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@ This lecture covers sections 0.2 of the Lecture Notes
(https://iuuk.mff.cuni.cz/~ipenev/LALectureNotes.pdf).


https://iuuk.mff.cuni.cz/~ipenev/LALectureNotes.pdf

Notation: Throughout this course, we will use the following
notation:

o N is the set of all natural numbers (positive integers);

Np is the set of all non-negative integers;
Z is the set of all integers;
Q is the set of all rational numbers;

R is the set of all real numbers;

e 6 o6 o

C is the set of all complex numbers.



This lecture has three parts:
@ Modular arithmetic
@ Fermat’s Little Theorem
© Arithmetic in Z,,



@ Modular arithmetic

e Given n € N and m € Z, we write n | m if m is divisible by n,
that is, if there exists some k € Z s.t. m = kn. Otherwise (i.e.
if m is not divisible by n), we write n{ m.

Definition
Given n € N and a, b € Z, we say that a and b are congruent
modulo n, and we write

a=b(modn) or a=,b,
provided that n|(a — b), i.e. a— b = kn for some k € Z,;
equivalently, we have that a = b (mod n) provided that a and b
leave the same remainder when divided by n (where the remainder
is required to be one of the integers 0,1,...,n—1).

@ Note that for a positive integer n and an integer a, we have
that a is divisible by n (equivalently: a is a multiple of n) iff
a=0 (mod n).



Definition

Given n € N and a, b € Z, we say that a and b are congruent
modulo n, and we write

a=b(modn) or a=,b,
provided that n|(a — b), i.e. a— b = kn for some k € Z;

equivalently, we have that a = b (mod n) provided that a and b
leave the same remainder when divided by n (where the remainder

is required to be one of the integers 0,1,...,n—1).
Example 0.2.1
All the following hold:
e 2=17 (mod 3); @ 2# 17 (mod 2);
e —13 =38 (mod 7); e —13 # 8 (mod 5);

e —1=7 (mod 4); e —1#£7 (mod 6).




Definition
Given n € N and a, b € Z, we say that a and b are congruent
modulo n, and we write

a=b(modn) or a=,b,
provided that n|(a — b), i.e. a— b = kn for some k € Z,;
equivalently, we have that a = b (mod n) provided that a and b
leave the same remainder when divided by n (where the remainder
is required to be one of the integers 0,1,...,n—1).

@ Remark: For fixed n € N, every integer is congruent modulo n
to exactly one of the following n integers: 0,...,n — 1.

o Indeed, for k € {0,...,n— 1}, the integers congruent to k
modulo n are k itself, plus those that can be reached via a
certain number steps of length n (to the left or to the right).

o We represent this on the next slide via color coding.




e For n =2, an integer k can satisfy k =0 (mod 2) or k =1
(mod 2).

.,—10,-9,-8,-7,—6,—5,—4,—3,-2,-1,0,1,2,3,4,5,6,7,8,9,10,11, 12, . ..

@ For n =3, an integer k can satisfy k =0 (mod 3), k=1
(mod 3), or k =2 (mod 3).

.,—10,-9,-8,~7,—6,—5,—4,—3,-2,-1,0,1,2,3,4,5,6,7,8,9,10, 11,12, . ..

e For n =4, an integer k can satisfy k =0 (mod 4), k=1
(mod 4), k =2 (mod 4), or

"77101 7787_77761 7747_37727 10}1721 )47516) 78797 101 1121"'

e For n =5, an integer k can satisfy k =0 (mod 5), k =
(mod 5), k =2 (mod 5), ,or k=14 (mod 5).

.,—10,-9,-8,-7,—6, -5, —4,—3,-2,-1,0,1,2,3,4,5,6,7,8,9,10,11, 12, . ..



@ Remark: Congruence modulo n can also be visualized in
terms of an “n-hour clock” (see the picture below for the case

n=>5). 0
4 1
3 2
e Suppose we are given an integer a, and we wish to determine
which of 0,1,...,n— 1 it is congruent to modulo n.

o Obviously, if a= 0, then a =0 (mod n).
e If ais positive, then we start at 0 and make a clockwise steps;
the number we finish at is the number we need.
o For example, we have that 14 = 4 (mod 5) because if we start
at 0 and then make 14 steps clockwise on the 5-hour clock,
we finish at 4.
e On the other hand, if a is negative, then we make |a| = —a
many counterclockwise steps.
o For example, we have that —7 = 3 (mod 5) because if we
start at 0 and then make 7 steps counterclockwise on the
5-hour clock, then we finish at 3.



