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@ We have already studied linear functions from F™ to F”, for a
field .

@ The concept of a linear function can easily be extended to a
more general setting, that of arbitrary vector spaces, as
follows.

Definition
Given vector spaces U and V over a field IF, we say that a function
f: U — V is linear provided it satisfies the following two
conditions (axioms):
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Definition
Given vector spaces U and V over a field IF, we say that a function
f . U — V is linear provided it satisfies the following two
conditions (axioms):

Q Yui,up € U: f(ug +u2) = f(ug) + f(u2);

@ Yu e U: f(au) = af(u).
If the linear function f is also a bijection, then we say that it is an
isomorphism, and that the vector spaces U and V' are isomorphic.
Linear functions are also called linear transformations.

@ Remark: In the definition of a linear function, the two vector
spaces (the domain and the codomain of the function) must
be over the same field F.



Example 4.1.1

Let Pr be the real vector space of all polynomials with coefficients
in R. Show that the function D : Pr — Pg given by
n n
D( > aka) =) kaka_l
k=0 k=1

for all integers n > 0 and real numbers ag, . .., ak, is linear.

Solution.
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Example 4.1.1

Let Pr be the real vector space of all polynomials with coefficients
in R. Show that the function D : Pr — Pg given by
n n
D( > aka) =) kaka_l
k=0 k=1

for all integers n > 0 and real numbers ag, . .., ak, is linear.

Solution. We need to check that D satisfies the two axioms from
the definition of a linear function. We show that D satisfies
axiom 1. The proof that it satisfies axiom 2 is similar (details:
Lecture Notes).

1. Fix p(x), g(x) € Pr. Then there exists an integer n > 0 and real
numbers ag, ..., an, by, ..., b, s.t.

px) = Y axk  and  q(x) = 3 bxk.
k=0 k=0



Solution (continued). We now compute:

D(p(x) +q(x) = D((éjoakxk)Jr(éjokak))

= D( XH: (ak + bk)Xk)

k=0
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Example 4.1.2

Let Diff(R) be the real vector space of all differentiable functions
from R to R, and let Func(R) be the real vector space of all
functions from R to R. Show that the function

D : Diff(R) — Func(R) given by D(f) = f’ for all f € Diff(R) is
linear. (As usual, f’ denotes the derivative of f.)

Solution.



@ Here is another example, for those who have studied calculus.

Example 4.1.2

Let Diff(R) be the real vector space of all differentiable functions
from R to R, and let Func(R) be the real vector space of all
functions from R to R. Show that the function

D : Diff(R) — Func(R) given by D(f) = f’ for all f € Diff(R) is
linear. (As usual, f’ denotes the derivative of f.)

Solution. 1. Fix f, g € Diff(R). Then by the properties of the
derivative, we have that
D(f +g)=(f+g) =f+g =D(f) + D(g).

2. Fix f € Diff(R) and a € R. Then by the properties of the
derivative, we have that D(af) = (af) = af’ = aD(f).

From 1. and 2., we conclude that D is linear. [J
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@ We now give a few basic properties of linear functions.

o We give some proofs here, skip others (but give them in the
Lecture Notes), and leave still others as exercises.

@ For the most part (though not exclusively), these are
generalizations of the results that we proved previously for
linear functions f : F™ — F" (where F is a field).

@ Most of the results readily generalize to linear functions
between arbitrary vectors spaces (over the same field), with
one exception: linear functions between general vector spaces
do not have standard matrices.

e It is in fact possible to define the matrix of a linear function
between non-trivial, finite-dimensional vectors spaces, but such
matrices depend on the particular choice of basis for the
domain and codomain.



Theorem 4.1.3

Let U and V be vector spaces over a field F, and let f : U — V be
a function. Then the following are equivalent:

@ fis linear;

@ for all vectors ui,uy € U and scalars a3, as € IF, we have that

f(a1u1 -+ OQUQ) = alf(ul) + Oé2f(u2).

Proof. Exercise. (1




Theorem 4.1.3
Let U and V be vector spaces over a field F, and let f : U — V be

a function. Then the following are equivalent:
@ fis linear;
@ for all vectors ui,uy € U and scalars a3, as € IF, we have that

f(a1u1 -+ OQUQ) = alf(ul) + Oé2f(u2).

Proof. Exercise. (1

Proposition 4.1.4
Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then for all u;,uy € U, we have that

f(u1 — U2) = f(ul) — f(u2).

Proof. Lecture Notes. [J
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Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then for all vectors uy,...,u, € U and all
scalars aq,...,a, € F, we have that
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Proposition 4.1.5

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then for all vectors uy,...,u, € U and all
scalars aq,...,a, € F, we have that

k

f(fémw) = Y aif(u),

i=1

of, written in another way, that

f(alul GFoee a4 akuk) = alf(ul) + -+ akf(uk).

Proof. This follows from the definition of a linear function via an
easy induction on k. The details are left as an exercise. [



Proposition 4.1.6

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f(0) = 0.

Proof. We observe that

—

* ( *

f0) @ fo.0) & or0) ¥ o,

~
—~
~

where both instances of (*) follows from Proposition 3.1.3(a), and
(**) follows from the fact that f is linear. O



Proposition 4.1.7

Let U, V, and W be vector spaces over a field F. Then all the
following hold:

@ for all linear functions f, g : U — V/, the function f + g is
linear:?

@ for all linear functions f : U — V and scalars o € F, the
function af : U — V is linear;?

@ for all linear functions f : U — V and g : V — W, the
function g o f is liner.€

gof

?As usual, the function f + g : U — V is defined by
(f + g)(u) = f(u) + g(u) for all u € U.

