.3. Let V' be a vector space over a field F, let M be an affine
subspace of V', and let x1,...,%x, (n > 1) be vectors in V. Then the following
are equivalent:

(i) M = Aff(x1,...,%Xn);

(ii) X1,...,%X, € M, and every vector in M is an affine combination of
X1y y Xnp.

Proof. Obviously, (i) implies (ii). For the reverse implication, we assume
that (ii) holds, and we prove (i). Since every vector in M is an affine combina-
tion of X1, ..., Xy, we have that M C Aff(xi,...,x,). Let us prove the reverse
inclusion. Fix x € Aff(xy,...,%,). By (ii), we have that xi,...,x, € M,
and by Theorem 2.1, we know that M is closed under affine combinations.
Since x is an affine combination of x1,...,x,, we deduce that x € M. This
proves that Aff(xy,...,x,) € M. Thus, (i) holds. O

3 Affine frames and affine bases

We have extensively studied bases of (finite-dimensional) vector spaces. For
affine subspaces, we have two analogues of bases: “affine frames” and “affine
bases.”



3.1 Affine frames

Let n be a non-negative integer, and let M be an n-dimensional affine
subspace of a vector space V over a field F. An affine frame of M is an
ordered (n + 1)-tuple (a,uy,...,u,) of vectors of V such that M can be
written in the form M = a 4+ U, where U is a linear subspace of V', and
{ui,...,u,} is a basis of U.

Remark: Infinite-dimensional affine subspaces do not have affine frames.

By Theorem 1.3 of Lecture Notes 7, if {vy,...,v,} is a basis of a vector
space V over a field F, then every vector in V can be written as a linear
combination of the vectors vi,...,v, in a unique way. Our next theorem is
an analogue of this result for affine subspaces and affine frames.

Theorem 3.1. Let M be an affine subspace of a vector space V' over a field
F, and let (a,uy,...,u,) be an affine frame of M. Then for all x € M, there
exist unique scalars aq,...,an € F such that x =a+ ajuy + - - - + ayu,.

Proof. Set U := Span(uy,...,u,), so that M = a+ U. Fix x € M. We
must show that there exist unique scalars aq,...,q, € F such that x =
a+aju; + -+ ayuy.

We first prove existence. Since x € M = a + U, there exists some
u € U such that x = a+ u. Since u € U = span(uy,...,u,), we know
that there exist scalars aq,...,a, such that u = aqyu; + --- + au,. So,
X =a+ ajuj + - - + apu,. This proves existence.

Let us prove uniqueness. Suppose that aq,...,an,01,...,08, € F are
such that x = a+ aju; + -+ + apu, and x = a + fiu; + -+ + Gru,.
Then a + ajuy + - -+ + apu, = a+ fiug + -+ + Bpu,, and consequently,
(a1 — B1)ug + - - + (v, — Bp)uy, = 0. Since the set {uy,...,u,} is linearly
independent,® we have that oy — 1 = --- = ay, — B, = 0. It follows that
a; = B; for all i € {1,...,n}. This proves uniqueness. O

3.2 Affine independence

Given vectors x1,...,X, in a vector space V over a field F, we say that
vectors Xi,...,X, € V are affinely independent, or that the set {x1,...,%,}
is affinely independent, if for all aq,...,a, € F such that

arxX1+--tapx, = 0 and ar+---4+a, = 0,
we have that o1 = --- = «a,, = 0.
Proposition 3.2. Let V' be a vector space over a field F, and let xo, X1, ...,Xn

(n > 0) be vectors in V. Then the following are equivalent:

8This follows from the fact that (a, ui,...,u,) is an affine frame of M.



(i) X0,X1,...,Xy, are affinely independent;
(ii) there exists some i € {0,1,...,n} such that vectors
X0 = Xjyeo oy Xj—1 — Xy Xj41 — Xy oo oy X — X
are linearly independent;
(iii) for alli € {0,1,...,n}, vectors
X0 = Xjyeoo 3y Xj—1 — Xjy X1 — Xy oo oy X — X
are linearly independent.

Proof. Obviously, (iii) implies (ii). We will show that (ii) implies (i), and
that (i) implies (iii).

Suppose that (ii) holds. Let us prove (i). By (ii) and by symmetry,

we may assume that x; — xXq,...,X, — X are linearly independent. Now,
fix scalars ag, aq, ..., a, € F such that agxg + a1x1 4+ - + apX, = 0 and
oag + a1 + -+ + a, = 0. We must show that ag = a3 =+ = o, = 0. Since
ag+ ay + -+ a, =0, we have that ag = —a1 — -+ — a, and so

0 = aoxg+a1x1+ -+ apXy

= (—a;—-—ap)Xo+ X1+ -+ Xy

= ai(x1—%g) + -+ an(xp — Xo)-

Since vectors x; — Xg,...,X, — Xg are linearly independent, we see that
a1 = =a, =0. Since g = —a1 — - -+ — ay,, it follows that ag = 0. This
proves (i).

