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1 Bases of vector spaces

Given a vector space V over a field F, and given vectors vi,...,vi € V, we
say that {vi,..., vy} is a linearly independent set, or that vectors vy, ..., vy
are linearly independent, if for all aq, ..., ax such that

aivy + -+ apvy = 0,
we have that ay = --- = a;, = 0. Otherwise, we say that {vi,..., vy} isa
linearly dependent set, or that vectors vi,..., vy are linearly dependent.

We note that () is linearly independent in any vector space.

A finite basis (or simply basis) of a vector space V over a field F is a set

{Vv1,..., v} of vectors in V that satisfies the following two conditions:
1. {v1,..., vk} is linearly independent in V;
2. {v1,..., v} is a spanning set of V| i.e. Span(vy,...,vg) =V.

A vector space is finite-dimensional if it has a finite basis. A vector space
that does not have a finite basis is infinite-dimensional.

Not all vector spaces have a finite basis (we shall see some examples of
this later). It is, indeed, possible to define a basis more generally, so that it
may possibly be an infinite set. This is briefly discussed in subsection 1.1
below. However, in this course, we will only study finite bases. (We will
occasionally deal with infinite-dimensional vector spaces, but we will not
deal with their bases.)

Remarks: Suppose that V' is a vector space over a field F.

¢ Obviously, any subset of a linearly independent set of vectors in V is
linearly independent. Similarly, any superset of a spanning set of V' is
a spanning set of V.1

LA set A is a superset of a set B provided that B C A.



e {0} is not a linearly independent set in V' (because 1-0 = 0 and
1 # 0), and so by the previous bullet point, no linearly independent
set of vectors in V, and in particular, no basis of V, contains the zero
vector.

e () is a basis of the trivial vector space {0} (over any field ), and in
particular, {0} is finite dimensional. In fact, () is the unique basis of
{0} (because, by the previous bullet point, no linearly independent set
contains 0).

e Suppose we are given vectors vi,..., vy € V, and we are trying to check
if {vy,..., vy} is a spanning set of V, i.e. whether V' = Span(vy,...,vg)
(this is one of the two conditions from the definition of a basis). Ob-
viously, Span(vy,...,vx) C V, and so the only question is whether
V C Span(vy,...,vg). But “V C Span(vi,...,vg)” simply means
“every vector in v is a linear combination of vectors vi,...,vg.” So,
the second condition from the definition of a basis holds if and only if
every vector in V is a linear combination of vectors vy, ..., vg.

e In the literature, there is a bit ambiguity about whether (finite) bases
are sets or ordered sets. An “ordered set” is a set in which order and
repetitions matter. For instance, {1, 2,3}, {1,2,2,3}, and {3, 1,2} are
the same as sets, but they are pairwise distinct as ordered sets. In what
follows, we will implicitly treat finite sets (when discussed in the context
of linearly independent sets, spanning sets, and bases) as ordered, and
in particular, we will care about repetitions. It is important to note
that no linearly independent set (and in particular, no basis), may
contain more than one copy of the same vector. Indeed, if vy,..., vy is
a list of vectors that contains more than one copy of some vector (say,
v; = v; for some i # j), then we can set o; =1, oj = —1, and o, =0
for all k£ € {1,...,n}\ {7,75}, and we get a1vy + -+ + ap vy, = 0; so
vi,...,Vy are not linearly independent.

— In what follows, if A and B are ordered sets (possibly with re-
peating elements), then A C B means that every element of A
appears at least as many times in B as in A. Moreover, for x € A,
A\ {x} is the set obtained from A by deleting one copy of x.

Example 1.1. Let F be a field, and let n be a positive integer. For each
ie{l,...,n}, let e to be the vector in F™ whose i-th entry is 1, and all of
whose other entries are zero. Then {e}, e}, ... e"} is a basis of F*,% and it
is called the standard basis of F”.

2Let us check this! We first show that {e7,...,e"} is linearly independent. Fix

scalars a,...,a, € F such that azel + -+ + ane;, = 0. Clearly, a1e? + - + ane;, =
[ a1 ... Qp ]T. So, [ a1 ... Qn ]T = 0, and it follows that a1 = -+ = a,, = 0.
So, {eT,...,en} is linearly independent. Let us now show that Span(ef,...,en) =F", ie.



Example 1.2. Let F be a field, and let n be a positive integer. Consider the
set PR of all polynomials (in variable x) of degree at most n, with coefficients
in F. (Then Py is a vector space over the field F.) Then {1,z,...,2"} is a
basis of PR.3

Theorem 1.3. Let V' be a vector space over a field F, and let vq,...,v, € V.
Then the following are equivalent:

(i) {vi,...,vp} is a basis of V;

(ii) for all v € V, there exist unique scalars aq,...,a, € F such that
V=o1V]+ -+ a,Vvy.

Proof. Suppose first that (i) holds; we must show that (ii) holds. Fix
v € V. We must show that there exist unique scalars ay,...,a, € F
such that v. = ajvy + -+ + apvy,. Since {vi,...,v,} is a basis of V,
we know that every vector in V is a linear combination of the vectors
Vi,...,Vn. This proves existence. It remains to prove uniqueness. Fix
scalars aq,...,an,B1,...,08n € F such that v = a;vy + -+ + a, vy, and
v =/1vi+ -+ Bnvy. Then

aivit+-tapvy = Bivit+ Buva,
and consequently,
(a1 = Bu)vi+ -+ (an —Bn)ve = 0.

Since {vi,..., vy} is linearly independent (because it is a basis of V'), we
deduce that oy — 1 =---=a, — B =0. So, oy = f1,...,a, = B,. This
proves uniqueness, and (ii) follows.