®As usual, the function af : U — V is defined by (af)(u) = a(f(u)) for all
ucU.

€As usual, the function go f : U — W is defined by (g o f)(u) = g(f(u))
for all u € U.



Proposition 4.1.7

Let U, V, and W be vector spaces over a field F. Then all the

following hold:

@ for all linear functions f,g : U — V, the function f + g is
linear;

@ for all linear functions f : U — V and scalars o € F, the
function af : U — V is linear;

@ for all linear functions f : U — V and g : V — W, the
function g o f is liner.

@ The proofs of (a) and (b) are left as an exercise.

@ The proof of (c) relies on the appropriate definitions and is in
the Lecture Notes.



Proposition 4.1.7

Let U, V, and W be vector spaces over a field F. Then all the

following hold:

@ for all linear functions f, g : U — V/, the function f + g is
linear:

@ for all linear functions f : U — V and scalars o € F, the
function af : U — V is linear;

@ for all linear functions f : U — V and g : V — W, the
function g o f is liner.

U Vv w
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@ Given vector spaces U and V over a field F, the set of all
linear functions from U to V is denoted by Hom(U, V).

e Linear functions are sometimes called “homomorphisms,”

which is where the notation Hom(U, V) comes from.
e We note that Hom(U, V') is a vector space over F.

e The vector addition and scalar multiplication operations in
Hom(U, V) are the addition and scalar multiplication of
functions; by parts (a) and (b) of Proposition 4.1.7,
Hom(U, V) is indeed closed under the addition and scalar
multiplication of functions.

o The zero vector in Hom(U, V) is the zero function, i.e. the
function fy : U — V given by fy(u) = 0y for all u € U, where
Oy is the zero of the vector space V.
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@ The image and kernel of a linear function

@ Suppose we are given a function f : A — B (not necessarily
linear). Then we define the following:
o for all subsets A" C A, the set f[A] ;== {f(a) | a € A’} is called
the image of A’ under the function f;
o the set Im(f) := f[A] is called the image of f;
o for all subsets B’ C B, the set f 1[B'] :={ac A|f(a) € B’}
is called the preimage of B’ under f.

We note that in some texts, the image of f is called the
“range of f."

e Remark: If f : A — B is a bijection, then it has an inverse
function f~1: B — A.

o In this case, for B’ C B, the notation f ![B’] can be
interpreted in two ways: as the preimage of B’ under f, and as
the image of B’ under the inverse function f~1.

o However, in both cases, f![B’] is the same subset of A, which
is why we usually do not need to specify which interpretation
we have in mind.
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Definition
Given a linear function f : U — V/, where U and V are vector
spaces over a field I, the kernel of f is defined to be the set

Ker(f) := {u e U | f(u) = 0}.

@ Note that this means that Ker(f) = f~1[{0}], i.e. Ker(f) is
the preimage of the set {0} under f.

@ We further note the kernel is only defined for linear functions,
and not for general functions.

@ Proposition 4.2.1 (next slide) gives the correspondence
between the image and kernel of the linear function on the
one hand, and the column and null space of the standard
matrix on the other hand.

o Note, however, that the image and kernel are defined for all
linear functions, not just those from F™ to F".



Proposition 4.2.1

Let F be a field, let f : ™ — F" be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ Im(f) = Col(A);
@ Ker(f) = Nul(A).

Proof.



Proposition 4.2.1

Let F be a field, let f : ™ — F" be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ Im(f) = Col(A);
@ Ker(f) = Nul(A).

Proof. For (a), we observe that

—~

*

Col(A) = {Ax|xeFm}

~

) [xe Py = Im(F),

where (*) follows from Proposition 3.3.2(a), and (**) follows from
the fact that A is the standard matrix of f.



Proposition 4.2.1

Let IF be a field, let £ : " — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ Im(f) = Col(A);
@ Ker(f) = Nul(A).

Proof (continued). For (b), we observe that

Nul(A) = {xeF™|Ax=0}

= {xeF"|f(x)=0}

Ker(f),

where (*) follows from the fact that A is the standard matrix of
f.O



Example 4.2.2

Let Pg be the real vector space of all polynomials with coefficients
in R. Consider the function D : Pr — P given by

n n
D(Y axk) = Z arxk—
k=0 k=1
for all integers n > 0 and real numbers ag, ..., ax. By

Example 4.1.1, D is linear. Clearly, Ker(D) is the set of all
constant polynomials, and Im(D) is the set of all polynomials (i.e.
Im(D) = Pg).




Theorem 4.2.3

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then all the following hold:

@ for all subspaces U’ of U, we have that f[U’] is a subspace of
Vi
@ Im(f) is a subspace of V;

@ for all subspaces V/ of V, we have that f~[V'] is a subspace
of U;

@ Ker(f) is a subspace of U.

(a> U’ f f U’ (C) f—l \d f \d
—f i[ ] ) [//] & )
- f—

U Vv U Vv



Theorem 4.2.3

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then all the following hold:

@ for all subspaces U’ of U, we have that f[U’] is a subspace of
Vi
@ Im(f) is a subspace of V;

@ for all subspaces V/ of V, we have that f~[V'] is a subspace
of U;

@ Ker(f) is a subspace of U.

(a) U’ f fU7] (c) £ 4 / 7
; an ? — §‘<
- \
_ _—
U 1% U \%4

@ The proof relies on Theorem 3.1.7.
@ So, let us recall Theorem 3.1.7 (next slide).



Let V be a vector space over a field F, and let U C V. Then U is
a subspace of V iff the following three conditions are satisfied:
@ 0eU;?

