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This lecture has four sections:
@ A review of coordinate vectors and standard matrices
@ Matrices of linear transformations
© An example with polynomials (on the board)

@ A characterization of change of basis matrices. Similar
matrices
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(1) A review of coordinate vectors and standard matrices

e For a field F, a positive integer n, and an index i € {1,..., n},
the i-th standard basis vector in ", denoted by e, is the
vector in F” whose i-th entry is 1, and all of whose other
entries are 0.

e When n is clear from context, we drop the superscript n and
write e; instead of ef.



(1) A review of coordinate vectors and standard matrices

e For a field F, a positive integer n, and an index i € {1,..., n},
the i-th standard basis vector in ", denoted by e, is the
vector in F” whose i-th entry is 1, and all of whose other
entries are 0.

e When n is clear from context, we drop the superscript n and
write e; instead of ef.

o &, ={ef,...,el} is called the standard basis of F".



Theorem 1.2 from Lecture Notes 4

Let f : F™ — " be a linear transformation. Then there exists a
unique matrix A (called the standard matrix of f) such that for all
u € F, we have that f(u) = Au. Moreover, the standard matrix
A of f is given by

A = [f(el) f(em)],

where ey, ..., e, are the standard basis vectors of ™.




Definition

For a positive integer n and a basis B = {by,...,b,} of a vector
space V over a field IF, the coordinate vector of a vector v € V
with respect to the basis B is the (unique) vector

a1

Vlg =

in " such that v=aib; + - - - + a,b,.
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Definition

For a positive integer n and a basis B = {by,...,b,} of a vector
space V over a field IF, the coordinate vector of a vector v € V
with respect to the basis B is the (unique) vector

a1

Vlg =

in " such that v=aib; + - - - + a,b,.

o Note that if I is a field, then Yu € F": [u]g, = u.

T
oIndeed,ifu:{ul u,,} , then u = we; +--- + upe,,

T
and consequently, [u]g, = { up ... U } =u.



Theorem 2.2 from Lecture Notes 9

Let U and V be vector spaces over a field F, and assume that U is
non-trivial (i.e. contains at least one non-zero vector) and
finite-dimensional. Let B = {uj,...,u,} be a basis of U, and let
Vi,...,Vp € V.7 Then there exists a unique linear transformation
f: U — V such that f(ui) =vi,...,f(u,) = v,. Moreover, this
unique linear transformation f : U — V is defined as follows: for
all u € U, we set

f(u) = aivi+--+ avp,
T
where a1, ...,a, € F are such that [u]p = [ al ... Qp ] ;
“Here, v, ...,v, are arbitrary vectors in V. They are not necessarily

pairwise distinct.




(2) Matrices of linear transformations

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by1,...,bn,} be a basis for U, let

C ={c1,...,cp} be a basis for V, and let f : U — V be a linear
transformation. Then exists a unique matrix in F"*™ denoted by
¢[fls and called the matrix of f with respect to B and C, such that
for all u € U, we have that

clfls [uls = [f(u)e.
Moreover, the matrix ¢[f]3 is given by
clfls = [[fble .. [Ff(bm)le |-

@ Note that if F is a field and f : F™ — F" is a linear function,
then ¢, [f]e,, is precisely the standard matrix of f.
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Proof of Theorem 2.1. We first prove existence.
Fix u e U. WTS [ [f(by)]lc ... [f(bm)lc } [u]lg = [f(u)]c.

-
Set [u][g: [ ﬁl ﬁm ] , so that u:ﬁ1b1+...+5mbm.
We now have the following:

[ [Fb)le - [F(bm)le | [uls

b1
= | [foole - [f(bm)]c}{ ; ]
RS R
= [B1f(b1) + - + B (bn)lc
= [f(Bib1+ -+ Bmbm)]c

= [f(u)e.
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WTS A= [f(b)le ... [f(bm)lc |

Set A = [ ai ... am }

WTS a; = [f(b1)]c,---,am = [f(bm)]c-

Fix i € {1,...,m}. WTS a; = [f(bj)]¢

Note that [b;]z = €.



