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Fermat’s Little Theorem. If p € N is a prime number, and a € Z is not a multiple of p, then
a?~1 =1 (mod p).

Fermat’s Little Theorem. If p € N is a prime number and a € Z, \ {0}, then a?~! = 1.
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Exercise 1. Compute the following:
(a) 1+1+1—-1+1inZy; (d) 1+24+14+2+1+2 in Zs;
(b) 2-2—1 in Zs; (e) 2:34+4—-3-14+2-2inZs;

(c) 27 in Z3; (f) 1-2-3-4in Zs.



Exercise 2. By consulting the appropriate addition and multiplication tables, solve the following
equations:

(a) ©+1=0 in Zy; (e) 22 +1=0 in Zs; (i) 224+ 1 =0 in Zy;
(b) v+ 1=0 in Zs; (f) 2z +2=1inZ3; (G) 2® +1=0 in Zs;
(c) x+1=0in Zs; (9) 2v+2=1inZs; (k) 2> +1=0 in Zs;
(d) 2z +1=0 in Z3; (h) 3z +2=0 inZs; (1) 223 +2 =0 in Zs.

Exercise 3. Find the additive inverses of all the numbers in Zz. Find the multiplicative
tnverses of all the non-zero numbers in Zr.

Exercise 4. Compute the following (and give a formal proof by mathematical induction that
your proof is correct):

(a) the last digit of 20272026, (b) the last two digits of 20262927,

Exercise 5. For a positive integer n, we define p(n) to be the number of integers k € {1,...,n}
such that k is relatively prime to n. For instance, (1) =1, ¢(2) =1, ¢(3) =2, and ¢p(4) = 2.
By imitating the proof of Fermat’s Little Theorem, prove the following.

Euler’s theorem. Letn € N and a € Z be relatively prime. Then a?™ =1 (mod n).
Then, explain how FEuler’s theorem implies Fermat’s Little Theorem.

Exercise 6. For each of the matrices below, state the size of the matriz (i.e. determine the n
and m such that the matriz is n x m), and determine which of the following holds:

(i) the matriz is in reduced row echelon form (RREF),
(i) the matriz is in row echelon form (REF), but not in reduced row echelon form (RREF),

(iii) the matriz is not in row echelon form (REF).
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Exercise 7. Perform the specified elementary row operation on the specified matrix.

. 1 2 21 . .
(a) matriz: 9 1 1 9 ] (entries in Zs); elementary row operation: Ra — 2Ra;
[1 1 1
(b) matrix: 1 0 (1) 0 ] (entries in Zsg); elementary row operation: Ry — Ra + Ry;
[0 0 1
(¢c) matriz: | 0 2 2 | (entries in R); elementary row operation: Ry <> Rs.
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