Suppose now that (ii) holds; we must show that (i) holds. By (ii),
every vector in V is a linear combination of the vectors vi,...,v,, and
so V = Span(vy,...,Vvy). It remains to show that {vi,...,v,} is linearly
independent. Clearly, Ovy + - -+ + Ov,, = 0. By the uniqueness part of (ii)
applied to v := 0, it follows that for all scalars aq,...,a, € F, if a;vy +
<o+ apvy, = 0, then oy = -+ = o, = 0. Thus, {vy,...,v,} is linearly
independent, and (i) follows. O

that every vector in V' is a linear combination of the vectors e?,...,e;. Fix any v € V|
and set v = [ V1 ... Un ]T. But now v = vief + - -+ + vper, i.e. every vector in F” is
a linear combination of the vectors e7,...,en. So, {ef,...,en} is indeed a basis of F".

3This is immediate from the relevant definitions. Indeed, to show that {1,z,...,2"} is
linearly independent, we fix ag,a1,...,an € F such that oo - 1 + iz + -+ + anz™ = 0.
Then clearly, ap = a1 =+ = ap = 0. So, {1,z,...,z2"} is linearly independent. On the
other hand, by definition, for every p(z) € Py, there exist ag,a1,...,a, € F such that
p(z) =ao+ a1z + -+ ana™. But then p(x) =ao-1+4+ a1z + -+ anz™, and so p(z) is a
linear combination of 1,z,...,z". Thus, {1,z,...,2"} is indeed a basis of Pg.



Remark: Theorem 1.3 is one of the main reasons why we care about
bases. Suppose {vi,...,v,} is a basis of a vector space V over a field F.
Then by Theorem 1.3, every vector v can be associated to a unique vector
[ a1 ... Qp ]T in F™ such that v=a1vi + -+ + a,vy,. So, V is in some
sense “equivalent” to F”. The technical word here is “isomorphic”: V is
“isomorphic” to F”. We will discuss this more formally in a subsequent lecture.

Proposition 1.4. Let V be a vector space over a field F, and let ay, ... ,a; €
V. Set A:={ay,...,a;}. Then the following hold:

(a) A is linearly independent if and only if no vector in A is a linear combi-
nation of the other vectors in A

(b) if A is a spanning set of V., and some vector a; € A is a linear com-
bination of the other vectors in A, then A\ {a;} is a spanning set of

V.5

Proof. We first prove (a). We prove the following equivalent statement: A is
linearly dependent if and only if some vector of A is a linear combination of
the other vectors in A.

Suppose first that A is linearly dependent. Then there exist scalars
ai,...,a € F, not all zero, such that cja; + -+ + arap = 0. Fix an index
i€ {1,...,k} such that o;; # 0. Then

-1 -1 -1 -1
a = —aoaay — o T Qp Qg1di-1 — QG141 — 0 T Qg ayg,

and so a; is a linear combination of the other vectors in A.
Suppose now that some vector in A is a linear combination of the other vec-

tors in A. Say, a; is a linear combination of the vectors aj,a;—1,a;+1,. .., ax.
Then there exist scalars aq,...,a;—1, i1, ..., € F such that
a; = mar+- -+ o-13i-1 + Q141 + 0o+ gay.
We now set a; = —1, and we observe that
ajay + -+ 11 + o + @@ + -+ aga = 0.
Since not all of ai,...,a; are zero (indeed, o; # 0), we see that A =
{ai,...,a} is linearly dependent. This proves (a).

4If A contains more than one copy of the same vector, then we treat each copy as
distinct. So, when expressing a vector v in A as a linear combination of the “other” vectors
in A, we are allowed to use any additional copies of v (if there are any) in that linear
combination.

°If a; appears more than once in A, then A\ {a;} is understood to be the set obtained
from A by removing only one copy of a,.



We now prove (b). Assume that some a; € A is a linear combination of
the other vectors in A. Then there exist scalars a1, ..., @—1, ®jy1,...,a € F
such that

a; = oqar + -+ o121+ o4 + 0+ .

Now, fix any vector v € V. We must show that v is a linear combination
of vectors in A\ {a;} = {ai,...,a;i_1,a;41,...,a;}. Since A ={ay,...,a;}
is a spanning set of V', we know that there exist scalars fy,..., 8 € F such
that v = fia; + - - - + Brap. We now compute:

v = frar+ -+ Biciai—1 + Bia; + Bivi1ai1 + Brag

=  frag+--+ Biciai+
+0i(cvia; + - -+ ai—1ai-1 + 1@ + - - + opag)
+5it1air1 + Srag

=  (Bi+Bian)ar+ -+ (Bic1 + fici—1) a1+
+(Biv1 + Biig1)aip1 + - + (B + Biag)ag.

So, v is a linear combination of vectors ay,...,a;_1,a;+1,...,a, and (b)
follows. [

Proposition 1.5. Let V' be a vector space over a field F, and let B =
{b1,...,bg} be a spanning set of V.. Let B’ C B be such that every vector in
B is a linear combination of vectors in B'. Then B’ is a spanning set of V.

Proof. Choose a set B such that
e B'C BCB,
e B’ is a spanning set of V;
e subject to the above, B is as small as possible.

(The fact that B exists follows from the fact that B’ CBCB,and Bisa
spanning set of V.) If B = B’, then we are done. So, assume that B’ S B,
and fix some v € B \ B’. Then v is a linear combination of the other vectors
in B (because v is a linear combination of the vectors in B’), and so by
Proposition 1.4(b), B\ {v} is a spanning set of V. But now B\ v contradicts
the minimality of B. O

Our next proposition (Proposition 1.6) states that, given any spanning set
B of a vector space V over a field F, we can obtain a basis of V' by possibly
removing some vectors from B. As we shall see later (see Proposition 1.10),
any linearly independent set in a finite-dimensional vector space can be
extended to a basis; however, we cannot prove this yet.