Proof of Theorem 2.1 (continued). WWe now prove uniqueness.
Fix any matrix A € F™™ s.t. Yu € U: Alu]g = [f(u)]c.

WTS A= [f(b)le ... [f(bm)lc |

Set A = [ ai ... am }

WTS a; = [f(b1)]c,---,am = [f(bm)]c-

Fix i € {1,...,m}. WTS a; = [f(bj)]¢

Note that [b;]z = e[”. But now
a, = A(E!;77 = A[b,’]lg = [f(b,)]c

We have now shown that A = { [f(by)]lc ... [f(bm)lc } This
proves uniqueness. Q.E.D.



Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {by,...,by,} be a basis for U, let

C ={ci1,...,cp} be a basis for V, and let f : U — V be a linear
transformation. Then exists a unique matrix in F"*™ denoted by
c¢[f]s and called the matrix of f with respect to B and C, such that
for all u € U, we have that

clfls [uls = [f(u)le.
Moreover, the matrix ¢[f]z is given by

olfls = [[Fb)le - [f(bm)le |-

@ Note that if F is a field and f : F™ — F" is a linear function,
then ¢, [f]e,, is precisely the standard matrix of f.




Consider the basis B = { (1) ] , i ] } for R? and the unique

linear transformation f : R? — R2 s.t. f([ (1) ]) = [ (1) ] and

f([ 1 ]) = l ; ] Find the matrix g[f]5.

9 Ty ,/'([ i }) = [ g } f(u)




Consider the basis B = { l é ] ) [ i ] } for R? and the unique

linear transformation f : R? — R? s.t. f([ é ]) = [ é ] and

f([ 1 1) — l ; 1 Find the matrix g[f]s.

Solution. Using the formula from Theorem 2.1, we get that

ol = | 1 o e 17 5 s |

= [ 5]l o3 ]|

(10
0 2]
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linear transformation f : R? — R? s.t. f([ (1) ]) = [ (1) ] and

f([ i ]) — l g ] Find the matrix 5[f]s.

Solution (from the previous slide). g[f]s = [ é (2) ]

@ What if we want to compute the standard matrix of the linear
transformation f from Example 2.27



Consider the basis B = { (1) ] , 1 ] } for R? and the unique

linear transformation f : R? — R? s.t. f([ (1) ]) = [ (1) ] and

f([ i ]) — l g ] Find the matrix 5[f]s.

Solution (from the previous slide). g[f]s = [ é (2) ]

@ What if we want to compute the standard matrix of the linear
transformation f from Example 2.27

@ This can be done, but we first need some theory!



Proposition 2.3

Let U, V, and W be non-trivial, finite-dimensional vector spaces
over a field F. Let B = {bj,...,by,} be a basis for U, let

C ={c1,...,¢c,} be a basis for V, and let D = {dy,...,d,} be a
basis for W. Let f : U — V and g : V — W be linear
transformations. p[g o flg = plgle c[f]s-

gof, D[g]c c[f}zs

f,clfls g, plgle



go f,olgle clfls

U V w
B C D

Proof of Proposition 2.3. WTS plg o f|g = plglc c[f]s-



go f,olgle clfls

U V w
B C D

Proof of Proposition 2.3. WTS plg o f|g = plglc c[f]s-

By Theorem 2.1, p[g o f]g is the unique matrix in FP*™ s.t.
Yuec U: plgofls [uls = [(gof)(u)p.

So, it suffices to show that Yu € U:
(plele clfls)luls = (g o F)(u)lp.



go f,olgle clfls

U v W
B c D

Proof of Proposition 2.3. WTS plg o f|g = plglc c[f]s-

By Theorem 2.1, p[g o f]g is the unique matrix in FP*™ s.t.
Vue U: plgof]s [u]s = [(gof)(u)lp.

So, it suffices to show that Vu € U:

(plele clfls)luls = [(g © H(u)lo.

And indeed, Yu € U, we have that

(plele clfls)luls = olgle(clfls [uls)
plgle [f(u)le

[g(f(u))]p
= [(gof)(u)lp. Q.E.D.



