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In this lecture, - is the standard scalar product in R™, and ||-|| is the induced
norm.

1 Positive (semi-)definite matrices: definition

A symmetric matrix A € R™*" is said to be
e positive semi-definite if xT Ax > 0 for all x € R";
e positive definite if x Ax > 0 for all x € R"\ {0}.

Obviously, every positive definite matrix is positive semi-definite.

Example 1.1. The identity matriz I, is positive definite. This is because I,
is symmetric, and for all x € R™\ {0}, we have that xT I,x = xTx = x-x > 0.

We note that the definition of a positive (semi-)definite matrix would
also make sense without the requirement that A be symmetric. However,
note that for any A € R™*"™ the matrix %(A + AT) is symmetric, and for all
vectors x € R", we have that

xT(3(A+ AT))x

—~
*
~

= xTAx,

where (*) follows from the fact that x” Ax is a 1 x 1 matrix, and is consequently
symmetric. So, instead of considering an arbitrary matrix A, we can consider
the symmetric matrix (A + A7) in this context.



2 Positive definite matrices and the scalar product

One reason for interest in positive definite matrices is their role in defining
scalar products. This is made precise in Theorem 2.2 below. Before stating
that theorem, though, let us first recall the definition of a scalar product
from Lecture 11, and let us prove a simple proposition (Propoisition 2.1)
about products of the form x” Ay, where A is a square matrix and x,y are

vectors.

Recall from Lecture Notes 11 that a scalar product (also called inner
product) in a vector space V over the field R is a function (-,-) : V. x V — R

that satisfies the following axioms:

r.1. for all x € V, (x,x) > 0, and equality holds if and only if x = 0;

r.2. forall x,y,ze€V, (x+y,z) = (x,2z) + (y, z);

r.3. for all x,y € V and a € R, (ax,y) = a(x,y);

r4. forall x,y € V, (x,y) = (y,x).
As we saw in Lecture 11, these four axioms imply the following:
r.2”. forall x,y,ze€V, (x,y +2z) = (x,y) + (x,2);

r.3". forall x,y € V and o € R, (x,ay) = a(x,y).

Proposition 2.1. Let F be a field. Then for all matrices A = [ a; j ]

in Fmx™ andallvectomx:[wl R ]T cmdy:[yl cer Un

F™, we have that

M=
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Proof. Fix a matrix A = [ ajj ] in F"*™ and vectors x = [ 1
’ nxn

T .
and y = [ Y1 .- Yn ] in F™.
First of all, we have that
n
a1 Q012 ... Gip Y1 Zj:l a1,5Y;5
n
a1 G2 ... Qa2n Y2 Zj:1a2,jyj
Ay = ) ) . ) ) = .
n
an1 Gn2 .. Gnp Yn 2 j=10n,jYj

Tn



But now

D1 41,5Y;
D1 G2,5Y;
xl'Ay = [ml T ... xn] J .
i1 An.jY;
n n
= Zl ; ( 2=t az;j%‘)
1=
n n
= > . i jTiyj,
i=1j=1
which is what we needed to show. O

Theorem 2.2. For any function (-,-) : R" x R" — R, the following are
equivalent:

(1) (-,-) is a scalar product on R™;

(ii) there exists a positive definite matric A € R™™ such that for all
x,y € R", we have (x,y) = x' Ay.

Proof. Suppose first that (i) holds. For all indices i,5 € {1,...,n}, we
set a;; = (e;,e;). Set A := [ai,j ]nxn' Then for all vectors x =

[ 1 ... Ip ]T and y = [ Y1 .. Yn ]Tian, we have that:
n n
(x,y) = (X xiei, 3 yjej)
i=1 j=1
xR because (-, ) is a
N Z; ]21 Tibilei €j) scalar product in R™
n n
= Z Z TilYiQi,j5 because Qi 5 = <ei,ej>
i=1j=1
= xTAy by Proposition 2.1.
It remains to show that the matrix A is positive definite. First of all, A is
symmetric because for all ,j € {1,...,n}, we have that
(*) (%) ()
ai,j == <eia ej> = <ej7 ei) - a/j,ia

where both instances of (*) follow from the construction of A, and (**)
follows from the fact that (-,-) is a scalar product in R™. On the other hand,
for all x € R™\ {0}, we have that

xT'Ax = (x,x) (;) 0,



where (*) follows from the fact that (-, -) is a scalar product. So, (ii) holds.