Proposition 1.6. Let V' be a vector space over a field F, and let B =
{b1,...,bg} be a spanning set of V. Then some subset of B is a basis of V.

Proof. Let B’ C B be a spanning set of V that has as few elements as
possible.® We claim that B’ is a basis of V. It suffices to show that B is
linearly independent. Suppose otherwise. Then Proposition 1.4(a) guarantees
that some b € B’ is a linear combination of the other vectors in B’; but
then by Proposition 1.4(b), B’ \ {b} is a spanning set of V', contrary to the

minimality of B’. O
Lemma 1.7. Let V' be a vector space over a fieldF. Letay,...,a;, by,..., by €
V', and assume that ay,...,a, are pairwise distinct and by, ..., by are pair-
wise distinct. Assume that A := {ay,...,ar} is a linearly independent set in

V', and that B := {b1,..., by} is a spanning set of V. Then for alla € A\ B,
there exists some b € B\ A such that (B \ {b})U{a} is a spanning set of
v.r

Proof. We may assume that A € B, for otherwise, the lemma is vacuously
true. Fix any a € A\ B. Then there exists an index i € {1,...,k} such that
a = a;. Since a; € V = Span(B), we know that there exist scalars aq, ..., ap
such that

a; = ajby+---+asby.

Since A is linearly independent, it does not contain the zero vector; since
a; € A, it follows that a; # 0. So, at least one of the scalars aq, ..., ay is non-
zero. If for all j € {1,...,¢} such that o; # 0, we have that b; € A\{a;}, then
a; is a linear combination of vectors in A\ {a;}, contrary to Proposition 1.4(a).
So, there exists some j € {1,...,¢} such that a; # 0 and b; ¢ A\ {a;}.
Since a; ¢ B, it follows that b; # a; and b; ¢ A.

It remains to show that (B \ {b;}) U {a;} is a spanning set of V. Since
b; # a;, we see that (B \ {b;})U{a;} = (BU{a;}) \ {b;}, and we need to
show that (B U {a;}) \ {b;} is a spanning set of V. Since B is a spanning
set of V', sois BU{a;}. In view of Proposition 1.4(b), it now suffices to
show that b; is a linear combination of the other vectors in B U {a;}. Since
a; = ajby + - - + ayby, we see that

ajbj = a; — Ozlbl — e — Oéj_lbj_l — Oéj+1bj+1 — s — Oz@bg.

Since o # 0, we deduce that

R -1, _ 1 .~
b, = o _al o a1by ;

J

aj_lbj_l—

—1
ajr1bjr — - —a; aygby.

5Tet us explain why B’ exists. Clearly, B has a subset (namely itself) that is a spanning
set of V. Of all subsets of B that span V, we choose B’ to be one of minimum size.

"Note that this lemma is vacuously true if A C B, since in that case, there are no
vectors a € A\ B.



So, bj is indeed a linear combination of the other vectors in B U {a;}, and
we are done. O

Steinitz exchange lemma. Let V' be a vector space over a field F, let

ai,...,ag, bi,...,by €V, and assume that ay,...,a; are pairwise distinct
and by, ..., by are pairwise distinct. Assume that A = {ai,...,ay} is
a linearly independent set in V', and assume that B := {by,...,by} is a

spanning set of V.. Then k < ¥ (i.e. |A| < |B|). Moreover, there exists a set
B’ C B\ A such that |B'| = |B| — |A| = —k and AU B’ is a spanning set
of V.

Proof. We may assume that A ¢ B, for otherwise, the result is immediate.®
Set p := |AN B|.? After possibly permuting the elements of A and B, we
may assume that the following hold:

e a; = ay,...,a, = by;

o {ap+17"'7ak} N {bp+17' . '7bf} 7& @

We now prove a technical claim.

Claim. For all ¢t € {0,...,k — p}, there exist pairwise distinct
indices i1,...,9 € {p+1,...,¢} such that

{al,...,ap}U{ap+1,...,ap+t}U<{bp+1,...,bg}\{bil,...,bit})
is a spanning set of V.

Proof of the Claim. We proceed by induction on t, using Lemma 1.7.

For t = 0, we need only show that {ai,...,a,} U{byt1,...,b¢} is a
spanning set of V. But note that {ai,...,a,} U{b,11,...,b¢} = B, and by
hypothesis, B is a spanning set of V.

Now, fix some ¢t € {0,...,k — p — 1}, and assume inductively that
the statement is true for ¢, i.e. that there exist pairwise distinct indices
i1,...,0t € {p+1,...,£} such that

Bi = {an,..,a)} Ufapito s apid U ({bpess e\ {biy, by}

is a spanning set of V. Now, ap;441 € A\ By, and so by Lemma 1.7, there
exists some b € B, \ A such that (B; \ {b}) U {ap;+11} is a spanning set
of V. Since b € By \ A, we see that b € {byy1,...,bs} \ {bs,...,bi, };
consequently, there exists some ;41 € {p+1,...,¢}\ {i1,...,4} such that

8Indeed, if A C B, then |A| < |B|, and we may set B’ := B\ A.
9Since A B, we see that p < k.



b=b

and
(Be\{b}) U{aptir1} = Har,...,apfU{apir, ... apre, appir1 fU
U<{bp+1’ tt 7b€} \ {bi17 tet 7bit7bit+1}>

ivg1- NOW d1,..., 14,4441 are pairwise distinct indices in {p +1,...,/},

is a spanning set of V. This completes the induction. ¢

We now apply the claim for t = k—p, and we get that there exist pairwise
distinct indices iy,...,ix—p € {p +1,...,¢} such that