@ U is closed under vector addition, that is, for all u,v € U, we
have that u +v € U,

@ U is closed under scalar multiplication, that is, for all u € U
and a € F, we have that au € U.

“Here, 0 is the zero vector in the vector space V.
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Theorem 4.2.3

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then all the following hold:

@ for all subspaces U’ of U, we have that f[U’] is a subspace of
Vi
@ Im(f) is a subspace of V;

@ for all subspaces V'’ of V, we have that f~1[V’] is a subspace
of U;

@ Ker(f) is a subspace of U.

Proof. Since U is a subspace of itself, (a) implies (b). Similarly,
since Ker(f) = f~1[{0}] and {0} is a subspace of V, we have
that (c) implies (d). So, it suffices to prove (a) and (c).

We prove (a). The proof of (c) is similar (see the Lecture Notes).

To avoid any possible confusion, we will denote the zero vectors of
the vector spaces U and V by 0y and 0y, respectively.



Theorem 4.2.3

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then all the following hold:

@ for all subspaces U’ of U, we have that f[U’] is a subspace of
v,

Proof of (a).
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Theorem 4.2.3
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V. Since f : U — V and U’ C U, we have that f[U'] C V. In view
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@ 0y € f[U/];

@ for all vi, vy € f[U'], we have that vi + vy € f[U'];

@ forallve f[U] and a € F, we have that av € f[U'].

We first prove (i). Since U’ is a subspace of U, Theorem 3.1.7
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we have that f(0y) = 0y, and it follows that 0y € f[U'].
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()] 0\/ S f[U/];

@ for all vi, vy € f[U'], we have that vi + vy € f[U'];

@ forall ve f[U] and a € TF, we have that av € f[U/].

We first prove (i). Since U’ is a subspace of U, Theorem 3.1.7
guarantees that 0y € U’. On the other hand, by Proposition 4.1.6,
we have that f(0y) = 0y, and it follows that 0y € f[U’]. This
proves (i).
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Theorem 4.2.3

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then all the following hold:

@ for all subspaces U’ of U, we have that f[U'] is a subspace of
v,

Proof of (a) (continued). Next, we prove (ii).

@ for all vi,vy € f[U’], we have that vi + vy € F[U']

Fix vi,vp € f[U']; WTS vy + vp € f[U']. Since vy, vy € f[U'], we
know that Juy,up € U’ s.t. vi = f(u1) and v = f(up). Since U’ is
a subspace of U, we have that u; +u, € U’. But now we have that

Vidve = flu)+fw) 2 flutw) e fU]

where (*) follows from the fact that f is linear, and (**) follows
from the fact that u; +uy € U’. This proves (ii).



Theorem 4.2.3

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then all the following hold:

@ for all subspaces U’ of U, we have that f[U’] is a subspace of
%

Proof of (a) (continued).
@ forallve f[U'] and a € F, we have that av € f[U].

The proof of (iii) is similar to the proof of (ii) (details: Lecture
Notes). This proves (a). O
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Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then all the following hold:

Q

Q
Q

for all subspaces U’ of U, we have that f[U'] is a subspace of
Vi
Im(f) is a subspace of V;

for all subspaces V'’ of V, we have that f~1[V] is a subspace
of U;

Ker(f) is a subspace of U.
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Theorem 4.2.4

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.

Proof. To avoid any possible confusion, we denote by 0y the zero
vector of the vector space U, and we denote by 0y the zero vector
of the vector space V. We need to show that f is one-to-one iff
Ker(f) = {0y}.

Suppose first that f is one-to-one. By Proposition 4.1.6, we have
that f(0y) = Oy, and it follows that 0y € Ker(f). It remains to
show that 0y is the only element of Ker(f). So, fix any

u € Ker(f). Then f(u) =0y = f(0y), and so since f is
one-to-one, we have that u = 0y.



Theorem 4.2.4

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.

Proof. To avoid any possible confusion, we denote by 0y the zero
vector of the vector space U, and we denote by 0y the zero vector
of the vector space V. We need to show that f is one-to-one iff

Ker(f) = {0y}.

Suppose first that f is one-to-one. By Proposition 4.1.6, we have
that f(0y) = Oy, and it follows that 0y € Ker(f). It remains to
show that 0y is the only element of Ker(f). So, fix any

u € Ker(f). Then f(u) =0y = f(0y), and so since f is
one-to-one, we have that u = 0y. This proves that

Ker(f) = {0y}.
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Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.

Proof (continued). Suppose now that Ker(f) = {0y}. Fix
u, up € U, and assume that f(u1) = f(u2); WTS u; = uz. We
note that

—~

* ok

flug —up) = f(ur) - f(u2) () Oy,

~

where (*) follows from Proposition 4.1.4, and (**) follows from
the fact that f(u;) = f(uz). So, u;g — uy € Ker(f). Since
Ker(f) = {0y}, it follows that u; — uy = 0y, and consequently,
u; = Uo.
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Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.

Proof (continued). Suppose now that Ker(f) = {0y}. Fix
u, up € U, and assume that f(u1) = f(u2); WTS u; = uz. We
note that

—~

* ok

flug —up) = f(ur) - f(u2) () Oy,

~

where (*) follows from Proposition 4.1.4, and (**) follows from
the fact that f(u;) = f(uz). So, u;g — uy € Ker(f). Since
Ker(f) = {0y}, it follows that u; — uy = 0y, and consequently,
u; = uyp. This proves that f is one-to-one. [
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© The rank-nullity theorem for linear functions

@ Suppose that U and V are vector spaces over a field I, and
that £ : U — V is a linear function.