@ We can use matrices of linear transformations to determine
various properties of those linear transformations.



@ We can use matrices of linear transformations to determine
various properties of those linear transformations.

@ For example, we have the following proposition.



@ We can use matrices of linear transformations to determine
various properties of those linear transformations.

@ For example, we have the following proposition.

Proposition 2.4
Let U and V be non-trivial, finite-dimensional vector spaces over a

field F. Let B = {by,...,b,} be a basis for U, let
C ={c1,...,c,} be abasis for V, and let f : U — V be a linear

transformation. Then all the following hold:
@ rank(f) = rank(c[f]lg);""

@ f is an isomorphism if and only if ¢[f]s is invertible (and in
particular, square);

-1
@ if f is an isomorphism, then g[f~1]c = (c[f]B) :

?Recall that, by definition, rank(f) = dim(lm(f)).
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Proof of Proposition 2.4(a). WTS rank(f) = rank(c[f]g).

By Theorem 2.1, ¢[f]s = [ [f(by)]lc ... [f(bm)]c }



Proof of Proposition 2.4(a). WTS rank(f) = rank(c[f]g).

By Theorem 2.1, ¢[f]g = [ [f(by)]lc ... [f(bm)]c }

We now compute:

rank(f) = dim(Im(f)
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Proof of Proposition 2.4(b). WTS f is an isomorphism iff ¢[f]5 is
invertible (and in particular, square).

“=" Suppose that f is an isomorphism. WTS ¢[f]z is invertible.

Then dim(U) = dim(V), i.e. m = n. In particular, ¢[f]g is an
n X n matrix.

Next, since f is an isomorphism, we have that Im(f) = V/, and so
rank(f) = dim(Im(f)) = dim(V) = n.

By (a), it follows that rank(c[f]g) = n. Since ¢[f]g is an n x n
matrix of rank n, we know that ¢[f]z is invertible.
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Proof of Proposition 2.4(b). WTS f is an isomorphism iff ¢[f]5 is
invertible (and in particular, square).

“«<=" Suppose that ¢[f]p is invertible. WTS f is an isomorphism.

In particular, ¢[f]5 is a square matrix, and it follows that m = n
(because ¢[f]s is an n x m matrix). So, dim(U) = dim(V).

Since ¢[f]5 is an invertible n x n matrix, rank(¢[f]5) = n.
So, by (a), rank(f) = n, that is, dim(Im(f)) = n.

But now Im(f) is an n-dimensional subspace of the n-dimensional
vector space V/, and it follows that Im(f) = V/, i.e. f is onto V.

Now f : U — V is an onto linear transformation between vector
spaces of the same finite dimension; by Corollary 1.2 from Lecture
Notes 9, it follows that f is also one-to-one.



Proof of Proposition 2.4(b). WTS f is an isomorphism iff ¢[f]5 is
invertible (and in particular, square).

“«<=" Suppose that ¢[f]p is invertible. WTS f is an isomorphism.

In particular, ¢[f]5 is a square matrix, and it follows that m = n
(because ¢[f]s is an n x m matrix). So, dim(U) = dim(V).

Since ¢[f]5 is an invertible n x n matrix, rank(¢[f]5) = n.
So, by (a), rank(f) = n, that is, dim(Im(f)) = n.

But now Im(f) is an n-dimensional subspace of the n-dimensional
vector space V/, and it follows that Im(f) = V/, i.e. f is onto V.

Now f : U — V is an onto linear transformation between vector
spaces of the same finite dimension; by Corollary 1.2 from Lecture
Notes 9, it follows that f is also one-to-one.

So, f is an isomorphism.
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It now suifices to show that for all v € V, we have that
(C[f]g) [Vle = [f~Y(v)]s, for then Theorem 2.1 will imply that
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So, fix v € V, and set u := f~1(v).
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Proof of Proposition 2.4(c). Suppose that f is an isomorphism.
-1
Then by (b), c[f]s is invertible. WTS g[f~1]c = (c[f]s) -

It now suifices to show that for all v € V, we have that
(C[f]g) [Vle = [f~Y(v)]s, for then Theorem 2.1 will imply that

Blf e = (c[f]B)_l-
So, fix v € V, and set u := f~1(v).
Then ¢[f]g [u]g = [f(u)]c.

