Linear Algebra 2: Lecture 10
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1 A review of coordinate vectors and standard
matrices

For a field F, a positive integer n, and an index ¢ € {1,...,n}, the i-th
standard basis vector in F", denoted by e}, is the vector in F" whose i-th
entry is 1, and all of whose other entries are 0. &, = {e], ..., e} } is called the
standard basis of F™. When n is clear from context, we drop the superscript
n and write e; instead of e'.

Theorem 1.2 from Lecture Notes 4. Let f : F™ — F" be a linear
transformation. Then there exists a unique matriz A (called the standard
matrix of f) such that for all u € F™, we have that f(u) = Au. Moreover,
the standard matriz A of [ is given by

A = [fler) ... flewm)],

where e1, ..., ey, are the standard basis vectors of F™.

For a positive integer n and a basis B = {by,...,b,} of a vector space
V over a field I, the coordinate vector of a vector v € V' with respect to the
basis B is the (unique) vector

o
Vlg =
n

in F" such that v=a;b; + - + a,b,.

Note that if F is a field, then for all u € F", we have that [u]¢, = u. Indeed,
if u = [ UL ... Up ]T, then u = uje; + -+ + upe,, and consequently,
e, =[w ... un| =u
Theorem 2.2 from Lecture Notes 9. Let U and V be wvector spaces

over a field F, and assume that U is non-trivial (i.e. contains at least one
non-zero vector) and finite-dimensional. Let B = {uy,...,u,} be a basis of



U, and let vi,...,v, € V. Then there exists a unique linear transformation
f:U =V such that f(u1) = vi,..., f(u,) = vy. Moreover, this unique
linear transformation f : U — V is defined as follows: for allu € U, we set

f(ll) = o1Vy+ -+ apVvp,
where aq, ..., o, € F are such that [u]p = [ al ... Qp ]T.

2 Matrices of linear transformations

The following theorem generalizes Theorem 1.2 from Lecture Notes 4 (stated
in section 1 above).

Theorem 2.1. Let U and V be non-trivial, finite-dimensional vector spaces
over a field F. Let B = {by,..., by} be a basis for U, let C = {ci1,...,cn}
be a basis for V, and let f : U — V be a linear transformation. Then exists
a unique matriz in T denoted by c[f|g and called the matrix of f with
respect to B and C, such that for all u € U, we have that

Moreover, the matriz ¢[f|g is given by

clfls = [[fdle .. [fbw)le |-

Proof. We first prove existence. Fix u € U. We must show that

[ [f(bD)le - [f(bm)le [luls = [f(wle

Set [u|g = [ B1 ... DBm ]T, so that u = B1by + -+ + B by. We now have
the following:
b
[ [f)le - [fbw)le Jluls = [[fb)le ... [f(bw)le ||
B
= Bilf(b1)lc 4+ Bm[f(bm)lc
O (8 f (b)) + -+ + B (bm)lc
) [(Bib1 + -+ Bbm)lc
= [f(w)le,
Here, v1,. .., vy, are arbitrary vectors in V. They are not necessarily pairwise distinct.



where (*) follows from the fact that [-]c : V' — F” is an isomorphism (and in
particular, a linear transformation), and (**) follows from the fact that f is
linear.

It remains to prove uniqueness. Fix any matrix A € F**™ that has
the property that for all u € U, we have that A[u|g = [f(u)]c. We claim
that A= [ [f(b1)lc ... [f(bm)lc |- Set A=[a; ... ap |. We must
show that a; = [f(b1)]c,...,am = [f(bm)]c. Fixi € {1,...,m}. Note that
[bi]p = €', where as usual, e]" is the i-th standard basis vector in F™. But
now

a; = Ae" = Alblz = [f(bi)lc.
We have now shown that A = [ [f(b1)lc ... [f(bm)]lc |. This proves
uniqueness, and we are done. O

Note that matrices of the form ¢[f]g are generalizations of standard
matrices. Indeed, if F is a field and f : F”* — F" is a linear transformation,
then the matrix ¢ [f]e,, is precisely the standard matrix of f.

m

Example 2.2. Consider the basis B = { [ (1) ] , [ 1 ] } for R2.2 Consider

the unique linear transformation f : R? — R? that has the property that

2-[3)
A1]-[2)

Find the matriz g|f]s.

o} v} f({ i }) - [ ; } fw)

0 1

_ 1 1 .. . 2
B_{{O}’{ 1]}151ndeedaba51sforR.

