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@ Some preliminaries

Proposition 1.1

Let F be a field, and let A, B € F"™*"_If AB = I, then A and B are
both invertible and are each other’s inverses.

Proof. Problem 2(b) of HW#9 from Linear Algebra 1 (winter 2022).
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Proposition 1.1

Let F be a field, and let A, B € F"™*"_If AB = I, then A and B are
both invertible and are each other’s inverses.

Proof. Problem 2(b) of HW#9 from Linear Algebra 1 (winter 2022).

Proposition 1.2

Let V be a finite-dimensional vector space over R, equipped with a

scalar product (-, -) and the induced norm || - ||. Set n:= dim(V),
and let ug,...,u, € V. Then {uy,...,u,} is an orthonormal set in
V if and only if {u1,...,u,} is an orthonormal basis of V.

Proof.



@ Some preliminaries

Proposition 1.1

Let F be a field, and let A, B € F"™*"_If AB = I, then A and B are
both invertible and are each other’s inverses.

Proof. Problem 2(b) of HW#9 from Linear Algebra 1 (winter 2022).

Proposition 1.2

Let V be a finite-dimensional vector space over R, equipped with a

scalar product (-, -) and the induced norm || - ||. Set n:= dim(V),
and let ug,...,u, € V. Then {uy,...,u,} is an orthonormal set in
V if and only if {u1,...,u,} is an orthonormal basis of V.

Proof. "<=""is obvious. For “=," note that if {u1,...,u,} is an
orthonormal set, then it is linearly independent, and so since
dim(V) = n, it is a basis of V.



Definition

A matrix Q@ € R™" is orthogonal if it satisfies QT Q = I,,.




Definition
A matrix Q@ € R™" is orthogonal if it satisfies QT Q = I,,.

Let Q@ € R"™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q7! = QT;
QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of @ form an orthonormal basis of R":

©Ge oeece

the columns of Q7 form an orthonormal basis of R”.

@ First some examples, then a proof.



@ I, and —/, are orthogonal matrices.



@ I, and —/, are orthogonal matrices.
e Given a € R"\ {0}, the Householder matrix is the n x n matrix
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H(a) = In — maa = /n — ﬁaa .



@ I, and —/, are orthogonal matrices.
e Given a € R"\ {0}, the Householder matrix is the n x n matrix

N 2 T _ 2 T
H(a) = In — maa = /n — ﬁaa .

To see that H(a) really is an orthogonal matrix, we perform the
following simple calculation:

H(a)T H(@) = (I,— %aaT)T (Ih— %aaT)
= (1T —2(@")7)(l,— Zaa’)
= (l,—Zaa") (l,— Zaa’)
= Ip— taal + (ai)ZaglgaT

—a3a

= lp—aa’ + taa’

= I,



@ Reminder: H(a) := I, — a%‘aaT =1, —

T

The Householder matrix H(a) itself is the standard matrix of
the linear operation that first reflects about the Span(a) line
and then reflects about the origin.



@ Reminder: H(a) := I, — a%‘aaT =1, —

T

The Householder matrix H(a) itself is the standard matrix of
the linear operation that first reflects about the Span(a) line
and then reflects about the origin. Let's check!



e Reminder: H(a) := I, — %aaT =l —

e The standard matrix of orthogonal projection onto the line
Span(a) is a(a’a)"'a’” =a(a-a)"'a’ = Laa’.
e If x is any vector in R" and x’ is its projection onto Span(a),

then the reflection of x about the line Span(a) is

x+2(x'—x) = 2x' —x
2 T
= Zaa'x— Ix
= ff—aaar — Ip)x
= —H(a)x.

e H(a)x is the reflection of —H(a)x about the origin.