-1
Since ¢[f]5 is invertible, we can multiply both sides by (C[f][;) :



Proof of Proposition 2.4(c). Suppose that f is an isomorphism.
-1
Then by (b), c[f]s is invertible. WTS g[f~1]c = (c[f]s) -

It now suifices to show that for all v € V, we have that
(C[f]g) [Vle = [f~Y(v)]s, for then Theorem 2.1 will imply that

Blf e = (c[f]B)_l-
So, fix v € V, and set u := f~1(v).
Then ¢[f]g [u]g = [f(u)]c.

-1
Since ¢[f]5 is invertible, we can multiply both sides by (C[f][;) :

We obtain [uls = (c[fls) [F(u)lc. ie.
[F W)ls = (clfls)  vle: QED.



Proposition 2.4
Let U and V be non-trivial, finite-dimensional vector spaces over a

field F. Let B = {b1,...,bn,} be a basis for U, let
C ={ci1,...,cp} be a basis for V, and let f : U — V be a linear

transformation. Then all the following hold:
@ rank(f) = rank(c[f]g);a

@ £ is an isomorphism if and only if ¢[f]z is invertible (and in
particular, square);

—il
@ if f is an isomorphism, then g[f~!]c = (c[f]B) :

“Recall that, by definition, rank(f) = dim(lm(f)).
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Let V be a non-trivial, finite-dimensional vector space over a field
F, and let B={by,...,b,} and C = {cy,...,c,} be bases of V.
Then the change of basis matrices ¢[ldy]z and g[ldy]c are
invertible, and moreover, they are each other's inverses.



Definition

Given a non-trivial, finite-dimensional vector space V over a field
IF, and bases B and C of V/, we call the matrix ¢[ldy/|z the change
of basis matrix from B to C or the transition matrix from B to C.

@ Note: C[ldv]lg [V]B = [V]c Yv e V.

Proposition 2.5

Let V be a non-trivial, finite-dimensional vector space over a field
F, and let B={by,...,b,} and C = {cy,...,c,} be bases of V.
Then the change of basis matrices ¢[ldy]z and g[ldy]c are
invertible, and moreover, they are each other's inverses.

Proof. Clearly, Idy is an isomorphism, and moreover, Id;1 =Idy.
So, the result follows immediately from Proposition 2.4.
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Definition

Given a non-trivial, finite-dimensional vector space V over a field
[F, and bases BB and C of V/, we call the matrix ¢[ld\/]|s the change
of basis matrix from B to C or the transition matrix from B to C.

e Note: ¢[ldy]s [v]g =[v]c VYve V.

@ When V =F" (for some field IF), we get a nice formula for
change of basis matrices!

Let F be a field, and let B = {by,...,b,} and C = {c1,...,c,} be
two bases for F". Set B := [ by ... b, } and

C=|lea ... c, } Then ¢[ldp]s = C~1B.




Definition

Given a non-trivial, finite-dimensional vector space V over a field
[F, and bases BB and C of V/, we call the matrix ¢[ld\/]|s the change
of basis matrix from B to C or the transition matrix from B to C.

e Note: ¢[ldy]s [v]g =[v]c VYve V.

@ When V =F" (for some field IF), we get a nice formula for
change of basis matrices!

Let F be a field, and let B = {by,...,b,} and C = {c1,...,c,} be
two bases for F". Set B := [ by ... b, } and

C=|lea ... c, } Then ¢[ldp]s = C~1B.

@ Let's first prove a lemmal
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show that for all v € F", we have that B[v]z = [v]g,.
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and let B = {by,...,b,} be any basis for F". Set

B := { b; ... b, } Then B is invertible, and moreover,
&, [ldpa]p = B and g[ldps]e, = B7L.

