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1 Omne-to-one linear transformations

Recall that, given a linear transformation f : U — V, where U and V are
vector spaces over a field IF, the kernel of f is defined to be the set

Ker(f):={ueU]| f(u) =0}.
Theorem 1.1. Let U and V be vector spaces over a field F, and let f : U — V
be a linear transformation. Then the following are equivalent:

(i) f is one-to-one;

(ii) Ker(f) = {0}.

Proof. Suppose first that (i) holds; we must show that (ii) holds. Since f
is one-to-one, there is at most one vector u € U such that f(u) = 0, i.e.
|Ker(f)| < 1. On the other hand, Proposition 1.4 from Lecture Notes 8
guarantees that 0 € Ker(f), and so 0 € Ker(f). So, Ker(f) = {0}, i.e. (ii)
holds.

Suppose now that (ii) holds; we must show that (i) holds. Fix uj,ug € U
such that f(u;) = f(uz). Then

flup —u2) = f(u+(—1ug) because (—1)u= —u for allu e U
(by Prop. 2.3(d) from Lec. Notes 6)

= f(u;)+ (—=1)f(uz2)  because f is linear

= f(u)— f(u2) because (—1)v=—v foralveV
(by Prop. 2.3(d) from Lec. Notes 6)

-0 because f(uj) = f(uz),

and it follows that u; — uy € Ker(f). So, by (ii), u; — uz = 0, and
consequently, u; = ug. It follows that f is one-to-one, i.e. (i) holds. O

As a corollary of Theorem 1.1 and of the rank-nullity theorem for linear
transformation, we get the following.



Corollary 1.2. Let U and V be finite-dimensional vector spaces over a
field B, and assume that dim(U) = dim(V'). Let f : U — V be a linear

transformation. Then f is one-to-one if and only if f is onto V.

Proof. By the rank-nullity theorem for linear transformations, we have that
rank(f) + dim(Ker(f)) = dim(U). We now have the following sequence of
equivalences.

f is one-to-one <= Ker(f) = {0} by Theorem 1.1
< dim(Ker(f)) =0

<= rank(f) = dim(U) by the rank-nullity
theorem

< dim(Im(f)) = dim(U) by the definition
of rank(f)

< dim(Im(f)) =dim(V)  because
dim(U) = dim(V)

— Im(f)=V by Theorem 1.12
from Lecture Notes 7

< fisontoV

We have now shown that f is one-to-one if and only if f is onto V. This
completes the argument. O

2 Linear Transformations and Bases

We begin by recalling the following theorem from Lecture Notes 7.

Theorem 1.3 from Lecture Notes 7. Let V' be a vector space over a field
F, and let vq,...,vy, € V. Then the following are equivalent:

(i) {vi,...,vp} is a basis of V;
(ii) for all v € V, there exist unique scalars aq,...,an € F such that
V=oq1V] + -+ V.

For a positive integer n and a basis B = {by,...,b,} of a vector space
V over a field I, the coordinate vector of a vector v € V' with respect to the
basis B is the (unique) vector

aq



in F™ such that v = ayb; + -+ + a,b,. The fact that the vector [v]z is
well-defined follows immediately from Theorem 1.3 from Lecture Notes 7
(see above).

Proposition 2.1. Let U be a vector space over a field F. Assume that U is
non-trivial (i.e. contains at least one non-zero vector) and finite-dimensional.
Let B={uy,...,u,} be a basis of U. Then the function f:U — F" given
by f(u) = [u]g is an “isomorphism,” i.e. a bijective linear transformation.