Suppose now that (i) holds. Let us prove (iii). By symmetry, it suffices
to show that x; — xq,...,X, — X are linearly independent. Fix scalars
ai,...,ap € Fsuch that a1 (x1 —xg) + -+ + ap(x, —x0) = 0. Then

(—ap — - —ap)Xo+a1X1 + -+ apx, = 0.
—_—
=qg
Since xg, X1, ...,X, are affinely independent, we now get that ag = a1 =
-+ =ay, =0, and we deduce that (iii) holds. O

3.3 Afline bases

Let M be an affine subspace of a vector space V over a field F. An affine
basis (also called a barycentric frame) of M is a non-empty ordered set
{x0,X1,...,X%,} of vectors in M such that



e vectors xg, X1, ...,X, are affinely independent;
o M = Aff(x¢,X1,...,Xp).

As we shall see (see Theorem 3.4 and the remark following it), for any
non-negative integer n, every affine basis of an n-dimensional affine subspace
contains exactly n + 1 vectors.

Remark: Suppose that M is an affine subspace of a vector space V over
a field F, and let x¢,x1,...,X, be vectors in V. In view of Corollary 2.3,
we have that {xg,x1,...,x,} is an affine basis of M if and only if all the
following hold:

1. x¢,x1,...,%X, € M;
2. vectors xg, X1, ...,X, are affinely independent;

3. every vector in M can be expressed as an affine combination of
X0y X1yewoyXp-

Recall that by Theorem 1.3 of Lecture Notes 7, if {vi,...,v,} is a basis
of a vector space V over a field I, then every vector in V' can be written as
a linear combination of the vectors vy,...,v, in a unique way. Theorem 3.1
was an analogue of this result for affine frames. Theorem 3.3 (below) is an
analogue of that same result for affine bases.

Theorem 3.3. Let M be an affine subspace of a vector space V' over a field
F, and let {xg,X1,...,Xn} be an affine basis of M. Then for all x € M, there
exist unique scalars aq, o, ...,a, € F, called the barycentric coordinates of
x with respect to the affine basis {Xo,X1,...,Xn}, such that x =Y ; a;X;
and Y ;o4 = 1.

Proof. Fix x € M. The existence of scalars ag, a1, ..., a, € F such that x =
Yo gaix;and Y o o = 1 follows from the fact that M = Aff(xg, x1,...,Xy).

It remains to prove uniqueness. So, fix ag,a1,...,an, 80,81,---,0n €F
such that

e x=> " a;x;and Y ja; =1;

® X — Z'LT'L:O Bixi and Z?:O Bz =1.
Then Y7 g aix; = Y ;i Bi%s, and we deduce that > ;" ;(a; — B;)x; = 0. On
the other hand,

i(ai_ﬁi) = (im)—(ﬁ‘a&) = 1-1 = 0.

i=0 i=0
Since vectors xg, X1, ...,X, are affinely independent, we now deduce that
ag— Po = a1 — 1 = - = a, — B = 0. Therefore, a; = B; for all
i €{0,1,...,n}. This proves uniqueness. O



3.4 A relationship between affine bases and affine frames

Theorem 3.4. Let V' be a vector space over a field F, let M be an affine
subspace of V', and let xg,X1,...,%xn, € V. Then the following are equivalent:

(i) {x0,%1,...,Xn} is an affine basis of M;
(ii) (X0,X1 — X0,--.,Xn — X0) 18 an affine frame of M.

Remark: Since every affine frame of an n-dimensional affine subspace
contains n + 1 vectors, Theorem 3.4 implies that every affine basis of an
n-dimensional affine subspace contains exactly n + 1 vectors.

Proof. Suppose first that (i) holds. Let us prove (ii). Since (i) holds, we
know that xg,x1,...,%x, € M. So, by Theorem 1.1(b), M can be written
in the form M = xg + U for some linear subspace U of V. It remains to
show that {x; — x¢,...,X, — X0} is a basis of U. Since x1,...,%x, € M =
Xg + U, it is clear that x; — xq,...,X, — X9 € U. Moreover, since the set
{x0,%1,...,%y} is affinely independent (by (i)), Proposition 3.2 guarantees
that {x; — xq,...,X, — X0} is linearly independent.

