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Definition

Let F be a field with additive identity 0 and multiplicative

identity 1. In what follows, we shall refer to elements of F as

scalars. A vector space (or linear space) over the field F is a set V,

together with a binary operation + on V (called vector addition)

and an operation - : IF x V — V (called scalar multiplication),

satisfying the following axioms:

@ (V,+) is an abelian group; the identity element of (V/,+) is

denoted by 0 (“zero vector”), and for any vector v € V/, the
inverse of v in (V,+) is dented by —v;

@ for all vectors v € V, we have 1lv =v;

© for all vectors v € V and scalars a, 5 € F, we have
(o + B)v = av + pv;

@ for all vectors v € V and scalars o, 8 € F, we have
(af)v = a(Bv);

© for all vectors u,v € V and scalars a € F, we have
a(u+v) =au+ av.



Let IF be a field. Then all the following are vector spaces over I (in
each case, vector addition and scalar multiplication are defined in
the natural way):

Q F"

9 IE‘I‘IXITI.

© the set of all functions from F to F;

Q the set Py of all polynomials (in one varialble, typically x)
with coefficients in the field [F;?
o Notation: Some texts use the notation F[x] instead of Py (if
x is the variable used in the polynomials in question).
© for a non-negative integer n, the set Py of all polynomials of
degree at most n and with coefficients in .2

?One could also consider polynomials in more than one variable (say,
X1,...,%k) and with coefficients in F. This, too, is a vector space over F.

The notation PZ is not fully standard (there is no fully standard notation for
this), but it is the notation that we will use.



@ If you have studied calculus, here is another example of a
vector space.

The following are real vector spaces (with vector addition and
scalar multiplication defined in the usual way):

@ the set of continuous functions from R to R;
@ the set of differentiable functions from R to R.




@ If you have studied calculus, here is another example of a
vector space.

The following are real vector spaces (with vector addition and
scalar multiplication defined in the usual way):

@ the set of continuous functions from R to R;
@ the set of differentiable functions from R to R.

o Terminology:
o Elements of any vector space are considered vectors (even if
they do not “look like” vectors, i.e. even if they are matrices,
functions, or polynomials).



@ If you have studied calculus, here is another example of a

vector space.

The following are real vector spaces (with vector addition and
scalar multiplication defined in the usual way):

@ the set of continuous functions from R to R;
@ the set of differentiable functions from R to R.

o Terminology:

o Elements of any vector space are considered vectors (even if
they do not “look like” vectors, i.e. even if they are matrices,
functions, or polynomials).

e A real vector space is a vector space over the field R, and a
complex vector space is a vector space over the field C.



e For any field IF, we have the trivial vector space {0} over the
field IF.
e In this vector space, vector addition and scalar multiplication
are defined in the obvious way: 0 +0 = 0 and «0 = 0 for all
scalars o € .



e For any field IF, we have the trivial vector space {0} over the
field F.

e In this vector space, vector addition and scalar multiplication
are defined in the obvious way: 0 +0 = 0 and «0 = 0 for all
scalars o € .
@ A vector space is non-trivial if it contains at least one
non-zero vector.



Proposition 3.1.3

Let V be a vector space over a field F. Then all the following hold:
@ forallve V, Ov=0:°

@ forallaeF, a0 =0;

@ forallve Vand aeF, if av=0, then a =0orv=0;

@ forallve V, (—1)v=—v?

?Here, 0 is the zero of the field I, and 0 is the zero vector in V.

bHere, —1 is the additive inverse of the multiplicative identity of the field I,
and in particular, —1 is a scalar. So, (—1)v is the product of the scalar —1 and
the vector v. On the other hand, —v is the additive inverse of the vector v.

@ The proof of (a) is in the Lecture Notes.

@ The rest is left as an exercise.




Definition

Let V be a vector space over a field F. A vector subspace (or
linear subspace or simply subspace) of V isaset UC V sit. Uis
itself a vector space over IF, when equipped with the vector
addition and scalar multiplication operations “inherited” from V.2

“Note that the field F must be the same for U and V!



Definition

Let V be a vector space over a field F. A vector subspace (or
linear subspace or simply subspace) of V isaset UC V sit. Uis
itself a vector space over IF, when equipped with the vector
addition and scalar multiplication operations “inherited” from V.2

“Note that the field F must be the same for U and V!

@ This means that we add two vectors of U using the vector
addition operation from V/, and similar for scalar
multiplication.



Definition

Let V be a vector space over a field F. A vector subspace (or
linear subspace or simply subspace) of V isaset UC V sit. Uis
itself a vector space over IF, when equipped with the vector
addition and scalar multiplication operations “inherited” from V.2

“Note that the field F must be the same for U and V!

@ This means that we add two vectors of U using the vector
addition operation from V/, and similar for scalar
multiplication.

@ Moreover, U must be “closed under” vector addition and
scalar multiplication from V/, that is, that the following hold:

e Yuj,u; € U: up +upy € U,

eVue U, aeF: aue U,
where vector addition and scalar multiplication are those from
the vector space V.




@ Remark: It is obvious that the subspace relation is transitive.
e More precisely, for any vector space V over a field F, if U is a
subspace of V, and W is a subspace of U, then W is a
subspace of V.



@ Remark: It is obvious that the subspace relation is transitive.
e More precisely, for any vector space V over a field F, if U is a
subspace of V, and W is a subspace of U, then W is a
subspace of V.
e Informally, we would say that “a subspace of a subspace is a
subspace.”



Vv

@ Remark: It is obvious that the subspace relation is transitive.
e More precisely, for any vector space V over a field F, if U is a
subspace of V, and W is a subspace of U, then W is a

subspace of V.
e Informally, we would say that “a subspace of a subspace is a

subspace.”

Example 3.1.4
Let V be a vector space over a field F. Then V is a subspace of
itself, and {0} is a subspace of V.



Vv

@ Remark: It is obvious that the subspace relation is transitive.
e More precisely, for any vector space V over a field F, if U is a
subspace of V, and W is a subspace of U, then W is a

subspace of V.
e Informally, we would say that “a subspace of a subspace is a

subspace.”

Example 3.1.4
Let V be a vector space over a field F. Then V is a subspace of
itself, and {0} is a subspace of V.

@ Terminology: For a vector space V over a field [F, the trivial
subspace of V is the subspace {0}. A non-trivial subspace of
V is one that contains at least one non-zero vector. A
subspace U of V is proper if U ; V.



Let n be a positive integer, and let I be a field. Then Py is a
subspace of Pp.




Let n be a positive integer, and let I be a field. Then Py is a
subspace of Pp.

o If you have studied calculus, here is another example.

Example 3.1.6

The real vector space of differentiable functions from R to R is a
subspace of the real vector space of continuous functions from R
to R, which is in turn a subspace of the real vector space of all
functions from R to R.



@ Reminder:

Theorem 2.2.9

Let (G, o) be a group with identity element e, and with the inverse
of an element a € G denoted by a~ L. Then for all H C G, we have
that (H, o) is a subgroup of (G, o) iff all the following hold:

@ ecH,;
@ H is closed under o, that is, Va,b € H: ao b € H,
@ H is closed under inverses, that is, Vae H: a1 € H.




@ Reminder:

Theorem 2.2.9

Let (G, o) be a group with identity element e, and with the inverse
of an element a € G denoted by a~ L. Then for all H C G, we have
that (H, o) is a subgroup of (G, o) iff all the following hold:

@ ecH,

@ H is closed under o, that is, Va,b € H: ao b € H,

@ H is closed under inverses, that is, Vae H: a1 € H.

@ Theorem 3.1.7 (next slide) is an analog of Theorem 2.2.9 for
vector (sub)spaces.



