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1 Linear transformations

We have already studied linear transformations from F™ to F", for a field F.
The concept of a linear transformation can easily be generalized to arbitrary
vector spaces, as follows.

Given vector spaces U and V over a field F, we say that a function
f U — V is linear provided it satisfies the following two conditions:

1. for all uy,up € U, we have f(u; +uz) = f(uy) + f(ug);
2. for all u € U and a € F, we have that f(au) = af(u).

Linear functions are also called linear transformations.
We note that in the definition of a linear function, the vector spaces (the
domain and the codomain of the function) must be over the same field F.

Example 1.1. Let Pg be the set of all polynomials with coefficients in R.
(Then Pg is a vector space over R.) Show that the function D : Pr — Pr
given by

n n
D(Y apx®) = 3 kagab!
k=0 k=1
for all integers n > 0 and real numbers ay, . .., ay, is linear.
Remark: If you have studied calculus, you will notice that D is
simply the derivative of polynomials.

Proof. We need to check that D satisfies the two conditions from the definition
of a linear function.

1. Fix p(x),q(z) € Pr. Then there exists an integer n > 0 and real
numbers ag, ..., ay, bo, ..., b, such that

p(x) = Y azb and  g(x) = Y bt
k=0 F=0

(Note: We can take n to be any non-negative integer such that n >

max {deg(p(:c)), deg(p(x))}. Coefficients aj, and by, may possibly be zero.)

1



We now compute:

D(p(x) + q(=))

n

D(( S apxk) + (kio bkxk))

k=0

n( éﬂ(ak + bi)at)

Z k(ak + bk)ajk_l

k=

—_

(3 kagah=1) + (X kbya*1)
k=1 k=1

n n

D(Y apz®) + D( Y aya®)
#=0 F=0

D(p(z)) + D(q(z)).

2. Fix p(z) € Pp and a € F. Then there exists an integer n > 0 and real

numbers ag, . .

We now compute

From 1. and 2., we conclude that D is linear.

., @y such that

aD ( > akxk>
k=0

aD (p(x))



Here is another example, for those of you who have studied calculus (if
you haven’t studied calculus yet, you may ignore Example 1.2 below).

Example 1.2. Let Diff(R) be the set of all differentiable functions from R
to R, and let Func(R) be the set of all functions from R. (Then Diff(R) and
Func(R) are vector spaces over R.) Show that the function D : Diff(R) —
Func(R) given by F(f) = f" for all f € Diff(R) is linear. (As usual, f’
denotes the derivative of f.)

Proof. 1. Fix f,g € Diff(R). Then by the properties of the derivative, we
have that D(f +g) = (f +9)' = f'+ ¢ = D(f) + D(g).

2. Fix f € Diff(R) and « € R. Then by the properties of the derivative,
we have that D(af) = (af) = af’ = aD(f).

From 1. and 2., we conclude that D is linear. O

Proposition 1.3. Let U, V, and W be vector spaces over a field F. Then
all the following hold:

(a) for all linear functions f,g: U — V, we have that the function f + g is
linear;!

(b) for all linear functions f : U — V and scalars o € F, the function
af : U =V is linear;?

(c) for all linear functions f:U — V and g : V — W, the function go f is

liner.3
gof
U Vv w

Proof. We prove (c). The proofs of (a) and (b) are left as an exercise. Fix
linear transformations f: U — V and g : V — W. We must show that go f
is linear.

1. Fix u,us € U. Then
(go fllur +u2) = g(f(ur+uy))

= g(f(u1) + f(u2)) because f is linear
= g(f(u1)) + g(f(u2)) because g is linear
= (go f)(wm)+(go f)(uz).

! As usual, the function f 4 g : U — V is defined by (f + g)(u) = f(u) + g(u) for all
ucU.

2 As usual, the function af : U — V is defined by (af)(u) = a(f(u)) for all u € U.

3 As usual, the function go f : U — W is defined by (go f)(u ) =g(f(u)) forallueU.



2. Fixue U and o € F. Then
(go fllau) = g(f(au))

= g(af(u)) because f is linear
= ag(f(u)) because ¢ is linear
— algo /).
From 1. and 2., we conclude that g o f is linear. 0

Given vector spaces U and V over a field F, the set of all linear trans-
formations from U to V is denoted by Hom(U, V').* By parts (a) and (b) of
Proposition 1.3, Hom(U, V) is a vector space over F. The vector addition and
scalar multiplication operations in Hom(U, V') are the addition and scalar
multiplication of functions, as in parts (a) and (b) of Proposition 1.3. The
zero vector in Hom(U, V) is the zero function, i.e. the function fo: U — V
given by fop(u) =0y for all u € U.

