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In what follows, F is a fixed field. For now, you may assume that [ is
R, C, or Z,, (for some prime p). However, everything that we prove in this
lecture also works for general fields [F.

1 Linear transformations from F™ to F"

A function f : F™ — F™ is a linear function (or a linear transformation) if it
satisfies the following two properties:

1. for all vectors u,v € F, we have f(u+v) = f(u) + f(v);
2. for all vectors u € " and scalars o € IF, we have that f(au) = af(u).

Proposition 1.1. Let A € F"*™  and define f : F™ — F™ by setting
f(u) = Au for allu € F™. Then f is a linear transformation.

Proof. By Corollary 2.2 from Lecture Notes 3, we have that

(i) for all vectors u,v € F™, we have A(u+ v) = Au+ Av;

(ii) for all vectors u € F™ and scalars a € F, we have that A(au) = a(Au).
But now we have the following:

1. for all vectors u,v € F"™, we have that

%

flu+v) = A(u+v) = Au+Av = f(u)+ f(v);

—~
=

2. for all vectors u € F'™ and scalars a € F, we have that

flau) = A(au) (@) a(Au) = af(u).

So, f is linear. 0

Functions given by the formula f(u) = Au, where A is some matrix, are
sometimes called matriz transformations. By Proposition 1.1, every matrix
transformation is a linear transformation. Interestingly, a reverse of sorts
also holds, as we now show.



Theorem 1.2. Let f : F™ — F" be a linear transformation. Then there
exists a unique matriz A (called the standard matrix of f) such that for all
u € F™, we have that f(u) = Au. Moreover, the standard matriz A of f is
given by

A = [fler) - flew) ],

where €1, ...,e, are the standard basis vectors of F™.
Proof. We first show that A = [ fler) ... flem) ] has the property
that for all u € F™, we have that f(u) = Au. Fix any u € F™, and set
m
u= [ Uy ... Um ]T. Then u = ) uger. We now compute:
k=1

Au = A(Z ukek)
k=1

m
= > A(uger)  because matrix
k=1
transformations are linear

m
= > ug(Aer)  because matrix

k=1
transformations are linear
m
= > upf(er) because f(ey) is the k-th column of A
k=1
m
= > flurek) because f is linear
k=1

= f(>_ urer) because f is linear
k=1

= f(w).

It remains to show that A is the only matrix with the desired property.
So, fix any matrix B such that for all u € ™, we have that f(u) = Bu.
We must show that A = B. Since f : F™ — F™_ it is clear that B € F**™,
and so A and B are of the same size. So, it is enough to show that the
corresponding columns of A and B are the same. Set B = [ b; ... b, ]
Now for any j € {1,...,m}, we have that

bj = Bej = f(ej),

and by construction, f(e;) is the j-th column of A. So, the corresponding
columns of A and B are the same, and it follows that A = B. O



Example 1.3. Find the standard matriz of the linear transformation rg that
rotates vectors R? by the angle 0 (counterclockwise). You may assume this
function is linear.

A
€2
ro(u
0 u
7
Solution. Note that rg(e1) = ( 1-)— cos and rg(ez) = ( 0 >_
olution. ro(€e1) =71y 0_ = | sing narg(€z) = re 1 =
—sin 6 .
[ s 0 ] (see the picture below).
A A
) €9
cos@} "
p sin 0 | —sin 10
(S5 [ 0
0 ~ cos 6
x; —sind xT
So, by Theorem 1.2, the standard matrix of rg is
cosf) —sinf
[ ro(e1) ro(e2) } - [ sind  cos@ ] '
O

Proposition 1.4. Let f : F"™ — F" be a linear transformation. Then
f(0) =0.!
Proof. We observe that

f0) = f0-0) ¥

where (*) follows from the fact that f is linear. O

0f(0) = o,

Given functions f: A — B and g : B — C, we define the composition of
functions f and g to be the function h : A — C given by h(a) = g(f(a)) for
all a € A. The function h is denoted by g o f (see the diagram below).