Let V be a vector space over a field F, and let U C V. Then U is
a subspace of V iff the following three conditions are satisfied:
@ 0ecU;?

@ U is closed under vector addition, Yu,v € U: u+v € U,

@ U is closed under scalar multiplication, that is,
Yue U, aeF: aue U.

?Here, 0 is the zero vector in the vector space V.

@ Proof: Lecture Notes (similar to the proof of Theorem 2.2.9).




Definition

Suppose that V is a vector space over a field F. Given vectors

ui,...,ux € V, we say that a vector v € V is a linear combination
of uy,...,uy if there exist scalars a1, ...,ax € F s.t.
vV = aiuy + -+ ol
The linear span (or simply span) of the set of vectors {uy, ..., ux},
denoted by Span({ui,...,ux}) or Span(uy,...,uy), is the set of
all linear combinations of uy, ..., ug, i.e.
Span(uy,...,ux) = {aqui+---+aguk | ai,...,ax € F}.

As a convention, we define the “empty sum” of vectors in V to be
0 (the zero vector in V),? and consequently, Span(()) = {0}.

?An “empty sum” might be the sum aju; + - - - + akuk, where k = 0 (and so
we do not actually have any u;’s or a;'s).



@ In chapter 1, we defined the span of a finite list of vectors in
F" (where F is a field).



@ In chapter 1, we defined the span of a finite list of vectors in
F" (where F is a field).

@ Now, we generalized this to arbitrary vector spaces.



@ In chapter 1, we defined the span of a finite list of vectors in
F" (where F is a field).

@ Now, we generalized this to arbitrary vector spaces.

@ Terminology: Given a vector space V over a field FF, and

given vectors ug, ..., ux € V, we say that {ug,...,ux} is a
spanning set of V, or that that the set {uj,...,ux} spans V,
or that vectors uq,...,u, span V, provided that

o Note that ) is a spanning set of the trivial vector space {0}
over a field F.

V = Span(ug, ..., uy).



Example 3.1.8

Consider vectorse; =[ 1 0 0 ]T ande;=[0 1 0 ]T in R3.
x1

Then Span(er,ez) ={| x | | x1,x € R}. So, Span(ey, ;) is the
0

x1xo-plane in the Euclidean space R3.




Example 3.1.8

Consider vectorse; =[ 1 0 0 ]T ande;=[0 1 0 ]T in R3.
x1

Then Span(er,ez) ={| x | | x1,x € R}. So, Span(ey, ;) is the
0

x1xo-plane in the Euclidean space R3.

Example 3.1.9

Consider the polynomials 1, x, x? in Pr. Then
Span(1,x,x?) = {a2x® + a1x + ao | a0, a1, a2 € R} = P2.




o For afield Fand a matrix A=[ a; ... an |inF™™, we
have that Span(aq, ..., am) = {Ax | x € F™}.

) )



o For afield Fand a matrix A=[ a; ... an |inF™™, we
have that Span(aq, ..., am) = {Ax | x € F™}.

) )

@ We proved this in chapter 1 (see Proposition 1.4.4), but here
is the argument again:

Span(ay,...,an) = {x1a1+---+xmam|x1,...,xmeIF}
x1
= {[al am} Xl,...,XmEF}
Xm



o For afield Fand a matrix A=[ a; ... an |inF™™, we
have that Span(aq, ..., am) = {Ax | x € F™}.

) )

@ We proved this in chapter 1 (see Proposition 1.4.4), but here
is the argument again:

Span(ay,...,an) = {x1a1+---+xmam|x1,...,xmeIF}
X1
= {[al am} Xl,...,XmEF}
Xm
= {Ax|x€]F"’}.

e Consequently, Vb € F”, we have that b € Span(ay, ..., an) iff
the matrix-vector equation Ax = b is consistent.



Proposition 3.1.10

Let F be a field, and let a1, ...,a, (m > 1) be some vectors in F".
Set A := { a; ... anp } Then the following are equivalent:
@ vectors ai,...,a, span F";

@ for all b € F", the matrix-vector equation Ax = b is
consistent;

@ rank(A) = n (i.e. A has full row rank).

Proof.




Proposition 3.1.10

Let F be a field, and let a1, ...,a, (m > 1) be some vectors in F".
Set A := { a; ... anp } Then the following are equivalent:
@ vectors ai,...,a, span F";

@ for all b € F", the matrix-vector equation Ax = b is
consistent;

@ rank(A) = n (i.e. A has full row rank).

Proof. By Corollary 1.6.6, (b) and (c) are equivalent.




Proposition 3.1.10

Let F be a field, and let a1, ...,a, (m > 1) be some vectors in F".
Set A := { a; ... anp } Then the following are equivalent:
@ vectors ai,...,a, span F";

@ for all b € F", the matrix-vector equation Ax = b is
consistent;

@ rank(A) = n (i.e. A has full row rank).

Proof. By Corollary 1.6.6, (b) and (c) are equivalent.

On the other hand, the fact that (a) and (b) are equivalent
essentially follows from the fact that

Span(ai,...,am) = {Ax|xeF"}.



Proposition 3.1.10
Let F be a field, and let a1, ...,a, (m > 1) be some vectors in F".
Set A := { a; ... anp } Then the following are equivalent:

@ vectors ai,...,a, span F";

@ for all b € F", the matrix-vector equation Ax = b is
consistent;

@ rank(A) = n (i.e. A has full row rank).

Proof. By Corollary 1.6.6, (b) and (c) are equivalent.

On the other hand, the fact that (a) and (b) are equivalent
essentially follows from the fact that

Span(ai,...,am) = {Ax|xeF"}.

Indeed, we have the following sequence of equivalent statements

(next slide):



Proof (continued).

vectors a1, ...,a, span F” — Span(ai,...,am,) =F"

(a)

= {Ax | x e F"} = F"

Vb € F" dx € F™
st. Ax=Db

Vb eF": Ax=b is
consistent.

(b)

Thus, (a) and (b) are indeed equivalent. This completes the
argument. [



Proposition 3.1.10

Let F be a field, and let a1,...,an (m > 1) be some vectors in F".
Set A = [ ar ... am } Then the following are equivalent:
@ vectors ay,...,a, span [F";

@ for all b € F", the matrix-vector equation Ax = b is
consistent;

@ rank(A) = n (i.e. A has full row rank).




Theorem 3.1.11

Let V be a vector space over a field F, and let uy,...,u, € V

(k > 0).? Then all the following hold:

@ wuy,...,ux €Span(uy,...,u);

@ Span(uy,...,ux) is a subspace of V;

@ for all subspaces U of V s.t. ug,...,ux € U, Span(uy, ..., ug)
is a subspace of U;

@ Span(uy,...,ux) is precisely the intersection of all subspaces
of V that contain the vectors uy, ..., ug.

°If k =0, then ug,...,ux is an empty list of vectors, the set {u1,...,ux} is

empty, and Span(us, ..., ux) = {0}.

Proof.



Theorem 3.1.11

Let V be a vector space over a field F, and let uy,...,u, € V
(k > 0).? Then all the following hold:

@ wuy,...,ux €Span(uy,...,u);
@ Span(uy,...,uy) is a subspace of V;

@ for all subspaces U of V s.t. ug,...,ux € U, Span(uy, ..., ug)
is a subspace of U;

@ Span(uy,...,ux) is precisely the intersection of all subspaces
of V that contain the vectors uy, ..., ug.
°If k =0, then ug,...,ux is an empty list of vectors, the set {u1,...,ux} is

empty, and Span(us, ..., ux) = {0}.