Proof. Let us show that f is linear.
1. Fix x,y € U. We must show that f(x +y) = f(x) + f(y). Set

aq B1
x| = : and [ylg = : |. Then x = aqu; + --- + au, and
an /871
y = fiug +- - - + Bruy; consequently, x+y = (a1 + fB1)ug +- - - + (@ + Bp)up,
ar + B
and so [x +y|g = : . We now have that
ap + By
fx+y) = [x+yls
[ a1+ B
| Gn + Bn
[ o b1
= -
| On Bn
= Xl +1[yls
= f(x)+ f(y)
a1
2.Fixue Uanda €F. Set [u]g = o |. Thenu = aju;+- - -+ayuy;
Qp
ooy
consequently, au = aajuy + -+ - + aayuy,, and so [au]g = : . We
aay,
now have that
(6765} (65}
flouw) = [ou]p = = « = alulz = of(u)
aay, a,



By 1. and 2., f is linear.

It remains to show that f is a bijection, i.e. that it is one-to-one and
onto V. Since U and F” are both n dimensional, Corollary 1.2 guarantees
that f is one-to-one if and only if f is onto F™. So, it is enough to show

that f is onto F”. Fix [ ar ... Qp ]T €F. Set u:=ajuy + -+ au,.
Then f(u) =[ulp=[ a1 ... an }T. So, f is onto F". This completes
the argument. O

Theorem 2.2. Let U and V' be vector spaces over a field F, and assume
that U is non-trivial (i.e. contains at least one non-zero vector) and finite-

dimensional. Let B = {uy,...,u,} be a basis of U, and let vi,...,v, € V.!
Then there exists a unique linear transformation f : U — V such that
fluy) = vi,..., f(u,) = v,. Moreover, this unique linear transformation

f:U =V is defined as follows: for all u € U, we set

f(u) = a1vi+-+ apvy,
where aq, ..., o, € F are such that [u]g = [ al ... Qp ]T.

Proof. Existence. Let f : U — V be defined as in the statement of the
theorem, i.e. for all u € U, we set

f(v) = avi+--+apvy,
where a1, ..., ay € F are such that [u]g = [ ol ... Qp ]T. Note that this
means that for all aq,...,a, € F, we have that
flaquy + -+ apuy) = avi+ -+ apvy.
Let us show that f is linear and satisfies f(uy) = vi,..., f(u,) = vj,.

For the latter, we note that for all i € {1,...,n}, we have that
flwi)) = f(Ouy +---+0u;1 +1u; + O0wgyq + - - + Ouy)
= Ovi+- - 4+0vieg +1v; +0vigpg + - -+ 0vy
= v

This proves that f(u1) = vi,..., f(u,) = vy.

Let us now show that f is linear. We verify that f satisfies the two
conditions from the definition of a linear function.

1. Fix x,y € U. We must show that f(x +y) = f(x)+ f(y). Set

[x]p = [al ozn]T and y = [/81 Bn]T. Then [x + y|g =

'Here, v1,..., Vv, are arbitrary vectors in V. They are not necessarily pairwise distinct.



T
] .2 and we see that

[041+ﬁ1 coap t By

)

fx+y) (1 + B1)vi+ -+ (an + Bn)Vn

= (alvl R anvn) + (/81V1 + -+ ann)

)+ f(y),

where both (*) and (**) follow from the construction of f.

2. Fix u € U and a € F. We must show that f(au) = af(u). Set

3

[ulp = [ o1 ... Qp ]T. Then [au]p = [ ooy ... Qo ]T, and we see

that
f(au) ®) (aq)vi+ -+ (aap) vy

=

= alavi+-+apvy)

(x%)

= af(u),

where both (*) and (**) follow from the construction of f.

By 1. and 2., we see that f is linear. This completes the proof of existence.

