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@ Throughout this lecture, F is a fixed field.

@ Remark on notation:

o For ascalar o € F\ {0}, we sometimes use the notation £
instead of a~! (the multiplicative inverse of « in the field F).

o For instance, in Z3, we have 1 =171 =1and 1 =271 =2
(because in Z3: 2-2 =1).

o For scalars a, b € F such that b # 0, we sometimes write %
instead of b~1a.

o For example, in Zs, we have that 371 = 2 (because 3-2 = 1),
andso §=371-4=2.4=3.
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@ The lecture has four parts:

@ the multiplicative property of determinants;
@ Laplace expansion;

© Cramer's rule;

© the adjugate matrix.
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© The multiplicative property of determinants

@ Recall that for matrices A, B € F"*" and a scalar o € F:
o det(A+ B)xxdet(A) + det(B)
o det(aA)xadet(A).

Let A, B € F"™". Then det(AB) = det(A)det(B).

@ To prove Theorem 1.3, we first need a couple of propositions.
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Proposition 1.1

Let A,B € F"*". Then AB is invertible if and only if A and B are
both invertible.

Proof. If A and B are invertible, then it is clear that AB is invertible
with inverse B~1AL.

Suppose now that AB is invertible. Then rank(AB) = n. But we
know that rank(AB) < min {rank(A), rank(B)}, and it follows that
rank(A) = rank(B) = n. But now A and B are both invertible.
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Proposition 1.2

Let A, E € F™ " and assume that E is an elementary matrix. Then
det(EA) = det(E)det(A).

Proof. Let R be an elementary row operation that corresponds to
the elementary matrix E, so that both the following hold:

@ E is the matrix obtained by performing R on I;
@ EA is the matrix obtained by performing R on A.

By Theorem 4.2 from Lecture Notes 15, there exists some scalar

a € F\ {0} such that for any matrix M € F"*", the determinant of
the matrix obtained by performing the elementary row operation R
on M is adet(M). So,

Q det(E) = adet(/,) = o
@ det(EA) = adet(A).
It follows that det(EA) = adet(A) = det(E)det(A). Q.E.D.
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Proposition 1.1

Let A, B € F"™". Then AB is invertible if and only if A and B are
both invertible. )

Proposition 1.2

Let A, E € F™ " and assume that E is an elementary matrix. Then
det(EA) = det(E)det(A).

Let A, B € F"™". Then det(AB) = det(A)det(B).

Proof. Suppose first that at least one of A, B is non-invertible.
Then by Proposition 1.1, AB is also non-invertible. But by
Theorem 5.1 from Lecture Notes 15, non-invertible matrices have
determinant zero, and so det(AB) = 0 = det(A)det(B).
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invertible. Therefore, they can each be written as a product of
elementary matrices, say A = Ef\ . E;,“ and B = ElB o Ef, where

ElA, ey Elf‘, ElB, ey Ef are elementary matrices. So,
AB = E{*...E)'EP ... EP. By repeatedly applying Proposition 1.2,
we get that

o det(A) = det(E{")...det(EL);
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Let A, B € F"™". Then det(AB) = det(A)det(B).

Proof (continued). From now on, we assume that A and B are both
invertible. Therefore, they can each be written as a product of
elementary matrices, say A = Ef\ . E;,“ and B = ElB o Ef, where

ElA, ey Elf‘, ElB, ey Ef are elementary matrices. So,
AB = E{*...E)'EP ... EP. By repeatedly applying Proposition 1.2,
we get that

o det(A) = det(E{")...det(EL);
o det(B) = det(EP)...det(ES);
o det(AB) = det(E{")...det(E))det(EF) ... det(ES).

But now

det(AB) = det(E])...det(E}")det(Ef)... det(E]) = det(A)det(B).

=det(A) =det(B)

Q.E.D.
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Let A, B € F"™". Then det(AB) = det(A)det(B).

Corollary 1.4

Let A € F™" be an invertible matrix. Then

det(A_l) = de%(A)

Proof.



Let A, B € F"™". Then det(AB) = det(A)det(B).