Definition
Given n € N and a, b € Z, we say that a and b are congruent
modulo n, and we write

a=b(modn) or a=,b,
provided that n|(a — b), i.e. a— b = kn for some k € Z,;
equivalently, we have that a = b (mod n) provided that a and b

leave the same remainder when divided by n (where the remainder
is required to be one of the integers 0,1,...,n—1).

@ Remark: As we shall see, doing arithmetic modulo n
essentially boils down to doing arithmetic with only n values
(namely O,...,n — 1), as opposed to infinitely many. This is
quite useful for certain applications.



Proposition 0.2.2

Let n € N and a, b, c € Z. Then the following hold:

@ a=a(mod n);

@ if a= b (mod n), then b = a (mod n);

@ if a=b (mod n) and b = ¢ (mod n), then a = ¢ (mod n).

@ Remark: Proposition 0.2.2 states that congruence modulo n
is an “equivalence relation” on Z. (Equivalence relations are
studied in Discrete Mathematics.)



Proposition 0.2.2

Let n € N and a, b, c € Z. Then the following hold:

@ a=a(mod n);

@ if a= b (mod n), then b = a (mod n);

@ if a= b (mod n) and b = ¢ (mod n), then a = ¢ (mod n).

Proof. For (a), we simply observe that
n| (i_ga),
and so a = a (mod n).
For (b), we have the following equivalent statements:
a=b(modn) <<= n|(a—0b) by definition
< n|(b-a)

<  b=a(modn) by definition.



Proposition 0.2.2

Let n € N and a, b, c € Z. Then the following hold:

@ a=a(mod n);

@ if a= b (mod n), then b = a (mod n);

@ if a=b (mod n) and b= c (mod n), then a = ¢ (mod n).

Proof (continued). It remains to prove (c). So, assume that a = b
(mod n) and b = ¢ (mod n). By definition, this means that
n|(a—b)and n|(b—c), thatis, there exist k,¢ € Z s.t.
a—b=knand b— c=/{n. But then

a—c = (a—b)+(b—c) = kn+tn = (k+0)n,

ie.n|(a—c). Thus, a=c (mod n). O



Proposition 0.2.3

Let n€ N and a,b,c,d € Z, and assume that a = b (mod n) and
¢ =d (mod n). Then:

@ a+c=b+d(mod n);
@ a—c=b-d(mod n);
@ ac = bd (mod n).

Proof. Parts (a) and (b) are easy (see the Lecture Notes). Let us
prove (c).

Since a = b (mod n), we have that n|(a — b), and so there exists
some k € Z s.t. a — b = kn. Similarly, since ¢ = d (mod n), there
exists some ¢ € Z s.t. ¢ —d = {n.

ac—bd = ac—ad+ ad — bd
= a(c—d)+(a—b)d
= aln+ knd
= (al+ dk)n,

and so n | (ac — bd). Thus, ac = bd (mod n). This proves (c). O



Proposition 0.2.3

Let n€ N and a, b, c,d € Z, and assume that a = b (mod n) and
¢ =d (mod n). Then:

@ at+c=b+d (mod n);
@ a—c=b—d (mod n);
@ ac = bd (mod n).

@ Warning: Do not divide!!!

o For example, we have that 4 = 8 (mod 4), but if we divide
both sides by 2, we get 2 # 4 (mod 4).



Proposition 0.2.3

Let n€ N and a,b,c,d € Z, and assume that a = b (mod n) and
c =d (mod n). Then:

@ a+c=b+d(mod n);

@ a—c=b-—d (mod n);

@ ac = bd (mod n).

@ Via repeated application of Proposition 0.2.3, we get the

following:

Proposition 0.2.4
Let n € N and a, b € Z. Assume that a = b (mod n). Then
a' = b* (mod n) for all integers t > 0.

@ Remark: The formal proof uses mathematical induction
(Lecture Notes).



Proposition 0.2.2

Let n € N and a, b, c € Z. Then the following hold:

@ a=a(mod n);

@ if a= b (mod n), then b= a (mod n);

@ if a= b (mod n) and b = ¢ (mod n), then a = ¢ (mod n).