It remains to show that any vector in U can be written as a linear
combination of x; — Xg,...,X, — Xo. Fix any u € U. Then x :=xg+u €
xo + U = M, and so since (i) holds, we know that there exist scalars
g, a1, ... ,a, € F such that x = agxg + a1x1 + - -+ + apX, and ag + a1 +
-+ + a, = 1. We now compute:

u = X—Xy

= (aoXxo+ a1X1 + -+ 4+ apXy) — (g + a1 + -+ + an)Xo

e =1

= o1(x1 —%0) + -+ (X, — X0).

So, u is indeed a linear combination of vectors x; — xq,...,X, — Xg. We now

deduce that (ii) holds.

Suppose conversely that (ii) holds. Let us prove (i). Since (ii) holds, we
have that M = xo9 + U, where U = Span(x; — Xo,...,X, — Xg). Clearly,
X0, X1,---,Xn € M. Moreover, since the set {x; — X, ...,X, — X} is linearly
independent (by (ii)), Proposition 3.2 guarantees that the set {xg,x1,...,X,}
is affinely independent.

It remains to show that every vector in M is an affine combination of

vectors Xq, X1, ...,Xp. Fix any x € M. Since M = xg+ U, there exists some
u € U such that x = x¢ + u. Since U = Span(x; — Xq, ..., X, — Xq), there
exist scalars ay, ..., a, € F such that u = a1 (x; — x0) + - - - + an (X, — Xo)-
Now, set ag:=1—a1 — -+ — ap; then ag + a1 + -+ + o, = 1, and we have

the following:

10



X = Xo+u
= xo+ (@1(x1 = x0) + -+ + a0 — o)

= (I—a1 - —ap)xo+a1x1 + -+ apXpy

= QqpXo+ a1X1 + -+ apXy.

So, x is indeed an affine combination of xg,x1,...,X,. This proves that (i)

holds. O

4 Affine transofrmations

Suppose that V7 and V5, are vector spaces over a field F. A function f: V; —
Vs, is called an affine transformation (or an affine function) if there exists
a linear transformation g : V3 — V5 and a vector b € V5 such that for all
x € Vi, we have that f(x) = g(x) + b.

Obviously, every linear transformation f is affine (we simply take g := f
and b := 0). Moreover, we have the following proposition.

Proposition 4.1. Let Vi and Vs be vector spaces over a field F, and let
f Vi — Vu be a linear transformation. Then f is linear if and only if

f(0)=o.

Proof. If f is linear, then Proposition 1.4 of Lecture Notes 8 guarantees that
f(0) = 0. For the reverse implication, we assume that f(0) = 0, and we
show that f is linear. Since f is an affine transformation, we know that there
exists a linear transformation g : V43 — V5 and a vector b € V5 such that for
all x € V7, we have that f(x) = g(x) + b. But now

0 = f0) = g0)+b € 0+b = b
where (*) follows from the fact that g is linear, and so g(0) = 0 (by Proposi-

tion 1.4 of Lecture Notes 8). So, f(x) = g(x) for all x € V1, that is, f = g.
Since the function g is linear, so is f. O

Theorem 4.2. Let Vi, Vs, V3 be vector spaces over a field F. Then all the
following hold:

(a) for all affine transformations fi, fo : Vi — Vi, we have that f1 + f2 is
an affine transformation;

(b) for all affine transformations f : Vi — Vo and scalars o, we have that
af is an affine transformation;

11



(¢) for all affine transformations fi : Vi — Vo and fo : Vo — V3, we have
that fo o f1 is an affine transformation.

fao fi

| R

Proof. We prove (c). The proofs of (a) and (b) are left as an exercise. Fix
affine transformations fi : V7 — V5 and fy : Vo — V3. Then there exists a
linear transformation g1 : V3 — V5 and a vector by € V5 such that for all
x € Vi, we have that fi(x) = g1(x) + be. Similarly, since fy : Vo — V3 is an
affine transformation, there exists a linear transformation go : Vo — V3 and
a vector bg € V3 such that for all x € V5, we have that fa(x) = g2(x) + bs.
But now for all x € V3, we have that

(fae A)(x) = fa(fi(x))
= fa(g1(x) +b2)
= 92(91(x) + ba) + bs
= 92(91(x)) + ga(b2) + b3 because g is linear

= (92091)(x) + (g2(b2) + b3).

Since g1 and gy are linear, Proposition 1.3(c) of Lecture Notes 8 implies that
g20¢ is linear. On the other hand, (g2(b2) +bs) is a vector in V3. So, foo fi
is an affine transformation. ]

We now need some terminology and notation. For any function f : A — B,
we define the following:

e for all A; C A, the image of A; under f is the set
flA] = {f(a)[a€ A}
e the image (or range) of f is the set Im(f) := f[A];
e for all B; C B, the preimage of By under f is the set
B = {a€ Al f(a) € Bi}.