Corollary 1.4

Let A € F™" be an invertible matrix. Then

det(A_l) = ﬁ(A)

Proof. Since AA~! = |,,, we see that

det(A)det(A~!) = det(AA7l) by Theorem 1.3
= det(/)
= 1,

and consequently, det(A™1) = det(A)-
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Let A,B € F"™". Then det(AB) = det(A)det(B).

Let A be an orthogonal matrix in R"*". Then det(A) = £1.

Proof. Since A is orthogonal, it satisfies AT A = I, (by definition).
Therefore,

1 = det(ly) = det(ATA) 2 det(AT)det(A) =) det(A)2,
where (*) follows from Theorem 1.3, and (**) follows from
Theorem 2.2 of Lecture Notes 15. But now we see that

det(A) = £1. Q.E.D.
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Let A be an orthogonal matrix in R"*". Then det(A) = +1.

e Warning: The converse of Corollary 1.5 is false, i.e. matrices
whose determinant is £1 need not be orthogonal.

@ For example, the matrix A = [ 5 :1,) ] satisfies det(A) =1,
but A is not orthogonal.

@ More generally, suppose that A is any invertible matrix in R™*",
and form the matrix B by multiplying one row or one column of
A by ﬁ(A). Then det(B) = 1, but B need not be orthogonal.



@ Laplace expansion

@ Given a matrix A = [aj j]nxn in F"*" (where n > 2) and indices
p,q €{1,...,n}, Apqis the (n —1) x (n — 1) matrix obtained
from A by deleting the p-th row and g-th column.

@ For example, for the matrix

1 2 3
A = 4 5 6 |,
7 8 9
we have
(5 6 | [2 3] 2 3]
Al,li_g 9_1 A2’17_8 9_1 A3,1*_5 6_1
(4 6] (1 3] 1 3]
/41,2—_7 9 |’ /42,2—_7 9 | /43,2—_4 6|
[ 4 5__ 7_1 2] 7_1 2 ]
A173__7 8 | A273__7 8 | A3v3__4 5 |




e Given a matrix A = [aj j]nxn in F"*" (where n > 2) and indices
p,q €{1,...,n}, Apq is the (n —1) x (n — 1) matrix obtained
from A by deleting the p-th row and g-th column.



e Given a matrix A = [aj j]nxn in F"*" (where n > 2) and indices
p,q €{1,...,n}, Apq is the (n —1) x (n — 1) matrix obtained
from A by deleting the p-th row and g-th column.

e For a matrix A € F™*" (with n > 2):

o the determinants det(A; ;) (with i,j € {1,...,n}) are referred
to as the first minors of A,

o the numbers C;; := (—1)Jdet(A; ;) (with i,j € {1,...,n}) are
referred to as the cofactors of A.



Laplace expansion

Let A = [ai jlnxn (Where n > 2) be a matrix in F"*". Then both
the following hold:

@ [expansion along the i-th row] for all i € {1,...,n}:

det(A) = (—l)i+j aj det(A;J);

n
=

@ [expansion along the j-th column] for all j € {1,..., n}:

det(A) = i(—l)’” ajj det(A; ).
i=1

@ Laplace expansion is also referred to as “cofactor expansion.”
@ This is because in terms of cofactors C;; of A:

o the formula from (a) becomes det(A) = >°7 ; a;; G j;

o the formula from (b) becomes det(A) = >, a;;C; ;.



Laplace expansion

Let A = [a;j]nxn (Where n > 2) be a matrix in F"*". Then both
the following hold:

@ [expansion along the i-th row] for all i € {1,...,n}:

det(A) = (—1)i+j aj j det(Aij);

o8

1

J

@ [expansion along the j-th column] for all j € {1,...,n}:

(—1)i+j ajj det(A,-J).

ok

det(A) =

i=1

@ Proof: Later!



Laplace expansion

Let A = [a;j]nxn (Where n > 2) be a matrix in F"*". Then both
the following hold:

@ [expansion along the i-th row] for all i € {1,...,n}:

det(A) = (—1)i+j aj j det(Aij);

ok

1

J

@ [expansion along the j-th column] for all j € {1,...,n}:

(—1)i+j ajj det(A,-J).

o8

det(A) =

i=1

@ Proof: Later!

o First, a couple of examples.



