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@ So far, we have worked with vector spaces over arbitrary fields
.

@ In this lecture, we impose some additional structure on vector
spaces, namely the “scalar product” and the “norm.”
e A scalar product is a way of multiplying two vectors and
obtaining a scalar.
e A norm is a way of measuring distance of a vector from the
origin, or alternatively, measuring the length of a vector.
@ As a trade-off for imposing this additional structure, we
restrict ourselves to vector spaces over only two fields: R and

C.

e The theory that we develop in this lecture would not work for
vector spaces over general fields F.



@ Scalar products in real vector spaces
Definition

A scalar product (also called inner product) in a vector space V

over the field R is a function (-,-) : V x V — R that satisfies the
following axioms:

r.1. for all x € V, (x,x) > 0, and equality holds iff x = 0;
r.2. forall x,y,z€ V, (x+y,z) = (x,2) + (y, z);

r.3. for all x,y € V and a € R, (ax,y) = a(x,y);

r4. forall x,y € V, (x,y) = (y, x).
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@ Scalar products in real vector spaces

Definition
A scalar product (also called inner product) in a vector space V

over the field R is a function (-,-) : V x V — R that satisfies the
following axioms:

r.1. for all x € V, (x,x) > 0, and equality holds iff x = 0;
r.2. forall x,y,z€ V, (x+y,z) = (x,2) + (y, z);

r.3. for all x,y € V and a € R, (ax,y) = a(x,y);

r4. forall x,y € V, (x,y) = (y, x).

@ Axioms r.2 and r.3 guarantee that the scalar product in a
vector space V over R is linear in the first variable (when we
keep the second variable fixed).

@ But in fact, axioms r.2, r.3, and r.4 guarantee that it is linear
in the second variable as well (when we keep the first variable
fixed). Indeed (next slide):

A



r.2". for all x,y,z € V, we have that

xy+z) = xy) +(x2),

since (x,y +2) = (y +2,x) = (y,x) + (z,x) = (x,y) + (x,2);
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r.3". for all x,y € V and a € R, we have that
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since (x,ay) = (ay,x) = aly,x) = a(x,y).



Definition

A scalar product (also called inner product) in a vector space V
over the field R is a function (-,-) : V x V — R that satisfies the
following axioms:

r.1. for all x € V, (x,x) > 0, and equality holds iff x = 0;
r.2. forall x,y,z€ V, (x+vy,z) = (x,2) + (y,2);

r.3. for all x,y € V and a € R, {ax,y) = a(x,y);

r.4. forall x,y € V, (x,y) = (y,x).

As a corollary of the above axioms, we also got:
r.2" forall x,y,ze V, (x,y+2z) = (x,y) + (x,2);
r.3. for all x,y € V and a € R, (x,ay) = a(x,y).
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Definition
_ T T
Given vectors x = | x31 ... Xp andy=|y1 ... W } in

R", the standard scalar product of x and y, denoted by x -y, is
given by

—
[E—
—

n
Xy = lel'yf
=

@ For example, for vectors
T T
[1 2 5} ,[—3 2 1} € R3, we have

1 -3
[—2]-[ 2] = 1-(-3)+(-2)-2+5-1 = -2

@ But is the standard scalar product in R” an actual scalar
product? That is, does the standard scalar product satisfy
axioms r.1-r.47
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Proposition 1.1

The standard scalar product in R” is a scalar product.

Proof. We need to check that the standard scalar product satisfies
the axioms from the definition of a scalar product.

-
r.1. For a vector x = [ X] ... Xp } in R we have that

n (*)
XX = Zx,z > 0,

and (*) is an equality iff x; = --- = x, =0, i.e. iff x = 0.



Proposition 1.1

The standard scalar product in R” is a scalar product.

Proof (continued).
T T
r.2. For vectors x = { X1 ... Xp } Y = [ Yi .- VYn } , and
T
z= [ z1 ... Zp } in R", we have that

n

(x+y)-z = Z:l(XH-}/i)Zi

= (é:l Xizi) + (gn:l )/iZi)

= x-z+y-z



Proposition 1.1

The standard scalar product in R” is a scalar product.

Proof (continued).

T T
r.3.Forvectorsx:[x1 e Xn andy:[yl y,,}

in R" and a scalar o € R, we have that

(ax)-y =

o8

(axi)yi = azlx;y,- = a(x-y).

i=1 1=



Proposition 1.1

The standard scalar product in R” is a scalar product.