C = {al,...,ap}u{ap+1,...,ak}u({bpﬂ,...,bg}\{bil,...jbik_p})

is a spanning set of V. But note that |C| = ¢ = |B| and A C C. Thus, |A] <
|C| = |B|, and so k < £. Next, set B' := {bpy1,...,be} \ {bi,...,b;_,}.
Then B’ C B\ A, |B'|=({—p)—(k—p)={—k =|B|—|A],and C = AUB’
is a spanning set of V. This completes the argument. O

Remark: For technical reasons (in order to get the set B’), the Steinitz
exchange lemma assumes that the sets A and B contain no repetitions.
However, if we only care about the |A| < |B| part of the Steinitz exchange
lemma (which is what we usually care about), then this assumption is not
necessary. Indeed, suppose V is a vector space over a field F, and suppose
that A is a linearly independent set of vectors in V' and that B is a spanning
set of V' (with repetitions allowed). Since A is linearly independent, it
contains no repetitions; however, B may possibly contain repetitions. But
then we let B be the set obtained from B by eliminating repetitions. Then
B is still a spanning set of V', and by the Steinitz exchange lemma, we get
that |A| < |B| < |B].

Corollary 1.8. Let V be a finite-dimensional vector space over a field .
Then all bases of V' are of the same size.

Proof. We apply the Steinitz exchange lemma. Fix bases {uj,...,un}
and {vi,...,v,} of V. Since {uy,...,u,} is linearly independent and
{V1,..., vy} is a spanning set of V', the Steinitz exchange lemma guarantees
that m < mn. On the other hand, since {vy,...,v,} is a linearly independent
set and {uj,...,u,} is a spanning set of V', the Steinitz exchange lemma
guarantees that n < m. So, m = n. O

The dimension of a finite-dimensional vector space V over a field F,
denoted by dim(V'), is the number of elements in any basis of V' (by Corol-
lary 1.8, this is well-defined).

Remarks:



e Note that dim({0}) = 0 (where {0} is understood to be a vector space
over an arbitrary field ), because ) is a basis of {0}.

e For any field F, we have that dim(F") = n, because the standard basis
of F™ has n elements. The standard basis is not the only basis of F"
(except in some very special cases). See Theorem 4.1.

Proposition 1.9. Let V' be a finite-dimensional vector space over a field F,
and set n := dim(V'). Then both the following hold:

(a) every linearly independent set of vectors in V' has at most n vectors;

(b) every spanning set of V' has at least n vectors.

Proof. Fix a basis B = {by,...,b,} of V. Then B is both a linearly
independent set and a spanning set of V. Now, by the Steinitz exchange
lemma, the number of vectors in any linearly independent set of V' is at most
the number of vectors in the spanning set B of V', which is n; so, (a) holds.
On the other hand, by the Steinitz exchange lemma, any spanning set of

V has at least as many vectors as the linearly independent set B; so, (b)
holds. O

Our next proposition states that any linearly independent set of vectors
in a finite-dimensional vector space can be extended to a basis of that vector
space. (Compare Proposition 1.10 below to Proposition 1.6 above.)

Proposition 1.10. Let V' be a finite-dimensional vector space over a field
F, and let {a;,...,ax} be a linearly independent set of vectors in V. Then
there exists some basis of V' that contains all of ay, ..., ag.

Proof. Set n := dim(V). By Proposition 1.9, any linearly independent set of
vectors in V' has at most n vectors; in particular, k¥ < n (because {ay,...,a;}
is linearly independent). Now, let A be a linearly independent set that
contains vectors ai,...,ag, and subject to that, is of maximum possible
size.!0 Set A = {aj,...,ak,ak41,...,a51¢}. We claim that A is a basis of
V. Since A is linearly independent, it suffices to show that A is a spanning
set of V. Fix v € V; we must show that v is a linear combination of vectors
in A. If v € A, then this is immediate.!! So, assume that v ¢ A. Then by
the maximality of A, the set {v} U A is not linearly independent. So, there
exist scalars ag, a1, ...,apr¢ € F, not all zero, such that

oov +ajar + -+ ogypagye = 0.

107 et us explain why A exists. There exists at least one linearly independent set that
contains vectors ai, ..., ay, namely, the set {ai,...,ar}. On the other hand, all linearly
independent sets are of size at most n, and in particular, there is an upper bound on the
size of linearly independent sets containing ai,...,ax. So, A exists.

"Tndeed, suppose v € A. Then there exists an index i € {1,...,k 4 £} such that v = a;.
Now set a; = 1, and for all j € {1,...,k+ ¢}, set a;j = 0. Then v = a1a1 + - - - + Q4@+,
and so v is linear combination of vectors in A.



If ag = 0, then at least one of ay,...,arss is non-zero and aja; + --- +
apeaite = 0, contrary to the fact that A is linearly independent. So, ag # 0,
and it follows that

v = (—agtar)a; + -+ (—ag tagie)agse,

and it follows that v is a linear combination of vectors in A. This proves
that A is a basis of V, and we are done. O

Proposition 1.11. Let V' be a finite-dimensional vector space over a field
F, and set n := dim(V'). Then both the following hold:

(a) any linearly independent set of n vectors of V is a basis of V;
(b) any set of n vectors of V' that spans V is a basis of V.

Proof. We first prove (a). Let A be any linearly independent set of vectors
in V such that |A| = n. By Proposition 1.10, V has a basis A" such that
A C A'. Since dim(V') = n, we see that |A’| = n. Since |[A| =n and A C A,
it follows that A = A’. Since A’ is a basis of V, we see that A is a basis of
V. This proves (a).