Proof. To prove (a), we simply observe that for all i € {1,..., k},
we have that

u, = 0U1+"'+0U,'_1+1U,'+0U,'+1+"‘+0Uk,

and so u; € Span(uy,...,ug).



Proof (continued). Next, we prove (b).
@ Span(uy,...,ug) is a subspace of V



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);

@ Vv e Span(uy,...,ux), a € F: av € Span(uy, ..., uk).



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);

@ Vv e Span(uy,...,ux), a € F: av € Span(uy, ..., uk).

For (i), we note that 0 = Ou; + - - - + Ouy € Span(uy, ..., ug).



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);

@ Vv e Span(uy,...,ux), a € F: av € Span(uy, ..., uk).

For (i), we note that 0 = Ou; + - - - + Ouy € Span(uy, ..., ug).

Next, we prove (ii).



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);

@ Vv e Span(uy,...,ux), a € F: av € Span(uy, ..., uk).

For (i), we note that 0 = Ou; + - - - + Ouy € Span(uy, ..., ug).

Next, we prove (ii). Fix vi,v2 € Span(uy, ..., uk).



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);
@ Vv e Span(uy,...,ux), a € F: av € Span(uy, ..., uk).
For (i), we note that 0 = Ou; + - - - + Ouy € Span(uy, ..., ug).
Next, we prove (ii). Fix vi,va € Span(uy,...,uk). Then there
exist scalars a1, ...,ax, B1,...,Bk € F s.t.

vi = ajug + - - - + agug and vo = Biug + - -+ Brug.



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);
@ Vv e Span(uy,...,ux), a € F: av € Span(uy, ..., uk).
For (i), we note that 0 = Ou; + - - - + Ouy € Span(uy, ..., ug).
Next, we prove (ii). Fix vi,va € Span(uy,...,uk). Then there
exist scalars a1, ...,ax, B1,...,Bk € F s.t.

Vi = aiuy + - - - + agug and vo = [Biug + - - - + Brug. But now

vi+vy = (alul + -+ akuk) + (51U1 + -+ ﬂkuk)
= (a1 4 Br)ur + - + (o + Bi)ug,



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);
@ Vv e Span(uy,...,uk), a € F: av € Span(uy, ..., ug).
For (i), we note that 0 = Ou; + - - - + Ouy € Span(uy, ..., ug).
Next, we prove (ii). Fix vi,va € Span(uy,...,uk). Then there
exist scalars a1, ...,ax, B1,...,Bk € F s.t.

Vi = aiuy + - - - + agug and vo = [Biug + - - - + Brug. But now

vi+vy = (alul + -+ akuk) + (51U1 + -+ ﬂkuk)
= (a1 4 Br)ur + - + (o + Bi)ug,

and we deduce that vi + vy € Span(uy, ..., uy).



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);
@ Vv e Span(uy,...,uk), a € F: av € Span(uy, ..., ug).
For (i), we note that 0 = Ou; + - - - + Ouy € Span(uy, ..., ug).
Next, we prove (ii). Fix vi,va € Span(uy,...,uk). Then there
exist scalars a1, ...,ax, B1,...,Bk € F s.t.

Vi = aiuy + - - - + agug and vo = [Biug + - - - + Brug. But now

vi+vy = (alul + -+ akuk) + (51U1 + -+ ﬂkuk)
= (a1 4 Br)ur + - + (o + Bi)ug,

and we deduce that vi + vo € Span(uy, ..., ux). This proves (ii).



Proof (continued). Next, we prove (b).

@ Span(ug,...,ux) is a subspace of V

It suffices to show that Span(ui, ..., ux) satisfies (i), (ii) and (iii)
from Theorem 3.1.7, that is, that all the following hold:

@ 0 € Span(uy,...,ug);

@ WVvi,vs € Span(ug,...,uk): vi + vy € Span(uy, ..., uk);
@ Vv e Span(uy,...,uk), a € F: av € Span(uy, ..., ug).
For (i), we note that 0 = Ou; + - - - + Ouy € Span(uy, ..., ug).
Next, we prove (ii). Fix vi,va € Span(uy,...,uk). Then there
exist scalars a1, ...,ax, B1,...,Bk € F s.t.

Vi = aiuy + - - - + agug and vo = [Biug + - - - + Brug. But now

vi+vy = (alul + -+ akuk) + (51U1 + -+ ﬂkuk)
= (a1 4 Br)ur + - + (o + Bi)ug,

and we deduce that vi + vo € Span(uy, ..., ux). This proves (ii).
The proof of (iii) is similar (details: Lecture Notes). This
proves (b).



Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,ux € U, we
have that Span(uy,...,ux) C U.

Proof of the Claim.



Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,ux € U, we
have that Span(uy,...,ux) C U.

Proof of the Claim. Fix any subspace U of V that contains
ug,...,ug; WTS Span(ug,...,ux) C U.



Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,ux € U, we
have that Span(uy,...,ux) C U.

Proof of the Claim. Fix any subspace U of V that contains
ug,...,ug; WTS Span(ug,...,ux) C U.

Fix any v € Span(uy,...,uk). Then there exist scalars
ai, ..., € Fst.

V = ajuy + -+ ogUg



Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,u, € U, we
have that Span(uy,...,ux) C U.

Proof of the Claim. Fix any subspace U of V that contains
ug,...,ug; WTS Span(ug,...,ux) C U.

Fix any v € Span(uy,...,uk). Then there exist scalars
ai, ..., € Fst.

V = ajuy + -+ ogUg

Since U is a subspace of V, it satisfies (ii) and (iii) from
Theorem 3.1.7.



Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,u, € U, we
have that Span(uy,...,ux) C U.

Proof of the Claim. Fix any subspace U of V that contains
ug,...,ug; WTS Span(ug,...,ux) C U.

Fix any v € Span(uy,...,uk). Then there exist scalars
ai, ..., € Fst.

v = oiup + -+ ogug
Since U is a subspace of V, it satisfies (ii) and (iii) from
Theorem 3.1.7.

Since uy,...,ux € U, (iii) from Theorem 3.1.7 guarantees that
aiug,...,agug € U,



Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,u, € U, we
have that Span(uy,...,ux) C U.

Proof of the Claim. Fix any subspace U of V that contains
ug,...,ug; WTS Span(ug,...,ux) C U.

Fix any v € Span(uy,...,uk). Then there exist scalars
ai, ..., € Fst.

v = oiup + -+ ogug
Since U is a subspace of V, it satisfies (ii) and (iii) from
Theorem 3.1.7.

Since ug, ..., u, € U, (iii) from Theorem 3.1.7 guarantees that
aquy, ..., akug € U; but then (i) from Theorem 3.1.7 guarantees
that aquy + -+ -+ agui € U, ie. ve U.



Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,u, € U, we
have that Span(uy,...,ux) C U.

Proof of the Claim. Fix any subspace U of V that contains
ug,...,ug; WTS Span(ug,...,ux) C U.

Fix any v € Span(uy,...,uk). Then there exist scalars
ai, ..., € Fst.

v = oiup + -+ ogug
Since U is a subspace of V, it satisfies (ii) and (iii) from
Theorem 3.1.7.

Since ug, ..., u, € U, (iii) from Theorem 3.1.7 guarantees that
aquy, ..., akug € U; but then (i) from Theorem 3.1.7 guarantees
that aquy + -+ -+ agui € U, ie. ve U.

So, Span(uy,...,ux) C U. ¢



Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,u, € U, we
have that Span(uy,...,ux) C U.



Proof (continued).
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Claim. For all subspaces U of V s.t. uy,...,u, € U, we
have that Span(uy,...,ux) C U.

We now prove (c).