@ By Theorem 4.2.3, Im(f) is a subspace of V/, and Ker(f) is a
subspace of U.

Ker(f) — Im(f)

U \%4
@ The rank of f is defined to be

rank(f) := dim(Im(f)),

and the nullity of f is dim(Ker(f)).

@ We note that both the rank and the nullity of £ may possibly
be infinite.
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Im(f)

Proposition 4.2.5

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then rank(f) < dim(V).

Proof.
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Proposition 4.2.5
Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then rank(f) < dim(V).

Proof. We may assume that n := dim(V/) is finite, for otherwise,
this is immediate.
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Proposition 4.2.5
Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then rank(f) < dim(V).

Proof. We may assume that n := dim(V/) is finite, for otherwise,
this is immediate. By Theorem 4.2.3, Im(f) is a subspace of V,
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Proposition 4.2.5

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then rank(f) < dim(V).

Proof. We may assume that n := dim(V/) is finite, for otherwise,
this is immediate. By Theorem 4.2.3, Im(f) is a subspace of V,
and so by Theorem 3.2.21, we have that dim(Im(f)) < dim(V),
i.e. rank(f) < dim(V). O
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@ Reminder:

Theorem 4.2.4

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.

e For onto-ness, we have the following theorem (when the
codomain is finite-dimensional):

Proposition 4.2.6

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Assume that V is finite-dimensional. Then f is
onto iff rank(f) = dim(V).




@ Our proof of Proposition 4.2.6 relies on Theorem 3.2.21:

Theorem 3.2.21

Let V be a finite-dimensional vector space over a field F, and let U
be a subspace of V. Then all the following hold:

@ U is finite-dimensional;
@ dim(U) <dim(V);
@ if dim(U) =dim(V), then U = V.




@ Our proof of Proposition 4.2.6 relies on Theorem 3.2.21:

Theorem 3.2.21

Let V be a finite-dimensional vector space over a field F, and let U
be a subspace of V. Then all the following hold:

@ U is finite-dimensional;
@ dim(U) <dim(V);
@ if dim(U) =dim(V), then U = V.

o Note that Theorem 3.2.21(c) in fact implies that, if U is a
subspace of a finite-dimensional vector space V (over some
field F), then

U=V <« dim(U)=dim(V).



@ Our proof of Proposition 4.2.6 relies on Theorem 3.2.21:

Theorem 3.2.21

Let V be a finite-dimensional vector space over a field F, and let U
be a subspace of V. Then all the following hold:

@ U is finite-dimensional;
@ dim(U) <dim(V);
@ if dim(U) =dim(V), then U = V.

o Note that Theorem 3.2.21(c) in fact implies that, if U is a
subspace of a finite-dimensional vector space V (over some
field F), then

U=V <« dim(U)=dim(V).

@ We now prove Proposition 4.2.6.
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Proof.



Proposition 4.2.6

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Assume that V is finite-dimensional. Then f is
onto iff rank(f) = dim(V).

Proof. We have the following sequence of equivalent statements:
fisonto <% Im(f) =V
EL dim(Im(F)) = dim(V)

E) rank(F) = dim(V),

where (*) follows from the definition of an onto function, (*¥*)
follows from Theorem 3.2.21 (since Im(f) is a subspace of V, and
V is finite-dimensional), and (***) follows from the definition of
rank. OJ
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Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.

Proposition 4.2.6

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Assume that V is finite-dimensional. Then f is
onto iff rank(f) = dim(V).




Theorem 4.2.4

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then f is one-to-one iff Ker(f) = {0}.

Proposition 4.2.6

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Assume that V is finite-dimensional. Then f is
onto iff rank(f) = dim(V).

@ Warning: Proposition 4.2.6 only applies to linear functions
that have a finite-dimensional codomain.
e Do not apply Proposition 4.2.6 to linear functions with an
infinite-dimensional codomain!
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Proposition 4.2.1

Let IF be a field, let f : "™ — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ Im(f) = Col(A);
@ Ker(f) = Nul(A).

Proposition 4.2.7

Let IF be a field, let f : F™ — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ rank(f) = rank(A);
@ dim(Ker(f)) = dim(Nul(A)).




Proposition 4.2.7

Let IF be a field, let f : F™ — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ rank(f) = rank(A);
@ dim(Ker(f)) = dim(Nul(A)).

Proof.



Proposition 4.2.7

Let IF be a field, let f : F™ — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ rank(f) = rank(A);
@ dim(Ker(f)) = dim(Nul(A)).

Proof. By Proposition 4.2.1, we have that Im(f) = Col(A) and
Ker(f) = Nul(A).



Proposition 4.2.7

Let IF be a field, let f : F™ — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ rank(f) = rank(A);
@ dim(Ker(f)) = dim(Nul(A)).

Proof. By Proposition 4.2.1, we have that Im(f) = Col(A) and
Ker(f) = Nul(A). The latter immediately implies (b).



Proposition 4.2.7

Let IF be a field, let f : F™ — " be a linear function, and let
A € F"™™ be the standard matrix of f. Then both the following
hold:

@ rank(f) = rank(A);
@ dim(Ker(f)) = dim(Nul(A)).

Proof. By Proposition 4.2.1, we have that Im(f) = Col(A) and
Ker(f) = Nul(A). The latter immediately implies (b). For (a), we
observe that

rank(f) = dim(Im(f)) = dim(Col(A)) © rank(A),

where (*) follows from Theorem 3.3.4. [J
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The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),

and in particular, both Ker(f) and Im(f) are finite-dimensional.
v
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The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),

and in particular, both Ker(f) and Im(f) are finite-dimensional.
v

@ Proof: Later!
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U Vv

The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),

and in particular, both Ker(f) and Im(f) are finite-dimensional.