Proposition 0.2.3

Let n€ N and a, b, c,d € Z, and assume that a = b (mod n) and
c =d (mod n). Then:

@ a+c=b+d (mod n);
@ a—-c=b—d (mod n);
@ ac = bd (mod n).

Proposition 0.2.4

Let n€ N and a, b € Z. Assume that a = b (mod n). Then
at = b' (mod n) for all integers t > 0.




e Notation: For a,,a,-1,...,a0 € {0,1,...,9}, we define:
n
dpdp—1...40 = Z aklo".
k=0
Thus, 3a,a,-1 ... ag is the number whose first digit is a,,

whose second digit is a,—1, and so on.

Proposition 0.2.6

Let a=3,3,-1..-3. Then a=a,+ a,—1+ -+ ap (mod 9).
Therefore, a positive integer is divisible by 9 iff the sum of its
digits is divisible by 9.

Proposition 0.2.7

Let a=3,3,-1.--d. Then a=a,+a,—1+ -+ ao (mod 3).
Therefore, a positive integer is divisible by 3 iff the sum of its
digits is divisible by 3.

v

@ We prove Proposition 0.2.6. The proof of Proposition 0.2.7 is
completely analogous (just replace 9 with 3 throughout).



Proposition 0.2.6

Let a=3,a,-1...30. Then a=a,+ ap,—1+ -+ ap (mod 9).
Therefore, a positive integer is divisible by 9 iff the sum of its
digits is divisible by 9.

Proof. Note that the second statement follows from the first, via
the following sequence of equivalent statements:

9|a = a=0 (mod9) by definition
_ by the first
— an+an—1+--+a =0 (mod9) <tatement

— 9] (an+an-1+-+a) by definition.



Proposition 0.2.6

Let a=3,3,-1.--d. Then a=a,+a,—1+ -+ ag (mod 9).
Therefore, a positive integer is divisible by 9 iff the sum of its
digits is divisible by 9.

Proof (continued). It remains to prove the first statement.
Note that 10 =1 (mod 9).

So, by Proposition 0.2.4, we have that 10X = 1 (mod 9) for all
non-negative integers k.
It follows that for all k € {0,...,n}, we have that a, - 10% = a
(mod 9). Consequently,
a = Fa,1..a = Y alok = S a = a,ta1+-+ao
k=0 k=0

This completes the argument. [J



@ Fermat’s Little Theorem

@ Two integers are said to be relatively prime if they have no
common divisors strictly greater than 1.
o In other words, a, b € Z are relatively prime iff gcd(a, b) =1,
where ged(a, b) denotes the greatest common divisor of a and
b.

o Before stating and proving Fermat's Little Theorem, we state
and prove a related theorem and its corollary (next slide).

o We first state the theorem and the corollary; then we prove the
corollary (using the theorem); and then we prove the theorem.



Theorem 0.2.9
Let neN (n>2)and a € Z.

@ If a and n are relatively prime, then there exists some b € Z
s.t. ab=1 (mod n).

@ If a and n are not relatively prime, then for all b € Z, we have
that ab # 1 (mod n).

v

@ Proof: Next slidel!

Corollary 0.2.10

Let p € N be a prime number. Then for all a € Z s.t. ais not a
multiple of p, there exists some b € Z s.t. ab=1 (mod p).

Proof (assuming Theorem 0.2.9). Since p is a prime number, every
integer that is not a multiple of p is relatively prime to p. So, the
result follows immediately from Theorem 0.2.9(a). O



Theorem 0.2.9
Let ne N (n>2)and a€Z.

@ If a and n are relatively prime, then there exists some b € Z
s.t. ab=1 (mod n).

@ If a and n are not relatively prime, then for all b € Z, we have
that ab # 1 (mod n).

Proof. We first prove (b). So, assume that a and n are not
relatively prime. Fix an integer m > 2 s.t. m| nand m| a. Then
there exists some k € Z s.t. a = mk.

But now for any b € Z, we have that mt (mkb — 1), that is,

m+ (ab—1).

Since m | n, it follows that nt (ab — 1), and consequently, ab # 1
(mod n). This proves (b).



Theorem 0.2.9

Let ne N (n>2)and a€Z.