@ for all subspaces U of V s.t. ug,...,ux € U, Span(uy,...,ug)
is a subspace of U

Fix any subspace U of V s.t. uy,...,u, € U. By the Claim, we
have that Span(uy,...,ux) C U, and by (a), Span(us,...,ux) is a
subspace of V. So, U is a vector space, and Span(ug, ..., ug) is
subset of U that is a vector space in its own right (when equipped
with the vector addition and scalar multiplication operations
inherited from U). So, by definition, Span(uy,...,ux) is a
subspace of U. This proves (c).
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Proof (continued).
Claim. For all subspaces U of V s.t. uy,...,u, € U, we
have that Span(uy,...,ux) C U.

It remains to prove (d).

@ Span(uy,...,ug) is precisely the intersection of all subspaces
of V that contain the vectors ug, ..., ug.

By (a) and (b), Span(uy,...,uy) is itself a subspace of V that

contains ug,...,uk. So, the intersection of all subspaces of V that

contain uy,...,uy is a subset of Span(uy, ..., u).

On the other hand, by the Claim, Span(ug,...,u) is a subset of
each subspace of V' that contains the vectors uy, ..., u,, and
consequently, of the intersection of all such subspaces. This
proves (d). O



Th

eorem 3.1.11

Let V be a vector space over a field F, and let uy,...,u, € V

(k > 0).? Then all the following hold:

@ wug,...,ux €Span(uy,...,ug);

@ Span(ug,...,uy) is a subspace of V;

@ for all subspaces U of V s.t. ug,...,ux € U, Span(uy,...,ux)
is a subspace of U;

@ Span(uy,...,uy) is precisely the intersection of all subspaces
of V that contain the vectors uq, ..., ug.

’If k =0, then uy,...,ux is an empty list of vectors, the set {u1, ..., ux} is

empty, and Span(uy, . ..,u;) = {0}.




@ Remark: In some texts, for a vector space V over a field F,

and for vectors uy, ..., u, € V, the linear span (or simply
span) of {uy,...,ux} is defined to be the intersection of all
subspaces of V that contain ug, ..., ug.

e By Theorem 3.1.11, this definition is equivalent to the one
that we gave at the beginning of this subsection.
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Proof. We need to prove two inclusions:

@ Span(vy,...,vk) C Span(agvy, ..., akVvk);
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Proposition 3.1.12

Let V be a vector space over a field IF, let v1,...,v, € V, and let
(67 6 % EF\{O} Then
Span(vi,...,vx) = Span(aivi,...,QkVk).

Proof. We need to prove two inclusions:

@ Span(vy,...,vk) C Span(agvy, ..., akVvk);

@ Span(agvi,...,akvk) C Span(vi,...,vk).

We prove (i); the proof of (ii) is similar and is left as an exercise.
Fix any vector v € Span(vy,...,vk). Then, by definition, there
exist scalars 31,...,8« € F s.t.

v = [ivi+ -+ Brvk.

ay are all non-zero, they have multiplicative

Since scalars ag, . . 3
, respectively. We now have that

inverses al_l, ce, 0
v o= Bvito+ vk = (Brag )(eavi) + -+ (Brag ) (avi),

and so v € Span(aqvi,...,akvk). This proves (i). O
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scalars asa, ..., are all non-zero, and indeed, the
proposition becomes false without this hypothesis.



Proposition 3.1.12

Let V be a vector space over a field F, let vq,...,vx € V, and let
ag,...,ax € F\ {0}. Then
Span(vi,...,vk) = Span(agvi,...,akVk).

@ Remark: In Proposition 3.1.12, it is important that the
scalars asa, ..., are all non-zero, and indeed, the
proposition becomes false without this hypothesis.

o For example, for the standard basis vectors ej, e; in R2, we
have that Span(e;, e;) = R?, but

Span(le;,0ey) = { [ )8 ] | X1 € R}7

which is a proper subspace of R?.
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field IF.
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@ Suppose we are given two vector spaces, say U and W, over a
field IF.
@ Then the Cartesian product

UxW = {(uw)|uelU, we W}

can be turned into a vector space over F in a natural way.
@ We define vector addition in U x W by setting

(Ul,Wl)—f-(UQ,Wz) = (U1+U2,W1+W2),

for all up,uy € U and wyi,ws € W, where in the first
coordinate (“u; + u”) we applied addition from the vector
space U, and in the second coordinate (“wi + w2") we
applied vector addition from the vector space W.

@ Scalar multiplication in U x W (with scalars from the field F)
is defined in an equally natural way, i.e. by setting

afu,w) = (au,aw)

foralla € F,ue U, and w e W.



@ The zero vector of U x W is the vector

Ouxw = (0y,0w),

where 0y is the zero vector of the vector space U, and Oy is
the zero of the vector space W.



@ The zero vector of U x W is the vector

Ouxw = (0y,0w),

where 0y is the zero vector of the vector space U, and Oy is
the zero of the vector space W.

@ The additive inverse of a vector (u,w) in U x W is the vector
(_u7 _W)v

where —u (resp. —w) is the additive inverse of u (resp. w) in
the vector space U (resp. W).



@ The zero vector of U x W is the vector

Ouxw = (0y,0w),

where 0y is the zero vector of the vector space U, and Oy is
the zero of the vector space W.

@ The additive inverse of a vector (u,w) in U x W is the vector
(_u7 _W)v

where —u (resp. —w) is the additive inverse of u (resp. w) in
the vector space U (resp. W).
@ It is straightforward to verify that all the axioms of a vector

space hold for U x W (with vector addition and scalar
multiplication defined as above).

o Indeed, this simply follows from the fact that those axioms
hold for U and W, and the details are left as an exercise.
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@ Suppose that V is a vector space over a field IF, and that U
and W are subspaces of V.

@ Using Theorem 3.1.7, it can easily be verified that UN W is a
subspace of V, as is

U+W = {u+wluelU, we W}.

@ The details are left as an exercise.
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Given a vector space V over a field IF, and given vectors

Vi,...,Vx € V, we say that {vi,...,v,} is a linearly independent
set, or that vectors vy, ..., v are linearly independent, if for all
scalars ag,...,ax € F s.t.

avy + -+ ave = 0,
we have that a; = --- = a, = 0. In other words, vectors vy, ..., vy
are linearly independent iff the equation ayvy + - - - + agvi = 0 has
only the “trivial solution,” i.e. the solution ai; = --- = a, = 0. On
the other hand, if vectors vy, ..., v, are not linearly independent,

then we say that they are linearly dependent, or that the
{vi,...,vi} is a linearly dependent set.
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Definition

Given a vector space V over a field IF, and given vectors

Vi,...,Vx € V, we say that {vi,...,v,} is a linearly independent
set, or that vectors vy, ..., v are linearly independent, if for all
scalars ag,...,ax € F s.t.
avy + -+ ave = 0,

we have that a; = --- = a, = 0. In other words, vectors vy, ..., vy
are linearly independent iff the equation ayvy + - - - + agvi = 0 has
only the “trivial solution,” i.e. the solution ai; = --- = a, = 0. On
the other hand, if vectors vy, ..., v, are not linearly independent,
then we say that they are linearly dependent, or that the
{vi,...,vi} is a linearly dependent set. “

@ So, vectors vi,..., v are linearly dependent iff there exist

scalars aq,...,a, € F, not all zero, s.t.

vy + -+ agve = 0.
@ We note that () is a linearly independent set in any vector
space.



@ For the special case of F” (where F is a field), we have the
following proposition.

Proposition 3.2.1

Let F be a field, and let a1,...,an (m > 1) be vectors in F". Set
A:=[a ... ap |. Then the following are equivalent:
@ vectors ay, ..., an are linearly independent;

@ the homogeneous matrix-vector equation Ax = 0 has only the
trivial solution (i.e. the solution x = 0);

@ rank(A) = m (i.e. A has full column rank).