@ Given an integer n > 2, indices /,j € {1,...,n} such that
i < j, and real numbers ¢ and s such that 2+s2=1, we
define the Givens matrix G; j(c,s) as follows:

i J

1 0 ...0 OO0 ...0 OO0 ...0
o1 ...0 00 ...00 0 ...0
0 0 1 0 0 0O 0 0 0
7 0 0 0 ¢ O 0—-s 0 0

0 0 0 0 1 0 0 0

Gij(e,s) = :

0 0 0 0 O 1 0 O 0

J 0 s .0 ¢ 0

0 0 0 0 1
0 0 0 0 0 0 0 0 1




@ Given an integer n > 2, indices /,j € {1,...,n} such that
i < j, and real numbers ¢ and s such that 2+s2=1, we
define the Givens matrix G; j(c,s) as follows:

i J
1 0 ...0 OO0 ...0 OO0 ...0
o1 ...0 00 ...00 0 ...0
0 0 1 0 0 0O 0 0 0
7 0 0 0 ¢ O 0—-s 0 0
0 0 0 0 1 0 0 0
Gij(e,s) = :
0 0 0 0 O 1 0 O 0
J 0 s .0 ¢ 0
0 0 0 0 1
0O 0 ...0 0 O o 0 0 ...1

@ G;jj(c,s) is orthogonal because its columns form an
orthonormal basis of R".



@ Since c2 + s?2 = 1, we see that there exists a real number
(angle in radians) 6 such that ¢ = cosf and s = sin§.



@ Since c2 + s?2 = 1, we see that there exists a real number
(angle in radians) 6 such that ¢ = cosf and s = sin§.

e With this set-up, we see that G j(c,s) represents rotation by
angle 6 in the x;jxj-plane.



@ Since c2 + s?2 = 1, we see that there exists a real number
(angle in radians) 6 such that ¢ = cosf and s = sin§.

e With this set-up, we see that G j(c,s) represents rotation by
angle 6 in the x;jxj-plane.

@ This is particularly easy to see in the case when n = 2. In that
case, we have that

c —s cosf —sinf
Gra(c;s) = [s c] o [sin@ cosG]’

which is precisely the standard matrix of counterclockwise
rotation by angle 6.



Let @ € R"*". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = I,);

Q is invertible and satisfies Q1 = QT;
QQT = Iy;

QT is orthogonal;

Q is invertible and Q1 is orthogonal;

the columns of Q form an orthonormal basis of R”;

©@Ge oeece

the columns of Q7 form an orthonormal basis of R”.

Proof.



Let @ € R"*". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = I,);

Q is invertible and satisfies Q1 = QT;
QQT = Iy;

QT is orthogonal;

Q is invertible and Q1 is orthogonal;

the columns of Q form an orthonormal basis of R”;

©@Ge oeece

the columns of Q7 form an orthonormal basis of R”.

Proof. By Proposition 1.1, we have that (a), (b), and (c) are
equivalent.



Let @ € R"*". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = I,);

Q is invertible and satisfies Q1 = QT;

QQT = Iy;

QT is orthogonal;

Q is invertible and Q1 is orthogonal;

the columns of Q form an orthonormal basis of R”;

©@Ge oeece

the columns of Q7 form an orthonormal basis of R”.

Proof. By Proposition 1.1, we have that (a), (b), and (c) are
equivalent. Moreover, since (QT)7 = Q, we have that (c) and (d)
are equivalent. This proves that (a), (b), (c), and (d) are equivalent.



Let Q@ € R"™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q7! = QT;
QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of @ form an orthonormal basis of R";

©@Ge oe e ceo

the columns of Q7 form an orthonormal basis of R”.

Proof (continued). Next, (b) and (d) together imply (e).



Let Q@ € R"™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q1 = QT;

QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of @ form an orthonormal basis of R";

©@Ge oceeceo

the columns of Q7 form an orthonormal basis of R”.

Proof (continued). Next, (b) and (d) together imply (e). On the
other hand, if (e) holds, then using “(a) = (b) applied to Q7 1,
we see that Q1 is invertible and satisfies (Q~1)™1 = (Q7)~!
Consequently, @1 = Q7, and it follows that (b) holds.



Let Q@ € R"™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q1 = QT;

QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of @ form an orthonormal basis of R";

©@Ge oceeceo

the columns of Q7 form an orthonormal basis of R”.

Proof (continued). Next, (b) and (d) together imply (e). On the
other hand, if (e) holds, then using “(a) = (b) applied to Q7 1,
we see that Q1 is invertible and satisfies (Q~1)™1 = (Q7)~!
Consequently, @1 = Q7, and it follows that (b) holds.

So far, we have established that (a), (b), (c), (d), and (e) are
equivalent.