Consider the matrix

>
Il
~N W N
o~ o

1
51,
8

with entries understood to be in R. Compute det(A) in two ways:

@ via Laplace expansion along the third row;

@ via Laplace expansion along the second column.




Solution. (a) Laplace expansion along the third row:

2
det(A) = |3
7

w N

~ O



Solution (continued). (b) Laplace expansion along the second

column:
2 01
det(A) = |3 4 5
7 0 8
3 5 2 1 2 1
_(_1\1+2 1242 1\3+2
(1) 0’78‘+( 1) 4’7 8‘+( 1) 0’35‘
2 1
33
———
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@ As a general rule, it is best to choose a row/column with a lot
of zeros for expansion (if such a row/column exists).



Consider the matrix

>
I
~N W N
o s~ O

1
51
8

with entries understood to be in R. Compute det(A) in two ways:

@ via Laplace expansion along the third row;

@ via Laplace expansion along the second column.

@ As a general rule, it is best to choose a row/column with a lot
of zeros for expansion (if such a row/column exists).

@ In Example 2.2 (above), (b) was easier than (a).



Example 2.4

Compute the determinant of the matrix

1 -1 2
A= | -2 41/,
3 -3 5

with entries understood to be in R.

Solution.



Example 2.4

Compute the determinant of the matrix

1 -1 2
A= | -2 41/,
3 -3 5

with entries understood to be in R.

Solution. We combine various methods for computing determinants:

1 -1 2 e 10 2
det(A) = | -2 4 1 mota o 2
3 35 305

0 gyl 12 _ _

2 (~1) 2‘3 s = 2

where in (*), we performed Laplace expansion along 2nd column.
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Proposition 2.1
Let A € F(»=Dx(n=1) (where n > 2) and a € F"~!. Then

det([aAT H ) = det(A).

Proof. First, set [ aAT (1) ] = [ai j]nxn, SO that:
nxn
o A=aijl(n—1)x(n-1):
@ apn = 1;
o forallie{l,...,n—1} a;,,=0;
o forall je{l,...,n—1}, apj is the j-th entry of the vector a.
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Proposition 2.1
Let A € F(»=1x(n=1) (where n > 2) and a € F"~!. Then

det([aAT H ) = det(A).

Proof (continued). Next, let S} :={o € S, | o(n) = n}.

Forallo € S, let o : {1,...,n—1} = {1,...,n— 1} be given by
o*(i)=o(i)forall i e {1,...,n—1}.

So, for all ¢ € S;;, we have that ¢* € 5,_1, and moreover, we have
that sgn(c*) = sgn(o).

Furthermore, it is clear that the mapping ¢ — o™ is a bijection from
5: to Sp_1.

We now compute (next slide):



Proof (continued).

A 0
det( |: al 1 :| ,-,><n> - Ugsn Sgn(a)al,a(l) -+ dn—1,0(n—1)n,0(n)

—~
*
~

= Z Sgn(g)al,a(l) -+ +dn—1,0(n—1) 9n,0(n)
oceSy \\_/1—/

Z Sgn(g)al,a(l) -+ dn—1,0(n—1)
oeSy

= > sgn(a*)alﬂ*(l) -+ dn—1,0%(n—1)
o€eS;

= Z Sgn(’”)al,ﬂ(l) <e-dn_1,7(n-1)
TESH -1

= det(A),

where (*) follows from the fact that for all 0 € 5, \ S;;, we have
that d1,6(1) - - * An—1,0(n—1)8n,o(n) = 0. Q.E.D.



Laplace expansion

Let A= [ajj]nxn (where n > 2) be a matrix in F"*". Then both
the following hold:

@ [expansion along the i-th row] for all i € {1,...,n}:

o8

det(A) = (—1)'+ aj j det(A;;);

1

J

@ [expansion along the j-th column] for all j € {1,...,n}:

ok

det(A) = (—1)i+j ajj det(A,-J).

i=1

Proof.