2Since RREF({ 11 }) = I3, Theorem 4.1 from Lecture Notes 7 guarantees that



Solution. Using the formula from Theorem 2.1, we get that

elfle = [0 o s 1]} e |

O

What if we want to compute the standard matrix of the linear transfor-
mation f from Example 2.27 There is, indeed, a straightforward way to do
this (see Example 2.8). However, we first need to develop some theory.

Proposition 2.3. Let U, V, and W be non-trivial, finite-dimensional vector
spaces over a field F. Let B = {bi,...,by,} be a basis for U, let C =
{c1,...,¢cn} be a basis for V, and let D = {dy,...,dp} be a basis for W. Let
f:U—=Vand g:V — W be linear transformations. Then

plgo fls = olgle clfls

Proof. By Theorem 2.1, p[g o f]p is the unique matrix in FP*™ such that
for all u € U, we have that p[g o flg [u]g = [(g o f)(u)]p. So, it suffices
to show that for all u € U, we have that (D[g]c c[f]3> [ulg =[(go f)(u)]p.
And indeed, for all u € U, we have that

(plole clfls)fuls = plgle(cl/]s [uls)
= plole [f(w)e
= [g(f@)p
= [(go Hw)p
This completes the argument. O



We can use matrices of linear transformations to determine various
properties of those linear transformations. For example, we have the following
proposition.

Proposition 2.4. Let U and V be non-trivial, finite-dimensional vector
spaces over a field F. Let B = {bi,...,b,} be a basis for U, let C =
{c1,...,cn} be a basis for V., and let f: U — V be a linear transformation.
Then all the following hold:

(a) rank(f) = rank(c[f]s)

(b) f is an isomorphism if and only if ¢[f]|g is invertible (and in particular,
square);

-1
(c) if f is an isomorphism, then g[f 'lc = (df]g) .
Proof. We first prove (a). By Theorem 2.1, we have that

cfls = [[fble - [f(bm)le |-

We now compute:

rank(f)

dim(Im(f

® dim (Span , f(bm))>

= dim (Col )

= rank(c[f]3>,

where (*) follows from the fact that B = {bi,...,b,,} is a basis of U and
from Proposition 2.1 from Lecture Notes 8, and (**) follows from the fact
that [-]c : V — F” is an isomorphism and from Proposition 3.7 from Lecture
Notes 9. This proves (a).

3Recall that, by definition, rank(f) = dim (Im(f)).
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We next prove (b). Suppose first that f is an isomorphism. Then
dim(U) = dim(V), i.e. m = n. In particular, ¢[f]z is an n X n matrix. Next,
since f is an isomorphism, we have that Im(f) = V, and so rank(f) =
dim(Im(f)) = dim(V) = n. By (a), it follows that rank(¢[f]s) = n. Since
clf]s is an n x n matrix of rank n, we know that ¢[f]s is invertible.*

Suppose, conversely, that ¢[f]s is invertible. In particular, ¢[f]g is a
square matrix, and it follows that m = n (because ¢[f]|g is an n X m matrix).
So, dim(U) = dim(V'). Moreover, since ¢[f]g is an invertible n X n matrix, we
have that rank(¢[f]s) = n. So, by (a), rank(f) = n, that is, dim(Im(f)) = n.
But now Im(f) is an n-dimensional subspace of the n-dimensional vector
space V, and it follows that Im(f) =V, i.e. fisonto V. But now f: U — V
is an onto linear transformation between vector spaces of the same finite
dimension; by Corollary 1.2 from Lecture Notes 9, it follows that f is also
one-to-one. So, f is an isomorphism. This proves (b).

It remains to prove (c¢). Suppose that f is an isomorphism. Then
by (b), ¢[f]s is invertible. It now suffices to show that for all v € V|

we have that (C [f]B) [vle = [f~1(v)]s, for then Theorem 2.1 will imply

-1
that g[f']c = (C[f]lg) . So, fix v € V, and set u := f~!(v). Then
clfls [uls = [f(u)]c; since ¢[f]p is invertible, we can multiply both sides by

(clf1s) " toobtain fuls = (c[fls) ~ [f(wle,ie- [F (9l = (elfls)  I¥le
This proves (c). O

Recall that for a set X, the identity function on X is denoted by Idx. In
other words, for a set X, the function Idx : X — X is given by Idx(z) =z
for all z € X.

Given a non-trivial, finite-dimensional vector space V over a field [F, and
bases B and C of V', we call the matrix ¢[Idy]|z the change of basis matriz
from B to C or the transition matrixz from B to C. Note that this matrix
satisfies the property that for all v € V', we have that

clldvls [vls = [v]e.