Suppose now that (ii) holds, and let the matrix A be as in (ii). We must
prove (i). We verify the axioms of a scalar product one by one.

r.1. For every x € R"\ {0}, we have that (x,x) = x! Ax (;) 0, where
(*) follows from the fact that A is positive definite. On the other hand, we
have that (0,0) = 07 A0 = 0. This proves that for all x € R”, we have that
(x,x) > 0, and that equality holds if and only if x = 0.

r.2. For all x,y,z € R", we have that:
(x+y,z) = (x+y)' Az
= (xI'+yT)Az
= xTAz+yT Az
= (x2)+(y,z).
r.3. For all x,y € R" and a € R, we have that
(ox,y) = (ax)TAy = a(x"dy) = alxy).

r.4. For all x,y € R", we have that

—
=

* (k

xy) = xTdy 2 xTAy)T = yTa4Tx & yTax = (y.x),

where in (*), we used the fact that A is a 1 x 1 (and consequently, symmetric)
matrix, and in (**), we used the fact that A is symmetric.

This proves that (i) holds. O

Remark: Positive (semi-)definite matrices also play an important role in
optimization, but we shall not discuss this in this course.

3 Basic properties of positive (semi-)definite ma-

trices
Let us say that the main diagonal of a matrix A = [ ajj ]an in R™*™ ig
non-negative (resp. positive) if a11,...,ann > 0 (resp. a11,...,ann > 0).

In other words, the main diagonal of a square matrix is non-negative (resp.
positive) if all the entries on the main diagonal of that matrix are non-
negative (resp. positive). The following proposition gives a necessary (but
not sufficient) condition for positive (semi-)definiteness.

Proposition 3.1.



(a) The main diagonal of any positive semi-definite is non-negative.

(b) The main diagonal of any positive definite is positive.

Proof. Fix a matrix A = [ a; j ]an in R®*™. Note that for all indices
i €{1,...,n}, we have that e] Ae; = a;;.! The result now follows from the
definition of positive (semi-)definiteness. O

Theorem 3.2.
(a) If A, B € R™™ are both positive definite, then A+ B is positive definite.
(b) If A € R™*™ is positive definite and o > 0, then «A is positive definite.

(c) If A € R™™ js positive definite, then A is invertible and its inverse A1
is positive definite.

Proof. (a) and (b) are trivial. Let us prove (c). Fix a positive definite matrix
A € R™™™, We first prove that A is invertible. By Corollary 5.1 of Lecture
Notes 4, it suffices to show that Ax = 0 only has the trivial solution. So, fix
a solution xg € R™ of this equation, so that Axy = 0. But then XOTAXO = 0;
since A is positive definite, it follows that xy = 0. This proves that A is
invertible.

It remains to show that A~! is positive definite. Since A is positive
definite, it is symmetric; consequently, A~! is also symmetric.? Now, fix any
x € R™\ {0}. Since x # 0 and A~! is invertible, we see that A~!x # 0. But
now we have the following;:

xT'A7lx = xTA'AA %
= (AH)x)TAA™ )
= (A 'x)TA(A %) because A~! is symmetric

because A is positive

>0 definite and A~ !x # 0.

So, A~! is positive definite. O

Theorem 3.3. Let A € R™" be a symmetric matriz. Then the following
are equivalent:

!This can be seen directly, but it also follows from Proposition 2.1.
Indeed, since A is invertible and symmetric, we have that

o (ANTA=(ANTAT = (AANT = IT = I;
o AA) =ATA N = AT AT =17 = 1,.

So, (A™1)T is an inverse of A, and consequently, A~* = (A™')T. Thus, A" is symmetric.



(i) A is positive definite;

(ii) all eigenvalues of A are positive;

(iii) there exists an invertible matriz U € R™ ™ such that A =UTU.
Proof. We will prove “(i) = (ii) = (ili)) = (i).”

“(i) = (ii)”: Assume that (i) holds. Fix any eigenvalue A of A, and let
x be an associated eigenvector. After possibly normalizing x (i.e. replacing x
by ﬁ), we may assume that ||x|| = 1. Since A is positive definite, we have

that xX Ax > 0. But note that
xT'Ax = xT()\x) = )\(xTx) = AMx-x) = )‘HXH2 = A\

So, A = xTAx > 0. Thus, (ii) holds.