@ Proof: Later!

o First, we show how the rank-nullity theorem for linear
functions implies the rank-nullity theorem for matrices.




The rank—nullity theorem (matrix version)
Let F be a field, and let A € F"*™. Then

rank(A) + dim(Nul(A)) = n

= number of
columns of A

Proof (using the rank-nullity theorem for linear functions).



The rank—nullity theorem (matrix version)

Let F be a field, and let A € F"*™. Then

rank(A) + dim(Nul(A)) = n
= number of

columns of A

Proof (using the rank-nullity theorem for linear functions). Let
f:F™ — F" be given by f(u) = Au for all u € F™.



The rank—nullity theorem (matrix version)
Let F be a field, and let A € F"*™. Then

rank(A) + dim(Nul(A)) = n
= number of

columns of A

Proof (using the rank-nullity theorem for linear functions). Let
f:F™ — F" be given by f(u) = Au for all u € F™. By
Proposition 1.10.4, f is linear, and obviously, A is the standard
matrix of f.



The rank—nullity theorem (matrix version)
Let F be a field, and let A € F"*™. Then

rank(A) + dim(Nul(A)) = n

= number of
columns of A

Proof (using the rank-nullity theorem for linear functions). Let
f:F™ — F" be given by f(u) = Au for all u € F™. By
Proposition 1.10.4, f is linear, and obviously, A is the standard
matrix of f. We now have that

—

*

rank(A) + dim(Nul(A)) = rank(f) + dim(Ker(f))

~

() dim(F™) = m,

where (*) follows from Proposition 4.2.7, and (**) follows from
the rank-nullity theorem for linear functions. [



The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),

and in particular, both Ker(f) and Im(f) are finite-dimensional.

@ Let us now prove the rank-nullity theorem (linear function
version)!




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),

and in particular, both Ker(f) and Im(f) are finite-dimensional.

@ Let us now prove the rank-nullity theorem (linear function
version)!

@ Our proof relies on Theorem 3.2.19.

Theorem 3.2.19

Let V be a finite-dimensional vector space over a field I, and let
{a1,...,ak} be a linearly independent set of vectors in V. Then
there exists some basis of V that contains all of ay,...,ay.




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),
and in particular, both Ker(f) and Im(f) are finite-dimensional.

Proof.




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),
and in particular, both Ker(f) and Im(f) are finite-dimensional.

Proof. By Theorem 4.2.3, Ker(f) is a subspace of U, and Im(f) is
a subspace of V.




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),
and in particular, both Ker(f) and Im(f) are finite-dimensional.

Proof. By Theorem 4.2.3, Ker(f) is a subspace of U, and Im(f) is
a subspace of V. Next, since U is finite-dimensional,

Theorem 3.2.21 guarantees that its subspace Ker(f) is
finite-dimensional and satisfies dim(Ker(f)) < dim(V).




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),
and in particular, both Ker(f) and Im(f) are finite-dimensional.

Proof. By Theorem 4.2.3, Ker(f) is a subspace of U, and Im(f) is
a subspace of V. Next, since U is finite-dimensional,

Theorem 3.2.21 guarantees that its subspace Ker(f) is
finite-dimensional and satisfies dim(Ker(f)) < dim(U). Set

k :=dim(Ker(f)) and m := dim(U) (so, k < m).




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),
and in particular, both Ker(f) and Im(f) are finite-dimensional.

Proof. By Theorem 4.2.3, Ker(f) is a subspace of U, and Im(f) is
a subspace of V. Next, since U is finite-dimensional,

Theorem 3.2.21 guarantees that its subspace Ker(f) is
finite-dimensional and satisfies dim(Ker(f)) < dim(U). Set

k :=dim(Ker(f)) and m := dim(U) (so, k < m). By definition, we
have that rank(f) = dim(Im(f)).




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),
and in particular, both Ker(f) and Im(f) are finite-dimensional.

Proof. By Theorem 4.2.3, Ker(f) is a subspace of U, and Im(f) is
a subspace of V. Next, since U is finite-dimensional,

Theorem 3.2.21 guarantees that its subspace Ker(f) is
finite-dimensional and satisfies dim(Ker(f)) < dim(U). Set

k :=dim(Ker(f)) and m := dim(U) (so, k < m). By definition, we
have that rank(f) = dim(Im(f)). Thus, to complete the proof, we
need only exhibit a basis of Im(f) of size m — k.




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field F, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),
and in particular, both Ker(f) and Im(f) are finite-dimensional.

Proof. By Theorem 4.2.3, Ker(f) is a subspace of U, and Im(f) is
a subspace of V. Next, since U is finite-dimensional,

Theorem 3.2.21 guarantees that its subspace Ker(f) is
finite-dimensional and satisfies dim(Ker(f)) < dim(U). Set

k :=dim(Ker(f)) and m := dim(U) (so, k < m). By definition, we
have that rank(f) = dim(Im(f)). Thus, to complete the proof, we
need only exhibit a basis of Im(f) of size m — k. Indeed, this will
imply rank(f) = dim(Im(f)) = m — k, and the result will follow
immediately.




Proof (continued). Reminder: k = dim(Ker(f)), m = dim(U),
k < m. WTS Im(f) has a basis of size m — k.