Theorem 4.3. Let Vi and Va be vector spaces over a field F, let g : Vi — Vs
be a linear transformation, and let Uy be a linear subspace of Vo. Then
g tUs] is a linear subspace of V1.
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Proof. By Theorem 2.7 of Lecture Notes 6, it suffices to show that 0 € g~ ![U],
and that g~![U] is closed under vector addition and scalar multiplication.

Since ¢ is linear, we know that g(0) = 0, and since Us is a linear
subspace of V3, we know that 0 € Us. So, g(0) = 0 € Us, and consequently,
0 e g_l[UQ].

Next, fix x,y € g7'[Uz]. Then g(x), g(y) € Uz, and since Uy is a linear
subspace of V5, we have that g(x) + g(y) € Us. But since g is linear, we
have that g(x) + g(y) = g(x +y), and so g(x +y) € Us. Consequently,
x+y€g U]

Finally, fix x € g7 1[U3] and o € F. Then g(x) € Us, and since Us is a
linear subspace of V4, we have that ag(x) € Us. But since g is linear, we
have that ag(x) = g(ax), and so g(ax) € Us. Consequently, ax € g~ 1[Us].

It now follows that g~![Us] is a linear subspace of V4. O

Theorem 4.4. Let Vi and Vy be vector spaces over a field F, and let f :
Vi — Vi be an affine transformation. Then all the following hold:

(a) for every affine subspace My of Vi, we have that f[Mi] is an affine
subspace of Va;

(b) Im(f) is an affine subspace of Va;

(c) for every affine subspace My of Va, f~1[My] is either empty or an affine
subspace of Vi;

(d) for every b € V, the set of solutions of the equation f(x) = b is either
empty or an affine subspace of V1.

Proof. Fix a linear transformation ¢ : Vi — V5 and a vector b € V5 such
that for all x € V;, we have that f(x) = g(x) + b.

We first prove (a). Fix an affine subspace M of V1, and set My := a; +Uj,
where a; is a vector and U; is a linear subspace of V7, as in the definition of
an affine subspace. Then

fIMy] = {f(x)|xe M}
= {flay+u)|uelty} becuase My = a; + Uy

because f(x) = g(x) +b
forallx e \p

= {g9(a;+u)+b|luel}
= {g(a;) +g(u)+b|uelU} because g is linear
= (9(a1) +b) +{g(u) |ueli}

= (g9(a1) +b) + g[U7].
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Since g : V1 — V5 is a linear transformation and Uj is a linear subspace of V1,
Theorem 1.6(b) of Lecture Notes 8 guarantees that g[U;] is a linear subspace
of Va. So, f[Mi] = (g(a1) + b) + g[Ui] is an affine subspace of V5. This
proves (a). Since V; is an affine subspace of itself, (b) follows immediately
from (a).

We now prove (c). Fix an affine subspace Mj of V. We may assume
that f~1[Ma] # 0, for otherwise we are done. So, fix a; € f~![My]; then
f(a1) € Ms. By Theorem 1.1, we have that My = f(a;) + Us for some linear
subspace Uy of V5. We now have the following;:

fTMa] = {xeW|f(x)e M}
= {xeW|f(x)€ f(al) + Uz}
= {xeVi|g(x)+be(g9(ar) +b)+Us}

{xeVi|g(x) € glar) + Uz}

{xeVi|g(x) —g(a1) € Uz}

—~

*

= {xeWV|glx—a)eUs}

~

@ a4 {yeVi|gly) €U}
— aj +g_1[U2]7

where (*) follows from the fact that g is linear, and in (**) we set y = x — a;.
By Theorem 4.3, g~ ![Us] is a linear subspace of V;, and we deduce that
f~Y[Ms] = a3 + g~1[V;] is an affine subspace of V;.

For (d), we fix b € V3, and we observe that the solution set of f(x) =b
is precisely the set f~!({b}). Since {b} is an affine subspace of Vs, (c)
guarantees that f~!({b}) is either empty of an affine subspace of V;. This
proves (d). O

Corollary 4.5. Let F be a field, and let A € F**™ and b € F". Then the
solution set of the matrixz-vector equation Ax = b is either empty or an affine
subspace of F™.

Proof. Let fa : F™ — F™ be given by f4(x) = Ax for all x € F™. Then f4
is a linear (and therefore affine) transformation. Moreover, the solution set
of the matrix-vector equation is Ax = b is precisely the solution set of the
equation f4(x) = b. The result now follows from Theorem 4.4(d). O
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