@ If a and n are relatively prime, then there exists some b € Z
s.t. ab=1 (mod n).

@ If a and n are not relatively prime, then for all b € Z, we have
that ab # 1 (mod n).

Proof (continued). It remains to prove (a). So, assume that a and
n are relatively prime.

WTS no two of 0, a,2a,...,(n— 1)a are congruent modulo n.
Suppose otherwise, and fix distinct i,j € {0,...,n— 1} s.t. ia = ja
(mod n).

Then (i —j)a =0 (mod n), that is, n|(i — j)a. Since n and a are
relatively prime, it follows that n|(i — j). But this is impossible
because i,j € {0,...,n—1} and i #j, and so 0 < |i — j| < n.
Thus, no two of 0,a,2a,...,(n— 1)a are congruent modulo n.



Theorem 0.2.9

Let ne N (n>2)and a€Z.

@ If a and n are relatively prime, then there exists some b € Z
s.t. ab=1 (mod n).

@ If a and n are not relatively prime, then for all b € Z, we have
that ab # 1 (mod n).

Proof (continued). Reminder: No two of 0, a,2a,...,(n—1)a are
congruent modulo n.

We know that every integer is congruent modulo n to one of the

following n integers: 0,1,2,...,n—1.
Since no two of 0, a,2a,...,(n— 1)a are congruent modulo n, it
follows that (exactly) one of 0, a,2a,...,(n— 1)a is congruent to 1

modulo n. In other words, for exactly one value of
be{0,1,2,...,n—1}, we have that ba =1 (mod n). For this b,
we have that ab =1 (mod n). This proves (a). O




Theorem 0.2.9
Let ne N (n>2)and a€Z.

@ If a and n are relatively prime, then there exists some b € Z
s.t. ab=1 (mod n).

@ If a and n are not relatively prime, then for all b € Z, we have
that ab # 1 (mod n).

Corollary 0.2.10

Let p € N be a prime number. Then for all a € Z s.t. a is not a
multiple of p, there exists some b € Z s.t. ab=1 (mod p).

@ Remark: Note that Corollary 0.2.10 is an existence result: it
establishes that for a prime number p and an integer a s.t.
p 1t a, there exists an integer b s.t. ab =1 (mod p).
o Fermat’s Little Theorem (next slide) strengthens this result by
giving a formula for a suitable b.



Corollary 0.2.10

Let p € N be a prime number. Then for all a € Z s.t. ais not a
multiple of p, there exists some b € Z s.t. ab=1 (mod p).

Fermat's Little Theorem

If p € Nis a prime number, and a € Z is not a multiple of p, then
a1 =1 (mod p).

@ Before proving Fermat's Little Theorem, we need a definition.

@ For non-negative integers n, we define n! (read “n factorial”)
recursively, as follows:

o 0l:=1;
o (n+ 1) :=nl-(n+ 1) for all non-negative integers n.
So, for a positive integer n, we have nl =1-2...-.n.

@ Now let's prove Fermat's Little Theorem!



Fermat's Little Theorem

If p € Nis a prime number, and a € Z is not a multiple of p, then
aP~1 =1 (mod p).

Proof. Fix a prime number p € N. Let a € Z, and assume that a is
not a multiple of p. As in the proof of Theorem 0.2.9, no two of
0,a,2a,...,(p — 1)a are congruent modulo p.

@ This is exactly the same as in the proof of Theorem 0.2.9, but
for the sake of completeness, here is the full proof.

@ Suppose that some two of 0,a,...,(p — 1)a are congruent
modulo p.

e Fix distinct i,j € {0,1,...,p— 1} s.t. ia = ja (mod p).

@ Then (i —j)a=0 (mod p), that is, p|(i —j)a. Since p is
prime and does not divide a, we see that p|(i — j).

@ But this is impossible because i,j € {0,...,p — 1} and i # j,
and so 0 < |i —j| < p.

@ Thus, no two of 0, a,2a,...,(p—1)a are congruent modulo p.



Fermat’'s Little Theorem

If p € Nis a prime number, and a € Z is not a multiple of p, then
Pt =1 (mod p).

Proof (continued). Reminder: No two of 0,a,2a,...,(p —1)a are
congruent modulo p.

Since every integer is congruent to exactly one of 0,1,...,p—1
modulo p, it follows that there exists some rearrangement (i.e.
permutation) rq,..., rp—1 of the sequence 1,...,p — 1 s.t.