Uniqueness. Let fi, fo : U — V be linear transformations such that
fi(uy) =vi,..., fi(up) = vy, and fo(uy) = vy, ..., fa(uy) = v,. We must
show that f; = fa. Fix u € U. We must show that fi(u) = fa(u). Set

?Indeed, since [x]s = [ Q... Qp ]T and y = [ Bi ... Bn ]T, we have that
x+y = (awm+--+oanu,) + (fiw + -+ Boun)

= (a1 +fi)ur+ -+ (on + Bn)Un,

andso[x+y]lg:[a1+ﬁ1 co. Qp+ B ]T.
3Indeed, since [ulzg = [ a1 ... Qn ]T, we have that u = aju; + -+ + anun.
Consequently, au = (aa1)us + -+ + (aom)un, and so [auls = [ a1 ... aan ]T.



ug=[a1 ... ay ]T. Then
fitu) = filaqur + -+ apuy)
= aifi(m)+- +anfi(uy) because fi is linear

= vy + -+ a,vy because
fita) = vy, fi(uw,) = vy

= aifo(ur) + -+ anpfo(uy) because

folm) = vi,..., fo(u,) = vy
= foloqug + -+ apuy) because f5 is linear
= fg(u).
Thus, f1 = fo. This proves uniqueness. O

3 Isomorphisms

Given vector spaces U and V over a field F, an isomorphism between U and
V is a linear transformation f : U — V that is also a bijection between U
and V.

Proposition 2.1 gives one example of an isomorphism. Here are a couple
of others.

Example 3.1. Let F be a field, and let f : F?*3 — FS be given by

ail
a12
f([an a2 a13]> _ a3

a1 Q22 a23 az1
a2
a23

for all a11,a12,a13, a1, a92,a03 € F. Then [ is an isomorphism.

Example 3.2. Let F be a field, and let n be a non-negative integer. Then
ao

ai
the function f : PR — F"™! given by f(ana™+ -+ a1x + ag) = .|, for

Qn
all ayn,...,a1,a9 € F, is an isomorphism.



Since every isomorphism is a bijection, we see, in particular, that every
isomoprhism has an inverse. It turns out that the inverse of an isomorphism
is also an isomorphism. This was proven in Lecture Notes 4 in the context of
isomorphisms between F” and F™ (see Proposition 1.8 from Lecture Notes 4).
We now prove it for general vector spaces (the proof is virtually identical).

Proposition 3.3. Let U and V be vector spaces over a field F, and let
f:U =V be an isomorphism. Then f~1:V — U is also an isomorphism.

Proof. Since f : U — V is a bijection, we see that f~': V — U is defined
and is a bijection. It remains to show that f~! is linear.

1. Fix vi,ve € V. We must show that f~1(vi+vs) = f~1(v1)+ f1(va).
Fix uy,us € U such that vi = f(u;) and vo = f(u3).* Then

flvi+ve) = fH(f(w) + f(ug))

—
*
~

= (w4 uy))

u; + up

= fHvi) + 7 H(va),
where (*) follows from the fact that f is linear.

2. Fix v € F* and a € F. We must show that f~!(av) = af(v). Fix
u € F" such that v = f(u).> Then

fHav) = fHaf(u))

F7H(f(ou))

= afl(v),
where (*) follows from the fact that f is linear.

1. and 2. imply that f~! linear, and we are done. O

Proposition 3.4. Let U, V, and W be vector spaces over a field F, and let
f:U—=Vandg:V — W be isomorphisms. Then go f:U — W is an
isomoprhism.

“Vectors u; and u, exist because f is onto V.
5Vector u exists because f is onto V.
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Proof. Since f and g are bijections, so is g o f.° Since f and g are linear,
Proposition 1.3(c) from Lecture Notes 8 guarantees that g o f is linear. So,
go f is an isomorphism. O

Given vector spaces U and V over a vector space I, we say that U and V
are isomorphic, denoted by U = V, if there exists an isomoprhism f: U — V.

Theorem 3.5. Let F be a field. Then all the following hold:
(a) for all vector spaces U over F, we have that U = U;

(b) for all vector spaces U and V over F, if U =V, then V = U;

(¢) for all vector spaces U, V, and W over F, if U 2V and V =W, then
U~W.

Proof. (a) Fix a vector space U over F. Then the identity function Idy :
U — U is an isomorphism,” and so U = U.

(b) Fix vector spaces U and V over F, and assume that U = V. Then
there exists an isomorphism f : U — V. But by Proposition 3.3, f~1 : V = U
is also an isomorphism, and it follows that V' = U.