Proof (continued).
T T
r.3.Forvectorsx:[x1 x,,} andy:[yl y,,}
in R" and a scalar o € R, we have that
n n
(ax) -y = ,Zl(ozx,-)y,- = « Zl xiyi = ax-y).
1= 1=
T T
r.4.Forvectorsx:[x1 x,,} andy:[yl y,,}
in R", we have that
n n
Xy = _ZIXiy,' = _Zl)/ixi = y-x
1= 1=

Q.E.D.



Definition
_ T T
Given vectors x = | x1 ... Xp andy=|yvi ... ¥n } in

R", the standard scalar product of x and y, denoted by x -y, is
given by

—
[E—
—

n
Xy = ) Xy
i=1
T T
oForvectorsx:{xl x,,} andy:{yl y,,}
in R", we have that
n "
xTy = [x ... x| : = [le,-y,-] = [x-y]
Yn -
@ So, if we identify 1 x 1 matrices with scalars, then we simply
get that
x-y = x'
y = x'y

for all x,y € R".



Definition
. T T
Given vectors X = | x1 ... Xp andy=|y1 ... ¥n } in

R", the standard scalar product of x and y, denoted by x -y, is
given by

—
[E—1
—

n
Xy = ) XY
i=1




Definition
. T T
Given vectors X = | x1 ... Xp andy=|y1 ... ¥n } in

R", the standard scalar product of x and y, denoted by x -y, is
given by

—
[E—1
—

n
Xy = ) XY
i=1

@ A similar type of scalar product can be defined for matrices.
Indeed, for matrices A = [a; ], and B = [bi ], ,, in R™",
we can define

n m
i=1j=1

@ It is easy to verify that this really is a scalar product in R™*™
(the proof is similar to that of Proposition 1.1).



@ For those who have studied calculus:

Proposition 1.2

Let a,b € R be such that a < b, and let C[, ;] be the vector space
(over R) of all continuous functions from the closed interval [a, b]
to R.? Then the function (-, ) : Cja p) X Cjap) — R defined by

(8) = [f()s0x)dx

for all f, g € C, ) is a scalar product.

“Recall from calculus that all such functions are integrable.

Proof. Lecture Notes.



@ A quick review of complex numbers
Given a complex number z = a+ ib (where a, b € R),

@ the real part of z is the real number Re(z) = a;

e the imaginary part of z is the real number Im(z) = b;

o the absolute value of z is the real number |z| = Va2 + b2;

@ the complex conjugate of z is the complex number Z = a — ib.

Im
z=a-+1b
b | .
a Re
e
Z=a—1b




e Reminder: a+ ib=a—ib (for a,b € R)
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e Reminder: a+ ib=a—ib (for a,b € R)

o Note: Z==zforall ze C

For a complex number z = a+ ib (where a, b € R), we have that

zZ = (a+tib)(a—ib) = a*—i%h®> = a2+b*> = |z

in particular, zz > 0, and equality holds iff z = 0.




Proposition 1.4
For all z;,z> € C, the following hold:
Qz+tz2=71+2;
Qz1—2=7—-2
Q zizz =71 z;
Q if 2 #0, then z1 /2 = 71/ %.
Moreover, for all z € C and non-negative integers n, we have that

0 77 =(2)".

Proof. High school math (or any introductory text on complex
numbers).



@ Scalar products in complex vector spaces

Definition

A scalar product (also called inner product) in a vector space V
over the field C is a function (-,-) : V x V — C that satisfies the
following axioms:

c.l.

c.2.
c.3.
c.4.

for all x € V, (x,x) is a real number, (x,x) > 0, and equality
holds iff x = 0;

for all x,y,z€ V, (x+y,z) = (x,2z) + (y, z);
for all x,y € V and a € C, (ax,y) = a(x,y);
for all x,y € V, (x,y) = (y,x).




Scalar products in complex vector spaces

Definition

A scalar product (also called inner product) in a vector space V
over the field C is a function (-,-) : V x V — C that satisfies the
following axioms:

c.l.

c.2.
c.3.
c.4.

for all x € V, (x,x) is a real number, (x,x) > 0, and equality
holds iff x = 0;

for all x,y,z€ V, (x+y,z) = (x,2z) + (y, z);
for all x,y € V and a € C, (ax,y) = a(x,y);
for all x,y € V, (x,y) = (y,x).