“(ii) = (iii)”: Assume that (ii) holds. Since A is symmetric, it is
orthogonally diagonalizable (by Theorem 2.5 of Lecture Notes 20). Let
D = D(A,...,\,) be a diagonal and @ an orthogonal matrix, both in R™*"™
such that D = QT AQ, and consequently, A = QDQ”. Then ALy A
are all eigenvalues of A, and so by (ii), A1,..., Ay, > 0. Now, set D :=
D(VA1, ...y V/A); clearly, D? = D. Next, set U := DQ. Since D and Q are
both invertible,® so is U. But now

U = (DQ)T(DQ)
— QTDTDQ
= Q'D%Q
= Q"DQ
= A.

So, (iii) holds.

“(iii) = (i)”: Assume (iii), and fix an invertible matrix U such that

3For D, we observe that det(D) = v/A1 ... A, > 0, and so D is invertible (by Theorem 5.1
of Lecture Notes 15). On the other hand, since @ is orthogonal, it is invertible (by
Theorem 2.1 of Lecture Notes 14).



A =UTU. Fix any vector x € R"\ {0}. Then
xT'Ax = xTUTUx
— (UX)T(Ux)
= (Ux)-(Ux)
= Jlx|?

(*)
S0,

where (*) follows from the fact that Ux # 0 (because U is invertible and
x # 0). So, (i) holds. O

For positive semi-definite matrices, we have the following analog of
Theorem 3.3.

Theorem 3.4. Let A € R™" be a symmetric matriz. Then the following
are equivalent:

(i) A is positive semi-definite;

(71) all eigenvalues of A are non-negative;
(i4i) there exists a matriz U € R™"™ such that A = U"TU.
Proof. Analogous to the proof of Theorem 3.3. O
Proposition 3.5. Let A € R™™™ be a symmetric matriz.

(a) If A is positive semi-definite, then det(A) and trace(A) are both non-
negative.

(b) If A is positive definite, then det(A) and trace(A) are both positive.

Proof. Since A is symmetric, Corollary 2.4 of Lecture Notes 20 guarantees
that it has n real eigenvalues (with algebraic multiplicities taken into account).
So, let {A1,..., Ay} be the spectrum of A. By Theorem 2.11 of Lecture
Notes 18, we have that det(A) = Aj...\, and trace(A) = A\ + -+ + \p.
By Theorem 3.4, all eigenvalues of a positive semi-definite matrix are non-
negative, and it follows that (a) holds. Similarly, by Theorem 3.3, all
eigenvalues of a positive definite matrix are positive, and it follows that (b)
holds. O



4 Methods of testing for positive definiteness

Theorem 4.1 (Recursive test of positive definiteness). Let n be a positive

" T
integery and let A = |:Z :7}/ :| (U)’I,th, A R, ac an and A’ c Rnxn) be a
(n+1)x(n+1)

symmetric matriz in R Then A is positive-definite if and only if
a>0and A" — éaaT s positive definite.

Proof. Suppose first that A is positive definite. By Proposition 3.1(b), we
have that o > 0, and in particular, the matrix A" — éaaT is defined. We
must show that this matrix is positive definite. Let us first check that it is
symmetric. Since A is symmetric, so is A’. But now

T
(A’ — éaaT> = AT - laal = A" - laal,

« «

and so A’ — laa” is indeed symmetric. Now, fix any x € R™ \ {0}. Then

xT(A'— laal)x = xTA'x— L(xTaalx)
: a,al —Lalx
e |
‘ | ——
=y
= y'dy
()
> 0

where (*) follows from the fact that A is positive definite and y # 0 (since
x # 0).

Suppose now that a > 0 and A’ — iaaT is positive definite. We must

show that A is positive definite. Fix any x € R"!, and set x = [ Q;O },

where zg € R and y € R”. We now compute:



LT
| o a To
xT'Ax = [mo‘yT ] [aA'] [ - ]
= az}+mzoaly +zoyla+ylAy

= axd+2r0aly +yT Ay
= yl(A - LlaaT)y + lyTaaly + 2zpa’y + azd

« «

= yl(4 — éaaT)y + (Laly)? + 2zpaly + (Vaxg)?