It remains to prove (b). Let B be any set of n vectors of V such that
V = Span(B). Then by Proposition 1.6, V' has a basis B’ such that B’ C B.
Since dim(V) = n, we see that |B’| = n. Since |B| = n and B’ C B, it
follows that B’ = B. Since B’ is a basis of V, we see that B is a basis of V.
This proves (b). O

The following theorem summarizes some of the main results that we have
proven so far.

Theorem 1.12. Let V' be a finite-dimensional vector space over a vector
space F, and let U be a subspace of V. Then:

e U is finite-dimensional;
o dim(U) < dim(V);
o if dim(U) = dim(V), thenU =V.

Proof. Set n := dim(V'). By Proposition 1.9, any linearly independent set of
vectors in V' contains at most n vectors. Since U is a subspace in V', we see
that any linearly independent set of vectors in U is a linearly independent
set of vectors in V', and consequently, it contains at most n vectors. Now,
let {uy,...,u;} be a linearly independent set of vectors in U of maximum
possible size.!? (Then k < n.) Let us show that {uy,...,u;} spans U. Fix
u € U; we must show that u is a linear combination of the vectors uy, ..., ug.

12Possibly, k = 0, in which case, our linearly independent set is empty.

10



Ifu € {uy,...,ux}, then this is immediate. So, assume that u ¢ {uy,...,ux}.

By the maximality of {ui,...,ux}, we see that {u,uy,...,ux} is linearly
dependent. So, there exist scalars ag,aq,...,ax, not all zero, such that
aou + ajug + - +apug = 0. If g = 0, then aqu; + --- + apu, = 0
and at least one of the scalars aq,...,ay is non-zero, contrary to the fact
that {ui,...,ux} is linearly independent. So, ap # 0, and we deduce that
u = (—agla))u; + -+ (—agtar)ug. So, u € Span(uy,...,u;), and we
deduce that {ui,...,ux} is a spanning set of U. So, {uy,...,u;} is a basis

of U, and it follows that U is finite-dimensional, with dim(U) = k. So,
dim(U) = k < n = dim(V). Now, suppose that dim(U) = dim(V), i.e.

k = n. But now {uy,...,u;} is a linearly independent set of n vectors in
V', and so Proposition 1.11 guarantees that {uy,...,ux} is a basis of V. So,
U = Span(uy,...,u;) =V, and we are done. ]

1.1 Infinite bases (optional)

We can define a basis of a vector space in more generality, as follows. Let V
be a vector space over a field IF, and let B C V. (B may possibly be infinite.
However, we do not allow repetitions in B.)

e B is linearly independent provided that for all pairwise distinct vectors

Vi,...,VE € V, and all scalars aq,...,ap € F, if ayvi+---+apvi =0,
then a; = -+ = oy, = 0.13
e Span(B) = {avi + -+ vy | vi,...,vi €V, a1,...,0p € F}L.1

e B is a basis of V if it satisfies the following two conditions:

1. B is linearly independent;
2. V = Span(B).

With a basis defined in this way, it is possible to show that every vector
space has a (possibly infinite) basis. However, the proof uses “Zorn’s lemma”
(an equivalent of the “Axiom of Choice,” which is studied in set theory) and
is non-constructive. So, it is possible to show that every vector space has a
basis, but for some vector spaces, we have no idea what a basis might look
like. For instance, consider the set of all functions from R to R; this set is a
vector space (over R) and therefore has a basis, but it is not known what a
basis for this vector space might look like.

In some cases, though, we can get a “nice” infinite basis. For instance,

Pg has a basis {1,z, 22,23, 2%,... }.

13S0, B is linearly independent if and only if all finite subsets of B are linearly indepen-
dent.

1480, Span(B) is the set of vectors that can be expressed as a linear combination of
finitely many vectors in B.

11



2 The rank of a matrix

Given a field F, the rank of a matrix A € F"*™  denoted by rank(A), is the
number of non-zero rows of RREF(A).

Example 2.1. Find the rank of the matriz

11100
]
01010
with entries understood to be in Zs.
Solution. By row reducing, we get that
10101
e - (300!
00000
RREF(A) has three non-zero rows, and it follows that rank(A) = 3. O

Remark: Note that, for a matrix A, the number of non-zero rows of
RREF(A) is equal to the number of non-zero rows of any row echelon form
(not necessarily reduced) of A. So, to find rank(A), we need only perform the
“forward” part of the row reduction algorithm in order to transform A into a
matrix in row echelon form, and then we count the number of non-zero rows
of the matrix that we obtain. The “backward” part of the row reduction
algorithm is optional for computing rank.

Proposition 2.2. Let F be a field, and let A € F™"*™. Then rank(A) is equal
to the number of pivot columns of A. Moreover, rank(A) < min{n,m}.'

Proof. By definition, rank(A) is equal to the number of non-zero rows of
RREF(A). The number of non-zero rows of RREF(A) is precisely equal to
the number of pivot positions of RREF(A), which is equal to the number of
pivot columns of RREF(A). The pivot columns of A correspond to the ones
in RREF(A), and it follows that rank(A) is equal to the number of pivot
columns of A.

Note that n is the number of rows and m is the number of columns of A.
The fact that rank(A) < n follows immediately from the definition of rank,
and the fact that rank(A) < m follows from the fact (proven above) that
rank(A) is equal to the number of pivot columns of A. O

1580, rank(A) is at most the number of rows of A, and similarly, rank(A) is at most the
number of columns of A.
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3 The row space and the column space of a matrix

A row wvector is a matrix that has only one row.
Given a field F and a matrix A € F**™,

e the column space of A, denoted by Col(A), is the subspace of F"
spanned by the columns of A;'6

e the row space of A, denoted by Row(A), is the subspace of F1*™
spanned by the rows of A.17

Our goal in this section is to give a recipe for finding a basis of the column
space and the row space of a matrix. As we shall see, both of those spaces
have dimension precisely rank(A).