Proof (continued). Reminder: k = dim(Ker(f)),
k < m. WTS Im(f) has a basis of size m — k.
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We proceed as follows.
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Proof (continued). Reminder: k = dim(Ker(f)), m = dim(U),
k < m. WTS Im(f) has a basis of size m — k.

f Im(f)
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We proceed as follows. Fix a basis {uy,...,ux} of Ker(f).



Proof (continued). Reminder: k = dim(Ker(f)), m = dim(U),
k < m. WTS Im(f) has a basis of size m — k.
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We proceed as follows. Fix a basis {uy,...,ux} of Ker(f). Then
{u1,...,ux} is a linearly independent set in a finite-dimensional
vector space U; so, by Theorem 3.2.19, {uj,...,ux} can be
extended to a basis {uy,...,uk, uki1,...,uyn} of U.



Proof (continued). Reminder: k = dim(Ker(f)), m = dim(U),
k < m. WTS Im(f) has a basis of size m — k.

f Im(f)
u, /A%/
Upp2 /A/
Ker(f) wepn o P fldiy)
U 74
We proceed as follows. Fix a basis {uy,...,ux} of Ker(f). Then
{u1,...,ux} is a linearly independent set in a finite-dimensional
vector space U; so, by Theorem 3.2.19, {uj,...,ux} can be
extended to a basis {uy,...,uk, Uki1,...,upn} of U. We will

complete the proof by showing that the (m — k)-element set
{f(uks1),...,f(um)} is a basis of Im(f).



Proof (continued).

f Im(f)
u, /A%/
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Ker(f) w1 o fldiey
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It suffices to prove the following two claims.

Claim 1. Vectors f(ugy1),...,f(up) are linearly indepen-
dent.

Claim 2. Im(f) = Span(f(uk41),...,f(um)).

We prove them one by one.



Claim 1. Vectors f(ug11),. .., f(uy) are linearly indepen-
dent.

Proof of Claim 1.



Claim 1. Vectors f(ug11),. .., f(uy) are linearly indepen-
dent.
Proof of Claim 1. Fix scalars ay1,...,am € F s.t.
Oék+1f(l,|k+1)+"'+0émf(um) = 0

WTS a1 = =am=0.



Claim 1. Vectors f(ug11),. .., f(uy) are linearly indepen-
dent.

Proof of Claim 1. Fix scalars ay1,...,am € F s.t.

Oék+1f(l,|k+1)+"'+0émf(um) = 0.

WTS ki1 =+ = am = 0. Note that

—

*

flaksiUpsr + -+ apum) = agerf(Uerr) + -+ apf(un) = 0,

N>

where (*) follows from the fact that f is linear (and more
precisely, from Proposition 4.1.5).



Claim 1. Vectors f(ug11),. .., f(uy) are linearly indepen-
dent.

Proof of Claim 1. Fix scalars ay1,...,am € F s.t.
Oék+1f(l,|k+1)+"'+0émf(um) = 0.

WTS ki1 =+ = am = 0. Note that

—

*

flaksiUpsr + -+ apum) = agerf(Uerr) + -+ apf(un) = 0,

N>

where (*) follows from the fact that f is linear (and more
precisely, from Proposition 4.1.5). But now we have that

Q41Uk+1 + -+ + amum, € Ker(f).



Claim 1. Vectors f(ug11),. .., f(uy) are linearly indepen-
dent.

Proof of Claim 1. Fix scalars ay1,...,am € F s.t.
Oék+1f(l,|k+1)+"'+0émf(um) = 0.

WTS ak41 =+ = am = 0. Note that

—

*

flaksiUpsr + -+ apum) = agerf(Uerr) + -+ apf(un) = 0,

N>

where (*) follows from the fact that f is linear (and more
precisely, from Proposition 4.1.5). But now we have that
Q41Uk+1 + -+ + amum, € Ker(f).

Since {uy,...,ux} is a basis of Ker(f), we have that
Qk1Uks1 + -+ -+ @mUp, is a linear combination of the vectors
ug,...,Ug, i.e. dag,...,af € F s.t.

Qpp1Uky1 + - FapUuy = aiug + -+ ogug.



Claim 1. Vectors f(ugy1), ..., f(um) are linearly indepen-
dent.

Proof of Claim 1 (continued). Reminder:

QppiUgy1 + -+ Uy = aiuy + -+ - + gl

WTS aki1 = =am=0.



Claim 1. Vectors f(ugy1), ..., f(um) are linearly indepen-
dent.

Proof of Claim 1 (continued). Reminder:
QppiUgy1 + -+ Uy = aiuy + -+ - + gl
WTS aki1 = =am=0.

But this implies that

—aquy — - — Uk + QU1 + o Fapu, = 0.



Claim 1. Vectors f(ugy1), ..., f(um) are linearly indepen-
dent.

Proof of Claim 1 (continued). Reminder:
QppiUgy1 + -+ Uy = aiuy + -+ - + gl
WTS aki1 = =am=0.

But this implies that

—aquy — - — Uk + QU1 + o Fapu, = 0.

Since vectors ug, ..., Uk, Uk11, ..., Uy, are linearly independent
(because they form a basis of U), we deduce that



Claim 1. Vectors f(ugy1), ..., f(um) are linearly indepen-
dent.

Proof of Claim 1 (continued). Reminder:

QppiUgy1 + -+ Uy = aiuy + -+ - + gl

WTS aki1 = =am=0.

But this implies that

—aquy — - — Uk + QU1 + o Fapu, = 0.
Since vectors ug, ..., Uk, Uk11, ..., Uy, are linearly independent
(because they form a basis of U), we deduce that
In particular, a1 = -+ = am = 0, and it follows that vectors
f(ugt1),...,f(um) are indeed linearly independent, which is what

we needed to show. ¢



Claim 2. Im(f) = Span(f(uk41),...,f(um)).
Proof of Claim 2.