@ a=rn (mod p);

@ 2a=r; (mod p);

e (p—1)a=r,_1 (mod p).
It now follows that
a-2a-----(p—1a = nr...r,_1 (mod p)

N————’
=(p—1)lar~t =(p—1)!




Fermat's Little Theorem

If p € Nis a prime number, and a € Z is not a multiple of p, then
a1 =1 (mod p).

Proof (continued). Reminder:

a-2a-----(p—1)a = nr...rp—1 (mod p)
—_———
=(p—1)lar—! =(p—1)!

So, (p—1)!aP~t = (p — 1)! (mod p). But now
(a1 —1)(p—1)! = 0 (mod p),

thatis, p| ((aP~1 —1)(p — 1)).

Since p is prime, we see that p and (p — 1)! are relatively prime. It
follows that p | (a1 — 1), and consequently, a?~1 = 1 (mod p),
which is what we needed to show. [J



© Arithmetic in Z,

Definition

Given n € N and a € 7Z, we define the congruence class of a
modulo n to be the set

[a]l, == {x€Z]|x=a(mod n)}.

@ Note that:
o [al,={a+kn|keZ};
e a € [a],, since a= a (mod n).



e Reminder: [a],:= {x € Z | x = a (mod n)}.

Example 0.2.11
Recall that for n = 2, integers k are of two types:
@ those that satisfy k = 0 (mod 2);
@ those that satisfy k =1 (mod 2).
The two types are represented below (via color coding).
..,—10,-9,-8,—-7,—6,—5,—4,—3,—2,-1,0,1,2,3,4,5,6,7,8,9,10,11,12, . ..
Thus, we have the following:
@ [0,={...,—4,-2,0,2,4,...};
o [1],={...,-3,-1,1,3,5,...}.
But note that we also have the following:
o - =[A=[-2e=[02=[22=[4:2=...;
o - =[3=[-12=[12=B2=[52=....




Example 0.2.12

Recall that for n = 3, integers k are of three types:
@ those that satisfy kK = 0 (mod 3);
@ those that satisfy k =1 (mod 3);

@ and those that satisfy k = 2 (mod 3).
The three types are represented below (via color coding).
..,—10,-9,-8,—~7,—6,—5,—4,—3,—2,-1,0,1,2,3,4,5,6,7,8,9,10,11,12, . ..

Thus, we have the following:
o [0]s=1{..,—6,-3,0,3,6,...};
o [1s={..,-5-2147,..}
@ [23={...,—4,-1,2,58,...}.

But note that we also have the following:
@ - =[6l3=[3=[0=3s5=[6s=...;
o - =[SBls=[-2As=[1z=[4s=[T]z3=..;
o - =[A=[-1z=[2s=[Bls=[8z=....



Proposition 0.2.2
Let n € N and a, b, c € Z. Then the following hold:

@ a=a(mod n);
@ if a= b (mod n), then b = a (mod n);
@ if a= b (mod n) and b = ¢ (mod n), then a = ¢ (mod n).

e Reminder: [a],:= {x € Z | x = a (mod n)}.

Proposition 0.2.13
Let n€ N and a,b € Z. Then:

@ if a= b (mod n), then [a], = [b]n;
@ if a# b (mod n), then [a], N [b], = 0.

@ Remark: Proposition 0.2.13 in fact follows from the fact
that, by Proposition 0.2.2, congruence modulo n is an
equivalence relation on Z.

e However, a detailed proof that does not rely on the theory of
equivalence classes is given on the next slide.



Proposition 0.2.2

Let n € N and a, b, c € Z. Then the following hold:

@ a=a(mod n);

@ if a= b (mod n), then b = a (mod n);

@ if a= b (mod n) and b = ¢ (mod n), then a = ¢ (mod n).

Proposition 0.2.13

Let ne N and a,b € Z. Then:

@ if a= b (mod n), then [a], = [b]n;

@ if a# b (mod n), then [a], N [b], = 0.

Proof. We first prove (a). Suppose that a = b (mod n). It suffices
to show that [a], C [b], (the proof of the reverse inclusion is
analogous). Fix x € [a],. Then x = a (mod n). Since a=b

(mod n), Proposition 0.2.2 guarantees that x = b (mod n).
Consequently, x € [b],, and we deduce that [a], C [b],. This
proves (a).