«

2
= y'(A - laal)y+ (ﬁaTy + ﬁxo)

(%)

> 0,
where in (*), we used the fact that zgy’a is a 1 x 1 (and consequently
symmetric) matrix, and so zoy’a = (zoy’a)! = z¢a’ly; and where for

the inequality (**), we used the fact that y” (A’ — laa”)y > 0, since 4 is
positive definite. It remains to show that the inequality (**) is an equality
if and only if x = 0. If x = 0, then 9 = 0 and y = 0, and it is obvious
that the inequality (**) is an equality. Suppose now that the inequality (**)
is an equality. Then y7 (A4’ — éaaT)y =0 and ﬁaTy + Vaxg = 0. The
former implies that y = 0 (since A’ — éaaT is positive definite). But now
since ﬁaTy + axg = 0, we deduce that zp = 0. So, x = { ? } = 0. This
proves that A is positive definite.

Theorem 4.1 allows us to reduce the problem of checking whether a
symmetric matrix A € R™*™ is positive definite to the problem of checking
whether a 1 x 1 matrix (obtained in n — 1 steps, via the reduction from
Theorem 4.1) is positive definite. Obviously, a matrix in R'*! is positive
definite if and only if its unique entry is positive.*

Example 4.2. Using Theorem 4.1, determine whether the matriz

4 -2 4
A = -2 10 1
4 1 6

1s positive definite.

“Indeed, suppose we are given a matrix A = [ a ] in R™*". Then for all z € R' =R,
we have that T az = az?, which has the same sign as a.



. . . -2
Solution. We apply Theorem 4.1 twice. First, set ao := 4, ag := { },

4
CT
and A} = [ 110 1 }, so that A = [ C}2717327 ] We have that ag > 0, and

so by Theorem 4.1, A is positive definite if and only if Ag := A} — a%agag is
positive definite. We compute

— / 1 T

SENE

o -2 4]

v
Next, set a; := 9, a; := [ 3 ], and A} = [ 2 ], so that Ay = [ qlf:fa% ]

We have that ay > 0, and so by Theorem 4.1, A, is positive definite if and
only if Ay := A} — a%alalT is positive definite. We compute

Ay = AL — Lajal

= [1].

Since the only entry of A; is positive, we see that A; is positive definite. So,
A is positive definite. O

Theorem 4.1 has a corollary (Corollary 4.3 below), which essentially
states that we can check for positive definiteness via a modified version of
Gaussian elimination (i.e. row reduction). Corollary 4.3 is arguably more
convenient to use than Theorem 4.1 itself for checking whether a symmetric
matrix is positive definite.

Corollary 4.3 (Gaussian elimination test of positive definiteness). Let
A € R™™ be a symmetric matriz. Then A is positive definite if and only if
the following sequence of n — 1 steps can be performed and it transforms the
matriz A into an upper triangular matrix with a positive main diagonal:

Forje{l,...,n—1}:

Step j: For each i € {j +1,...,n}, add a suitable
scalar multiple of the j-th row to the i-th row so that
the (i,7)-th entry of the matriz becomes zero.

10



Proof. We may assume inductively that the theorem is true for symmetric
matrices in R" > for all n’ € {1,...,n — 1}.

Now, fix a symmetric matrix A = [ a;j ]an in R™*™. Suppose first that
ai,1 < 0. In this case, A is not positive definite (by Proposition 3.1(b)), and
our sequence of steps either cannot be performed, or it can be performed
but produces a matrix whose main diagonal has at least one negative or zero
entry (this is because the (1,1)-th entry remains unchanged throughout, and
by supposition, a;; < 0).

From now on, we may assume that a;; > 0. If n = 1, then A = [ ai,1 ]
is positive definite, and our sequence of n — 1 steps is empty and produces
the matrix A itself, which is indeed in upper triangular with a positive main
diagonal.

From now on, we may assume that n > 2. In this case, Step 1 can be
performed, and it consists of the following n — 1 elementary row operations:

e Ry — Ry — an’lRl;

a1,

e R3 — R3 — > Ry;

ai,1

e R, > R, — 2R,

a1
(This transforms entries 2,...,n — 1 of the first column into 0). But note

that if we write our original matrix A in the form A = [ - - ] (where

a= [ a1 ... Qp1 ]T, and Aj 1 is the matrix obtained from A by deleting
the first row and first column), then the matrix that we obtain after the
Step 1 is precisely the matrix

a171 ; aT
,,,,,,,,, S ——
0 | A — 1728
By Theorem 4.1, A is positive definite if and only if A;; — ﬁaaT is
positive definite. The result now follows immediately from the induction
hypothesis. O

Example 4.4. Using Corollary 4.3, determine whether the matriz

4 =2 4
A = -2 10 1
4 1 6

is positive definite.