Proof.
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@ For the special case of F” (where F is a field), we have the
following proposition.

Proposition 3.2.1

Let F be a field, and let a1,...,an (m > 1) be vectors in F". Set
A:=[a ... ap |. Then the following are equivalent:
@ vectors ay, ..., an are linearly independent;

@ the homogeneous matrix-vector equation Ax = 0 has only the
trivial solution (i.e. the solution x = 0);

@ rank(A) = m (i.e. A has full column rank).

Proof. By Corollary 1.6.5, (b) and (c) are equivalent.

Let us show that (a) and (b) are equivalent. We have the following
sequence of equivalent statements (new slide):



Proof (continued).



Proof (continued).

vectors ai, ..., an, are linearly independent

(a)

the equation xja; + - - - + xmam = 0 has only the

trivial solutuon (i.e. the solution x; = -+ = x = 0)
X1
the equation [ ar ... ap } : = 0 has only the
=A Xm
trivial solutuon (i.e. the solution x; = -+ = x = 0)
the homogeneous matrix-vector equation Ax = 0 has

only the trivial solution (i.e. the solution x = 0).

(b)

Thus, (a) and (b) are equivalent. This completes the argument. [J
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Let F be a field, and let a1,...,a, (m > 1) be vectors in F". Set
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@ vectors aj, ..., an, are linearly independent;

@ the homogeneous matrix-vector equation Ax = 0 has only the
trivial solution (i.e. the solution x = 0);
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Proposition 3.2.1

Let F be a field, and let a1,...,a, (m > 1) be vectors in F". Set
AR [ ap ... anp ] Then the following are equivalent:

@ vectors aj, ..., an, are linearly independent;

@ the homogeneous matrix-vector equation Ax = 0 has only the
trivial solution (i.e. the solution x = 0);

@ rank(A) = m (i.e. A has full column rank).

Proposition 3.2.2

Let V be a vector space over a field IF, let v1,...,vi, € V, and let
a1,...,0k € F\ {0}. Then the set {v1,...,v,} is linearly
independent iff the set {aqvi, ..., axvk} is linearly independent.

Proof. This readily follows from the definition of linear
independence and is left as an exercise. []



Definition
A finite basis (or simply basis) of a vector space V over a field F is
a set {vi,...,vx} of vectors in V that satisfies the following two
conditions:

© {vi,...,vk} is linearly independent in V;

@ {vi,...,vk} is a spanning set of V/, i.e. Span(vy,...,vx) = V.




Let F be a field. Then the standard basis £, = {ef,..., e} of F"
is indeed a basis of F".



Let F be a field. Then the standard basis £, = {ef,..., e} of F"
is indeed a basis of F".

A\,

Example 3.2.4
Let IF be a field. Then

1 0 0 1 00
{00,00,10
0 0 00 00

3x2

0
0
0

O = O

L

o |)

is a basis of IF
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Definition

A finite basis (or simply basis) of a vector space V over a field F is
a set {v1,...,vk} of vectors in V that satisfies the following two
conditions:

@ {vi,...,vk} is linearly independent in V;
@ {vi,...,vk} is a spanning set of V, i.e. Span(vy,...,vx) = V.

Definition
A vector space is finite-dimensional if it has a finite basis. A vector
space that does not have a finite basis is infinite-dimensional.
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Proof (outline). It is “obvious” that {1, x,...,x"} is a basis of Pg
(for each integer n > 0).

To show that Py is infinite-dimensional, it is enough to show that
it does not have a finite basis, and to prove that, it is enough to
show that it does not have a finite spanning set.

Any finite set P = {p1(x), ..., pk(x)} of polynomials in Py has
bounded degree (say, at most d), and so x“** is not in Span(P).
So, Pr does not have a finite spanning set, and consequently, it
does not have a finite basis. U



Proposition 3.2.5

Let IF be a field. Then Pp is inifnite-dimensional. On the other
hand, for all non-negative integers n, {1, x,...,x"} is a basis of
Pz, and in particular, Py is finite-dimensional.




Proposition 3.2.5

Let IF be a field. Then Pp is inifnite-dimensional. On the other
hand, for all non-negative integers n, {1, x,...,x"} is a basis of
Pz, and in particular, Py is finite-dimensional.

@ As Proposition 3.2.5 shows, not all vector spaces have a finite
basis.



Proposition 3.2.5

Let IF be a field. Then Pp is inifnite-dimensional. On the other
hand, for all non-negative integers n, {1, x,...,x"} is a basis of
Pz, and in particular, Py is finite-dimensional.

@ As Proposition 3.2.5 shows, not all vector spaces have a finite
basis.

@ It is, indeed, possible to define a basis more generally, so that
it may possibly be an infinite set.



Proposition 3.2.5

Let IF be a field. Then Pp is inifnite-dimensional. On the other
hand, for all non-negative integers n, {1, x,...,x"} is a basis of
Pz, and in particular, Py is finite-dimensional.

@ As Proposition 3.2.5 shows, not all vector spaces have a finite
basis.

@ It is, indeed, possible to define a basis more generally, so that
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Let IF be a field. Then Pp is inifnite-dimensional. On the other
hand, for all non-negative integers n, {1, x,...,x"} is a basis of
Pz, and in particular, Py is finite-dimensional.

@ As Proposition 3.2.5 shows, not all vector spaces have a finite
basis.

@ It is, indeed, possible to define a basis more generally, so that
it may possibly be an infinite set.

e This is briefly discussed in subsection 3.2.7. However,
elsewhere, we deal only with finite bases.

o Notation: Suppose that V is a vector-space over a field F.
e If V is finite-dimensional (i.e. has a finite basis), then we write
dim(V) < 0.
o On the other hand, if V is infinite-dimensional (i.e. does not
have a finite basis), then we write dim(V) = oo.
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e Obviously, any subset of a linearly independent set of vectors
in V is linearly independent. Similarly, any superset of a
spanning set of V is a spanning set of V.
o A set Ais a superset of a set B provided that B C A.

o {0} is not a linearly independent set in V' (because 1-0=0
and 1 # 0); so, by the previous bullet point, no linearly
independent set of vectors in V, and in particular, no basis of
V, contains the zero vector.

o () is a basis of the trivial vector space {0} (over any field IF),
and in particular, {0} is finite dimensional.

o In fact, () is the unique basis of {0} (because, by the previous
bullet point, no linearly independent set contains 0).
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@ Remarks: Suppose that V is a vector space over a field F.

e Suppose we are given vectors vq,...,Vx € V, and we are
trying to check if {vy,..., vk} is a spanning set of V, i.e.
whether V' = Span(vy, ..., vk) (this is one of the two
conditions from the definition of a basis).

o Obviously, Span(vi,...,vk) C V, and so the only question is
whether V' C Span(vy, ..., vk).

e But “V C Span(vy,...,vx)" simply means “every vector in V
is a linear combination of vectors vi,...,v.."

@ So, the second condition from the definition of a basis holds iff
every vector in V is a linear combination of vectors vy, ..., v.



@ In the literature, there is a bit of ambiguity about whether
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e An “ordered set"” is a set in which order and repetitions matter.
o For instance, {1,2,3}, {1,2,2,3}, and {3,1,2} are the same
as sets, but they are pairwise distinct as ordered sets.
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@ In the literature, there is a bit of ambiguity about whether
(finite) bases are sets or ordered sets.

e An “ordered set"” is a set in which order and repetitions matter.
o For instance, {1,2,3}, {1,2,2,3}, and {3,1,2} are the same
as sets, but they are pairwise distinct as ordered sets.