Laplace expansion

Let A= [ajj]nxn (where n > 2) be a matrix in F"*". Then both
the following hold:

@ [expansion along the i-th row] for all i € {1,...,n}:

o8

det(A) = (—1)'+ aj j det(A;;);

1

J

@ [expansion along the j-th column] for all j € {1,...,n}:

ok

det(A) = (—1)i+j ajj det(A,-J).

i=1

Proof. In view of Theorem 2.2 from Lecture Notes 15, it is enough
to prove (b).



Laplace expansion

Let A= [ajj]nxn (where n > 2) be a matrix in F"*". Then both
the following hold:

@ [expansion along the i-th row] for all i € {1,...,n}:

o8

det(A) = (—1)'+ aj j det(A;;);

1

J

@ [expansion along the j-th column] for all j € {1,...,n}:

det(A) = (—1)i+j ajj det(A,-J).

I

1

Proof. In view of Theorem 2.2 from Lecture Notes 15, it is enough
to prove (b). Fix j € {1,...,n}. WTS

det(A) = (—1)i+j aj det(A,-J).

Its

]



Proof (continued). First, set A = [ ay ... ap }



Proof (continued). First, set A = [ ay ... ap } Then

n
aj = ) ajjej, and so
i=1

det(A) = det( [ aj ... aj_1 aj a1 ap } )
= det( [ aip ... aj1 ,‘:il ajjei aj41 ap ] )
© i:il a,-ﬁjdet( [ ay ... aj_1 e aj1 a, } )7

where (*) follows from Proposition 3.1(a) from Lecture Notes 15.



Proof (continued). First, set A = [ ay ... ap } Then

n
aj = ) ajjej, and so
i=1

det(A) = det( [ aj ... aj_1 aj a1 ap ] )
= det([ ap ... aj Z ajje; ajy1 ap ])
i=1

()

= ,'; a,-ﬁjdet({ aiy ... aj-1 € aj;1 a, }),
where (*) follows from Proposition 3.1(a) from Lecture Notes 15.
Fix an arbitrary index i € {1,...,n}. To complete the proof, it now
suffices to show that

det([ aiy ... a1 € aj 1 a, }) = (—1)i+j det(A,-J).

=B;



Proof (continued). Reminder: WTS det(B;) = (—1)"" det(A; ),

where B,-:{al ... dj—1 € ajp1 a,,].



Proof (continued). Reminder: WTS det(B;) = (—1)"" det(A; ),
where B,' = [ a1 ... dj—1 € aji1 ap }
By iteratively performing n — j column swaps on B;, we can obtain

the matrix

C,-::{al ... aj_1 aj;1 ap e,-}.



Proof (continued). Reminder: WTS det(B;) = (—1)"" det(A; ),

where B,-:{al ... dj—1 € ajp1 a,,].

By iteratively performing n — j column swaps on B;, we can obtain
the matrix

C,-::{al ... aj_1 aj;1 ap e,-}.

By iteratively performing n — i row swaps on the matrix C;, we can

obtain the matrix
A,‘J 0
al 1|’

where a’ is the row vector of length n — 1 obtained from the i-th
row of A by deleting its j-th entry.



Proof (continued). Reminder: WTS det(B;) = (—1)"" det(A; ),
where B,' = [ a1 ... dj—1 € aji1 ap }

By iteratively performing n — j column swaps on B;, we can obtain
the matrix

C,-::{al ... aj_1 aj;1 ap e,-}.

By iteratively performing n — i row swaps on the matrix C;, we can

obtain the matrix
A,‘J 0
al 1|’

where a’ is the row vector of length n — 1 obtained from the i-th
row of A by deleting its j-th entry.

Since swapping two rows or two columns has the effect of changing
the sign of the determinant, we see that (next slide):



Proof (continued). Reminder: WTS det(B;) = (—1)""/ det(A; ).

det(B;) = (—1)"det(C)

(~1)3(~1)"~det l A ] )

—
*
~

= (-1)?"det(A;))
= (=1)"det(Ay;)

where (*) follows from Proposition 2.1. Q.E.D.