We begin with a technical proposition.

Proposition 3.1. Let F be a field, let ay,...,a, € F*, and let B € F"*™ be
an invertible matriz. Then all the following hold:

(a) {ai,...,ar} is linearly independent if and only if {Bai,...,Bay} is
linearly independent;

(b) forallv € F", v € Span(ay,...,ax) if and only if Bv € Span(Bay, ..., Bay);

Proof. We first prove (a). Suppose first that {aj,...,a} is linearly indepen-
dent. We must show that {Bay,..., Bay}. Fix scalars aq,...,q; € F such
that

arBa; +---+arBay, = 0.

Since B is invertible, it has an inverse B~'. By multiplying both sides of
the equation above by B~!, we obtain

aja; +---+aga, = 0.

Since {ai,...,ay} is linearly independent, we have that a; = --- = ay, = 0.
So, {Baj,...,Bay} is linearly independent.

Suppose, conversely, that {Baj,..., Bag} is linearly independent. Fix
scalars aq,...,ax € F such that

ora; + -+ agag = 0.
6More precisely, if A = [ ar ... am ] (i.e. a1,...,a, are the columns of A, appear-
ing in A that order, from left to right), then Col(A) := Span(ai,...,am).
rp
"More precisely, if A = (i.e. r1,...,ry are the rows of A, appearing in A in
Irn

that order, from top to bottom), then Row(r1,...,ry).
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We now multiply both sides by B, and we obtain
Oq(Bal) + o+ ozk(Bak) = 0.

Since {Bayj,...,Bay} is linearly independent, it follows that ay = -+ =
ar = 0. So, {a1,...,a,} is linearly independent. This completes the proof
of (a).

We now prove (b). Fix v € F". Suppose first that v € Span(ay,...,ag).
Then there exist scalars aq,...,qx such that v = aja; +--- + agai. By
multiplying both sides by B, we get Bv = a1(Baj) + - - - + ai(Bayg), and so
Bv € Span(Bay, ..., Bay).

Suppose, conversely, that Bv € Span(Bay, ..., Bay). Then there exist
scalars aq,...,ax € F such that

Bv = «j(Baj)+ -+ ar(Bayg).

Since B is invertible, it has an inverse B~'. We now multiply both sides
of the equation by B~', and we obtain v = aja; + --- + agag. So, v €
Span(ay,...,ay). This proves (b). O

Theorem 3.2. Let F be a field, and let A € F"*"™. Then the pivot columns
of A form a basis of Col(A).'® Moreover, dim(Col(A)) = rank(A).

Proof. Set r := rank(A). By Proposition 2.2, r is equal to the number of
pivot columns of A. So, the first statement implies the second.

It remains to prove the first statement. Set A = [ a; ... any ] Let
aj,...,a; (with1 <i; <--- <i, < m) be the pivot columns of A. We
must show that {a;,,...,a; } is a basis of Col(A).

Set U = RREF(A). Then there exist elementary matrices E1, ..., Ey
such that Ey... 1A = U. Set B := E}...E,. Then B is invertible and
U=BA= [ Ba; ... Ba,, ] Moreover, since U is in reduced row echelon
form, all the following hold:

(i) Ba;,,...,Ba,, are the pivot columns of U;

(ii) for all j € {1,...,r}, we have that Ba;; = e;

(iii) in any column of U, only the first r entries may possibly be non-zero
(the other entries are all zero).

Clearly, {ef,...,e]'} is a linearly independent set; so, by (ii), we have that
{Ba;,,...,Ba; } is a linearly independent set. Consequently, by Propo-
sition 3.1(a), {aj,,...,a;,} is a linearly independent set. Moreover, it is

¥Warning: We need to take the pivot columns of the original matrix A, not of
RREF(A).
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clear that any vector in F” in which only the top r entries may possi-
bly be non-zero (and the other entries are all zero), is a linear combina-
tion of vectors ef,...,el. So, (i), (ii), and (iii) together imply that ev-
ery column of U = [ Ba; ... Bay ] is a linear combination of vectors
Ba;,,...,Ba;, . But now by Proposition 3.1(b), we see that every column of
A= [ a; ... ap ] is a linear combination of vectors a;,,...,a;. . So, by
Propositon 1.5, {a;,,...,a;.} is a spanning set of Col(A).!? It now follows
that {a;,,...,a;, } is a basis of Col(A), and we are done. O

Proposition 3.3. Let I be a field. Then any two row equivalent matrices in
F™*™ have the same row space.

Proof.

Claim. Let A, B € F™*™ be matrices such that B is obtained
from A by performing one elementary row operation. Then
Row(A) = Row(B).

al b1
Proof of the Claim. Set A = - | and B = : (so, ay,...,a, are the
a, b,
rows of A appearing in that order in A, from top to bottom, and similar for B).
By definition, Row(A) = Span(ay, ...,a,) and Row(B) = Span(by,...,b,).

Since B is obtained from A by performing one elementary row operation
R, we know that A can be obtained from B by performing one elementary row
operation (the one that “undoes” R). So, it is enough to show that Row(A) C
Row(B), for then analogous argument will establish that Row(B) C Row(A),
and then the result will follow.