11



Solution. We apply the sequence of steps from Corollary 4.3. Step 1 of
Corollary 4.3 can be performed: we perform elementary row operations
Ry — Ry — _TQRl and R3 — R3 — %Rl, and we obtain the matrix

[\)
N W o

4
0
0

w ©

Step 2 of Corollary 4.3 can be performed: we perform the elementary row
operation Rz — R3 — %Rg, and we obtain the matrix

=W

4 =2
0 9
0 O

We have now obtained an upper triangular matrix with a positive main
diagonal. So, by Corollary 4.3, A is positive definite. O

Before stating our next theorem, we need some notation. Given any n xXn
matrix A, and any index k € {1,...,n}, we let A®) be the k x k matrix in
the upper left corner of A. For example, if

1 2 3
A = 4 5 6 |,
7 8 9
then we have that
1 9 1 2 3
AD = [1], AR — [45}, AB) = 4 5 6
7 8 9

Clearly, for any A is an n x n matrix A, we have that A = A.

Theorem 4.5 (Sylvester’s criterion of positive definiteness). For all sym-
metric matrices A € R™*"™, the following are equivalent:

(i) A is positive definite;
(ii) det(AM), ..., det(A™) > 0.

Proof. Suppose first that (i) holds. Fix an index k € {1,...,n} and a vector

xp= |21 ... @ ]T in R¥\ {0}. We must show that x A®)x; > 0. Let
x be the vector in R™ obtained from x; by adding n — k zeros to the bottom
of xp, i.e. x := [ r1 ... x 0 ... 0 ]T (with n — k zeros at the end).
Then )

x{A(k)xk = xTAx > 0,

12



where (*) follows from the fact that A is positive definite and x # 0 (because
xi # 0). So, A®) is positive definite. But now Proposition 3.5(b) guarantees
that det(A®)) > 0, and it follows that (ii) holds.

Suppose now that (ii) holds. Since det(A™) > 0, we know that a; 1 > 0.
If n = 1, it follows that A = [ a1 ] is positive definite (because its only
entry is positive). So, we may assume that n > 2. We now start performing
the steps described in Corollary 4.3, and we proceed until we either complete
all n — 1 steps, or until a step cannot be performed. Since n > 2 and
ai,1 # 0, Step 1 can be performed. Now, let Step ¢ be the last step that
we perform, and let B = [ bi ; ]an be the matrix that we obtain after
performing our ¢ steps. We only performed one type of elementary row
operation, namely, that of adding a scalar multiple of one row to another. By
Theorem 4.2(c) of Lecture Notes 15, this type of elementary row operation
does not change the value of the determinant. So, det(A) = det(B), and
moreover, det(A®)) = det(B®)) for all k € {1,...,n}.> Now B1), ... B+
are all upper triangular matrices with a positive determinant; so, for all
k€ {1,...,0+4 1}, we have that det(B*)) = by ;...by is positive, and we

deduce that b1 1,...,bsy1 041 are all positive. Thus, £ = n — 1, for otherwise,
step £+1 could also be performed, a contradiction. But now by1,...,b,, > 0,
and so by Corollary 4.3, A is positive definite. O

Example 4.6. Using Sylvester’s criterion of positive definiteness, determine
whether the matriz

4 =2 4
A = -2 10 1
4 1 6

is positive definite.

Solution. First, we have that

o AL — [ 4 ];

-2 10 |’

[ 4 -2 4

e AB =1 -2 10 1

| 4 1 6
We compute det(AM) = 4, det(A®) = 36, and det(A®)) = 36. All three
determinants are positive, and so A is positive definite. O
®Indeed, for each k € {1,...,n}, we obtain B® from A® via the same sequence of
elementary row operations that we used to obtain B from A, except that we do not perform
those operations that involve rows Rgy1, ..., Rn; by Theorem 4.2(c) of Lecture Notes 15,

det(A™®)) = det(B™).
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