!Note that the 0 from f(0) is the zero vector in F™, whereas the 0 on the right-hand-side
of the equation f(0) = 0 is the zero vector in F". So, the two zero vectors aren’t actually
the same (unless m = n). Furthermore, 0 (from the proof of Proposition 1.4) is the zero
element of the field F.
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Proposition 1.5. Let f : FP — F™ and g : F™ — F" be linear transfor-
mations, and let A and B, respectively, be their standard matrices. Then
go f:FP — F" is a linear transformation, and its standard matriz is BA.
(See the diagram below.)

go f, BA

FP F™ F"
Proof. For any u € FP,| we have that

) ()

(gofi(m) = g(f(u)) 9(Au) =" B(Au) = (BAu.

where (*) follows from the fact that A is the standard matrix of f, and (**)
follows from the fact that B is the standard matrix of g. We have now shown
that g o f is a matrix transformation, and so (by Proposition 1.1) it is linear.
Moreover, since (by the calculation above) we have that (g o f)(u) = (BA)u
for all vectors u € F", we see that BA is the standard matrix of go f. O

1.1 Bijections and inverse functions

For a set X, we define the function Idx : X — X by setting Idx(x) = z for
all x € X. Idy is called the identity function on X.
A function f: A — Bis

e one-to-one (or injective, or an injection) if for all aj,as € A such that

a1 # as, we have f(a1) # f(ag);

e onto (or surjective or a surjection) if for all b € B, there exists some
a € A such that f(a) = b;

e bijective or a bijection if it is both one-to-one and onto.

Proposition 1.6. Let f : A — B be a function. Then the following are
equivalent:

(a) f is a bijection;

(b) there exists some function g : B — A such that go f = Ids and
fog=1dg.

2Equivalently, f: A — B is one-to-one if for all a1,a2 € A such that f(a1) = f(az2), we
have that a1 = as.




Proof. Suppose first that (a) holds. Then for all b € B, there exists a unique
a € A such that f(a) = b.> We now define g : B — A by letting, for each
b € B, g(b) be the unique a € A such that f(a) = b. Then clearly, go f = Idy
and fog=Idg*

Suppose now that (b) holds, and fix a function g : B — A such that
gof=1I1dyg and fog= Idg. We first show that A is one-to-one. Fix distinct
ai,az € A, and suppose that f(a;) = f(az). Then

al = IdA(al)

= (gof)(a1) because go f=Idy

= 9(f(a1))

= 9(f(az)) because f(a1) = f(az)
= (90 f)(az)

= Ida(a) because g o f = Ids
= ay.

So, f is one-to-one. We now show that f is onto. Fix b € B, and set a = g(b).
Then

fla) = f(g(b) = (fog)b) = Idp(b) = b

So, f is onto. We have now shown that f is both one-to-one and onto, and
so f is a bijection, i.e. (a) holds. O

Proposition 1.7. Let f : A — B be a bijection. Then there exists a unique
function f: B — A such that go f = Ida and fog=Idpg.

Proof. The existence of g follows immediately from Proposition 1.6. It
remains to prove uniqueness. So, suppose that functions ¢1,92 : B — A
satisfy

e giof=1dy and fog, = Idp;

e goof=1dygand fogy = Idp.

3The existence of such an a follows from the fact that f is onto, and the uniqueness of
a follows from the fact that f is one-to-one.

“Indeed, for all a € A, we have that (go f)(a) = g(f(a)) = a. On the other hand, fix
b € B, and let a be the unique element of A such that f(a) = b; then (fog)(b) = f(g9(b)) =

fla) =b.



We must show that g = ¢go. Fix b € B. Since f is one-to-one, there exists a
unique a € A such that f(a) = b. We now have that

91(b) = g1(f(a)) because f(a) =b
= (910 f)(a)
= Ida(a) because g1 o f = Ida
= (g20f)(a) because gyo f = Ids
= g2(f(a))
= ga(b) because f(a) = b.

S0, g1 = go. O

If f: A— B is a bijection, then the unique function g : B — A that
satisfies g o f = Ids and f o g = Idp,”® is called the inverse of f and is
denoted by f~'. Note that this means that:

o« flof=1Ida
o fof™'=1Idp;
e foralla € A and b € B, we have that b = f(a) if and only if a = f~1(b).

Proposition 1.8. Let f : F" — F" be a linear transformation. If f is a
bijection, then its inverse f~1:F" — F™ is also linear.

Proof. First, fix vi, vy € F*. We must show that f~1(vy +va) = f~1(vy1) +
f~1(v2). Fix ui,us € F” such that v; = f(u1) and vo = f(uz). Then

fHvi+ve) = fH(f(w) + f(ug))

—
*
~

= (w4 )

u; + ug

= v + [ (va),

where (*) follows from the fact that f is linear.

580, g is the function from Proposition 1.7.