Axioms c.2 and c.3 guarantee that the scalar product in a
vector space V over C is linear in the first variable (when we
keep the second variable fixed).



@ Scalar products in complex vector spaces

Definition

A scalar product (also called inner product) in a vector space V
over the field C is a function (-,-) : V x V — C that satisfies the
following axioms:

c.l. for all x € V, (x,x) is a real number, (x,x) > 0, and equality
holds iff x = 0;

c.2. forall x,y,ze V, (x+y,z) = (x,2) + (y, z);
c.3. forall x,y € V and a € C, (ax,y) = a(x,y);
c.4. forall x,y € V, (x,y) = (y,x).

@ Axioms c.2 and c.3 guarantee that the scalar product in a
vector space V over C is linear in the first variable (when we
keep the second variable fixed).

@ Unlike in the real case, it is not linear in the second variable
(when we keep the first variable fixed).



@ Scalar products in complex vector spaces

Definition

A scalar product (also called inner product) in a vector space V
over the field C is a function (-,-) : V x V — C that satisfies the
following axioms:

c.l. for all x € V, (x,x) is a real number, (x,x) > 0, and equality
holds iff x = 0;

c.2. forall x,y,ze V, (x+y,z) = (x,2) + (y, z);
c.3. forall x,y € V and a € C, (ax,y) = a(x,y);
c.4. forall x,y € V, (x,y) = (y,x).

@ Axioms c.2 and c.3 guarantee that the scalar product in a
vector space V over C is linear in the first variable (when we
keep the second variable fixed).

@ Unlike in the real case, it is not linear in the second variable
(when we keep the first variable fixed).

e We do, however, have the following (next slide):



c.2'. for all x,y,z € V, we have that

xytz) = xy) +(x2),

since (x,y +2) < {y + z,x) £ {y,x) + (z,%) =

C.

<y7x> + <Z,X> = <X7 Y> + <X,Z ,

N



c.2'. for all x,y,z € V, we have that

xytz) = xy) +(x2),

since (x,y +2) < {y + z,x) £ {y,x) + (z,%) =
T\ C.

(y,x) + (z,x) = (x,y) + (x,2);

N

c.3" for all x,y € V and a € C, we have that

(x,ay) = alx,y),

N

since (x, ay) = (ay,x) = a(y,x)

N
>

a(x,y).



Definition

A scalar product (also called inner product) in a vector space V
over the field C is a function (-,-) : V x V — C that satisfies the
following axioms:

c.l. for all x € V, (x,x) is a real number, (x,x) > 0, and equality
holds iff x = 0;

c.2. forall x,y,ze V, (x+y,z) = (x,2) + (y,2);
c.3. forallx,y € V and o € R, (ax,y) = a(x,y);
c.4. forall x,y € V, (x,y) = (y,x).

As a corollary of the above axioms, we also got:
c.2. forall x,y,z€ V, (x,y +z) = (x,y) + (x,2),
c.3" forall x,y € V and a € C, (x,ay) = a(x,y),



Definition

. T T-
leenvectorsx:[xl oo Xp andy:[yl y,,} in

C", the standard scalar product of x and y, denoted by x -y, is
given by

|

n
Xy = _Zl Xi Vi
=

-
@ For example, for vectors { 1-2i =2+ and

-
[2—|—i 1—|—3i] in C2, we have

{_1212; ] : [ 12:3;} = (L-2)Q2+ i)+ (=2+i)(1+30)

(1—20)(2— i)+ (—2+i)(1 - 3i)

= 1+2i



Proposition 1.5
The standard scalar product in C" is a scalar product.

Proof.
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Proposition 1.5
The standard scalar product in C" is a scalar product.

Proof. We need to check that the standard scalar product satisfies
the axioms from the definition of a scalar product.

c.1l. For a vector x = { X1 ... Xp } in C", we have that
n (%)
X-xX = Z XiXj 2 07
i=1

where (*) follows from Remark 1.3. Moreover, by Remark 1.3, the
inequality (*) is an equality iff x; = -+ =x, =0, i.e. iff x =0.



Proposition 1.5

The standard scalar product in C” is a scalar product.