Claim 2. Im(f) = Span(f(uk41),...,f(um)).
Proof of Claim 2. By definition, f(uxy1),...,f(um) € Im(f).



Claim 2. Im(f) = Span(f(uk41),...,f(um)).
Proof of Claim 2. By definition, f(uxy1),...,f(um) € Im(f).
Since Im(f) is a subspace of V' (and therefore a vector space in its
own right), Theorem 3.1.11 guarantees that
Span(f(uk+1), ..., f(um)) is a subspace (and in particular, a
subset) of Im(f).



Claim 2. Im(f) = Span(f(uk41),...,f(um)).

Proof of Claim 2. By definition, f(uxy1),...,f(um) € Im(f).
Since Im(f) is a subspace of V' (and therefore a vector space in its
own right), Theorem 3.1.11 guarantees that

Span(f(uk+1), ..., f(um)) is a subspace (and in particular, a
subset) of Im(f). It remains to show that

Im(f) C Span(f(uk+1),--.,f(um)), i.e. that every vector in Im(f)
is a linear combination of the vectors f(uky1),...,f(um).



Claim 2. Im(f) = Span(f(uk41),...,f(um)).
Proof of Claim 2. (continued). Fix v € Im(f).



Claim 2. Im(f) = Span(f(uk41),...,f(um)).

Proof of Claim 2. (continued). Fix v € Im(f). Then 3u € U s.t.
v = f(u).



Claim 2. Im(f) = Span(f(uk41),...,f(um)).

Proof of Claim 2. (continued). Fix v € Im(f). Then 3u € U s.t.
v = f(u). Since {uy,...,un} is a basis of U, we know that
dag,...,am €EFst.u=aiu; +- -+ anpun.



Claim 2. Im(f) = Span(f(uk41),...,f(um)).
Proof of Claim 2. (continued). Fix v € Im(f). Then 3u € U s.t.

v = f(u). Since {uy,...,un} is a basis of U, we know that
dag,...,am € Fst.u=au; +- -+ anpuy,. We now have the
following:

v = f(u) = flaur+-+anun)

arf(uy) + -+ amf(um)

= agp1f(uesr) + -+ amf(um),

where (*) follows from the fact that f is linear (and more precisely,
from Proposition 4.1.5), and (**) follows from the fact that
f(uy) =--- = f(ux) = 0 (because ug, ..., ux € Ker(f)).



Claim 2. Im(f) = Span(f(uk41),...,f(um)).
Proof of Claim 2. (continued). Fix v € Im(f). Then 3u € U s.t.

v = f(u). Since {uy,...,un} is a basis of U, we know that
dag,...,am € Fst.u=au; +- -+ anpuy,. We now have the
following:

v = f(u) = flaur+-+anun)

arf(uy) + -+ amf(um)

= agp1f(uesr) + -+ amf(um),

where (*) follows from the fact that f is linear (and more precisely,
from Proposition 4.1.5), and (**) follows from the fact that

f(uy) =--- = f(ux) = 0 (because uy,...,u, € Ker(f)). This
proves that v is indeed a linear combination of the vectors
f(uks1),...,f(um), and we are done. ¢



The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field IF, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),

and in particular, both Ker(f) and Im(f) are finite-dimensional.




The rank—nullity theorem (linear function version)

Let U and V be vector spaces over a field IF, and assume that U is
finite-dimensional. Then every linear function f : U — V satisfies

rank(f) + dim(Ker(f)) = dim(U),

and in particular, both Ker(f) and Im(f) are finite-dimensional.

@ The rank-nullity theorem for linear functions has a few easy
dimension-related corollaries, which we now turn to.




Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.




Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

e Remark: By definition, rank(f) = dim(Im(f)).



Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

e Remark: By definition, rank(f) = dim(Im(f)).
e So, Corollary 4.2.8 states that the dimension of the image of a
linear function is at most the dimension of the domain and
also at most the dimension of the codomain.



Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

e Remark: By definition, rank(f) = dim(Im(f)).

e So, Corollary 4.2.8 states that the dimension of the image of a
linear function is at most the dimension of the domain and
also at most the dimension of the codomain.

e We note that in Corollary 4.2.8, vector spaces U and V may
possibly be infinite-dimensional.



Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

Proof.



Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

Proof. The fact that rank(f) < dim(V) follows from
Proposition 4.2.5.



Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

Proof. The fact that rank(f) < dim(V) follows from
Proposition 4.2.5. It remains to show that rank(f) < dim(U).



Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

Proof. The fact that rank(f) < dim(V) follows from
Proposition 4.2.5. It remains to show that rank(f) < dim(U). If
dim(U) = oo, then this is immediate.



Corollary 4.2.8
Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

Proof. The fact that rank(f) < dim(V) follows from

Proposition 4.2.5. It remains to show that rank(f) < dim(U). If
dim(U) = oo, then this is immediate. So, let us assume that U is
finite-dimensional.



Corollary 4.2.8

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then

rank(f) < min{dim(U),dim(V)}.

Proof. The fact that rank(f) < dim(V) follows from

Proposition 4.2.5. It remains to show that rank(f) < dim(U). If
dim(U) = oo, then this is immediate. So, let us assume that U is
finite-dimensional. Then

rank(f) < rank(f) + dim(Ker(f)) ¢ dim(U),

~

where (*) follows from the rank-nullity theorem for linear
functions. [J



Corollary 4.2.9

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then for any subspace U’ of U, we have that

dim(f[U]) < min{dim(U’),dim(V)}.