Proof (continued). Let us now show that (a) and (f) are equivalent.



Proof (continued). Let us now show that (a) and (f) are equivalent.
Set Q = { qi ... dn }



Proof (continued). Let us now show that (a) and (f) are equivalent.

SetQ:{ql qn}.Then
_qlz
q;
RTQ = : [ql @ .. qn]

o
[q1-aq1 qi-q2 ... qi-4q,

_ 9q2-°dq1 9242 ... Qg2-(,
| 941 9n*92 ... Qn°Qn

So, QT Q = I, if and only if {q1,...,q,} is an orthonormal set. In
view of Proposition 1.2, it now follows that (a) and (f) are

equivalent. Analogously, (d) and (g) are equivalent. Q.E.D.



Let Q@ € R"™". Then the following are equivalent:
Q is orthogonal (i.e. satisfies QT Q = 1,,);

Q is invertible and satisfies Q7! = QT;
QQT = Iy;

Q7 is orthogonal;

Q is invertible and Q! is orthogonal;

the columns of @ form an orthonormal basis of R":

©@Ge oeece

the columns of Q7 form an orthonormal basis of R”.




@ Making new orthogonal matrices out of old ones:

Proposition 2.2
If @1, Q> € R™" are orthogonal, then so is their product Q1 Q.

Proposition 2.3

Let @ € R™™ and @, € R"*" be orthogonal matrices. Then

Q

is an orthogonal matrix in R(m+m)x(m+n)




Proposition 2.2

If @1, Q> € R"™ " are orthogonal, then so is their product Q1 Q>.

Proof.



Proposition 2.2
If @1, Q> € R"™ " are orthogonal, then so is their product Q1 Q>.

Proof. Assume @1, @> € R"*" are orthogonal.



Proposition 2.2
If @1, Q> € R"™ " are orthogonal, then so is their product Q1 Q>.

Proof. Assume @1, @> € R"*" are orthogonal. Then QlTQl =1,
and Q2TQ2 = I,, and consequently,

(Q1R)T(A1Q) = JH U@ = JQ = I

=1,

So, @1 @> is indeed orthogonal.



Proposition 2.3

Let @ € R™™ and Q> € R"*" be orthogonal matrices. Then

Q

is an orthogonal matrix in R(m+m)x(m+n),




Proof. By hypothesis, we have that Q Q = I, and QJ Q> = I,
We now compute:

QRTQ

On><m 1 Qz Q2
_7 _ /7m7 7\707m7><g B

On><m ! In
[

So, @ is indeed an orthogonal matrix. Q.E.D.



Theorem 2.4

Let Q = [qijlnxn be an orthogonal matrix in R"*". Then all the
following hold:

@ forall x,y € R”, (@x)-(Qy) =x-y;
@ forall x € R", ||Qx|| = [|x]];
@ foralli,je{l,...,n} |qij| <1.

Proof.



Theorem 2.4

Let Q = [qijlnxn be an orthogonal matrix in R"*". Then all the
following hold:

@ forall x,y € R”, (@x)-(Qy) =x-y;
@ forall x € R", ||Qx|| = [|x]];
@ foralli,je{l,...,n} |qij| <1.

Proof. (a) For x,y € R”, we have that

(Qx)-(Qy) = (@x)7(Qx) = XTngy = x"y = x-y.

=,



Theorem 2.4

Let Q = [qijlnxn be an orthogonal matrix in R"*". Then all the
following hold:

@ forall x,y € R”, (@x)-(Qy) =x-y;
@ forall x € R", ||Qx|| = [|x]];
@ foralli,je{l,...,n} |qij| <1.

Proof. (a) For x,y € R”, we have that

(Qx)-(Qy) = (@x)7(Qx) = XTngy = x"y = x-y.

=,

(b) For x € R", we have that

~

X

1exl = V@)@ € vxx = |||



Theorem 2.4

Let Q = [gi,jlnxn be an orthogonal matrix in R"*". Then all the
following hold:

@ forall x,y € R", (@x) - (Qy) =x-y;
@ forall x e R, ||@x|| = ||x][;
@ forallije{l,....n}, |gij| <1.

Proof (continued).