Proof. WTS ¢, [ldg]g = B. In view of Theorem 2.1, it suffices to
show that for all v € F", we have that B[v]z = [v]g,.

-
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Bvls = [b1 ... b, ]| : = v = [vV]g.
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Let FF be a field, let £, = {e1,...,e,} be the standard basis for F”,
and let B = {by,...,b,} be any basis for F". Set

B := { b; ... b, } Then B is invertible, and moreover,
&, [ldpa]p = B and g[ldps]e, = B7L.

Proof. WTS ¢, [ldg]g = B. In view of Theorem 2.1, it suffices to
show that for all v € F", we have that B[v]z = [v]g,.

So, fix v e F", and set [v]p = [ 51 ... [Bn }T; then
v =(1b; + -+ Bpb,. Also, [v]g, =v. Then
p1
Bvls = [b1 ... b, ]| : = v = [vV]g.
Bn

This proves that ¢ [ldp]|g = B.



Let FF be a field, let £, = {e1,...,e,} be the standard basis for F”,
and let B = {by,...,b,} be any basis for F". Set

B := { b; ... b, } Then B is invertible, and moreover,
&, [ldpa]p = B and g[ldps]e, = B7L.

Proof. WTS ¢, [ldg]g = B. In view of Theorem 2.1, it suffices to
show that for all v € F", we have that B[v]z = [v]g,.

So, fix v e F", and set [v]p = [ 51 ... [Bn }T; then
v =(1b; + -+ Bpb,. Also, [v]g, =v. Then
p1
Bvls = [b1 ... b, ]| : = v = [vV]g.
Bn

This proves that ¢, [ldps]g = B. The fact that B is invertible and
that g[ldpn]e, = B! now follows from Proposition 2.5.
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Let F be a field, let £, = {ey1,...,e,} be the standard basis for F",
and let B = {by,...,b,} be any basis for F". Set

B .= [ b; ... b, |. Then B is invertible, and moreover,
5n[|d]F"]B = B and B[Id]F"]S,, =B L

Let F be a field, and let B = {by,...,b,} and C = {c1,...,c,} be
two bases for F". Set B := [ b; ... b, } and

C=[e ... ¢ | Thenclldp]s=C"B.

Proof. We observe that

C[Id]F"]B = C[Id]F" o] Id]F"]B
= c[ld]e, &, [Idr]5 by Proposition 2.3

Cc1B by Lemma 2.6 Q.E.D.



@ Reminder:

1

Consider the basis B = { (1) g ] } for R? and the unique

linear transformation f : R? — R? s.t. f([ é ]) = [ é ] and

f([ 1 1) — [ ; ] Find the matrix g[f]z.

Solution. [f]lg = [ é 2 ]



@ Reminder:

1

Consider the basis B = { (1) g ] } for R? and the unique

linear transformation f : R? — R? s.t. f([ é ]) = [ é ] and

f([ 1 1) — [ ; ] Find the matrix g[f]z.

Solution. B[f][j‘ = [ é (2) ]

@ Let's now find the standard matrix for f!
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Solution. In Example 2.2, we saw that g[f]|z = [ 0 g ]



Example 2.8

Consider the basis B = { l é ] , [ i ] } for R? and the unique

linear transformation f : R? — R? s.t. f([ (1) ]) = [ (1) ] and

f([ 1 1) = [ ; ] Find the standard matrix of f.

Solution. In Example 2.2, we saw that g[f]|z = [ (1) g ] Now,

11 1|1 -1
setB.—[O 1],andnotethatB —lo 1].



Solution (continued). Then the standard matrix of f is

&lfle, = glldge o foldpe]e,
= g[ldgr2]5 8[f]B B[ldr2]s, by Proposition 2.3
= Bjlflz B by Lemma 2.6
_ [ 1'[1 0“1—1]
I 01 ] 0 2 0 1

1
N

o =



Example 2.8

1

Consider the basis B = { (1) g ] } for R? and the unique

linear transformation f : R? — R? s.t. f([ é ]) = [ é ] and

f([ 1 1) = l ; ] Find the standard matrix of f.