Proof (continued).
T
c.2 For vectors x = { X1 ... Xp } VY = [ 1
T
z= [ 71 ... zZ, } in C", we have that
n
(x+y)-z = X(x+y)z

i=1

= x-z+y-z

Vn }T, and




Proposition 1.5

The standard scalar product in C” is a scalar product.

Proof (continued).

c.3.Forvectorsx:[x1 xn}Tandy:[yl yn}T

in C" and a scalar o € C, we have that

n
(ax)yi = ad.xyi = a(x-y).
i=1

NE

(ax)-y = X



Proposition 1.5
The standard scalar product in C” is a scalar product.

Proof (continued).

T T
c.3.Forvectorsx:[x1 x,,} andy:[yl yn}
in C" and a scalar a € C, we have that

(ax) -y = g(axf)ﬁ = « le,-ﬁ = ax-y).

T T

c.4. For vectors x = [ X1 ... Xp and y = [ Yi ... Vn

in C", we have that




Definition

Given a scalar product (-, -) in a vector space V over R or C, we
define the norm in V induced by (-,-) to be the function

[|-]]: V— R given by

Xl = V%)

for all x € V.

@ Remark: In view of r.1 and c.1, for all x € V, we have that
[|x|| is a non-negative real number (even if V is a vector
space over C), and moreover, ||x|| = 0 iff x = 0.



Proposition 2.1

Let V be a vector space over R or C, let (-,-) be a scalar product
in V, and let || - || be the norm in V induced by (-,-). Then for all
vectors x € V and scalars «, we have that

llax|[ = laf ||x[].

Proof.



Proposition 2.1

Let V be a vector space over R or C, let (-,-) be a scalar product
in V, and let || - || be the norm in V induced by (-,-). Then for all
vectors x € V and scalars «, we have that

llax|[ = laf ||x[].

Proof. If the vector space V is over R, then for all vectors x € V
and scalars o € R, we have that

[lax|| = (ax, ax)
= a?(x, X) by r.3 and r.3’

— Jaly/Txon)

e [[x]]-



Proposition 2.1

Let V be a vector space over R or C, let (-, -) be a scalar product
in V, and let || - || be the norm in V induced by (-,-). Then for all
vectors x € V and scalars «, we have that
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Proof.



Proposition 2.1

Let V be a vector space over R or C, let (-, -) be a scalar product
in V, and let || - || be the norm in V induced by (-,-). Then for all
vectors x € V and scalars «, we have that

x| = fof [x]]-

Proof. On the other hand, if the vector space V is over C, then for
all vectors x € V and scalars a € C, we have that

lax|| = /fax,ax)
= ao(x, X) by ¢.3 and ¢.3’
= |ae|2(x, x) by Remark 1.3

lalv/ (%, %)

o [1x]I. QED.



e Note that if || - || is the norm induced on R" by the standard
T
scalar product in R”, then for all x = [ X1 ... Xn } , we
have that

n
Ix|]] = Vx-x = zlx,?.
=

e So, we simply get the standard Euclidean length in R”.
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scalar product in R”, then for all x = [ X1 ... Xn } , we
have that

n
Ix|]] = Vx-x = zlx,?.
=

e So, we simply get the standard Euclidean length in R”.

T
@ We note that if x = { X] ... Xp } and
T
y=|wv ... Yn } are non-zero vectors in R", then we
have that
x-y = |[[x[|[ly[| cosb,

where 6 is the angle between x and y.



e Note that if || - || is the norm induced on R" by the standard
T
scalar product in R”, then for all x = [ X1 ... Xn } , we
have that

n
Ix|]] = Vx-x = zlx,?.
=

e So, we simply get the standard Euclidean length in R”.

T
@ We note that if x = { X] ... Xp } and
T
y=|wv ... Yn } are non-zero vectors in R", then we
have that
x-y = |[[x[|[ly[| cosb,

where 6 is the angle between x and y.
o Let's check this!



e Consider the (possibly degenerate) triangle formed by x, vy,
and z :=x —y, and let 6 be the angle between x and y in this
triangle.

= (x—y)-(x—y)

= x.x—x.y_y.x+y.y

— 2
=l =|lyl|?

=[x+ lyl]> — 2%y



o Reminder: [|z/[2 = [|x|[2 + [|yl[2 — 2x - y



o Reminder: [|z/[2 = [|x|[2 + [|yl[2 — 2x - y

@ On the other hand, by the Law of Cosines (for triangles):

12> = [xI*+[lyl[> = 2l[x]| [lyl]| cos®.