Laplace expansion

Let A= [ajj]lnxn (where n > 2) be a matrix in F"*". Then both
the following hold:

@ [expansion along the i-th row] for all i € {1,..., n}:

ok

det(A) = Y (=1)" a;; det(A;));

1

J

@ [expansion along the j-th column] for all j € {1,..., n}:

det(A) = (1) aj; det(A; ).

ok

i=1




@ Cramer's rule



@ Cramer's rule

e For a matrix A € F"™", a vector b € F”, and an index
Jj€{1,...,n}, we denote by Aj(b) the matrix obtained from A
by replacing the j-th column of A with b.



© Cramer's rule

@ For a matrix A € F™", a vector b € F”, and an index
Jj€{1,...,n}, we denote by Aj(b) the matrix obtained from A
by replacing the j-th column of A with b.

@ For example, if

=
—_
[ary
S

A = 0 2 2 and b = 51,
0 03 6
then ) )
4 1 1
o Ai(b)=1]5 2 2
| 6 0 3
[1 4 1]
o Ayb)=|0 5 2
|0 6 3
[1 1 4]
o As(b)=1]0 2 5
| 0 0 6




Let A be an invertible matrix in F"*" and let b € F". Then the
matrix-vector equation Ax = b has a unique solution, namely

« — det(Ay(b))  det(Ax(b)) det(Aq(b)) 17T
- det(A) det(A) T det(A) :




Let A be an invertible matrix in F"*" and let b € F". Then the
matrix-vector equation Ax = b has a unique solution, namely

« — det(Ay(b))  det(Ax(b)) det(Aq(b)) 17T
- det(A) det(A) T det(A) :

@ We first do an example, and then we give the proof.



Let A be an invertible matrix in F"*" and let b € F". Then the
matrix-vector equation Ax = b has a unique solution, namely

« — { det(Ay(b))  det(Ax(b)) det(An(b)) }T
det(A) det(A) T det(A) :

@ We first do an example, and then we give the proof.

Let

A = and b = | 1],

= O N

1
2
1

= N O

with entries understood to be in Z3. Solve the matrix-vector
equation Ax = b.




Solution. Note that det(A) =2 # 0, and in particular, A is
invertible. So, Cramer's rule applies. We compute:

110

o det(Ai(b))=|1 2 2 |=2;
011
2 10

o det(Ax(b))=|0 1 2 |=1,
1 01
2 11

o det(A3(b))=|0 2 1|=0.
110

By Cramer's rule, Ax = b has a unique solution, namely

[det(Al(b)) det(Ax(b))  det(As(b)) 17

X = det(A) det(A) det(A)



Let A be an invertible matrix in F"*" and let b € F”. Then the
matrix-vector equation Ax = b has a unique solution, namely

_ det(Ay(b))  det(Ax(b)) det(Aq(b)) 17T
2 = det(A) det(A) "0 det(A) g

Proof.



Let A be an invertible matrix in F"*" and let b € F”. Then the
matrix-vector equation Ax = b has a unique solution, namely

_ det(Ay(b))  det(Ax(b)) det(Aq(b)) 17T
2 = det(A) det(A) "0 det(A) g

Proof. Since A is invertible, we know that Ax = b has a unique
solution, namely, x = A 1b.



Let A be an invertible matrix in F"*" and let b € F”. Then the
matrix-vector equation Ax = b has a unique solution, namely

. det(Ay(b))  det(Ax(b)) det(Aq(b)) 17T
2 = [ det(A) det(A) "0 det(A) g

Proof. Since A is invertible, we know that Ax = b has a unique
solution, namely, x = A~!b. For this solution x, we set

T
x:{xl x,,} . Our goal is to show that

- det(Ay(b))  det(Ax(b)) det(Aq(b)) 17T
X = [ det(A) det(A) "' det(A) :



Let A be an invertible matrix in F"*" and let b € F”. Then the
matrix-vector equation Ax = b has a unique solution, namely

. det(Ay(b))  det(Ax(b)) det(Aq(b)) 17T
2 = [ det(A) det(A) "0 det(A) g

Proof. Since A is invertible, we know that Ax = b has a unique
solution, namely, x = A~!b. For this solution x, we set