Next, fix v € F” and « € F. We must show that f~!(av) = af(v). Fix
u € F” such that v = f(u). Then

fHav) = fHaf(u))

= f7(f(au))

= afi(v),

where (*) follows from the fact that f is linear.
We have now proven that f~! linear. O

2 Invertible and non-invertible matrices

A matrix A € F™" "™ is invertible if there exists a matrix B € F"*" such
that AB = BA = [,. If such a matrix B exist, then it is unique (see
Proposition 2.1(b) below), and it is denoted by A~!. A square matrix that
is not invertible is called non-invertible.

Proposition 2.1. Let A, B,C € F™"*",
(a) If AB=1, and CA=1I,, then B=C.5
(b) If AB=BA =1, and AC =CA=1,, then B=C.

Proof. Obviously, (a) implies (b). For (a), we assume that AB = I,, and
CA = I,,, and we observe that

c = CI, = C(AB) = (CAB = I,B = B,
which is what we needed. O

Note that Proposition 2.1 guarantees that if A, B,C € F"*" are such
that AB = I,, and CA = I,,, then A is invertible, and A~' = B = C.

The following theorem describes a procedure for determining whether a
square matrix is invertible, and if so, finding its inverse.

Theorem 2.2. Let A € F**" and let [U B | = RREF([ A I, ),
where each of U and B has n columns. Then

(a) if U = I, then A is invertible and B = A™!;
(b) if U # I, then A is not invertible.

5This means that if A has a “right inverse” B and a “left inverse” C, then B = C.




Proof. Later! O

Example 2.3. Consider the following matrices.

(a) A= [ Zl’) i ], with entries understood to be in R;
[1 1 0]
(b) B=1|0 1 1 |, with entries understood to be in Zs;
101 1|
"1 9 0"
(c) C= 1|1 1 1 |, with entries understood to be in Zs.
01

For each of these three matrices, determine if the matriz is invertible, and if
so, find its inverse.

Solution. (a) The reduced row echelon form of the matrix

(4] = |5 5

[1 0, -2 1]
01§

The submatrix to the left of the dotted line is Is. So, A is invertible, and

—2 1
A_l — |: 3 1 :| .

2 2

(with entries in R) is

(b) The reduced row echelon form of the matrix
110100
[B I3] = |01 1,010
111100 1

(with entries in Zs) is

100011
010,111
00 1'1 01
The submatrix to the left of the dotted line is I3. So, B is invertible, and
011
Bl = 111
1 01



(¢) The reduced row echelon form of the matrix

The submatrix to the left of the dotted line is not I3. So, C' is not invertible.
O

Theorem 2.4. Let f : F* — F™ be a linear transformation, and let A be
its standard matriz. Then f is a bijection if and only if A is invertible.
Moreover, if f is a bijection, then f~1:F" — F" is linear, and the standard
matriz of =1 is A7L.

Proof. Suppose first that f is a bijection. By Proposition 1.8, f~! is linear.
Let B be the standard matrix of f~!. Since f and f~! are linear, Proposi-
tion 1.5 guarantees that fo f~' and f~! o f are also linear, and moreover,
that their standard matrices are AB and BA, respectively. On the other
hand, we have that f~' o f = fo f~' = Idp», and clearly, the standard
matrix of Idg» is I,,. So, AB = BA = I,. But now A is invertible and
B=A""

Suppose now that A is invertible. Define g : F* — [F™ by setting
g(u) = A=t for all u € F*. Our goal is to show that fog=go f = Idgn.
In view of Proposition 1.6, this will imply that f is a bijection. For any
u € ", we have that

e (Fog)(u) = flglu) = A(A™"0) = (A4 )u = Lu = u;
e (90 f)(w) = g(f(u)) = A (Au) = (A A)u = Lu=u,
This proves that fog = go f = Idpn, and it follows that f is a bijection. [

Proposition 2.5. Let A € F" be an invertible matriz. Then A™1 is invertible
and (A~H~1 = A.

Proof. Since AA™! = A='A = I,,, we see that A~! is invertible that that its
inverse is A. O

Proposition 2.6. Let A, B € F™ be invertible matrices. Then AB is invert-
ible. Moreover, (AB)™! = B71A~1

Proof. Tt suffices to show that (AB)(B~'A~!) = (B~'A 1) (AB) = I,,. For
this, we compute (using the associativity of matrix multiplication):



e (AB)(BT'A Y)Y = A(BB YA ' = ALLA ' = AA™' = I;;
e (B'AHYAB)=BY(A'A)B=B"'1,B=B"'B=1,.