Proposition 2.5. Let V be a non-trivial, finite-dimensional vector space
over a field F, and let B = {by,...,b,} and C = {cy,...,c,} be bases of V.
Then the change of basis matrices ¢c[Idy|p and g[ldy]c are invertible, and
moreover, they are each other’s inverses.

Proof. Clearly, Idy is an isomorphism, and moreover, Id‘_/1 = Idy. So, the
result follows immediately from Proposition 2.4. O

“We are using Theorem 4.1 from Lecture Notes 7.



When our vector space V' is of the form F” (for some field F), we get a
nice formula for change of basis matrices (see Theorem 2.7 below). First, we
need a lemma.

Lemma 2.6. Let F be a field, let £, = {e1,..., ey} be the standard basis for
F™, and let B = {b1,...,by} be any basis for F". Set B := [ b; ... b, ]
Then B is invertible, and moreover,

e ldgn]ls = B and  plldgn]e, = Bl

Proof. Let us first prove that ¢ [Idpn]p = B. In view of Theorem 2.1, it
suffices to show that for all v € F", we have that B[v]g = [v]g,. So, fix

v € ", and set [v]g = [ 61 ... B ]T; then v = 81by +--- 4+ B,b,. On
the other hand, note that [v]g, = v. Then

B1
Bvls = [b1 ... b, ]| :
Bn

= /31b1++5nbn

= [vle,

This proves that ¢, [Idpn]g = B. The fact that B is invertible and that
slldgn]e, = B! now follows from Proposition 2.5. O

Theorem 2.7. LetF be a field, and let B = {by,...,b,} andC = {c1,...,c,}
be two bases for F". Set B := [ by ... b, ] and C = [ cT ... ¢C, ]
Then

C[IdF"]B = C7'B.

Proof. We observe that
clldpn]p = c[Idpn o Idgn]p
= c¢[ldgr]e, &, [ldpn]g by Proposition 2.3
= C'B by Lemma 2.6,

and we are done. O

Let us now return to the linear transformation f from Example 2.2. We
would now like to find the standard matrix of this linear transformation.



Example 2.8. Consider the basis B = { [ é ] , [ i ] } for R2. Consider

the unique linear transformation f : R? — R? that has the property that

o p=[o);
i p=[3)

Find the standard matriz of the linear transformation f.

10

0 92 ] Now, set B :=

Solution. In Example 2.2, we saw that g[f]s = [

[ (1) 1 ], and note that B~ = [ é 71 ] Then the standard matrix of f
is
&lfles = glldrz o foldgele,
= g [Idr2]s 8[f]B BlIdr2]s, by Proposition 2.3
= Bplfls B! by Lemma 2.6

_ 11 10 1 -1
N 0 1 0 2 0 1
_ 11
N 0 2|’
Optional. Let us check that our answer is correct. Indeed, we have that
11 1 1 1
o2 l[o]=[a]=n{a ]
11 1 2 1
o2 [3]-[3] A1)
So, our answer is correct. O

3 An example with polynomials

Example 3.1. As usual, let IP’%2 be the vector space (over Zsa) of all polyno-
mials with coefficients in Zo and of degree at most 3.

(a) Prove that there exists a unique linear transformation f : IP’?Z’2 — Py,
that satisfies all the following:



(1) =

(x+ )—x + 22,

(2 +z+1)=22+1;
o f(@3+22+ax+1)=u.

(b) Find rank(f), and determine whether f is one-to-one, where f is the
linear transformation from part (a).

(¢) Find the formula for the linear transformation f : IP’%Z — Pz, from
part (a), that is, fill in the blank in the following:

flazz® + aza® + a1z + ag) = Vag, a1, az,a3 € Zs.
Solution. In what follows, we consider the basis A3 = {1, z, 22, 2°} for P}, ,
and the basis Az = {1, z, 22, 23, z*} for IP’42

(a) It suffices to show that B= {1,z + 1,22 + 2+ 1,23 + 2 + 2 + 1} is
a basis for IP’%Q, for then Theorem 2.2 from Lecture Notes 9 will guarantee
that there is a unique linear transformation f : IP’%2 — Pz, that satisfies the
properties specified in the statement of (a).