(c) Fix vector spaces U, V', and W over F, and assume that U = V and
V =2 W. Then there exist isomorphisms f: U — V and g : V — W. By
Proposition 3.4, we have that go f : U — W is an isomorphism, and so
U=w. O

The idea behind the concept of isomorphism is that isomorphic vector
spaces are isomorphic if they are “the same” up to a relabeling of elements.
An isomorphism f gives a recipe for the relabeling: a vector u gets relabeled

as f(u).

3.1 Isomorphism and dimension

Our next goal is to show that two finite-dimensional vector spaces over the
same field are isomorphic if and only if they have the same dimension.® We
begin with a couple of technical propositions.

Proposition 3.6. Let U and V be vector spaces over a field F, and let
f U =V be a linear transformation. Let uy,...,ux € U be such that
{f(a1),..., f(ug)} is a linearly independent set in V. Then uy,...,ux is a
linearly independent set in U.

5You know this from Discrete Math.

"The identity function Idy : U — U is given by Idy(u) = u for all u € U. Tt is obvious
that Idy is an isomorphism.

8However, not all infinite-dimensional vector spaces over the same field are isomorphic.



Proof. Fix aq,...,qp € F such that aquy + -+ 4+ ajug = 0. Then

*

arf(a) +-+apf(ug) = floaug +- +ayuy)

—~
N

(rxx) 0,
where (*) follows from the fact that f is linear, (**) follows from the fact
that ayug + - -+ + aqug = 0, and (***) follows from Proposition 1.4 from
Lecture Notes 8. Since the set {f(u1),..., f(ug)} is linearly independent, it
follows that ay = --- = ay = 0. O

The following was proven in Lecture Notes 8.

Proposition 2.1 from Lecture Notes 8. Let U and V' be vector spaces over
a field F, and let f : U — V be a linear transformation. Let uy,...,u; € U,

and set W := Span(uy,...,ug). Then f[W] = Span(f(ul),...,f(uk)>.
Moreover, dim(f[W]) < dim(W) < k.

Proposition 3.7. Let U and V' be vector spaces over a field ¥, let f : U — V
be an isomorphism, and let uy,...,ux € U. Then all the following hold:

(a) {ui,...,u;} is a linearly independent set in U if and only if { f(u1), ..., f(ux)}
is a linearly independent set in V' ;

(b) {ui,...,ur} spans U if and only if {f(u1),..., f(ug)} is spans V;

(c) {ui,...,ux} is a basis for U if and only if {f(u1),..., f(ug)} is a basis
for V.

Proof. Clearly, (a) and (b) imply (c). So, it suffices to prove (a) and (b).

We first prove (a). If {f(ui1),..., f(ug)} is a linearly independent set in V/,
then Proposition 3.6 guarantees that {uy,...,u;} is a linearly independent
set in U. Suppose, conversely, that {uy,...,u;} is a linearly independent
set in U. Since f is an isomoprhism, it is a bijection, and in particular,
it has an inverse f~!. So, w; = f~!(f(w;)) for all i € {1,...,k}. Thus,
{f71(f(u1)),..., f~1(f(ug))} is linearly independent. By Proposition 3.3,
f~! an isomorphism, and in particular, it is a linear transformation. So, by
Proposition 3.6 applied to f~! and {f~1(f(u1)),..., f~1(f(ur))}, we see
that {f(u1),..., f(ug)} is linearly independent in V.