We remark that our next proposition (Proposition 1.4) was already proven
in the context of linear functions from F™ to F", where F is a field (see
Proposition 1.4 from Lecture Notes 4). Here, we prove the proposition more
generally, with an essentially identical proof.

Proposition 1.4. Let U and V be vector spaces over a field F, and let
f:U =V be a linear transformation. Then f(0) = 0.°

Proof. We observe that

—

*

f(0) = f(0-0) = 0f(0) = 0,

where (*) follows from the fact that f is linear, and (**) follows from
Proposition 2.3(a) from Lecture Notes 6.° O

N

For a function f: A — B and a set A’ C A, we define

flA) = {f(a) |ae A}
the image of f, denoted Im(f), is defined by Im(f) := f[4], i.e.
Im(f) = {f(a)|ac A}.

4Linear transformations are sometimes called “homomorphisms,” which is where the
notation Hom(U, V') comes from.

5Technically, this means f(0r) = Oy, where Oy is the zero vector in U, and Oy is the
zero vector in V.

SProposition 2.3(a) from Lecture Notes 6 states that if V is a vector space over a field
F, then for all vectors v € V, we have that Ov = 0.




In some texts, the word “range” is used instead of “image.”

Given a linear transformation f : U — V, where U and V are vector
spaces over a field I, the kernel of f is defined to be the set

Ker(f) :={ueU| f(u) =0}.

Example 1.5. Let Pr be the set of all polynomials with coefficients in R.
(Then Pr is a vector space over R.) Consider the function D : Pr — Pgr
given by

n

D(Y apz®) = 3 kagab!
k=0 k=1

for all integers n > 0 and real numbers aq, ...,ar. In Example 1.1, it was
shown that D is linear. Clearly, Ker(D) is the set of all constant polynomials,
and Im(D) is the set of all polynomials (i.e. Im(D) = Pg).

Theorem 1.6. Let U and V' be vector spaces over a field F, andlet f : U — V
be a linear transformation. Then the following hold:

(a) Ker(f) is a subspace of U;

(b) for all subspaces W of U, fIW] is a subspace of V;

(c) Im(f) is a subspace of V.

Proof. Since Im(f) = f[U], and U is a subspace of itself, we see that (b)
implies (¢). Thus, it is enough to prove (a) and (b). For both of these, we
will apply Theorem 2.7 from Lecture Notes 6.

We first prove (a). Obviously, Ker(f) C U. We now check that Ker(f)
satisfies the three conditions from Theorem 2.7 from Lecture Notes 6.

1. By Proposition 1.4, we have that f(0) = 0, and so 0 € Ker(f).”

2. Fix uy,uz € Ker(f). Then

fui+u2) = f(ur)+ f(u2)  because f is linear
= 040 because uj, uy € Ker(f)
= 07

and so u; + ug € Ker(f).
3. Fix u € Ker(f) and o € F. Then

flau) = af(u)  because f is linear
= a0 because u € Ker(f)
=0 by Proposition 2.3(b)

from Lecture Notes 6,

"Technically, we have that f(0y) = Oy, and so Oy € Ker(f).



and so au € Ker(f).
It now follows from Theorem 2.7 from Lecture Notes 6 that Ker(f) is a
subspace of U. So, (a) holds.

We now prove (b). Fix any subspace W of U. Clearly, f[W] C V. We
now check that f[W] satisfies the three conditions from Theorem 2.7 from
Lecture Notes 6.

1. Since W is a subspace of U, we know that 0 € W, and by Proposi-
tion 1.4, we have that f(0) = 0; so, 0 € f[W].%

2. Fix vq,va € f[W]; we must show that vi + va € f[W]. Then there
exist wi, wg € W such that v; = f(w;) and vy = f(W32). We now have

that
vi+vy = f(wi)+ f(wz)  because vi = f(wy)
and Vo = f(WQ)

= f(wi+wg) because f is linear.