We first form the coordinate vectors of the polynomials in B, with respect
to the basis A for ]P’%Q:

e llgy,=[1 00 0]
o ety =[1 10 0]"
e Wtatly=[1110]"

o [P+t +1g,=[1 11 1}T
We now form the matrix

alldpg 15 = [[ay [p+1ag [P +o+1]a [P +a®+2+1]4 |

o o o
S O = =
O = =
— = = =

By row reducing, we see that RREF(A) = I4. So, all four columns of A
are pivot columns, and it follows that the columns of A form a basis for
Col(A). Consequently, B forms a basis for Span(B). But now Span(B) is a
4-dimensional subspace of the 4-dimensional vector space IP’%Q, and it follows
that Span(B) = IP’%Q. So, B is a basis of IP’%Q. As explained above, this implies



that there is a unique linear transformation f : IP’%2 — Pz, that satisfies the
properties specified in the statement of (a).

(b) Clearly, Im(f) is a subspace of }P’42, and we have that

0010
00 01
AlflB = 01 1 0
0100
1 0 00
By row reducing, we see that
1 000
0100
RREF(A4[f}B> -~ |oo0o1 0],
00 01
00 00

and so rank(a,[f]4,;) = 4. Therefore, by Proposition 2.4, rank(f) = 4. By
the Rank-nullity theorem, we know that rank(f) + dim(Ker(f)) = dim(IP’%Q),
and so dim(Ker(f)) = 0. Therefore, Ker(f) = {0}, and it follows (by
Theorem 1.1 from Lecture Notes 9) that f is one-to-one.

(c) Note that

Ay [f]A:s = A4 [foId]P’%Q]AS
= aulfls slldps Jag

= lfls (i Js)

We computed the matrix 4, [IdP% |5 in part (a), and we computed the matrix
2

A41f]B in part (b). By row reducing the matrix [ As [Idzp%}ls Iy } , we obtain

(A3 [Idps ]B) =

o O O
S O = =
O = = O
[ = )

10



We now compute

alflas = alfls (4dlidzy ]s)
0010 1 1 0 0
0 001
01 1 0
= 01 10
0 0 1 1
0100 0 001
100 0]
[0 0 1 17
0 0 0 1
= 01 01
01 10
|11 0 0|
Now, for all ag, a1, a2, as € Zsa, we have that
[f(azz® + a2x® + ez + ao)la, = a,lf)as [asz® + a2x® + a1z + ag)a,
[0 0 1 1 a
0001 aO
= |0 101 !
0110/
1100 L%
[ as + a3
az
= ai + as
ai + as
| ap + a1
We now see that for all ag, a1, as, a3 € Zo, we have that
flazad + agaz® + a1 +ap) = (ag+ a1)zt + (a1 + a2)z® + (a1 + az)z’+

+azx + (a2 + a3).
Optional. We check that our formula for f is correct by checking that it
indeed satisfies the conditions from part (a). Here, the equation (*) uses the
formula that we obtained in part (c).

e f(1) = (1+0)z*+ (04 0)z®+ (0 + 0)2? + 0z + (0 + 0) = 2%;

. f(a:—i—l)(*:)(1—1—1)x4—|—(1+0)x3—|—(1—|—0)x2+0x+(0—l—0):m3+x2;

11



o f(x2+x+1) © 1+ D2+ (1+1D)z3 +(1+0)2% + 0z + (14+0) = 22+ 1;

o fla*+2?+a+1) ® A+D2* +(1+ D23+ (1+D)2? + 1o+ (1+1) = 2.

As we can see, our formula is correct. O

4 A characterization of change of basis matrices.
Similar matrices

As the following proposition shows, change of basis matrices are precisely
the invertible matrices.

Proposition 4.1. Let n be a positive integer, let V' be an n-dimensional
vector space over a field F, and let A € F"*™. Then the following are
equivalent:

(i) there exist bases B and C for V such that A = ¢[Idy|p;
(ii) A is invertible.

Proof. Since Idgn : F" — F™ is an isomorphism, “(i) = (ii)” follows from
Proposition 2.4.