Proposition 0.2.2

Let n € N and a, b, c € Z. Then the following hold:

@ a=a(mod n);

@ if a= b (mod n), then b = a (mod n);

@ if a= b (mod n) and b = ¢ (mod n), then a = ¢ (mod n).

Proposition 0.2.13

Let ne N and a,b € Z. Then:

@ if a= b (mod n), then [a], = [b]n;

@ if a# b (mod n), then [a], N [b], = 0.

Proof (continued). It remains to prove (b). We prove the
contrapositive: if [a], N [b], # 0, then a = b (mod n). So, assume
that [a], N [b], # 0, and fix some x € [a], N [b],. Since x € [a],,
we have that x = a (mod n), and since x € [b],, we have that

x = b (mod n). But now by Proposition 0.2.2, we have that a = b
(mod n). This proves (b). O



e Reminder: [a],:= {x € Z | x = a (mod n)}.

Proposition 0.2.13

Let n€ N and a,b € Z. Then:

@ if a= b (mod n), then [a], = [b]n;

@ if a# b (mod n), then [a], N [b], = 0.

e Remark: Note that Proposition 0.2.13(a) can in fact be
strengthened as follows: for all n € N and a, b € Z, we have
that:

[a]n=[b]ln <= a=b(modn)

Indeed, "<=" follows immediately from

Proposition 0.2.13(a). For the other direction, note that if
[a]n = [b]n. then we have that a € [a], = [b],, and so by the
definition of [b],, we have that a = b (mod n).



Proposition 0.2.13

Let ne N and a,b € Z. Then:
@ if a= b (mod n), then [a], = [b]n;
@ if a# b (mod n), then [a], N [b], = 0.

@ Recall that for n € N, every integer is congruent to exactly
one of 0,...,n— 1 modulo n; by Proposition 0.2.13, it follows
that for all x € Z, the set [x], is equal to exactly one of the
following: [0],,...,[n—1],.

@ So, we may define

Zn = {laln|acZ} = {[0]n,...,[n—1]n}.



Proposition 0.2.13
Let ne N and a,b € Z. Then:

@ if a= b (mod n), then [a], = [b]n;
@ if a# b (mod n), then [a], N [b], = 0.

e Reminder: For n € N: Z, = {[0]5,...,[n—1]n}.

@ By Proposition 0.2.13, no two of 0,...,n— 1 are congruent to
each other modulo n, and consequently, [0],,...,[n— 1], are
pairwise disjoint.

@ We now deduce that the (non-empty) sets [0],,...,[n — 1],
form a “partition” of Z, that is:

o Z=1[0],U---U[n—1], and
o the sets [0],, ..., [n — 1], are pairwise disjoint.
@ If you are familiar with “equivalence relations,” then note that

congruence modulo n is an equivalence relation on Z (by
Proposition 0.2.2), and the sets [0],, ..., [n — 1], are the
associated equivalence classes.



e Reminder: [a],:= {x € Z | x = a (mod n)}.
e Reminder: Z, := {[a], | a € Z} = {[0]5,...,[n— 1],}.

@ Notation: When working in Z,, we often write simply
0,...,n—1instead of [0],,...,[n— 1], respectively. We may
do this only if we have previously made it clear that our
numbers (which are technically sets of integers) are in Zj,.

Example 0.2.14

Forn=2, [0, ={2t|t€Z}and [1o ={1+2t |t € Z},® and we
have that Zo = {[0]2, [1]2}. Typically, we write simply Z, = {0,1},
but technically, 0 stands for the set [0]2, and 1 stands for [1],.

?In other words, [0], is the set of all even numbers, and [1], is the set of all
odd numbers.




Proposition 0.2.3

Let n€ N and a, b, c,d € Z, and assume that a = b (mod n) and
¢ =d (mod n). Then:

@ a+c=b+d(mod n);
@ a—-c=b—d (mod n);
@ ac = bd (mod n).