Since wi,wy € W, and W is a subspace of U, we have that wi + wy € W;
consequently, f(w; + wy) € f[W]. So, by what we just showed, v + vy €
1w

3. Fix v € f[W] and o € F; we must show that av € f[W]. Since
v € f[W], we know that there exists some w € W such that v = f(w). We
now have that

av = af(w)  because v = f(w)

= flaw) because f is linear.

Since w € W and a € F, and since W is a subspace of U, we have that
aw € W; consequently, f(aw) € f[W]. So, by what we just showed,
av € f[W].

It now follows from Theorem 2.7 from Lecture Notes 6 that f[IV] is a
subspace of V. So, (b) holds. O

2 The rank-nullity theorem for linear transforma-
tions

Proposition 2.1. Let U and V' be vector spaces over a field F, and let
f U — V be a linear transformation. Let uy,...,ur € U, and set

W := Span(uy,...,ui). Then f[W] = Span(f(ul), . .,f(uk)>. Moreover,
dim(f[W]) < dim(W) < k.

Proof. Let us show that f[W] = Span(f(uy),..., f(u)). For this, we must
prove the following:

8Technically, we have that Oy € W and f(0y) = Ov, and so Oy € f[W].



() £IW] < Span(f(w)...., flup)):

(i) Span(f(w)...., fluw)) € FIW).

We first prove (i). Fix v € f[W]. Then there exists some w € W such
that f(w) = v. Since W = Span(uy,...,u;), we know that there exist
scalars aq,...,qx € F such that w = aquy + - - - + apug. But now

v = f(w)
= floaur + -+ aguy)
= oai1f(u;)+---+agf(uy)  because f is linear,

and it follows that v € Span(f(ul), ce f(uk)). This proves (i).

We now prove (ii). Fix v € Span(f(ul), e ,f(uk)> Then there exist
scalars aq,...,ay, € F such that v =aq f(u1) + -+ - + axf(ug). Then

v = orf(u)+- 4 agf(ug)
= floqug + -+ apuy) because f is linear.
Since W = Span(uy,...,u), we see that aquy + - -+ + agug € W; conse-

quently, v = f(aju; + - - - + agug) € f[W]. This proves (ii).
We have now proven (i) and (ii), and it immediately follows that f[IW] =

Span(f(ul), . ,f(uk)).

It remains to show that dim(f[W]) < dim(W) < k. Since {uy,...,u;}
is a spanning set of W, Proposition 1.6 from Lecture Notes 7 guarantees
that some subset of {uy,...,ux} is a basis of W; after possibly permuting
the elements of {uy,...,ux}, we may assume that, for some integer ¢ such
that 0 < ¢ <k, {uy,...,u} is a basis of W. Then dim(W) = ¢ < k. Next,
since {uy,...,uy} is a basis of W, we have that W = Span(uy,...,uy). So,
an argument completely analogous to the one above implies that f[W] =
Span (f(ul), e f(ug)). But once again by Proposition 1.6 from Lecture

Notes 7, some subset of {f(u1),..., f(uy)} is a basis of f[W], and we deduce
that dim(f[W]) < ¢ = dim(W). This completes the argument. O

Given vector spaces U and V over a field F such that U is finite dimen-
sional, and given a linear transformation f : U — V', we define the rank of f,
denoted by rank(f), to be

rank(f) := dim(Im(f)).



By Proposition 2.1, this is well-defined. We note that dim(Ker(f)) is some-
times referred as the nullity of the linear transformation f. We now have
the following theorem.

Rank-—nullity theorem (linear transformation version). Let U and
V' be vector spaces over a field F, and assume that U is finite-dimensional.
Then every linear transformation f: U — V satisfies

rank(f) + dim(Ker(f)) = dim(U).

Proof. Since U is finite dimensional, so its subspace Ker(U).? Let {uy, ..., u;}
be a basis of Ker(f).1® Then {uy,...,u;} is a linearly independent set in
U; since U is finite-dimensional, {uj,...,u;} can be extended to a basis
{ui,...,ug, ug41,...,ux¢} (by Proposition 1.10 from Lecture Notes 7).
We now have that dim(Ker(f)) = k and dim(U) = k + £ So, to

prove the theorem, it now suffices to show that dim <Im( f )) = (. Clearly,

it suffices to show that {f(uxy1),..., f(ug+e)} is a basis of Im(f). Ob-
viously, f(Ug+1),-.-,f(ug+e) € Im(f), and so it suffices to show that
{f(ag+1),--., f(ugse)} is a linearly independent set, and that every vector
in Im(f) is a linear combination of f(ug41),..., f(Ugte)-