@ In what follows, we will implicitly treat finite sets (when
discussed in the context of linearly independent sets, spanning
sets, and bases) as ordered, and in particular, we will care
about repetitions.

@ It is important to note that no linearly independent set (and
in particular, no basis), may contain more than one copy of
the same vector.

o Indeed, if vq,..., v, is a list of vectors that contains more than
one copy of some vector (say, v; = v; for some i # j), then we
can set a; =1, o = —1, and oy = 0 for all

ke{l,...,n}\ {i,j}, and we get ayvy + -+ + apv, = 0; so
Vi,...,V, are not linearly independent.



@ In what follows, if A and B are ordered sets (possibly with
repeating elements), then A C B means that every element of
A appears at least as many times in B as in A.



@ In what follows, if A and B are ordered sets (possibly with
repeating elements), then A C B means that every element of
A appears at least as many times in B as in A.

@ Moreover, for x € A, A\ {x} is the set obtained from A by
deleting one copy of x.



@ For the special case of F” (where F is a field), we have the
following proposition.

Proposition 3.2.6

Let F be a field, and let a3,...,a, (m > 1) be vectors in F". Set
A:=[a1 ... an]. Then {ay,...,an} is a basis of F" iff
rank(A) = n = m (i.e. Ais a square matrix of full rank). In
particular, every basis of F” contains exactly n vectors.

Proof.
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following proposition.

Proposition 3.2.6

Let F be a field, and let a3,...,a, (m > 1) be vectors in F". Set
A:=[a1 ... an]. Then {ay,...,an} is a basis of F" iff
rank(A) = n = m (i.e. Ais a square matrix of full rank). In
particular, every basis of F” contains exactly n vectors.

Proof. By Proposition 3.2.1, vectors ay, ..., an, are linearly
independent iff rank(A) = m.

By Proposition 3.1.10, vectors ay,...,an span F" iff rank(A) = n.
So, {ai1,...,am} is a basis of F" iff rank(A) = m = n. O
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Proposition 3.2.6

Let F be a field, and let a3, ...,a, (m > 1) be vectors in F". Set
A:=[a ... ap]|. Then{ay,...,an} is a basis of F" iff
rank(A) = n = m (i.e. A is a square matrix of full rank). In
particular, every basis of F” contains exactly n vectors.

@ Remarks:

o By the Invertible Matrix Theorem (version 1), square matrices
of full rank are precisely the invertible matrices.

@ So, Proposition 3.2.6 yields another characterizations of
invertible matrices: a matrix in F"*" (where F is a field) is
invertible iff its columns form a basis of F".

o By Proposition 3.2.6, every basis of F” (where F is a field)
contains exactly n vectors.

o In fact (see Theorem 3.2.16), if V is any finite-dimensional
vector space, then all bases of V are of the same size (i.e.
contain exactly the same number of vectors).

@ However, to prove this, we first need to develop some more
theory.



Let V be a vector space over a field F, and let vy, ..
Then the following are equivalent:

(i) {vi,...,vn} is a basis of V;

(i) for all vectors v € V/, there exist unique scalars
ai,...,oan €Fst.v=aivi+- -+ a,v,.

,Vp € V.

Proof.
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Let V be a vector space over a field F, and let vy,...,v, € V.
Then the following are equivalent:
(i) {vi,...,vn} is a basis of V;
(i) for all vectors v € V/, there exist unique scalars
ai,...,oan €Fst.v=aivi+- -+ a,v,.

Proof. Suppose first that (i) holds; WTS (ii) holds. Fix v e V.
WTS there exist unique scalars aq,...,a, € F s.t.
V=QiVi + -+ apVp.

Since {v1,...,vp} is a basis of V, and consequently a spanning set
of V/, we know that every vector in V is a linear combination of
the vectors vi,...,v,. This proves existence.
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Let V be a vector space over a field I, and let vq,...,v, € V.
Then the following are equivalent:
(i) {v1,...,vn} is a basis of V;
(i) for all vectors v € V/, there exist unique scalars
ai,...,0n €Fst.v=aivi + -+ ayv,.

Proof (continued). It remains to prove uniqueness. Fix scalars
i,y P1,..., 80 € F st

V=oaiVi+ -+ apv, and v=_[1vi+- -+ BV
Then aqgvy + -+ -+ apvy = B1vi + - - - + Bpva, and consequently,

(1 — Bi)vi+ -+ (an — By = 0.



Let V be a vector space over a field I, and let vq,...,v, € V.
Then the following are equivalent:
(i) {v1,...,vn} is a basis of V;
(i) for all vectors v € V/, there exist unique scalars
ai,...,0n €Fst.v=aivi + -+ ayv,.

Proof (continued). It remains to prove uniqueness. Fix scalars
i,y P1,..., 80 € F st

V=oaiVi+ -+ apv, and v=_[1vi+- -+ BV
Then aqgvy + -+ -+ apvy = B1vi + - - - + Bpva, and consequently,
(O‘fl - ﬁl)vl +- 4+ (Qn - ﬁn)vn = 0

Since {v1,...,v,} is linearly independent (because it is a basis of
V), we deduce that a1 — 1 = -+ = a, — 3, = 0.
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(i) {v1,...,vn} is a basis of V;
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Let V be a vector space over a field I, and let vq,...,v, € V.
Then the following are equivalent:
(i) {v1,...,vn} is a basis of V;
(i) for all vectors v € V/, there exist unique scalars
ai,...,0n €Fst.v=aivi + -+ ayv,.

Proof (continued). It remains to prove uniqueness. Fix scalars
i,y P1,..., 80 € F st

V=oaiVi+ -+ apv, and v=_[1vi+- -+ BV
Then aqgvy + -+ -+ apvy = B1vi + - - - + Bpva, and consequently,
(O‘fl - ﬁl)vl +- 4+ (Qn - ﬁn)vn = 0

Since {v1,...,v,} is linearly independent (because it is a basis of
V), we deduce that a1 — 1 = --- = o, — 3, = 0. So,
a1 = fP1,...,0, = Bn. This proves uniqueness, and (ii) follows.
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Then the following are equivalent:
(i) {vi,...,vp} is a basis of V;
(i) for all vectors v € V/, there exist unique scalars
ai,...,an €Fst.v=aivi+ -+ a,v,.

Proof (continued). Suppose now that (ii) holds; WTS (i) holds.
By (ii), every vector in V is a linear combination of the vectors

Vi,...,Vp, and so V = Span(vi,...,vp).

It remains to show that {vi,...,v,} is linearly independent.
Clearly, the equation a1vy + - -+ + a,v, = 0 has a solution, namely
ap=-=a,=0;
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(i) for all vectors v € V/, there exist unique scalars
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It remains to show that {vi,...,v,} is linearly independent.
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a1 = -+ = a, = 0; by (ii), this solution is unique,




Let V be a vector space over a field I, and let vq,...,v, € V.
Then the following are equivalent:
(i) {vi,...,vp} is a basis of V;
(i) for all vectors v € V/, there exist unique scalars
ai,...,an €Fst.v=aivi+ -+ a,v,.

Proof (continued). Suppose now that (ii) holds; WTS (i) holds.

By (ii), every vector in V is a linear combination of the vectors
Vi,...,Vp, and so V = Span(vi,...,vp).

It remains to show that {vi,...,v,} is linearly independent.
Clearly, the equation a1vy + - -+ + a,v, = 0 has a solution, namely
a1 = -+ = a, = 0; by (ii), this solution is unique, and we deduce
that the set {v1,...,v,} is linearly independent.




Let V be a vector space over a field I, and let vq,...,v, € V.
Then the following are equivalent:
(i) {vi,...,vp} is a basis of V;
(i) for all vectors v € V/, there exist unique scalars
ai,...,an €Fst.v=aivi+ -+ a,v,.