Solution (continued). Reminder: g,[f]s, = [ (1) i ]




Example 2.8

1

Consider the basis B = { (1) g ] } for R? and the unique

linear transformation f : R? — R? s.t. f([ é ]) = [ é ] and

f([ 1 1) = l ; ] Find the standard matrix of f.

Solution (continued). Reminder: g,[f]s, = [ (1) i ]

Optional. Let us check that our answer is correct!
(3 2]B1-1-(3)
o]l )= ]

So, our answer is correct.
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(3) An example with polynomials (on the board)

As usual, let IP%2 be the vector space (over Z;) of all polynomials
with coefficients in Zy and of degree at most 3.

@ Prove that there exists a unique linear transformation
f: IP’3 — IP’Z2 that satisfies all the following:

( IS

f(x+ 1) =x3 +x?

f(x? +X+1)—X +1;

f+x2+x+1)=x

@ Find rank(f), and determine whether f is one-to-one, where f
is the linear transformation from part (a).

@ Find the formula for the linear transformation f : IP’%2 — Pz,
from part (a), that is, fill in the blank in the following:

f(a3x3+agx2+ alx+ao) = Vag, a1, a2, as € Zp.

v
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Let n be a positive integer, let V be an n-dimensional vector space
over a field F, and let A € F"*". Then the following are
equivalent:

@ there exist bases B and C for V such that A = ¢[ldy]z;

@ A is invertible.
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Proposition 4.1

Let n be a positive integer, let V be an n-dimensional vector space
over a field F, and let A € F"*". Then the following are
equivalent:

@ there exist bases B and C for V such that A = ¢[ldv]z;

@ A is invertible.

Proof. Since Idg» : F” — " is an isomorphism, “(i) = (ii)"
follows from Proposition 2.4.

Suppose now that (ii) holds. Set A = [ ap ... a, } Since A is
invertible, A = {a1,...,a,} is a basis of F". Then by Lemma 2.6,
A = ¢ [ldpn] 4.

So far, we have shown that A is a change of basis matrix between

two bases of F". However, we need to show that A is a change of

basis matrix between two bases of V. For this, we use an arbitrary
isomorphism g : V — F" (the isomorphism g exists because V' and
F™ are both n-dimensional vector spaces over ).
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isomorphism.
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Proposition 4.1

Let n be a positive integer, let V be an n-dimensional vector space
over a field F, and let A € F"*". Then the following are
equivalent:

@ there exist bases B and C for V such that A = ¢[ldv]z;

@ A is invertible.

Proof (continued). Reminder: (ii) holds; A = [ ap ... ap ];
A=/{a1,...,a,} is a basis of F"; A= ¢ [ldpn]4; g: V — F"is an
isomorphism.

Vie {1,...,n}, let b; = g71(a;) and ¢; = g (e;). Then

B ={bi,...,b,} and C = {cy1,...,cp} are bases for V. Note also
that 4[g]ls = In and ¢[g!]e, = I,- We now have that:

clifvls = clgtoldmogls
= clg7 e, & lldr]a algls
= [1,Al,
= A.

So, (i) holds. Q.E.D.
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Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B={by,...,by} be a basis of U, let C = {cy1,...,¢cp}
be bases of V, and let A € F"*™ be a matrix. Then there exists a
unique linear transformation f : U — V such that A = ¢[f]3.

Proof.
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Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B={by,...,by} be a basis of U, let C = {cy1,...,¢cp}
be bases of V, and let A € F"*™ be a matrix. Then there exists a
unique linear transformation f : U — V such that A = ¢[f]3.

Proof. We first prove uniqueness. Suppose that fi,f : U — V are
linear transformations such that A = ¢[fi]g and A = ¢[f]z. WTS
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and consequently (since [|c : V — F" is an isomorphism),
fl(u) = fQ(U)
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Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B={by,...,by} be a basis of U, let C = {cy1,...,¢cp}
be bases of V, and let A € F"*™ be a matrix. Then there exists a
unique linear transformation f : U — V such that A = ¢[f]3.