We first show that {f(uxt1),..., f(ugse)} is linearly independent. Fix
Qky1, - -+, 0p1e € F such that

aprif(Wpg1) + - + appef(upye) = 0.
We must show that agy; = -+ = age. We have that
0 = appf(upgr)+ -+ appef(apye)

*
= fok1Ws1 + -+ QppeWpr),

—
=

where (*) follows from the linearity of f. Thus, ag g1+ + Qg peUpis €
Ker(f). Since {uy,...,u;} is a basis of Ker(f), it follows that there exist
scalars f1,..., Br € F such that

Qp1Ufy1 + o+ QpgpUpre = [rug + -+ Brug.
Consequently,
(=fr)ur + -+ (=fr)ug + pp1Upyr + -+ apyeippe = 0.

9This follows from Theorem 1.12 of Lecture Notes 7.

107t is possible that k = 0, in which case, {uy,...,us} = 0 and Ker(f) = {0}.

"This is because {ui,...,ux} is a basis of Ker(f), and {ui,..., U, Ugr1,. .., Uste} is
a basis of U.



Since {uy,..., U, Ugt1,...,Uxs1} is a basis of U, and in particular, a lin-
early independent set in U, we see that —f8; = -+ = =0 = a1 =
- = agye = 0. In particular, a4 = -+ = ag4e = 0. This proves that
{f(ug41),..., f(ug4e)} is linearly independent.
It remains to show that every vector in Im(f) is a linear combination of
the vectors f(ugy1),..., f(ugse). Fix v € Im(f). By Proposition 2.1, v is a

linear combination of the vectors f(ui),..., f(ug), f(g+1), .-, f(Ukte). So,
there exist scalars aq, ..., ok, Qgr1, dgte € F such that

v = af(m)+ -+ apf(ur) + aper f(aen) + -+ e f (W)
But since uy, ..., u; € Ker(f), we know that f(u;) =--- = f(ux) =0, and

we deduce that

v = oayf(ur)+ -+ ogf(ug) + g f(upgr) + - 4 appef (Urge)
= a0+ 4+ a0+ Oék+1f(uk+1) + -+ Oék;.i,.gf(llk_t'_g)

= app1f(Wps1) + -+ apgef (Qgte)-

So, v is a linear combination of the vectors f(ug41),...,f(ug4e). This
completes the argument. O

In Lecture Notes 7, we gave a slightly informal proof of the rank-nullity
theorem for matrices. We are now in a position to give a fully formal proof of
that theorem. Indeed, as we shall see, the rank-nullity theorem for matrices
readily follows from the rank-nullity theorem for linear transformations. But
first, we need the following simple proposition.

Proposition 2.2. Let F be a field, and let A € F**™. Let f : F™ — F"
be given by f(u) = Au for allu € F™. Then f is linear. Moreover, all the
following hold:

(a) Col(A) = Im(f);
(b) Nul(A) = Ker(f);
(c) rank(A) = rank(f).

Proof. The fact that f is linear follows from Proposition 1.1 from Lecture
Notes 4. It remains to prove (a), (b), and (c). Set A= [ a; ... ap |.



For (a), we observe that

Col(A) = Span(ai,...,an)

= {nma+ -+ aman|z1,...,2,m € F}
I

= {[a1 ... an | : Z1,...,Tm €F}
Lm

= {Ax|xe ™}

= {/(x)[xeF"}
= Im(f).
For (b), we observe that
Nul(4) = {xeF™|Ax=0}
= {xeF" | f(x) =0}
= Ker(f).

Finally, for (c), we observe that
rank(f) = dim (Im( f)) by definiton
- dim(Col(A)) by (a)
= rank(A) by Theorem 3.2 from
Lecture Notes 7.

This completes the argument. O

Rank-—nullity theorem (matrix version). Let F be a field, and let A €
Frxm. Then

rank(A) + dim(Nul(A)) = m
= number of
columns of A

Proof. Let f : F™ — F™ be given by f(u) = Au for all u € F™. By
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Proposition 2.2, f is linear. We now have the following:

rank(A) 4+ dim (Nul(A)) ¢ rank(f) + dim (Ker(f))

' dim(Fm)

= m

where (*) follows from Proposition 2.2, and (**) follows from the rank-nullity
nullity theorem for linear transformations. O
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