@ Reminder: HzH2 = Htz + HyH2 —2x-y

@ On the other hand, by the Law of Cosines (for triangles):
1zl = [xII* + [lylI* = 2[[x[] [lyl| cos®.

o So, [[x[[> + [ly[[* = 2x -y = [[x||* + [ly[I* — 2[|]| [|y]| cos®,
and consequently,

x-y = || [lyll cosb,

as we had claimed.



@ Reminder: x-y = |[|x]| ||y|| cos®, where € is the angle
between x and y.



@ Reminder: x-y = |[|x]| ||y|| cos®, where € is the angle
between x and y.

@ This means that non-zero vectors x,y € R" are orthogonal
(i.e. the angle between them is 90°) iff x -y = 0.
e This is because for an angle 6, with 0° < 6 < 180°, we have
that cos @ = 0 iff § = 90°.



@ Reminder: x-y = |[|x]| ||y|| cos®, where € is the angle
between x and y.

@ This means that non-zero vectors x,y € R" are orthogonal
(i.e. the angle between them is 90°) iff x -y = 0.

e This is because for an angle 6, with 0° < 6 < 180°, we have
that cos @ = 0 iff 8 = 90°.

@ Let's now return to norms defined by arbitrary scalar products.



Definition

Given a vector space V over R or C, and given a scalar product
(-,+) on V, we say that vectors x and y in V are orthogonal (and
we write x L y) if (x,y) =0.
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@ When our scalar product is the standard scalar product in R”,
this corresponds to our usual geometric interpretation, as we
saw above.
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Given a vector space V over R or C, and given a scalar product
(-,+) on V, we say that vectors x and y in V are orthogonal (and
we write x L y) if (x,y) =0.

@ When our scalar product is the standard scalar product in R”,
this corresponds to our usual geometric interpretation, as we
saw above.

@ For norms induced by general scalar products, this is how we
define orthogonality.

o For example, for the scalar product defined on C[_r ] in
Proposition 1.2, we have that sin x L cos x, since
s
(sinx,cosx) = [ sinx cosxdx = 0.

—T
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Given a vector space V over R or C, and given a scalar product
(-,+) on V, we say that vectors x and y in V are orthogonal (and
we write x L y) if (x,y) =0.

@ When our scalar product is the standard scalar product in R”,
this corresponds to our usual geometric interpretation, as we
saw above.
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o For example, for the scalar product defined on C[_r ] in
Proposition 1.2, we have that sin x L cos x, since
s
(sinx,cosx) = [ sinx cosxdx = 0.

o It follows from r.4 and c.4 that (x,y) = 0 iff (y,x) = 0.
e So, x L yiffy L x, as one would expect.



Definition

Given a vector space V over R or C, and given a scalar product
(-,+) on V, we say that vectors x and y in V are orthogonal (and
we write x L y) if (x,y) =0.

@ When our scalar product is the standard scalar product in R”,
this corresponds to our usual geometric interpretation, as we
saw above.

@ For norms induced by general scalar products, this is how we
define orthogonality.

o For example, for the scalar product defined on C[_r ] in
Proposition 1.2, we have that sin x L cos x, since
s
(sinx,cosx) = [ sinx cosxdx = 0.

o It follows from r.4 and c.4 that (x,y) = 0 iff (y,x) = 0.
e So, x L yiffy L x, as one would expect.
@ Also, 0 is orthogonal to every vector in V.
o Indeed, for ally € V, (0,y) = (00,y) © 0(0,y) = 0, where (*)
follows from r.3 or c.3.
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The Pythagorean theorem

Let V be a vector space over R or C, let (-,-) be a scalar product
in V, and let || - || be the norm in V induced by the scalar product
(-,+). Let x and y be orthogonal vectors in V. Then

Ix+yl? = IxI[*+ llyl[*-

Proof. Since x Ly, we have that (x,y) =0 and (y,x) = 0. So,

Ix+y[> = (x+yx+y)

= (%,x) + (X, y)+ (¥, x) + (y,y)
P I R
=x|? =0 =0 =y

= (%[ + [lyl%,

which is what we needed to show.
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The Cauchy—Schwarz inequality

Let (-,-) be a scalar product in a vector space V over R or C, and
let || - || be the norm in V induced by (-,-). Then

[yl < XLyl

for all x,y € V.