We now prove (b). Suppose first that {uy,...,u;} spans U. By Propo-
sition 2.1 from Lecture Notes 8, we see that {f(u1),..., f(ug)} spans f[U].
But since f : U — V is an isomoprhism (and in particular, onto V'), we



see that f[U] = V. So, {f(u1),...,f(ug)} spans f[U]. Suppose, con-
versely, that {f(uy),..., f(ux)} spans V. Since f is an isomorphism, Propo-
sition 3.3 guarantees that f~! is an isomorphism; in particular, f=! is
a linear transformation. So, by Proposition 2.1 from Lecture Notes 8,
(), - £ ()} spans V] But f1(f(us)) = w; for all
i€{l,...,k},and f71[V]=U. So, {uy,...,u;} spans U. O

Proposition 3.8. Let U and V' be isomorphic vector spaces over a field F.
Then U is finite-dimensional if and only if V is finite-dimensional. Moreover,
if U and V are finite-dimensional, then they have the same dimension.

Proof. Since U and V are isomorphic, there exists an isomorphism f : U — V.
By Proposition 3.3, f~!: V — U is also an isomorphism.

Now, suppose that U is finite-dimensional. Then U has a finite basis, say
{ui,...,u,}. Then by Proposition 3.7(c), {f(ui1),..., f(u,)} is a basis for
V. So, V is finite-dimensional, and moreover, dim(V) = n = dim(U).

An argument completely analogous to the above (only using f~! instead
of f) guarantees that if V' is finite-dimensional, then so is U, and moreover,
dim(U) = dim(V). O

Theorem 3.9. Let U and V be finite-dimensional vector spaces over a field
F. Then U and V are isomorphic is and only if dim(U) = dim(V').

Proof. If U and V are isomorphic, then Proposition 3.8 guarantees that
dim(U) = dim(V'). Let now us suppose that dim(U) = dim(V) =: n; we
must show that U and V are isomorphic.

If n =0, then U and V are trivial vector spaces, i.e. U = {0y} and V =
{0y}, and they are obviously isomorphic (indeed, the function f: U — V
given by f(0y) = Oy is an isomorphism).

From now on, we may assume that n > 1. Let {uj,...,u,} be a basis
for U, and let {vy,...,v,} be a basis for V. By Theorem 2.2, there exists a
(unique) linear transformation f : U — V such that f(u;) = vy,..., f(u,) =

v,. We claim that f is an isomorphism. We already know that f is linear,
and so we need only show that f is a bijection, i.e. that f is one-to-one and
onto V. But since dim(U) = dim(V'), Corollary 1.2 guarantees that f is
one-to-one if and only if it is onto V. Thus, it suffices to show that f is onto
V.

Fix v € V. Since {vy,...,v,} is a basis for V, we know that there exist
scalars aq,...,a, € F such that v=a1vy + -+ + a,,v,,. But now
flamy + -+ ayu,) = arf(ur)+ -+ anf(uy) because f
is linear

= Vi + -+ apvy

= V.

So, f is onto V', and we are done. O

10



Note that Theorem 3.9 implies that, for all positive integers n and fields
F, every n-dimensional vector space over [ is isomorphic to F”. If we know
a basis of V', we can construct an actual isomorphism from V to F as in
Proposition 2.1.

We complete this section with the following proposition, whose proof was
actually given as part of the proof of Theorem 3.9. However, for the sake of
completeness, we give a full proof of the proposition below.

Proposition 3.10. Let U and V be finite-dimensional vector spaces over a
field F. Assume that dim(U) = dim(V') =: n. Let {uy,...,u,} be a basis for
U, and let {vi,...,vp} be a basis for V. Then there exists a unique linear
transformation f: U — V such that f(u1) = v1,..., f(uy,) = v,. Moreover,
this linear transformation f is an isomorphism.

Proof. Suppose first that n = 0. Then {uy,...,u,} and {vy,...,v,} are
both empty, and U = {0y} and V' = {0}. Then there is exactly one function
f:U =V, and it satisfied f(0y) = f(0y). Clearly, this function f is an
isomorphism.’

From now on, we assume that n > 1. The existence and uniqueness
of the linear transformation f follows from Theorem 2.2. It remains to
show that f is a bijection, i.e. that f is one-to-one and onto V. But since
dim(U) = dim(V'), Corollary 1.2 guarantees that f is one-to-one if and only
if it is onto V. Thus, it suffices to show that f is onto V.