_
X = [ X1 ... Xp } . Our goal is to show that
- det(Ay(b))  det(Ax(b)) det(Aq(b)) 17T
X = [ det(A) det(A) "' det(A) :
Fix an index j € {1,...,n}. We must show that

_ det(A;(b))
X = edet(JA) :




Let A be an invertible matrix in F™*" and let b € F". Then the
matrix-vector equation Ax = b has a unique solution, namely

« — [det(Al(b)) det(Ax(b)) det(Aq(b)) 17T
- det(A) det(A) co det(A) )

Proof (continued). Reminder: WTS x; = de;g?(f‘?))




Let A be an invertible matrix in F™*" and let b € F". Then the
matrix-vector equation Ax = b has a unique solution, namely

o - [agn s e )
Proof (continued). Reminder: WTS x; = de;g?(f‘?))
Set A=[a; ... a,]. We compute:
det(Aj(b)) = det([a ... a_1 b a1 ...a, ])
= det([a ... a_1 Ax a1 ...a, ])
= det([a ... a1 > ,xa a1 ...a, |
= >, x,-det([ ay ... a1 a; a1 ...ap ]
= xjdet([ ai ... a_1 a a1 ...a, ])
= xdet(A),

and the result follows by dividing both sides by det(A) # 0. Q.E.D.



@ The adjugate matrix



@ The adjugate matrix

e Given a matrix A € F™" (with n > 2), with cofactors
Cij = (—1)"det(A; ;) (for i,j € {1,...,n}), the cofactor
matrix of A is the matrix [Cj j]nxn.



@ The adjugate matrix

e Given a matrix A € F™" (with n > 2), with cofactors
Cij = (—1)"det(A; ;) (for i,j € {1,...,n}), the cofactor
matrix of A is the matrix [Cj j]nxn.

e The adjugate matrix (also called the classical adjoint) of A,
denoted by adj(A), is the transponse of the cofactor matrix of
A, i.e.

ad_](A) = [Ci’j]anT.

So, the i, j-th entry of adj(A) is the cofactor C;; (note the
swapping of the indices).



@ The adjugate matrix

e Given a matrix A € F™" (with n > 2), with cofactors
Cij = (—1)"det(A; ;) (for i,j € {1,...,n}), the cofactor
matrix of A is the matrix [Cj j]nxn.

e The adjugate matrix (also called the classical adjoint) of A,
denoted by adj(A), is the transponse of the cofactor matrix of
A, i.e.

ad_](A) = [Ci’j]anT.

So, the i, j-th entry of adj(A) is the cofactor C;; (note the
swapping of the indices).

Theorem 4.2

Let A be an invertible matrix in F™<". Then

ATh = amadi(A).

Proof. Later!



Example 4.1

Consider the matrix
1 1 1
A = 02 2|,
0 0 3

with entries understood to be in R. Compute the cofactor and
adjugate matrices of A.

Solution.



Example 4.1

Consider the matrix
1 1 1
A = 02 2|,
0 0 3

with entries understood to be in R. Compute the cofactor and
adjugate matrices of A.

Solution. For all i,j € {1,2,3}, we let C;; = (—1)/det(A; ;). (So,
the C;'s are the cofactors of A.)



Solution (continued). Reminder: A =

We compute:

o Gii= (-1 g § =6 °
0 2

° Go=(-D"2| 5 3 [=0 °
0 2

° Ciz= (-1 0 0|=0
11

o Cg’l = (—1)2+1 0 3 =

_3
o Gp=(-1)*? (1) ; =3 ¢

111
0 2 2
0 0 3

C273 — (_1)2+3
C371 — (_1)3+1
C372 — (_1)3+2
_2;

C3,3 — (_1)3+3




Solution (continued). So, the cofactor matrix of A is

CGi1 Gp Gg3 6 0
G1 Gy Gg3 = -3 3

0
0

The adjugate matrix of A is the transpose of the cofactor matrix, i.e.