3 Elementary matrices

An elementary matriz is any matrix obtained by performing one elementary
row operation on an identity matrix I,,. For an elementary row operation
performed on a matrix with n rows, the elementary matrix that corresponds
to this elementary row operation is the matrix obtained by performing that
same elementary row operation on the identity matrix I,,. Let us consider
some examples.

1. The elementary matrix that corresponds to swapping rows 2 and 4
(“Ra <+ Ry”) of a matrix with 5 rows is

O O O O
o= O O O
O O = O O
O O O = O
o o o O

2. The elementary matrix that corresponds to multiplying the second row
of a matrix with three rows by a scalar v # 0 (“Ra — aR2”) is

1
0
0

o0 O
= o O

3. The matrix that corresponds to adding « times the third row to the
second row (“Ry — Ry + aRj3”) of a matrix with three rows is

1
0
0

o = O
— QO O

Proposition 3.1. Let R be some elementary row operation performed on
a matriz with n rows, and let E € F™" be the elementary matriz that
corresponds to it. Then for any matriz A € F"*™  the matrix obtained by
performing the row operation R on A is precisely the matriz EA.

Proof. Define fg : F™ — F™ by letting, for each u € F", f(u) be the vector
obtained by performing the elementary row operation R on u. It is easy

10



to see that fgr is linear.” So, fr has a standard matrix. But clearly, the
standard matrix of fr is precisely the matrix F.

Now, fix any matrix A € F*"*™ and set A = [ a; ... apy ] Then
FA = [ Fa; ... Fa,, ] Since F is the standard matrix of fr, we see
that, for each index i € {1,...,m}, Ea; = f(a;) is the vector obtained by
performing the elementary row operation R on the column a;. So, F'A is the
matrix obtained by performing the elementary row operation R on A. [

Proposition 3.2.

IE‘TLXTL

(a) Elementary matrices in are invertible.

(b) The inverse of an elementary matrix in F**™ is an elementary matriz
Zn FTLXTL

(c) The product of elementary matrices in F"*™ is invertible.

Proof. By Proposition 2.6, the product of invertible matrices is invertible. So,
(c) follows from (a). It remains to prove (a) and (b). Let R be an elementary
row operation performed on a matrix with n rows, and let E be the elementary
matrix corresponding to R. Let R’ be the elementary row operation that
“undoes” R.% Let E’ be the elementary matrix that corresponds to R'. But
now Proposition 3.1 guarantees that EE’ = E'E = I,,.2 This proves that £
is invertible, and that its inverse is the elementary matrix F’. O

We complete this section by proving a strengthening of part (a) of
Theorem 2.2, stated below.

Proposition 3.3. Let A € F™*"  and assume that [ I, B ] is the reduced
row echelon form of the matriz [ A I, ] Then all the following hold:

e A is invertible;
° Afl — B,‘
e A is the product of elementary matrices.

Proof. By Proposition 3.1, there exists a sequence Fj, ..., E} of elementary
matrices such that Ej...E1 [ A I, |=[ I, B ] Then E,...E1A=1,
and Fj,...FE1I, = B. Set E := E}.... Eq, so that FA =1, and FI, = B
(and so B = E). Now, by Proposition 3.2, we know that B = F is invertible
and has an inverse B~1.1 We now have that B~'B = I,, and BA = I,,. So,

"Check this!

81f R swaps rows ¢ and j, then R’ also swaps rows ¢ and j. If R scales row i by a
non-zero scalar «, then R’ scales row i by a*. If R adds a times row i to row j (j # 1),
then R’ adds —a times row i to row j.

9Details?

ONote that by Proposition 2.6, we have that B~! = E1_1 . Ek_l.

11



by Proposition 2.1, we have that A = B~!. This proves that A is invertible,
and by Proposition 2.5, A=! = (B~!)~! = B. But now by Proposition 2.6,
we have that A= B~! = (Ej,...E)~' = E{'... E;'. By Proposition 3.2,
E; o E, L are elementary matrices, and it follows that A is the product
of elementary matrices. O

4 Singular and non-singular matrices

A homogeneous matriz-vector equation is any equation of the form Ax = 0,
where A is a matrix, 0 is the zero vector of the appropriate size, and the
vector x is unknown. Note that any homogeneous matrix-vector equation
Ax = 0 has at least one solution, namely, x = 0; this solution is called
the trivial solution. A non-trivial solution of Ax = 0 is any solution of this
equation other than 0.