Proof (continued). Suppose now that (ii) holds; WTS (i) holds.

By (ii), every vector in V is a linear combination of the vectors
Vi,...,Vp, and so V = Span(vi,...,vp).

It remains to show that {vi,...,v,} is linearly independent.
Clearly, the equation a1vy + - -+ + a,v, = 0 has a solution, namely
a1 = -+ = a, = 0; by (ii), this solution is unique, and we deduce
that the set {v1,...,v,} is linearly independent. Thus, (i) holds. O




Let V be a vector space over a field F, and let vy, ..
Then the following are equivalent:

(i) {v1,...,v,} is a basis of V;

(i) for all vectors v € V/, there exist unique scalars
at,...,0n €Fst.v=aivi+ -+ a,v,.

., Vp E V.
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e Remark/Notation: Theorem 3.2.7 is one of the main reasons
we care about bases.
o Suppose B ={bs,...,b,} (n>1) is a basis of a vector space
V over a field F.
o Then by Theorem 3.2.7, to every vector v € V, we can
associate a unique vector

a1

[V}B =

in F" s.t. v=oa1b; + - - - + a,b,; the vector [ v }B is called
the coordinate vector of v associated with the basis B.
e So, Visin a sense "equivalent” to F".
@ The technical term here is “isomorphic”: V is “isomorphic”
to F".
o We will discuss this more formally in chapter 4.



Example 3.2.8
Let IF be a field.

@ Consider the basis £, = {ej,...,e,} of F". Then for all
x € F”, we have that | x }g =x.?

@ Consider the basis B := {1, x,...,x"} of Pg. Then for all
polynomials p(x) = apx” + --- 4+ aix + ag in P§ (where

an,...,a1,a € F), we have that
—
[p(x) ]B: [ ao a ... a,,] .
“Indeed, for any x = [ X1 ... Xn ]T, we have that x = x;e; + - - - + xp€e,,
T

andso[x}gn:[xl X,,] X.




Example 3.2.8
Let IF be a field.

@ Consider the basis £, = {ej,...,e,} of F". Then for all
x € F”, we have that | x }g =x.?

@ Consider the basis B := {1, x,...,x"} of Pg. Then for all
polynomials p(x) = apx” + --- 4+ aix + ag in P§ (where

an,...,a1,a € F), we have that
[p(x) ]B:[ao a ... a,,]T.
“Indeed, for any x = [ X1 ... Xn ]T, we have that x = x;e; + - - - + xp€e,,
T
andso[x}gn:[xl X,,] =%

@ See the Lecture Notes for an example with matrices.
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@ Remark: When working with coordinate vectors, we must
always specify which basis we are working with.

e This is because the same vector of a given finite-dimensional
vector space may have different coordinate vectors with
respect to different bases.

o Changing the order of basis elements may change the
coordinate vectors. This is, in fact, the main reason for
treating bases as ordered sets, rather than simply sets.



Proposition 3.2.9

Let B={by,...,b,} (n> 1) be a basis of a vector space V over
a field F. Then for all i € {1,...,n}, we have that [ b; ]B =e’.

Proof.
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Proposition 3.2.9

Let B={by,...,b,} (n> 1) be a basis of a vector space V over
a field F. Then for all i € {1,...,n}, we have that [ b; ]B =e’.

Proof. Fix i € {1,...,n}. Then

b; = 0Ob;+---+0bj_;+1b;+0bjy; +---

and consequently,

O = O

< i-th entry



@ Reminder:

Proposition 3.1.12

Let V be a vector space over a field IF, let v1,...,v, € V, and let
ag,...,ax € F\ {0}. Then
Span(vl, o ,Vk) = Span(alvl, o ,akvk).

Proposition 3.2.2

Let V be a vector space over a field IF, let v1,...,vx € V, and let
ag,...,ak € F\ {0}. Then the set {v1,...,vg} is linearly
independent iff the set {ayvy,...,axvk} is linearly independent.




@ Reminder:

Proposition 3.1.12

Let V be a vector space over a field IF, let v1,...,v, € V, and let
ag,...,ax € F\ {0}. Then
Span(vl, o ,Vk) = Span(alvl, o ,akvk).

Proposition 3.2.2

Let V be a vector space over a field IF, let v1,...,vx € V, and let
ag,...,ak € F\ {0}. Then the set {v1,...,vg} is linearly
independent iff the set {ayvy,...,axvk} is linearly independent.

e Putting Propositions 3.1.12 and 3.2.2 together, we get the
following result for bases (next slide):



Proposition 3.2.10

Let V be a vector space over a field F, let v1,...,v, € V, and let
ai,...,ap € F\ {0}. Then {vy,...,v,} is a basis of V iff
{aivi,...,axvy} is a basis of V.

Proof. This follows immediately from the definition of a basis and
from Propositions 3.1.12 and 3.2.2. [



Proposition 3.2.11
Let V be a vector space over a field F, and let a;,...,a, € V. Set
A:={ai,...,ax}. Then the following hold:

@ A is linearly independent iff no vector in A is a linear
combination of the other vectors in A;?

@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V/.?

°If A contains more than one copy of the same vector, then we treat each
copy as distinct. So, when expressing a vector v in A as a linear combination of
the “other” vectors in A, we are allowed to use any additional copies of v (if
there are any) in that linear combination.

bIf a; appears more than once in A, then A\ {a;} is understood to be the set
obtained from A by removing only one copy of a;.

Proof.
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Let V be a vector space over a field F, and let a;,...,a, € V. Set
A:={ai,...,ax}. Then the following hold:

@ A is linearly independent iff no vector in A is a linear
combination of the other vectors in A;?

@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V/.?

°If A contains more than one copy of the same vector, then we treat each
copy as distinct. So, when expressing a vector v in A as a linear combination of
the “other” vectors in A, we are allowed to use any additional copies of v (if
there are any) in that linear combination.

bIf a; appears more than once in A, then A\ {a;} is understood to be the set
obtained from A by removing only one copy of a;.

Proof. We prove (b). The proof of (a) is in the Lecture Notes.
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Let V be a vector space over a field I, and let a1,...,a, € V. Set
A:={a1,...,ak}. Then the following hold:

@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V.

Proof of (b).
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Let V be a vector space over a field I, and let a1,...,a, € V. Set

A:={a1,...,ak}. Then the following hold:

@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V.

Proof of (b). Assume that A is a spanning set of V/, and that some
a; € A'is a linear combination of the other vectors in A.
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@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V.

Proof of (b). Assume that A is a spanning set of V/, and that some
a; € Ais a linear combination of the other vectors in A. Then
there exist scalars oy, ..., qj—1,®j41,...,ax € F s.t.

aj = a1+ -+ a1aj-1 +ajp1aip1 0+ Qrag.



Proposition 3.2.11

Let V be a vector space over a field I, and let a1,...,a, € V. Set
A:={a1,...,ak}. Then the following hold:

@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
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Proof of (b). Assume that A is a spanning set of V/, and that some
a; € Ais a linear combination of the other vectors in A. Then
there exist scalars oy, ..., qj—1,®j41,...,ax € F s.t.

aj = a1+ -+ a1aj-1 +ajp1aip1 0+ Qrag.

Now, fix any vector v € V. WTS v is a linear combination of
vectors in A\ {a;} = {a1,...,a;_1,Qi11,...,ak}.
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Let V be a vector space over a field I, and let a1,...,a, € V. Set
A:={a1,...,ak}. Then the following hold:

@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V.

Proof of (b). Assume that A is a spanning set of V/, and that some
a; € Ais a linear combination of the other vectors in A. Then
there exist scalars oy, ..., qj—1,®j41,...,ax € F s.t.

aj = a1+ -+ a1aj-1 +ajp1aip1 0+ Qrag.