6
adj(A) = |0 3
0



Theorem 4.2

Let A be an invertible matrix in F"*". Then

ATh = amadi(A).

Example 4.3
Show that the matrix

111
A= |02 2],
00 3

(with entries understood to be in R) is invertible, and using
Theorem 4.2, find its inverse A~L.

Solution.



Theorem 4.2

Let A be an invertible matrix in F"*". Then

ATh = amadi(A).

Example 4.3
Show that the matrix

111
A= |02 2],
00 3

(with entries understood to be in R) is invertible, and using
Theorem 4.2, find its inverse A~L.

Solution. The matrix A is upper triangular, and so its determinant
can be computed by multiplying the entries along the main diagonal.
So, det(A) =1-2-3 =6. Since det(A) # 0, A is invertible.



Solution (continued). In Example 4.1, we compute the adjugate

matrix of A:
6 —3 0
adj(A) = 0 3 -2
0 0 2

So, by Theorem 4.2, we have that

A_l = ﬁ(A)adJ(A)
6 —3 0
1
0 0 2
1 -1/2 0
- o 12 -1/3

0 0 1/3



Theorem 4.2

Let A be an invertible matrix in F"*". Then

ATh = gEmadi(A).

Proof.



Theorem 4.2

Let A be an invertible matrix in F"*". Then

Al = det( )adJ(A)

Proof. Since A is invertible, det(A) # 0; and in particular, the
expression g t( )adJ(A) is defined.



Theorem 4.2
Let A be an invertible matrix in F"*". Then

Al = det( )adJ(A)

Proof. Since A is invertible, det(A) # 0; and in particular, the
expression g t( )adJ(A) is defined.

We will prove the theorem by showing that matrices A~! and
det( )adJ( ) have the same corresponding entries.



Theorem 4.2

Let A be an invertible matrix in F"*". Then

Al = det( )adJ(A)

Proof. Since A is invertible, det(A) # 0; and in particular, the
expression g t( )adJ(A) is defined.

We will prove the theorem by showing that matrices A~! and
det( )adJ( ) have the same corresponding entries.

Fix indices i,j € {1,...,n}. By the definition of adj(A), we see that
the i, j-th entry of the matrix det( )adJ( ) is

(—1)j+idet(Aj’[)
det(A) ’



Theorem 4.2

Let A be an invertible matrix in F"*". Then

Al = det( )adJ(A)

Proof. Since A is invertible, det(A) # 0; and in particular, the
expression g t( )adJ(A) is defined.

We will prove the theorem by showing that matrices A~! and
det( )adJ( ) have the same corresponding entries.

Fix indices i,j € {1,...,n}. By the definition of adj(A), we see that
the i, j-th entry of the matrix det( )adJ( ) is

(—1)j+idet(Aj’[)
det(A) ’

We will use Cramer's rule to show that this is also the 7, j-th entry
of the matrix AL,



Proof (continued). Reminder: WTS % is the i, -th
entry of A7L.




Proof (continued). Reminder: WTS % is the i, -th
entry of A7L.

Set A=l = { aj ...a, } Since AA~1 = [, we have that

A{a*{ ...aj;} = [el e,,},
and consequently,

[Aa*l‘ Aa’,‘,} = [el e,,}.



Proof (continued). Reminder: WTS % is the i, -th
entry of A7L.

Set A=l = { aj ...a, } Since AA~1 = [, we have that

A{a*{ ...aj;} = [el e,,},
and consequently,
[Aa*l‘ Aa’,‘,} = [el e,,}.

In particular, the two matrices above have the same j-th column,
and so Aa; = e}, i.e. aj is the solution of the equation Ax = e,
(this solution is unique because A is invertible). So, by Cramer’s

rule, we have that:

o[ det(Ai(e)) det(An(e))) ]T
det(A) T det(A) '

-,



Proof (continued). Reminder: A~! = [ a; ...aj };

« _ [ det(Ai(e) det(An(e;)) 17 (—1)tidet(A;:)
aj—|: detier)j T(Ae)‘, ] ,WTSWlSthe
i, j-th entry of A71.