Fix v € V. Since {vy,..., vy} is a basis for V, we know that there exist
scalars aq,...,a, € F such that v=a1vy + -+ + a,v,. But now
flagwy + -+ ayu,) = aaf(u)+ -+ anf(uy) because f
is linear

= aVi+ -+ apvy

= V.

So, f is onto V, and we are done. O

4 An application of isomorphism: transforming
polynomials into vectors

By Theorem 3.9, for all positive integers n and fields F, every n-dimensional
vector space over [ is isomorphic to F™. This is useful because we developed
powerful computational tools for vectors in F”. By using isomorphisms, we
can reduce problems of computing in an arbitrary n-dimensional vector space
to problems of computing in F", which we know how to do in many cases.
We give a couple of examples involving polynomials.

9Since n = 0, the requirement that f(u1) = vi,..., f(u,) = v, is (vacuously) satisfied.

11



Example 4.1. Consider the following polynomials in Pz, :

o pi(z) =2’ +x+1; o py(z) =z +1;
o po(x) =a® + 2% +1; o ps(x) = 2%
[ ] pg((l?) :CE2+1,‘ [ ] p6((L‘) :$3+1

Let U = Span(p1(x),...,ps(x)). Find a basis B for U. What is dim(U)?
For each i € {1,...,6} such that p;(x) is not in the basis B, express p;(x)
as a linear combination of the basis vectors of B.

Solution. Note that polynomials p;(z),...,pe(x) are all of degree at most 3,
and they all belong to IP’%Q. Thus, U = Span (p1 (),... ,pdx)) is a subspace

of IP)%Q. We know that A = {23, 22, 2,1} is a basis for IP’%Q, and we consider
the isomorphism f : ]P’%2 — 73 given by f(x) = [x]4 for all x € ]P’%. Then

1 0
o  f@) =@ = | ][ e fmu@) = @)= | ] |
L 1 - . 1 -
. )
o fpa(e)) = o)) = | ;|1 o flose)) =lps()] = | o |1
L 1 - - O -
. .
1 0
o fs@) =lps@)=| o [ e fel@) = psl@) = |
L 1 - . 1 -

We form the matrix

A = [ ) ... flpe()) ]

— -0 O
o O~ O

1
1
0
1

and by row reducing, we obtain the following (pivot columns are in red, and
non-pivot columns are in blue):

12



1001 00
01 01 01
RREF(4) = 001100
000011

A basis for Col(A) = Span(f(pi(z)),..., f(ps(x))) = fIU] '° is formed by
the pivot columns of A, and we see from RREF(A) that those are precisely

the first, second, third, and fifth column of A. So, the following is a basis of
Col(4) = Span(f(p1(x)), .-, f(ps(x)) = fIU]:

¢ = {Fr@). fE2(@). Fps(2). (ps()) }.

So, by Proposition 3.7, the following is a basis for U = Span(pi(z), ..., ps(x)):

B = {pi(z),p2(z),ps3(z),ps(z)}.

This implies that dim(U) = 4.

(Note: Since U is a 4-dimensional subspace of the 4-dimensional vector
space ]P’%Q, Theorem 1.12 from Lecture Notes 7 implies that U = IP’%Q.)

It remains to express ps(x) and pg(z) as linear combinations of the
polynomials in B. First, we express f(ps(z)) and f(ps(x)) as a linear
combination of the basis vectors in C. From RREF(A), we see that

o f(pa(x)) = f(p1(x)) + f(p2(x)) + f(p3(2));
o fps(x)) = f(p2(2)) + f(p5(2)).
Using the linearity of f, we get that

o [(pa(@) = Fpr(@) + F2(2)) + Fpae) = F (pr(@) + pa(a) + paa) )
o fs(@) = f(pa(@) + F(p5(@)) = f (p2(a) + ps(a)).

Since f is an isomorphism (and in particular, one-to-one), we get that
o pa(x) = p1(x) + p2(z) + p3();

e p6(x) = p2(x) + ps(x).