Proof. Fix x,y € V. WMA (x,y) # 0, for otherwise, the result is
immediate. This implies that x,y # 0, and consequently,
[Ix[[, |[y[| # 0. We set

vy
z = XY

and we compute

: ™,
(zy) = (Ex-yy) = LBy -y = 0

where (*) follows from r.2 and r.3 if V is over R, or from c.2 and
c.3if Visover C. Thus, z Ly, and so by the Pythagorean
theorem, ||z +y|[* = ||z|[* + [|y||*



Proof (continued). Reminder: z = g%x —-y;

1z +yl[[? = []zI1? + [lyll%. WTS [, y)| < [IxI| [Iyll-

[~




Proof (continued). Reminder: z = é zix y;
1z +yl[[? = [lzI]” + [lyl|*. y)l <
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Proof (continued). Reminder: z = é
llz+yl1? = [zl + lyl|*.

=

|z + vl

[yl*
[(¢y)[?

[1x][2

y,y) .
y>x y:
WTS [(x,y)| < [Ix]] [lyll.
||<Y)')XH
KL x|
AL 1x |
lz+yll? = ll2ZP+yl2 > lylP



Proof (continued). Reminder: z = é
llz+yl1? = [zl + lyl|*.

=

[Iyll
[(x,y)

|z + vl

4
= [1x][?

[1x[?[1y[?

Y

YY) .
y>x y:
WTS [(x, y)| < [[x[] [|yl]-
||<Y)')XH
KL x|
2
@&HV”
llz+yll> = l2P+IylP = [yl



Proof (continued). Reminder: z = é zix y;
1z +yI12 = (12| + [yl WTS [(x,y)] < [x]] [lyll-
— lz+yll = [IE%x]

= [l

2
= b I
4

= ML XP = llzyIP o= PR > P
= XIPIyIE = ()
— IxI[ 1yl > [(x.y)] QED.
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o Cauchy-Schwarz: |(x,y)| < [[x|| [lyl|
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o Cauchy-Schwarz: |(x,y)| < [[x|| [lyl|

For all x1,...,Xn, V1,-..,¥n € R, we have that

<i_ilxi}/i)2 < (Zn: Xi2)(’_:il)/i2>'

i=1

Proof. If we consider the standard scalar product in R”, the
Cauchy-Schwarz inequality yields

n n n
| Xl <y [ [
i=1 i=1 i=1

for all x1,...,Xn, v1,---,¥n € R. By squaring both sides, we
obtain the desired inequality. Q.E.D.



o Cauchy-Schwarz: |(x,y)| < ||| [ly]|

The triangle inequality

Let (-,-) be a scalar product in a vector space V over R or C, and
let || - || be the norm in V induced by (-,-). Then

Ix+yll <[+ lyll
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The triangle inequality

Let (-,-) be a scalar product in a vector space V over R or C, and
let || - || be the norm in V induced by (-,-). Then

Ix+yll < lx[[+lyll

for all x,y € V.

Proof. We prove the result for the case when V is a vector space
over C. The real case is similar, but easier.

We first remark that for all complex numbers z = a + ib (where
a, b € R), we have that

@ z+Z=2a=2Re(z);

o Re(z) = a< |a| < Va2 + b2 = |z].



Proof of the triangle inequality (continued). For x,y € V:

[Ix +yl[?

(x+y,x+y)

(%, %) +(x,y) + (y,x) + (y,y) by c.2 and c.2’
=[Ix[[? =|ly|[?

[1x[[2 + [Iyl[* + (x,3) + {y. %)

X2 +1lyl1* + (x,y) + {x,y) ~ byc4
12+ llylI? + 2Re((x,y))

Il 2 =+ 1312 +21{x,y)

1112 =+ 1312 + 21l Iyl by C-5<

(Il + HlylD?.



Proof of the triangle inequality (continued). For x,y € V:

Ix+yl* = (x+yx+y)
= (x,x)+(x,y) +(y,x) +{y,y)  byc2andc2
~—— N——
=|x|[2 —[lyll?