Suppose now that (ii) holds, i.e. that A is invertible. We must prove (i).
Set A = [ a; ... a, ] Since A is invertible, we know that A = {ay,...,a,}
is a basis of F".5 Then by Lemma 2.6, A = ¢ [Idg«]4. So far, we have shown
that A is a change of basis matrix between two bases of F". However, we
need to show that A is a change of basis matrix between two bases of V.
For this, we use an arbitrary isomorphism ¢g : V' — F” (the isomorphism
g exists because V and F™ are both n-dimensional vector spaces over F).
For all i € {1,...,n}, let b; = g!(a;) and ¢; = g !(e;). Since g is an
isomorphism, so is g~!. Since A = {aj,...,a,} and &, = {e1,...,e,} are
bases for F”, Proposition 3.7 from Lecture Notes 9 now guarantees that
B = {bi,...,b,} and C = {ci,...,c,} are bases for V. Note also that
Algls = I, and ¢[g7 e, = I,.5 We now have that

cllfvls = clg~! oldgn o gl

= c¢lg7Ye, e, [Idpn]a algls

= I,AI,

= A.
5This follows from Theorem 4.1 from Lecture Notes 7.
5Tndeed,
o algls=[lgb)]a ... [gbn)la | =] [a]a ... [an]a ]| =1In;
e clg e, =[lg " (e)le ... g e)le |=[lale ... [eale | =1In.
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So, (i) holds. O

The following proposition is also useful. It is, in a sense, the converse of
Theorem 2.1.

Proposition 4.2. Let U and V be non-trivial, finite-dimensional vector
spaces over a field F. Let B = {by,...,by} be a basis of U, let C =
{c1,...,¢cn} be bases of V', and let A € F™*™ be a matriz. Then there erists
a unique linear transformation f : U — V such that A = ¢[f]gs.

Proof. We first prove uniqueness. Suppose that fi, fo : U — V are linear
transformations such that A = ¢[fi|g and A = ¢[f1]s. We must show that
f1 = fo. Note that for all u € U, we have that

[fitwle = clhlsuls = clfols uls = [fi(w)c,

and consequently (since [-]c : V' — F” is an isomorphism), fi(u) = f2(u). So,
f1 = fa. This proves uniqueness.

It remains to prove existence. Let h : F™ — F" be given by h(x) = Ax.

Then h is linear and its standard matrix is A, i.e. ¢ [hle, = A. Now,
let g1 : U — F™ be the unique linear transformation such that g;(b;) =
el ...,g1(b1) = €™ and let g : F* — V be the unique linear transforma-

tion such that gs(e}) = c,...,g2(e") = c,.® Note that ¢, [g1]s = I;n and
clgzle, = In. Set f:=gaohog;. Then f:U — V is a linear transformation,
and we have that

clfls = clg2ohogi]s

= clgle, e.lhe, &.l01]B
— I,AIL,

= A.
This proves existence, and we are done. ]

Given a field F, we say that matrices A, B € F™*" are similar if there
exists an invertible matrix P € F**" such that A = P~'BP.?

As the following theorem shows, two matrices are similar if and only if
they represent the same linear transformation, but possibly with respect to
different bases.

"Since B = {b1,...,by,} is a basis of U, the existence and uniqueness of g; follows
from Theorem 2.2 from Lecture Notes 9, stated in section 1 (above).
8Since £, = {e7,...,e"} is a basis of F", the existence and uniqueness of go follows

from Theorem 2.2 from Lecture Notes 9, stated in section 1 (above).

?Note that if A = P"'BP, then B = PAP™' = (P™")"'AP™'. So, matrix similarity
is symmetric, as we would expect. It is also easy to see that it is reflexive and transitive
(proof?).
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Theorem 4.3. Let n be a positive integer, let V be an n-dimensional vector
space over a field F, and let B,C € F"*™ be matrices. Then the following
are equivalent:

(i) there ezists a linear transformation f:V — V and bases B and C of
V' such that B = g[f]g and C = ¢[flc;

(ii) B and C are similar.

Proof. Suppose first that (i) holds, and fix a linear transformation f : V — V'
and bases B and C of V such that B = g[f]g and C = ¢[f]c, as in the
statement of (i). Then

B = 5lfls
= B[Idvofoldv]g

= plldvie c[flc clldv]s

- (B[Idv]6>_1 clfle clldv]s.
ey

We now set P = ¢[Idy]s, and we observe that B = P~!CP. So, B and C
are similar, that is, (ii) holds.

Suppose now that (ii) holds. Then fix an invertible matrix P € F"*"
such that B = P~'CP. Since P is invertible, Proposition 4.1 guarantees
that there exist bases B = {bj,...,b,} and C = {cy,...,c,} of V such
that P = ¢[Idy]s. Next, by Proposition 4.2, there exists a unique linear
transformation f: V — V such that C' = ¢[f]c. But now

B=PlCP = <c[1dv]zs>_l clfle clldv]s
= plldv]e clfle clldv]s
= pglldy o foldy]s

= 8lfls
We now have that B = g[f]s and C' = ¢[f]¢. So, (i) holds. O
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