Now, fix any vector v € V. WTS v is a linear combination of
vectors in A\ {a;} = {a1,...,@;_1,ai11,...,ak}. Since

A ={aj,...,ax} is a spanning set of V, we know that there exist
scalars B1,...,0x € Fst.v=p1a; + - - + Prax.



Proposition 3.2.11

Let V be a vector space over a field I, and let a1,...,a, € V. Set

A:={a1,...,ak}. Then the following hold:

@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V.

Proof of (b). Assume that A is a spanning set of V/, and that some
a; € Ais a linear combination of the other vectors in A. Then
there exist scalars oy, ..., qj—1,®j41,...,ax € F s.t.

aj = a1+ -+ a1aj-1 +ajp1aip1 0+ Qrag.

Now, fix any vector v € V. WTS v is a linear combination of
vectors in A\ {a;} = {a1,...,@;_1,ai11,...,ak}. Since

A ={aj,...,ax} is a spanning set of V, we know that there exist
scalars B1,...,8k € Fsit. v=pia; + -+ Brax. We now
compute (next slide):



Proposition 3.2.11

Let V be a vector space over a field I, and let a1,...,a, € V. Set
A:={ai,...,ak}. Then the following hold:

@ if Ais a spanning set of V/, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V.

Proof of (b) (continued).

v = fiay+ -+ Biciai—1 + fiai + Bipiaip + - - 4 Brak

Bray + -+ Biciai_1+
+Bi(arar + -+ + aj—1@i-1 + @jp1@i1 + -+ akag)
+Bir1aip1 + - -+ Brag

=  (Bi+Biar)ar + -+ (Bim1 + Biai-1)ai-1+
H(Biv1 + Bicvip1)aivs + -+ (B + Bicv)ax.

So, v is a linear combination of vectors a;,...,a;_1,aj11,--.,ax,
and (b) follows. O



Proposition 3.2.11

Let V be a vector space over a field F, and let a;,...,a, € V. Set
A:={ai,...,ax}. Then the following hold:

@ A is linearly independent iff no vector in A is a linear
combination of the other vectors in A;?

@ if Ais a spanning set of V, and some vector a; € A is a linear
combination of the other vectors in A, then A\ {a;} is a
spanning set of V/.?

?If A contains more than one copy of the same vector, then we treat each
copy as distinct. So, when expressing a vector v in A as a linear combination of
the “other” vectors in A, we are allowed to use any additional copies of v (if
there are any) in that linear combination.

®If a; appears more than once in A, then A\ {a;} is understood to be the set
obtained from A by removing only one copy of a;.



Proposition 3.2.13

Let V be a vector space over a field IF, and let B = {by,...,bx}

be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Proof.
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is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Proof. Choose a set B s.t.
e BCBCB,
e Bisa spanning set of V;
@ subject to the above, B is as small as possible.

(The fact that B exists follows from the fact that B’ C BC B,
and B is a spanning set of V.)
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be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Proof. Choose a set B s.t.

e BCBCB,

e Bisa spanning set of V;

@ subject to the above, B is as small as possible.
(The fact that B exists follows from the fact that B’ C BC B,
and B is a spanning set of V.)

If B = B, then we are done.
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be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Proof. Choose a set B s.t.

e BCBCB,

e Bisa spanning set of V;

@ subject to the above, B is as small as possible.
(The fact that B exists follows from the fact that B’ C BC B,
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If B = B’, then we are done. So, assume that B’ ; B, and fix
somev e B\ B
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Let V be a vector space over a field IF, and let B = {by,...,bx}
be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Proof. Choose a set B s.t.

e BCBCB,

e Bisa spanning set of V;

@ subject to the above, B is as small as possible.
(The fact that B exists follows from the fact that B’ C BC B,
and B is a spanning set of V.)
If B = B’,~then we are done. So, assume that B’ ; B, and fix
some v € B\ B’. Then v is a linear combination of the other

vectors in B (because v is a linear combination of the vectors in
B,



Proposition 3.2.13

Let V be a vector space over a field IF, and let B = {by,...,bx}
be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Proof. Choose a set B s.t.
e BCBCB,
e Bisa spanning set of V;
@ subject to the above, B is as small as possible.

(The fact that B exists follows from the fact that B’ C BC B,
and B is a spanning set of V.)

If B = B’, then we are done. So, assume that B’ ; B, and fix
some v € é\ B'. Then v is a linear combination of the other
vectors in B (because v is a linear combination of the vectors in
B'), and so by Proposition 3.2.11(b), B\ {v} is a spanning set of
V.



Proposition 3.2.13

Let V be a vector space over a field IF, and let B = {by,...,bx}
be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Proof. Choose a set B s.t.
e BCBCB,
e Bisa spanning set of V;
@ subject to the above, B is as small as possible.

(The fact that B exists follows from the fact that B’ C BC B,
and B is a spanning set of V.)

If B = B’, then we are done. So, assume that B’ ; B, and fix
some v € é\ B'. Then v is a linear combination of the other
vectors in B (because v is a linear combination of the vectors in
B'), and so by Proposition 3.2.11(b), B\ {v} is a spanning set of
V. But now B \ v contradicts the minimality of B.O
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Let V be a vector space over a field F, and let B = {by,...,by}
be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’

is a linear combination of vectors in B’. Then B’ is a spanning set
of V.
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Let V be a vector space over a field F, and let B = {by,...,by}
be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’

is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Theorem 3.2.14

Let V be a vector space over a field F, and let B = {by,..., by}
be a spanning set of V. Then some subset of B is a basis of V.

Proof.
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of V.

Theorem 3.2.14

Let V be a vector space over a field F, and let B = {by,..., by}
be a spanning set of V. Then some subset of B is a basis of V.

Proof. Let B’ C B be a spanning set of V that has as few
elements as possible. WTS B’ is a basis of V. It suffices to show
that B’ is linearly independent.
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Let V be a vector space over a field F, and let B = {by,...,by}

be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Theorem 3.2.14

Let V be a vector space over a field F, and let B = {by,..., by}
be a spanning set of V. Then some subset of B is a basis of V.

Proof. Let B’ C B be a spanning set of V that has as few
elements as possible. WTS B’ is a basis of V. It suffices to show
that B’ is linearly independent. Suppose otherwise.
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Let V be a vector space over a field F, and let B = {by,...,by}

be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Theorem 3.2.14

Let V be a vector space over a field F, and let B = {by,..., by}
be a spanning set of V. Then some subset of B is a basis of V.

Proof. Let B’ C B be a spanning set of V that has as few
elements as possible. WTS B’ is a basis of V. It suffices to show
that B’ is linearly independent. Suppose otherwise. Then
Proposition 3.2.11(a) guarantees that some b € B’ is a linear
combination of the other vectors in B’;



Proposition 3.2.13

Let V be a vector space over a field F, and let B = {by,...,by}

be a spanning set of V. Let B’ C B be s.t. every vector in B\ B’
is a linear combination of vectors in B’. Then B’ is a spanning set
of V.

Theorem 3.2.14

Let V be a vector space over a field F, and let B = {by,..., by}
be a spanning set of V. Then some subset of B is a basis of V.

Proof. Let B’ C B be a spanning set of V that has as few
elements as possible. WTS B’ is a basis of V. It suffices to show
that B’ is linearly independent. Suppose otherwise. Then
Proposition 3.2.11(a) guarantees that some b € B’ is a linear
combination of the other vectors in B’; but then by

Proposition 3.2.11(b), B’ \ {b} is a spanning set of V/, contrary to
the minimality of B’. O