= IRl IYIP -+ () + (%)

= |xIP+IyIP+ (xy) + (x;y)  bycd
= [IXI2 + iyl + 2Re({x.y))

< IR+ IR + 21,y

< IIxIP + iyl + 211l iyl by C-5<

= (x| +IlylD>.

By taking the square root, we obtain ||x +y|| < ||x|| +|]y|]|. Q.E.D.
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[0l < XLyl
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The triangle inequality

Let (-,-) be a scalar product in a vector space V over R or C, and
let || - || be the norm in V induced by (-,-). Then

Ix+yll < {IxI[+ [lyll

AN

for all x,y € V.
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Definition

A norm in a vector space V over R or C is a function
[|-]] - V — R that satisfies the following axioms:

n.1. for all vectors x € V, we have that ||x|| > 0, and equality
holds if and only if x = 0;

n.2. for all vectors x € V and scalars «,? we have that
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n.3. for all vectors x,y € V, we have that ||x + y|| < ||x|| + ||y]]-
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@ Let us now define norms in general!

Definition

A norm in a vector space V over R or C is a function
[|-]] - V — R that satisfies the following axioms:

n.1. for all vectors x € V, we have that ||x|| > 0, and equality
holds if and only if x = 0;

n.2. for all vectors x € V and scalars «,? we have that
llox|| = |ed [Ix]];

n.3. for all vectors x,y € V, we have that ||x + y|| < ||x|| + ||y]]-

“So, @ € R or a € C, depending on whether V is a vector space over R or C.

@ Any norm induced by a scalar product is indeed a norm, i.e. it
satisfies n.1, n.2, and n.3.
e n.1 follows from the construction, n.2 follows from
Proposition 2.1, and n.3 follows from the triangle inequality.
@ In fact, n.3 itself is referred as the “triangle inequality” (but
not it's an axiom rather than a theorem).
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o For a positive integer p, we define the p-norm, denoted by
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o For a positive integer p, we define the p-norm, denoted by
|| - ||p, on R" by setting

T =

e = (3 b
foraIIx:{xl x,,}TinR".

@ We omit the proof of the fact that || - ||, is indeed a norm.
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@ Reminder: [|x||, := (i |X,'|P); Vx=[x1 ... X }T € R".
i=1

n
Xl = /X,
i=1

which is precisely the norm induced by the standard scalar
product in R", i.e. the standard Euclidean norm in R".
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@ Reminder: [|x||, := (i |)<,-|P)E Vx=[x1 ... X }T € R".
i=1

2
Ixll2 = X7
i=1

which is precisely the norm induced by the standard scalar
product in R", i.e. the standard Euclidean norm in R".

@ For p=2,

@ Forp=1,
n
Ix[l1 =32 |xil-
i=1

[| - [l1 norm is sometimes called the “Manhattan norm.” This
is because streets and avenues in Manhattan form a perfect
grid (more or less), and so || - ||1 gives the actual walking
distance between two places in Manhattan.



@ Another norm of interest is the so called “Chebyshev
distance” on R”, denoted by || - ||oo. It is defined by

[IX||loo = max{|xil|,...,|xa|}

-
for all vectors x = [ X1 ... Xp } in R,



@ Reminder:

n
° IIXszw_ZIX?
=

n

o [Ixll = 32
i=
o [|X|loo = max{|x|, ..., |[xal}
@ Given a norm || - || in a vector space V over R or C, the unit

disk is the set {x € V | ||x|| < 1}.



@ Reminder:

n
o Il =/

o [|x[[1 = Z |xi]
o [[x|loc = max{IXlI - [l }
@ Given a norm || - || in a vector space V over R or C, the unit
disk is the set {x € V | ||x|| < 1}.
1 1 1
—1 Q \;@1 ) -1 1z —1 1 x
—1 —1 —1
unit disk in R? unit disk in R? unit disk in R?

wart | ]2 wrt. |||l wrt. || |
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@ Finally, if you have studied calculus, recall that for a,b € R
such that a < b, C, p) is the vector space (over R) of all
continuous functions from [a, b] to R.

o For a real number p > 1, we have the norm || - ||, on Cp, )
given by

e = ([1FGr)”

for all f € Cp, -

o We also have the norm || - |[o on C, p) given by
fllo = f
Il = max 1£(x)

for all f € C, p)-

@ Once again, we omit the proof of the fact that || - ||, (for a
real number p > 1) and || - || really are norms on C[, 4.