9By definition, Col(A) = Span(f(p1(z)), ..., f(ps(x))), since f(p1(x)),..., f(ps(x) are
the columns of A. On the other hand, by Proposition 2.1 from Lecture Notes 8, since

U = Span(pi(z),...,ps(x)), we know that f[U] = Span(f(p1(z)),..., f(ps(z))). So,
Col(A) = Span(f(p1 (@), .-, f(ps(x)) = f[U].

13



Example 4.2. Consider the following polynomials in Pz, :
e pi(x) =2t 4+ 2; e py(x) =20t + 23 + 2% 4+ 1;
e po(x) = 23 + 2%; o ps(x) =2+ 1.
e p3(z) =2t + 23 4+ 22 4+ 2;

Let U = Span(pi(x),...,ps(x)). Find a basis B for U. What is dim(U)?
For each i € {1,...,5} such that p;(x) is not in the basis B, express p;(x)
as a linear combination of the basis vectors of B.

Solution. Note that polynomials p;(z),...,ps(x) are all of degree at most 4,
and they all belong to IP’4Zg. Thus, U = Span (p1 (),... ,p5(a:)> is a subspace

of IP’%S. We know that A = {2, 23, 22, 2,1} is a basis for IP’%S, and we consider
the isomorphism f : P;, — Z3 given by f(x) = [x]4 for all x € P . Then

o f(p1(x) = [pr(x)]a= | ]
o f(p2(x)) = [pa(a)]a = | ]
o« fps(@) =lps@)la=[1 1 1 0 2]%;
o f(pa(a)) = [pa(@)]a = [ ]
o F(ps(2)) = [ps(e)la = | ]

We form the matrix

A = [ flou(@) flp2(2)) flps(z)) flpa(z)) fps(2)) ]

= [ [m@)]a [p2(0)]a [p3(2)]a [pa(@)]a [ps(z)]a ]

|
N OO O
OO = = O
N O = = =
= O = =N
=N O OO

and by row reducing, we obtain the following (pivot columns are in red, and
non-pivot columns are in blue):

10120
01110
RREF(A) = |0 0 0 0 1
0000 0
0000 0
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A basis for Col(A) = Span(f(pi(z)),..., f(ps(x)) = fIU] ! is formed by
the pivot columns of A, and we see from RREF(A) that those are precisely
the first, second, and fifth column of A. So, the following is a basis of

Col(A) = Span(f(p1(2)), .- -, f(ps(x)) = fIU]:
C = {f(p(2)), f(p2(x)), f(ps(x))}-

So, by Proposition 3.7, the following is a basis for U = Span(p; (), ..., ps(x)):

B = {pi(z),p2(x),ps(x)}.

This implies that dim(U) = 3.

It remains to express p3(x) and ps(x) as linear combinations of the poly-
nomials in B. First, we express f(p3(z)) and f(pa(x)) as linear combinations
of the basis vectors in C. From RREF(A), we see that

o f(ps(z)) = f(p1(2)) + f(p2(2));
o f(pa(x)) =2f(pr(x)) + f(p2()).
Using the linearity of f, we get that

o f(pa(@)) = F(pr(@) + F(p2(2) = f (pia) + po(@));
o [(pal@) = 2/ (m1(@)) + (p2(@)) = [ (2p1(2) + pa(2)).

Since f is an isomorphism (and in particular, one-to-one), we get that
o p3(z) = p1(z) + p2();

e pa(z) = 2p1(x) + pa(7).

"By definition, Col(A) = Span(f(p1(z)), ..., f(ps(x)), since f(p1(x)),..., f(ps(x)) are
the columns of A. On the other hand, by Proposition 2.1 from Lecture Notes 8, since

U = Span(pi(z),...,ps(z)), we know that f[U] = Span(f(p1(x)),..., f(ps(z))). So,
Col(A) = Span(f(p1(z)), ..., f(ps(x)) = fU].
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