Proof (continued). Reminder: A~! = [ a; ...aj };
s _ [ det(Au(e) det(An(e)) 17 (~1)*det(Ay)
aj = { detzAP}j det(APij ] ; WTS det(i\) # is the

i, j-th entry of A71.

The i-th entry of a7 is
det(A,-(ej))
det(A)



Proof (continued). Reminder: A~! = [ a; ...aj };
s _ [ det(Au(e) det(An(e)) 17 (~1)*det(Ay)
aj = { detzAP}j det(APij ] ; WTS det(i\) # is the

i, j-th entry of A71.
The i-th entry of a7 is
det(Ai(e)))
det(A)

By Laplace explansion along the i-th column, we get that

det(A,-(ej)) = (—1)j+"det(AJ-7,-).



Proof (continued). Reminder: A~! = [ a; ...aj };
s _ [ det(Au(e) det(An(e)) 17 (~1)*det(Ay)
aj = { detzAP}j det(APij ] ; WTS det(i\) # is the

i, j-th entry of A71.
The i-th entry of a7 is
det(Ai(e)))
det(A)

By Laplace explansion along the i-th column, we get that
det(A,-(ej)) = (—1)j+"det(AJ-7,-).

So, the i-th entry of aF (which is precisely the i, j-th entry of A™1)
is
(—l)jJridet(Aj’,')

det(A) :

Q.E.D.



Theorem 4.2

Let A be an invertible matrix in F"*". Then

ATh = gEmadi(A).




Theorem 4.2

Let A be an invertible matrix in F"*". Then

A—l — 1

det

(A)

adj(A).

Corollary 4.4
Let a,b,c,d € F. Then the matrix

- |

a b
c d

|

is invertible if and only if ad # bc, and in this case, the inverse of A

is given by the formula

n




Proof. By Theorem 5.1 from Lecture Notes 15, we know that A is
invertible if and only if det(A) # 0.



Proof. By Theorem 5.1 from Lecture Notes 15, we know that A is
invertible if and only if det(A) # 0. Clearly, det(A) = ad — bc, and
it follows that A is invertible if and only if ad — bc # 0, i.e. if and
only if ad # bc.



Proof. By Theorem 5.1 from Lecture Notes 15, we know that A is
invertible if and only if det(A) # 0. Clearly, det(A) = ad — bc, and
it follows that A is invertible if and only if ad — bc # 0, i.e. if and
only if ad # bc.

Now, assume that A is invertible, so that ad # bc. We first
compute the cofactors C;; of A:
o Ci1=(—1)"'det(A11) = d;
o Cip=(—1)"2det(A12)
o (1= (— 1)2+1det(A2,1)
(—1)?"2det(Az2)

o Gp=



Proof. By Theorem 5.1 from Lecture Notes 15, we know that A is
invertible if and only if det(A) # 0. Clearly, det(A) = ad — bc, and
it follows that A is invertible if and only if ad — bc # 0, i.e. if and
only if ad # bc.

Now, assume that A is invertible, so that ad # bc. We first
compute the cofactors C;; of A:

o Ci1=(—1)"'det(A11) = d;
o Cip=(—1)"2det(A12)
o Gy = (—1)*"tdet(Az1)
o Gop = (—1)*"2det(Az>)
The cofactor matrix of A is

Gi1 Gpo | _ d —c
G1 G N -b  a |’

d.



Proof (continued). The adjugate matrix of A is the transpose of the
cofactor matrix, i.e.

adj(A) = [ d ‘b].

—C d



Proof (continued). The adjugate matrix of A is the transpose of the
cofactor matrix, i.e.

adj(A) = [ d ‘b].

—C d

By Theorem 4.2, we now have that

_ . d —b
A I = ﬁ(A)adJ(A) = adibc [ —c 3 ] )

Q.E.D.



Theorem 4.2

Let A be an invertible matrix in F"*". Then

A—l — 1

det

(A)

adj(A).

Corollary 4.4
Let a,b,c,d € F. Then the matrix

- |

a b
c d

|

is invertible if and only if ad # bc, and in this case, the inverse of A

is given by the formula

n