@ By Proposition 0.2.3, for all n€ N and a,d,b, b’ € Z, if
a=a (mod n) and b= b" (mod n), then
e at+b=3a+b (mod n),
e a—b=3a — b (mod n),
e ab=a'b’ (mod n);
e equivalently, if [a], = [a']» and [b], = [b/]n, then
o [a+ bl,=[d + b
o [a—b],=1[a" — b,
o [ab, = [a'b]n.



e Reminder: For all n€ N and a,a',b,b' € Z, if [a], = [d]n
and [b], = [b]s, then
o [a+b],=[a+ b]n
o [a—bl,=[a — b]n,
o [ab], = [a'b']n.
@ Thus, we may define addition, subtraction, and multiplication
in Z, as follows:

Definition

For n € N and a, b € Z, we define:
o [a], + [b]n = [a + b]n;
o [a]n — [b]n = [a — b]n;
o [a]s[b], = [ab],.




Proposition 0.2.15
Let n € N. Then all the following hold:

@ addition and multiplication are commutative in Z,, that is, for
all a,b € Z,, we have that a4+ b = b+ a and ab = ba;

@ addition and multiplication are associative in Zj, that is, for
all a, b, c € Z,, we have that (a+ b) +c=a+ (b+c) and
(ab)c = a(bc);

@ multiplication is distributive over addition in Z,, that is, for all
a,b,c € Z,, we have that a(b+ ¢) = ab + ac.

@ This essentially follows from the definition of Z,, from the
fact that addition and multiplication are commutative and
associative in Z, and from the fact that multiplication is
distributive over addition in Z.

o Commutativity of addition in Z,: Lecture Notes.
e The rest: easy exercise.

@ Next: Addition and multiplication tables for Z,, for a few
small values of n.



Example 0.2.16

Below are the addition and multiplication tables for Z.

+ [ 02 [1)2 - 0]z [1]
(02 | [0]2 [i]2 [0]2 | [0]2 [O]2
(12 | [1]2 [0]2 [1]2 | [0]2 [1]2

If we omit square brackets and subscripts (as we usually do), we
obtain the addition and multiplication tables for Zy shown below.

0
1

= o+
= O| O

1 1
1 0
0 1

o Ol o




Example 0.2.17
Below are the addition and multiplication tables for Zs3.?

0 1 2 0 1 2
0 0 1 2 0/0 0 O
111 2 0 1/0 1 2
212 0 1 2|10 2 1

“Remember, in this context, 0 stands for [0]3, 1 stands for [1]3, and 2
stands for [2]s.




Example 0.2.18

Below are the addition and multiplication tables for Z4.°

+|0 1 2 3 -0 1 2 3
ojfo 1 2 3 0[0 0 0 0
11 2 30 10 1 2 3
212 3 0 1 2(0 2 0 2
313 0 1 2 3]0 3 2 1

“Remember, in this context, 0 stands for [0]s, 1 stands for [1]4, 2 stands for
[2]4, and 3 stands for [3]a.

V.




Example 0.2.19
Below are the addition and multiplication tables for Zs.?

0|0 1 2 3 4 0/0 0 0 0 O
111 2 3 4 0 110 1 2 3 4
202 3 4 0 1 200 2 4 1 3
313 4 0 1 2 3/]0 3 1 4 2
414 01 2 3 40 4 3 2 1

?Remember, in this context, 0 stands for [0]s, 1 stands for [1]s, 2 stands for
[2]5, 3 stands for [3]s, and 4 stands for [4]s.
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e Remark/Notation: Note that for all positive integers n, each
number a in Z, has a unique “additive inverse,” denoted by
—a, i.e. the number (element of Z,) that we need to add to a
in order to obtain 0 (here, 0 = [0],).

e When using square brackets and subscripts, we do, of course,
get —[a], = [—a], = [n — a], for all positive integers n and all
integers a.

o However, we will usually work in Z, without such brackets.

e For small values of n, we get the following:

inZy: —0=0, —-1=1,

inZs3: —0=0, —-1=2, —-2=1;

inZ4: —0=0, —-1=3, -2=2, -3=1;

inZs: —0=0, —-1=4, —-2=3, -3=2, —4=1.

@ Remark: Note that for n = 2,3, 5, every non-zero member of
Z, has a "multiplicative inverse,” i.e. a number that we can
multiply it by to get 1. However, for n = 4, this is not the
case.

e This is not an accident, and in fact, it follows from
Theorem 0.2.9 and Corollary 0.2.10, which can be “translated”
into the language of Z, as follows (the next couple of slides).