A matrix A € F™*" is singular if the homogeneous equation Ax = 0 has
a non-trivial solution; otherwise, A is non-singular.'!

Proposition 4.1. A square matriz is invertible if and only if it is non-
singular.

Proof. Fix a matrix A € F**™,
Suppose first that A is invertible. Fix any solution xg of the homogeneous
equation Ax = 0. Then we get the following sequence of implications.

Axg = O
= A Y(Axq) = A7'0
= (A 'A)x, = 0
== Iyxg = 0
= xg = 0

Thus, the homogeneous equation Ax = 0 has only the trivial solution, i.e. A
is non-singular.

Suppose now that A is non-singular, so that the homogeneous equation
Ax = 0 has only the trivial solution. The augmented matrix of the equation
Ax=0is [ A 0] Let [U 0 | =RREF([ A 0 ]). Since Ax = 0 has
only one solution (namely, the trivial solution), the same is true for Ux = 0.
So, the system corresponding to the augmented matrix [ U 0 ] has no
free variables, i.e. all columns of [ U 0 ] other than the last column (the

180, A is non-singular if the matrix-vector equation Ax = 0 has only the trivial solution
(i.e. the solution x = 0).

12



one to the right of the dotted line) are pivot columns. Since [ U 0 ] isin
reduced row echelon form, and since U € F"*™, it follows that U = I,,. So,
some sequence of elementary row operations transforms the matrix [ A 0 ]
into the matrix [ I, 0 ] Now we apply that same sequence of elementary

row operations to the matrix [ A I, ]; this produces a matrix [ I, B ],

which is clearly in reduced row echelon form. So, by Proposition 3.3, A is
invertible. O

5 Proof of Theorem 2.2

We are now ready to prove Theorem 2.2, restated below.

Theorem 2.2. Let A € F™*", and let [U B | = RREF(] A I, ]),
where each of U and B has n columns. Then

(a) if U = I, then A is invertible and B = A™!;
(b) if U # I, then A is not invertible.

Proof. Part (a) follows immediately from Proposition 3.3. Let us prove part
(b). Assume that U # I,,. Clearly, RREF(A) =U and RREF(]| A 0]) =
[ U 0 ] So, Ax = 0 and Ux = 0 have exactly the same solutions. The
homogeneous equation Ux = 0 is consistent (because x = 0 is a solution,
i.e. UO = 0). Moreover, since U is an n X n matrix in reduced row echelon
form, but U # I,,, we see that U has at least one non-pivot column. So, the
(consistent) system corresponding to the augmented matrix [ U 0 ] has at
least one free variable, and it follows that the equation Ux = 0 has more
than one solution. Therefore, the equation Ax = 0 also has more than one
solution, and so A is singular. But now by Proposition 4.1, we see that A is
non-invertible. O

Corollary 5.1. Let A € F"*™. Then the following are equivalent:

(a) A is invertible (i.e. A has an inverse);

(b) A is non-singular (i.e. the homogeneous equation Ax = 0 has only the
trivial solution);

(c) A is the product of elementary matrices;

(d) RREF(A) = I,,;

(¢) RREF([ A I, |)=[In B ] for some matriz B € F**".

Proof. By Proposition 4.1, (a) and (b) are equivalent. By Theorem 2.2, (a)
and (e) are equivalent. Further, it is obvious that (d) and (e) are equivalent.!?

121f a sequence of elementary row operations transforms A into I, then that same
sequence of elementary row operations will transform [ A : I, ] into [ I, : B } for some
matrix B. The reverse also holds.

13



So far, we have proven that (a), (b), (d), and (e) are equivalent. Now, by
Proposition 3.2, (c) implies (a), and by Proposition 3.3, (e) implies (c). This
completes the argument. O

Proposition 5.2. Let A € F™"*™ be an invertible matriz, and let b € F™ be
a vector. Then the matriz-vector equation Ax = b has a unique solution,
namely A~ b.

Proof. First, A~'b is a solution of the matrix-vector equation Ax = b

because
A(Aflb) = (AAfl)b = I,b = b.

It remains to show that this solution is unique. So, fix any solution xq of
the matrix-vector equation Ax = b. Then Axg = b. By multiplying both
sides on the right by A~!, we get that A~!(Axg) = A~'b. We now compute

Ab = A Y(Ax)) = (A'A)x, = I,xo = xo.

So, xg = A™'b, i.e. the solution A~ 'b of Ax = b is unique. O

14