Theorem 2.4

Let Q = [qijlnxn be an orthogonal matrix in R"*". Then all the
following hold:

@ forall x,y € R", (@x) - (Qy) =x-y;
@ forall x e R, ||@x|| = ||x][;
@ forallije{l,....n}, |gij| <1.

Proof (continued). (c) By Theorem 2.1, the columns of Q form an
orthonormal basis. In particular, all columns of @ are of length one,
and it follows that all entries of @ have absolute value at most 1.



Theorem 2.4

Let Q = [qijlnxn be an orthogonal matrix in R”*". Then all the
following hold:

@ forall x,y € R, (Qx) - (Qy) =x-y;
@ forall x € R”, ||Qx|| = [|x]|];
@ foralli,je{l,...,n} |qij| <1




Theorem 2.4

Let Q = [qijlnxn be an orthogonal matrix in R”*". Then all the
following hold:

@ forall x,y € R, (Qx) - (Qy) =x-y;
@ forall x € R”, ||Qx|| = [|x]|];
@ foralli,je{l,...,n} |qij| <1

@ Suppose that @ € R™" is an orthogonal matrix, and that
fo : R" — R is given by fo(x) = Qx.
e So, fo : R" — R" is the linear transformation whose standard
matrix is Q.



Theorem 2.4

Let Q = [qijlnxn be an orthogonal matrix in R”*". Then all the
following hold:

@ forall x,y € R, (Qx) - (Qy) =x-y;
@ forall x € R”, ||Qx|| = [|x]|];
@ foralli,je{l,...,n} |qij| <1

@ Suppose that @ € R™" is an orthogonal matrix, and that
fo : R" — R is given by fo(x) = Qx.
e So, fo : R" — R" is the linear transformation whose standard
matrix is Q.

@ By Theorem 2.4(b), fg preserves vector length.



Theorem 2.4

Let Q = [qijlnxn be an orthogonal matrix in R”*". Then all the
following hold:

@ forall x,y € R, (Qx) - (Qy) =x-y;
@ forall x € R”, ||Qx|| = [|x]|];
@ foralli,je{l,...,n} |qij| <1

@ Suppose that @ € R™" is an orthogonal matrix, and that
fo : R" — R" is given by fo(x) = Qx.
e So, fo : R" — R" is the linear transformation whose standard
matrix is Q.
@ By Theorem 2.4(b), fg preserves vector length.

@ On the other hand, recall that for non-zero vectors x,y € R",
we have that x -y = ||x|| ||y|| cos 6, where  is the angle
between x and y. So, Theorem 2.4(a) effectively states that fg
preserves angles between vectors.



@ Scalar product, coordinate vectors, and matrices of linear
transformations



@ Scalar product, coordinate vectors, and matrices of linear
transformations

Proposition 3.1

Let V be a vector space over R or C, equipped with the scalar
product (-,-) and the induced norm || - ||, and let B = {uy,...,u,}
be an orthonormal basis of V. Let - be the standard scalar product
in R” or C". Then for all x,y € V, we have that

x,y) = [x]z-[yls

Proof.



@ Scalar product, coordinate vectors, and matrices of linear
transformations

Proposition 3.1

Let V be a vector space over R or C, equipped with the scalar
product (-,-) and the induced norm || - ||, and let B = {uy,...,u,}
be an orthonormal basis of V. Let - be the standard scalar product
in R” or C". Then for all x,y € V, we have that

x,y) = [x]z-[yls

Proof. We prove the result for the case when V is a vector space
over C. The proof for R is similar but easier (because there are no
complex conjugates).




@ Scalar product, coordinate vectors, and matrices of linear
transformations

Proposition 3.1

Let V be a vector space over R or C, equipped with the scalar
product (-,-) and the induced norm || - ||, and let B = {uy,...,u,}
be an orthonormal basis of V. Let - be the standard scalar product
in R” or C". Then for all x,y € V, we have that

x,y) = [x]z-[yls

Proof. We prove the result for the case when V is a vector space
over C. The proof for R is similar but easier (because there are no
complex conjugates). Fix x,y € V. Since B is an orthonormal basis
for V, we see that

IIM:

<Yaul> uj,

x
I
s

1<X,ui>u,' and y =

]

and consequently (next slide):




Proposition 3.1

Let V be a vector space over R or C, equipped with the scalar
product (-,-) and the induced norm || - ||, and let B = {uy,...,u,}
be an orthonormal basis of V. Let - be the standard scalar product
in R” or C". Then for all x,y € V, we have that

(x,y) = [x]z-[yls

Proof (continued).