If B is obtained by swapping two rows of A, then obviously, Row(A) =
Row(B). Next, suppose B is obtained by multiplying one row of A (say, row
a;) by a non-zero scalar @ € F. Now, fix v € Row(A); we must show that
v € Row(B). Since v € Row(A), there exist scalars aq,. .., a, € F such that
v =aqaiaj + -+ aya,. But now

vV = aa+ - F o131 + oag + agpiaipr oo+ opay
= oa+---t+ o121 + (aiofl)(aai) + 141 + -+ apay
= Oz1b1 + -+ Oéi_lbi_l + (Ozioz_l)bi + ai+1b¢+1 + -+ Oénbn7

and so v € Row(B). Thus, Row(A) C Row(B).

9By definition, {a1,...,a,} is a spanning set of Col(A). By what we just showed,
every vector in {ai,...,an,} is a linear combination of vectors in {a;,,...,a;.}. So, by
Propositon 1.5 {a;,,...,a;.} is a spanning set of Col(A).

15



Finally, suppose that B is obtained from A by adding a scalar multiple of

one row to another row. Then there exist distinct indices i, j € {1,...,n} and
a scalar o € F such that b; = a;+aa;, and by = a; forall k € {1,...,n}\{i}.
Now, fix v € Row(A). Then there exist scalars aj,...,a, € F such that

v = aa; + - + apa,. We now set 3 1= a; — oy, and we set i, 1= oy,
for all k € {1,...,k}. Then v = B1by + --- + 3,b,,%° and so v € Row(B).
Thus, Row(A) € Row(B). 4

Now, fix A, B € F"*™ such that A ~ B.2! Then there exists a sequence
Ry, ..., Ry of elementary row operations such that, by starting with A and
then successively applying Ri,..., R to it, we obtain B. By the Claim,
each time we apply an elementary row operation, the row space remains

unchanged. So, Row(A) = Row(B).?? O

Theorem 3.4. Let F be a field, let A € F"*™  and let U be any matriz in
row echelon form that is row equivalent to A.?> Then the non-zero rows of

U form a basis of Row(A). Moreover, dim(Row(A)) = rank(A).

Proof. Set r := rank(A). By definition, r is equal to the number of non-
zero rows of U. So, the first statement implies the second. Moreover, by
Proposition 3.3, Row(A) = Row(U). So, it suffices to show that the non-zero
rows of U form a basis of Row(U). Let uy,...,u; be the non-zero rows
of U, appearing in that order (from top to bottom) in U. We must show
that {uy,...,ux} is a basis of Row(U). Clearly, Row(U) = Span(uy, ..., ug).

It remains to show that {ui,...,u} is a linearly independent set. Fix
scalars aq,...,ax € F such that aju; +...apu = 0. We must show that
ap = -+ = ay = 0. Suppose otherwise, and let i € {1,...,k} be the smallest

index such that a; # 0. We may assume that the leading entry (i.e. the
leftmost non-zero entry) of the row u; is in position j. But since U is in row
echelon form, the leading entries of u;41,...,u; are all strictly to the right of
the leading entry of u;, and so their j-th entry is 0. Sinceay = -+ =q;_1 =0

2Indeed, if 4 < j, then

v = o+ toaiaior togas oo ogay +ogriaipn + oo+ pan

ara; + -+ i—1a;-1 +ai(a; +aaj) -+
+(oy — asv)ay + ajr1a41 + -+ anan

The calculation is almost identical when j < i.

21As usual, A ~ B means that A and B are row equivalent.

22Technically, we are doing an induction on the number of elementary row operations.
(Details?)

23Tt may be that U = RREF(A), but this assumption is not necessary. U may be any
matrix in row echelon form obtained from A via a sequence of elementary row operations.
For instance, U may be the matrix obtained from A by only performing the “forward” part
of the row reduction algorithm in order to transform A into a matrix in row echelon form.
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(by the minimality of i), it follows that the j-th entry of ajuy + ... qpu is
«; # 0, contrary to the fact that cyu; + ... agu = 0. O

Example 3.5. Consider the matrix

0 3 -6 6 4 =5
A4 - 3 =7 8 -5 8 9
3 -9 12 -9 6 15
o 1 -2 2 2 1

with entries understood to be in R.
(a) Compute rank(A).

(b) Find a basis of Col(A).

(¢) Find a basis of Row(A).

Solution. By performing the forward part of the row reduction algorithm,
we see that the following matrix is a row echelon form A:

3 -9 12 -9 6 15
0O 2 —4 4 2 -6
vo= 0o o o0 01 4
0o 0 0 00 O

(a) The matrix U has three non-zero rows, and so rank(A4) = 3.

(b) The pivot columns of U are its first, second, and fifth column. So,
the pivot columns of A are its first, second, and fifth column, and so those
columns of A form a basis for Col(A). More precisely, the following is a basis
of Col(A):

3

0 4
ol elh
0 1| | 2

(¢) The non-zero rows of U form a basis of Row(A). So, the following is
a basis of Row(A):

{3912 -9615],[02 442 -6],[000014]}

O
Corollary 3.6. Let F be a field, and let A € F™"*™. Then

dim(Col(A)) = dim(Row(A)) = rank(A).
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Proof. This follows immediately from Theorems 3.2 and 3.4. O

Theorem 3.7. Let F be a field, and let A € F"*™. Then both the following
hold:

(a) the columns of A are linearly independent if and only if rank(A) is equal
to the number of columns of A (i.e. rank(A) = m);

(b) the columns of A span F" if and only if rank(A) is equal to the number
of rows of A (i.e. rank(A) =n).

Proof. We first prove (a). Suppose first that the columns of A are linearly
independent. Then the columns of A form a basis of Col(A), and consequently,

dim(Col(A)) = m. But then by Theorem 3.2, we have that rank(A) =

dim (Col(4)) = m.