Proof. We first prove uniqueness. Suppose that fi,f : U — V are
linear transformations such that A = ¢[fi]g and A = ¢[f]z. WTS
fi = . Note that for all u € U, we have that

[A(wle = clalsuls = clhls uls = [A(u)le,

and consequently (since [|c : V — F" is an isomorphism),
fi(u) = f2(u). So, f = f,. This proves uniqueness.
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Proposition 4.2

Let U and V be non-trivial, finite-dimensional vector spaces over a
field F. Let B = {bs1,...,bny} be a basis of U, let C = {c1,...,cn}
be bases of V, and let A € F"*™ be a matrix. Then there exists a
unique linear transformation f : U — V such that A = ¢[f]3.

Proof (continued). It remains to prove existence. Let h: F™ — F”
be given by h(x) = Ax. Then h is linear and ¢, [h]¢,, = A.

Let g1 : U — ™ be the unique linear transformation s.t.

gi(b1) =e",...,g1(b1) = e, and let g : F” — V be the unique
linear transformation s.t. g»(ef) =ci,...,g(el) = c,. Note that
enl81l8 = Im and ¢lg2le, = In. Set f :=goohogy. Then

f: U — Vis a linear transformation, and we have that

clfls = clgzohogls

cleale, &,[hle, e.l81ls
= [,Al,

= A

This proves existence. Q.E.D.
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Theorem 4.3

Let n be a positive integer, let V be an n-dimensional vector space
over a field IF, and let B, C € F"*" be matrices. Then the
following are equivalent:

@ there exists a linear transformation f : V — V and bases B
and C of V such that B = p[f]z and C = ¢[f]c;

@ B and C are similar.
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Proof. Suppose first that (i) holds, and fix a linear transformation
f:V — V and bases B and C of V such that B = g[f]|z and
C = ¢|[f]ec, as in the statement of (i). Then

B =

5lfls

B[|d\/ o f (¢] |d\/]3

slldv]e c[f]lc clldv]s

(B[IdV]C) clfle clldv]s.
~——

=C
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Let n be a positive integer, let V be an n-dimensional vector space
over a field IF, and let B, C € F"*" be matrices. Then the
following are equivalent:

@ there exists a linear transformation f : V — V and bases B
and C of V such that B = p[f]z and C = ¢[f]c;

@ B and C are similar.

Proof. Suppose first that (i) holds, and fix a linear transformation
f:V — V and bases B and C of V such that B = g[f]|z and
C = ¢|[f]ec, as in the statement of (i). Then

slfls
glldy o foldy]s
slldv]e c[f]lc clldv]s

(sldvie)  clfle clidvls

=C

Now for P = ¢[ld\/]5, we have B = P~1CP. So, (ii) holds.

B



Theorem 4.3

Let n be a positive integer, let V be an n-dimensional vector space
over a field IF, and let B, C € F"*" be matrices. Then the
following are equivalent:

@ there exists a linear transformation f : V — V and bases B
and C of V such that B = g[f]z and C = ¢[f]c;

@ B and C are similar.

Proof (continued). Suppose now that (ii) holds. Then fix an
invertible matrix P € F"™*" such that B = P~'CP. Since P is
invertible, Proposition 4.1 guarantees that there exist bases
B ={bi,...,b,} and C ={cy,...,cp} of V such that

P = ¢[ldy]s. Next, by Proposition 4.2, there exists a unique
linear transformation f : V — V such that C = ¢[f]c.
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Let n be a positive integer, let V be an n-dimensional vector space
over a field F, and let B, C € F"*" be matrices. Then the
following are equivalent:

@ there exists a linear transformation f : V — V and bases B
and C of V such that B = p[f]z and C = ¢[f]c;

@ B and C are similar.

Proof (continued). Reminder: (ii) holds; B = P~1CP;
P = ¢[ldv]s; C = cl[flec.

B=pPlcP = (c[ldv]g)_l clfle c[ldv]s

slldvle c[fle clldv]s
glldy o foldy]s
8lfls-

We now have that B = p[f]g and C = ¢[f]¢c. So, (i) holds.