(x,u1) (y,u1)
Xz = : and  [yls =
(x,up) (y,un)



Proposition 3.1

Let V be a vector space over R or C, equipped with the scalar
product (-,-) and the induced norm || - ||, and let B = {uy,...,u,}
be an orthonormal basis of V. Let - be the standard scalar product
in R” or C". Then for all x,y € V, we have that

xy) = [Xs-Dls
Proof (continued).
{x,u1) (y,u1)
Xz = : and  [yls =
{x, up) (y, un)

We now compute (next slide):



Proof (continued).
(o) = (00w Sy w)
= 3 (o) ui by ) wy)

= Y )Ty, (uiuy)

= > (xui(y,u;) by orthonormality

<x7ul> ] |: <y7u1> ]
oun) || (youn)

= [Xls-lyls Q.E.D.




Proposition 3.1

Let V be a vector space over R or C, equipped with the scalar
product (-,-) and the induced norm || - ||, and let B = {uy,...,u,}
be an orthonormal basis of V. Let - be the standard scalar product
in R™” or C". Then for all x,y € V, we have that

(x,y) = [x]z-[yls




Let U and V be non-trivial, finite-dimensional vector spaces over R.
Assume that U is equipped with a scalar product (-, )y and the

induced norm || - ||y, and that V is equipped with a scalar product
(-,-)v and the induced norm || - ||y. Let By = {u1,...,un} and
By = {v1,...,v,} be orthonormal bases for U and V/, respectively,

and let f : U — V be a linear transformation. Then the following
two statements are equivalent:

@ the columns of the n x m matrix g, [f]z, form an orthonormal
set of vectors in R";?

@ for all x,y € U, we have that (f(x), f(y))v = (x,y)u.

“However, despite Theorem 2.1, this does not necessarily mean that the
matrix g, [f]s, is orthogonal. This is because g, [f]s, is an n X m matrix, and it
is possible that m # n, i.e. that g, [f]5, is not a square matrix. Only square
matrices can be orthogonall!



@ the columns of the n x m matrix g, [f]z, form an orthonormal
set of vectors in R":

@ for all x,y € U, we have that (f(x), f(y))v = (x,y)u.
Proof.



@ the columns of the n x m matrix g, [f]z, form an orthonormal
set of vectors in R":

@ for all x,y € U, we have that (f(x), f(y))v = (x,y)u.
Proof. Set g, [fls, = [ Ci1 ... Cpy }



@ the columns of the n x m matrix g, [f]z, form an orthonormal
set of vectors in R":

@ for all x,y € U, we have that (f(x), f(y))v = (x,y)u.

Proof. Setgv[f][gu:[cl cm]We observe that
o
L
c
T . 2
(8y[flBy)" ByIflB, = : {cl C ... Cm
<
[ Ci ' C; CiC ... Ci1'Chy
Cy-C1 Cr-Cy ... C>-Chp
CnhCi1 CxH'C ... Cp-Chy

So, we see that (i) holds if and only if (5,[fl5,)" B,[flB, = Im-



@ the columns of the n x m matrix g, [f]z, form an orthonormal
set of vectors in R";

@ forall x,y € U, we have that (f(x), f(y))v = (x,¥)u.
Proof (continued). By Proposition 3.1, for all x,y € U:
(1) xy)vu = [Xls, - [¥lsy:

(2) (F(x), f(¥)v = [F X5y - [F(¥)]By-



@ the columns of the n x m matrix g, [f]z, form an orthonormal
set of vectors in R";

@ forall x,y € U, we have that (f(x), f(y))v = (x,¥)u.
Proof (continued). By Proposition 3.1, for all x,y € U:
(1) xy)u = [xls, - [¥ls,:

(2) (F(x), f(y))v = [F(¥)]sy - [F(¥)]By -

Now, for all x,y € U, we have that
(FOOFWv 2 [F (08, - [F(Y)]sy
= (8T [FWls,
= (5[, M5)T (5, 1F15, Y5,)