Theorem 0.2.9

Let n€eN (n>2)and a € Z.
@ If a and n are relatively prime, then there exists some b € Z
s.t. ab=1 (mod n).

@ If a and n are not relatively prime, then for all b € Z, we have
that ab # 1 (mod n).

Corollary 0.2.10

Let p € N be a prime number. Then for all a € Z s.t. a is not a
multiple of p, there exists some b € Z s.t. ab=1 (mod p).

@ Reminder: For all n € N and a, b € Z, we have that

[a]l, =[b]ls <=  a=b (modn)



@ Theorem 0.2.9 and Corollary 0.2.10 can be translated into the
language of Z,, as follows:

Theorem 0.2.20

Let ne N (n>2)and a € Z.

@ If a and n are relatively prime, then there exists some b € Z
s.t. [a]n[b]n = [1]n-

@ If a and n are not relatively prime, then for all b € Z, we have
that [a],[b]n # [1]n-

v

Corollary 0.2.21

Let p € N be a prime number. Then for all a € Z s.t. ais not a
multiple of p, there exists some b € Z s.t. [a],[b], = [1],.




Corollary 0.2.21

Let p € N be a prime number. Then for all a € Z s.t. ais not a
multiple of p, there exists some b € Z s.t. [a]p[b], = [1]p-

o In fact, Corollary 0.2.21 could further be rephrased as follows:

Corollary 0.2.22

Let p be a prime number. Then for all a € Z, \ {0}, there exists
some b € Zp, s.t. ab=1.

@ Notation: In the statement of Corollary 0.2.22, 0 and 1 stand
for [0]p, and [1],, respectively.

Proof. This follows immediately from Corollary 0.2.21, since for all
a € Z, we have that [a], = [0], iff p | a. O



Fermat's Little Theorem
If p € Nis a prime number, and a € Z is not a multiple of p, then

aP~t =1 (mod p). ‘

@ Our final goal for this subsection is to restate Fermat's Little
Theorem in terms of numbers in Z,, where p is a prime
number. First, we need a definition.

Definition
For a positive integer n and for a € Z,,, we define powers of a
recursively, as follows:
o a% =1 (where 1:=[1],);
@ a™1 = a™a for all non-negative integers m.
So, for a positive integer m, we have the familiar formula
m

where it is understood that the multiplication on the
right-hand-side is in Z,.




@ Reminder: For all n € N and a, b € Z, we have that

[a]n=[b]ln <= a=b(modn)

Fermat's Little Theorem

If p € Nis a prime number, and a € Z is not a multiple of p, then
aP~1 =1 (mod p).

@ We can now restate Fermat's Little Theorem in two ways, as
follows. (Note that in the second restatement of Fermat's
Little Theorem, 0 and 1 stand for [0], and [1],, respectively.)

Fermat's Little Theorem

If p € Nlis a prime number, and a € Z is not a multiple of p, then
([Q]p)p = [1]p.

Fermat's Little Theorem
If p € N is a prime number and a € Z, \ {0}, then 2?71 = 1.

| .

.




@ Suppose that p is a prime number and that a € Z,, \ {0}.
o By Fermat's Little Theorem, a?~2 is a “multiplicative inverse”
of a, i.e. if we multiply a by a?=2 (on either side), we obtain 1.
o Thatis: a-a" ?=a""2.a=1.
o Moreover, it is easy to see that a2 is the only multiplicative
inverse of a in Z.
o Indeed, if b € Z,, satisfies ab =1 (which is equivalent to
ba =1, by Proposition 0.2.15), then by multiplying both sides
p—2 i
by aP~<, we obtain P ab = 21,
——

=aP—1=1

and consequently, b = aP~2,
e So, we can say that a?~2 is the multiplicative inverse of a
(denoted by a=1), and we write
al = af
~—

multiplicative
inverse of a

-2

o However, that for small values of the prime number p, it is
easier to read off the multiplicative inverses of non-zero
numbers in Z, from the multiplication table for Z, than it is
to compute the (p — 2)-th powers of those numbers.



o< ™M —

o ™M V]

AN |O N o AN < o

— O — O o — N <
oo o oo O o O O o
701 701 o — N <
< O - o

o < O N

AN N O AN M < —

— [ O — [— N — N ™M o
oo - oo - O —= N <
+701 +701 o — N <

3 S &