Suppose, conversely, that rank(A) = m. Then by Proposition 2.2, A
has m pivot columns, i.e. all columns of A are pivot columns. But by
Theorem 3.2, the pivot columns of A form a basis of Col(A), and in particular,
they are linearly independent. It follows that the columns of A are linearly
independent. This proves (a).

It remains to prove (b). Set A =[a; ... an |. We now have the
following sequence of equivalent statements:

the columns of A span F" = Span(ay,...,a,) =F"
=Col(A)
= Col(A) =F"

by Theorgm 112 gim (col(A)) — dim(F")

by Th 3.2
voen rank(A) =n

So, (b) holds. O

4 More on invertible matrices and transposes

Theorem 4.1. Let F be a field, and let A € F**" 24 Then the following are
equivalent:

(a) A is invertible;

24Note that we are assuming that A is a square matrix. Do not apply this theorem to
non-square matrices!
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(b) RREF(A) = I,;

(c) rank(A) = n;

(d) the columns of A are linearly independent;*>
(e) the columns of A span F";

(f) the columns of A form a basis of F™.26

Proof. The fact that (a) and (b) are equivalent follows from Corollary 5.1
from Lecture Notes 4. Further, since A is an n X n matrix, it is clear that
rank(A) = n if and only if RREF(A) = I,,; so, (b) and (c) are equivalent.
We have now shown that (a), (b), and (c) are equivalent.

By definition, (f) implies (d) and (e). On the other hand, by Proposi-
tion 1.11(a), (d) implies (f), and by Proposition 1.11(b), (e) implies (f). We
now have that (d), (e) and (f) are equivalent.

Finally, by Theorem 3.7(a), we have that (c) and (d) are equivalent. This
completes the argument. O

Corollary 4.2. Let F be a field. Then both the following hold:
(a) for all A € F™>™ rank(A) = rank(AT);
(b) for all A € F"*" A is invertible if and only if AT is invertible.

Proof. We first prove (a). Fix A € F"*"™. Then

—

rank(A7) 2 dim(Col(AT)) = dim(Row(4)) = rank(A),

where both (*) and (**) follow from Corollary 3.6. This proves (a).

It remains to prove (b). Fix A € F"*". Then we have the following
sequence of equivalences:

.. . by Th 4.1
A is invertible &= rank(A) =n
b t
YL (@) rank(AT) =n

by Theorem 4.1 .. .
Y IES AT is invertible

This proves (b). O

25Here, repetitions count. In particular, if A has two identical columns, then the columns
of A are not linearly independent.

26 Again, repetitions count. In particular, if A has two identical columns, then the
columns of A are not linearly independent, and therefore, they do not form a basis of F™.
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5 The null space of a matrix. The rank-nullity
theorem for matrices

For field F and a matrix A € F™*"™, we define the null space of A, denoted
by Nul(A), to be the set of all solutions of the equation Ax = 0, i.e.

Nul(4) = {xelF™| Ax=0}.

)

Notation: In some texts, notation Ker(A) is used instead of Nul(A). “Ker’
stands for “kernel.”

Proposition 5.1. Let F be a field, and let A € F"*™. Then Nul(A) is a
subspace of F'™.

Proof. We apply Theorem 2.7 from Lecture Notes 6. First, A0 = 0, and so
0 € Nul(A). Next, if u,v € Nul(A), then

Alu+v) = Au+Av
= 0+0 because u, v € Nul(A)
= 0,
and so u+ v € A. Finally, if u € Nul(A4) and « € F, then
A(au) = «a(Au)
= a0 because u € Nul(A)
= 0,

and so au € Nul(A). It now follows from Theorem 2.7 from Lecture Notes 6
that Nul(A) is a subspace of F". O

Example 5.2. Let

1 01
A = 010
1 11

— = O

1
01,
1

with entries understood to be in Zs. Find a basis for Nul(A). What is
dz’m(Nul(A)) 2

Proof. By row reducing, we see that

RREF([ A 0]) =

S O =
O = O
o O =
O = O
S O =
coco
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The general solution of Ax = 0 is

r+t
s
X = T , r,8,t € Za,
s
t
that is,
1 0 1
0 1 0
x =7r|1]|4+s|0]|+¢t| 0|, r,s,t € Zo.
0 1 0
0 0 1
So,
1 0 1
0 1 0
{ 1. 1ol,|o0 }
0 1 0
0 0 1
is a basis of Nul(A4), and it follows that dim (Nul(A)) =3. O

Note that for the matrix A from Example 5.2 satisfies rank(A) = 2 and
dim (Nul(A)) = 3. The sum of these two numbers is 5, which is the number

of columns of A. As the the rank-nullity theorem for matrices (see below)
shows, this is not an accident. We give a slightly informal proof of the
rank-nullity theorem for matrices (however, this proof hopefully provides
the right intuition). We will give a fully formal proof of the (more general)
rank-nullity theorem for linear transformations in a subsequent lecture.

Rank—nullity theorem (matrix version). Let F be a field, and let A €
Frxm . Then
rank(A) + dzm(Nul(A)) = m

= number of
columns of A

Proof (outline/informal). By Theorem 3.2, we know that rank(A) is equal
to the number of pivot columns of A. On the other hand, when computing
the general solution of Ax = 0, the number of free variables is equal to
the number of non-pivot columns of A, and the number of vectors in a

basis of Nul(A) is equal to the number of free variables.?” So, dim (Nul(A))

2TThis last part (“the number of vectors in a basis of Nul(A) is equal to the number
of free variables”) is not fully justified, and we omit the full details. Can you convince
yourself this is true?
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is equal to the number of non-pivot columns of A. It now follows that
rank(A) 4+ dim (Nul(A)) is equal to the number of columns of A, and we are
done. O
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