!

—

Proof.




Corollary 4.2.9

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then for any subspace U’ of U, we have that

dim(f[U]) < min{dim(U’),dim(V)}.

!

—
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Proof. Consider the function ' := f | U’ (the restriction of f to
u.




Corollary 4.2.9

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then for any subspace U’ of U, we have that

dim(f[U]) < min{dim(U’),dim(V)}.

!

—

U Vv

Proof. Consider the function ' := f | U’ (the restriction of f to
U’). Since U’ is a subspace of U and f : U — V is linear, we have
that f': U’ — V is also linear.




Corollary 4.2.9

Let U and V be vector spaces over a field F, and let f : U — V be
a linear function. Then for any subspace U’ of U, we have that

dim(f[U]) < min{dim(U’),dim(V)}.

!

—

U Vv

Proof. Consider the function ' := f | U’ (the restriction of f to
U’). Since U’ is a subspace of U and f : U — V is linear, we have
that f' : U’ — V is also linear. So,

dim(f[U']) = dim(F[U]) = dim(Im(f"))

(;) min {dim(U’),dim(V)},

where (*) follows from Corollary 4.2.8. O




o Geometric considerations:



o Geometric considerations:

o First of all, recall that subspaces of a Euclidean space R¥ are
{0}, lines through the origin, planes through the origin, and
higher dimensional generalizations.



o Geometric considerations:

o First of all, recall that subspaces of a Euclidean space R¥ are
{0}, lines through the origin, planes through the origin, and
higher dimensional generalizations.

e Now, suppose that f : R™ — R" is a linear function.



o Geometric considerations:

o First of all, recall that subspaces of a Euclidean space R¥ are
{0}, lines through the origin, planes through the origin, and
higher dimensional generalizations.

e Now, suppose that f : R™ — R" is a linear function.

o By Theorem 4.2.3(c), for any subspace U of the domain R™,
we have that f[U] is a subspace of the codomain R", and by
Corollary 4.2.9, dim(f[U]) < dim(U).



o Geometric considerations:

o First of all, recall that subspaces of a Euclidean space R¥ are
{0}, lines through the origin, planes through the origin, and
higher dimensional generalizations.

e Now, suppose that f : R™ — R" is a linear function.

o By Theorem 4.2.3(c), for any subspace U of the domain R™,
we have that f[U] is a subspace of the codomain R", and by
Corollary 4.2.9, dim(f[U]) < dim(U).

o This implies that f maps {0} onto {0}, maps any line through
the origin onto either a line through the origin or {0}, maps
planes through the origin onto either planes through the origin
or lines through the origin or {0}.



o Geometric considerations:

o First of all, recall that subspaces of a Euclidean space R¥ are
{0}, lines through the origin, planes through the origin, and
higher dimensional generalizations.

e Now, suppose that f : R™ — R" is a linear function.

o By Theorem 4.2.3(c), for any subspace U of the domain R™,
we have that f[U] is a subspace of the codomain R", and by
Corollary 4.2.9, dim(f[U]) < dim(U).

o This implies that f maps {0} onto {0}, maps any line through
the origin onto either a line through the origin or {0}, maps
planes through the origin onto either planes through the origin
or lines through the origin or {0}.

e Similar remarks apply to higher-dimensional generalizations of
subspaces of R™ and R”".



o Linear functions between vector spaces of the same
finite dimension:



o Linear functions between vector spaces of the same
finite dimension:

e By the Invertible Matrix Theorem, for a linear function
f:F" — F" (where I is a field), the following are equivalent:

o f is one-to-one;
e f is onto;
e f is an isomorphism.



o Linear functions between vector spaces of the same
finite dimension:

e By the Invertible Matrix Theorem, for a linear function
f:F" — F" (where I is a field), the following are equivalent:

@ f is one-to-one;
e f is onto;
e f is an isomorphism.
o Here, we assumed that the domain and the codomain of f are

the same (namely, F").



o Linear functions between vector spaces of the same
finite dimension:

e By the Invertible Matrix Theorem, for a linear function
f:F" — F" (where I is a field), the following are equivalent:

e f is one-to-one;
e f is onto;
e f is an isomorphism.

e Here, we assumed that the domain and the codomain of f are
the same (namely, F").

o Using Theorem 4.2.4 (which states that a linear function is
one-to-one iff its kernel is {0}) and the rank-nullity theorem
for linear functions, we can generalize this to linear functions
between two vector spaces of the same finite dimension (next
slide).



Corollary 4.2.10

Let U and V be finite-dimensional vector spaces over a field FF,
and assume that dim(U) = dim(V/). Let f : U — V be a linear
function. Then the following are equivalent:

@ f is one-to-one;

@ f is onto;

@ f is a bijection (and therefore an isomorphism).

e Warning: Corollary 4.2.10 only works if U and V (the
domain and codomain of our linear function f) are of the
same finite dimension. Do not attempt to apply the corollary
to linear functions between infinite-dimensional vector spaces,
or between vector spaces of different dimension.
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We now have the following sequence of equivalent statements
(next slide):




Proof (continued).

f is one-to-one <= Ker(f) = {0} by Theorem 4.2.4
< dim(Ker(f)) =0

. by the rank-nullit
< rank(f) =dim(U) tl{eorem y
. . by the definition
— dim(Im(f)) = dim(V) Ofrank(f)

because

<~ dim(Im(f)) = dim(V) dim(U) = dim(V)

by Theorem 3.2.21,

< Im(f)=V since V is fin.-dim.

<= fisonto V.

So, (i) and (ii) are equivalent. This completes the argument. [J
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