= [X]BUT (Bv[f]BU)T Bv[f]BU [Y]BU‘



@ the columns of the n x m matrix g, [f]5, form an orthonormal
set of vectors in R”;

@ forall x,y € U, we have that (f(x), f(y))v = (x,y)u.
Proof (continued). Reminder: For all x,y € U:

(1) x,y)u =[xz, - [¥lBy:

(2) (F(x), f(y))v = [F(¥)]sy - [F(¥)]B, -

<f(X), f(y)>V = [X]BUT (Bv[f]Bu)T B\/[f]BU [Y]BU'



@ the columns of the n x m matrix g, [f]5, form an orthonormal
set of vectors in R”;

@ forall x,y € U, we have that (f(x), f(y))v = (x,y)u.

Proof (continued). Reminder: For all x,y € U:

(1) (% y)u = Xy - Y]y

(2) (F(), f()v = [F(X¥)]sy - [F(¥)]sy -

<f(X), f(y)>V = [X]BUT (Bv[f]Bu)T B\/[f]BU [Y]BU'

Suppose first that (i) holds. Then (5,[fl5,)" 5, [flBy, = Im:



@ the columns of the n x m matrix g, [f]5, form an orthonormal
set of vectors in R”;

@ forall x,y € U, we have that (f(x), f(y))v = (x,y)u.

Proof (continued). Reminder: For all x,y € U:

(1) (% y)u = Xy - Y]y

(2) (F(), f()v = [F(X¥)]sy - [F(¥)]sy -

<f(X), f(y)>V = [X]BUT (Bv[f]Bu)T B\/[f]BU [Y]BU'

Suppose first that (i) holds. Then (5, [fls,)" 5, [fl, = Im, and
consequently, for all x,y € U, we have that

(F).fW)v = Ks," (8[fls)" 5[5, W5,

=

= [X]BUT [y]Bu

= [x]s, - [¥lsy

= <X, y)U
Thus, (ii) holds.



@ the columns of the n x m matrix g, [f]5, form an orthonormal
set of vectors in R";
@ forall x,y € U, we have that (f(x), f(y))v = (x,y)u.

Proof (continued). Reminder: g, [flz, = [ Ci ... Cm
Suppose now that (ii) holds. Then for all i,j € {1,..., m}, we have
that

e/ eJ"n = [uf]Bu : [uj]Bu

—
Nl

= <Ui7 Uj>U

—
=

(F(uj), f(uj))v

—~
—

= [f(uils, - [f(u))]s,
(Bv[f]Bu [u/']BU) : (Bv[f]Bu [uj]Bu)

(B\/[f]BU e;n) . (Bv[f]BU ejm)

= C; °Cj.



@ the columns of the n x m matrix g, [f]5, form an orthonormal
set of vectors in R”;

@ for all x,y € U, we have that (f(x),f(y))v = (x,y)u.

Proof (continued). Reminder: g, [f]s, = [ CI ... Cnm }; for all
ije{l,...,m} e-e =c;-c;.



@ the columns of the n x m matrix g, [f]5, form an orthonormal
set of vectors in R”;

@ for all x,y € U, we have that (f(x),f(y))v = (x,y)u.

Proof (continued). Reminder: g, [f]s, = [ c1 Cm }; for all

ije{l,...,m} e-e =c;-c;.

This implies that {ci,...,cp} form an orthonormal set of vectors in

R", i.e. (i) holds.



Let U and V be non-trivial, finite-dimensional vector spaces over R.
Assume that U is equipped with a scalar product (-, )y and the

induced norm || - ||y, and that V is equipped with a scalar product
(-,-)v and the induced norm || - ||y. Let By = {u1,...,un} and
By = {v1,...,v,} be orthonormal bases for U and V/, respectively,

and let f : U — V be a linear transformation. Then the following
two statements are equivalent:

@ the columns of the n x m matrix g, [f]z, form an orthonormal
set of vectors in R";?

@ for all x,y € U, we have that (f(x), f(y))v = (x,y)u.

“However, despite Theorem 2.1, this does not necessarily mean that the
matrix g, [f]s, is orthogonal. This is because g, [f]s, is an n X m matrix, and it
is possible that m # n, i.e. that g, [f]5, is not a square matrix. Only square
matrices can be orthogonall!



