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1 Mathematical induction

Mathematical Induction is a proof technique that can be used to prove that
a certain statement holds for all natural numbers n.

Let P(n) be a statement about the number n. In order to prove that
P(n) holds for every n € N, it suffices to prove the following two statements:

e (Base case) P(1) is true;

e (Induction step) for every n € N, if ~ P(n) is true , then P(n+1)
—_————

“induction hypothesis”
is true.

Why does this work? Here’s the intuition: We are trying to prove an infinite
sequence of statements, namely,

P(1),P(2),P(3),P(4),...

By the base case, P(1) is true. By the induction step, since P(1) is true,
P(2) is also true. Again by the induction step, since P(2) is true, so is P(3).
Once again by the induction step, since P(3) is true, so is P(4). And so on!
Thus, P(n) is true for all n.

Example 1.1. Prove that 1+2+---4+n = % for alln € N.

Solution. Let P(n) be the statement that 1 +2+---+n = w Thus:
e P(1) is the statement that 1 = 1~(12+1);

e P(2) is the statement that 1 +2 = %;

e P(3) is the statement that 1 +2+ 3 = 3-(32+1);

e ctc.



We need to prove that the statement P(n) is true for all n.

Base case: n = 1. Obviously, 1 = 1'(1;1). Thus, P(1) is true.

Induction step: Fix n € N, and assume that P(n) is true. We must
show that P(n + 1) is true.

The induction hypothesis states that 14+2+---4+n = "("QH). Using this,

we must prove that 1 +2+---4+n+(n+1) = w We compute:
142+ 4+n+(n+1) = 142+ ---+n)+(n+1)
= "(”;1) +(n+1) by the induction
hypothesis
= (n+1)(5+1)
(n+1)((n+1)+1)
S Bl
Thus, P(n+ 1) is true. This completes the induction. O

Example 1.2. Prove that 3n < 2" for all integers n > 4.

Proof. This is a slight variation on the theme. Since we are proving the
statement for n > 4, our base case is n = 4 (rather than n = 1).

Base case: n = 4. Clearly, 3-4 =12 < 16 = 2*.

Induction step: Fix n € N such that n > 4, and assume that 3n < 2".
We must show that 3(n + 1) < 2"F1. We observe the following:

3n+1) = 3n+3
< 2"+3 by the induction hypothesis
< 2n 422
< 242" because n > 2
on+1
Thus, the statement is true for n + 1. This completes the induction. ]
Example 1.3. The Fibonacci numbers are defined as follows:
e F(1)=F(2)=1;
e Fln+2)=F(n)+ F(n+1) for alln € N.

Prove that F(n) = (1+\/5);n_\/(%_\/g)n‘




Solution. The general term is defined in terms of the previous two terms.
Thus, instead of one base case, we have two: n =1 and n = 2. (Remark: If
the general term were defined in terms of, say, the previous fifteen terms,
then we would have fifteen base cases!)

Base case: For n = 1, we have:

A+VvB'-a-v5' _ 2v5 _ _
21/5 T o2vs 1 = F(Q)

For n = 2, we have:

(1+v5)2—(1-v6)2  _ (1+2v6+5)—(1-2v56+5) 4B _ 1 = F(2)
22v/5 B a5 v |

Thus, the statement is true for n = 1 and n = 2.

Induction step: Fix n € N, and assume inductively that the statement
is true for n and n 4+ 1. We must show that it is true for n + 2.

By the induction hypothesis, F'(n) = (1.!,_\/5)2””_\/(%_\/5)” and F(n+1) =
E;f:%i;%i‘:/g)wl. We must show that F(n +2) = (1+\/5)n2t12+;(1\/5_\/5)n+2.
F(n+2)
= F(n)+F(n+1) by the definition of

Fibonacci numbers

n__(1_ n n+1l_1_ n+1 . .
= A e VB | (14V5) L v5) by the induction

hypothesis

4(14v5)"—4(1—/5)" I 2(14v5) (14+v5)" —2(1—/5) (1=5)"
2n+2\/5 2n+2\/5

(64+2V/5) (14v/5)" —(6-2v5)(1-V5)"
2n+2\/g

(1+vE)’ (14+V5)"—(1-v/5)?(1—VB)"
2n+2\/5

_ (VR (1B
- 2n+2\/5 °

This completes the induction. ]

Example 1.4. Prove that for all non-negative integers k, we have that
o 8%+l =38 (mod 10);
o 8%+2 =4 (mod 10);



o 8%+3 =92 (mod 10);
e 8%+ =6 (mod 10).

Solution. We proceed by induction on k. Since we need to prove the statement
for all non-negative integers k, our base case is k = 0.

Base case: For k = 0, we have:

° 840+1 _8_108

o 8402 =82 — 64 = 4;
o 8403 — g3 — g .82 (*E)lo 8 -4 = 32 =9 2, where for (*), we used the
fact that 82 =1 4 (proven above);

o g40+1 =gt —-g.83 (*E)lo 82 =16 =19 6, where for (*) we used the fact

that 83 =19 2 (proven above).

Thus, the claim is true for k£ = 0.

Induction step: Fix a non-negative integer k, and assume inductively
that the statement is true for k.! We must show that it is true for k + 1.2
We saw in the base case that 8% = 6 (mod 10), and consequently, for each
¢ e {1,2,3,4}, we have that

84(k+1)+€ — &4.g4k+¢ =10 6 . 84k+t

In the following calculations, (*) follows from the line right above this
paragraph, and (**) follows from the induction hypothesis. We compute:

o gAk+1)+1 < ® ) o 6 - 84+l (x )10 6-8=48 =1 §;

° 84(k+1)+2 ) ) 06- g4k+2 (x )10 6-4=24=y4;

190, we are assuming that the following hold:
o 8%*1 =8 (mod 10);
o 82 =4 (mod 10);
o 813 =9 (mod 10);
( )

e 8%*4 =6 (mod 10).

280, we must prove the following:
o gk =g (mod 10);
o 8FFUF2 = 4 (mod 10);
o 8HFHDH3 = 9 (mod 10);
o 8D+ = 6 (mod 10).



o QA(k+1)+3 (;)10 G - 84k+3 (2)10 6-2=12=19 2;

o 84(k+1)+4 (E*)IO 6 - 84k:+4 (2)10 6-6 =36=6.

This completes the induction. ]

2 Strong induction

We now discuss a type of induction (sometimes called “strong induction”)
that lacks a base case. Again, let P(n) be a statement about the number n.
In order to prove that P(n) holds for every n € N, it suffices to prove the
following;:

e for every n € N, if P(1),..., P(n — 1) are all true,® then P(n) is true.

Why does this make sense?” Here’s the intuition. Suppose that we have
proven the statement above (i.e. that for every n € N, if P(1),...,P(n —1)
are all true, then P(n) is true). For n = 1, the hypothesis is vacuously true,*
and so it follows that P(1) is true. Since P(1) is true, P(2) is true. Now
P(1), P(2) are true; so P(3) is true. Now P(1), P(2), P(3) are true; so P(4)
is true. And so on!

Example 2.1. Prove that every integer n > 2 can be written as a product
of prime numbers.®

Proof. Fix an integer n > 2, and assume inductively that each of 2,... , n—1
can be written as a product of primes.® We must show that n can be written
as a product of primes.

Clearly, n is either prime or composite.

Suppose first that n is prime. Then, obviously, n can be written as a
product of primes.”

Suppose now that n is composite. Then there exist integers n1,no such
that 2 < ni,ne <n—1and n = nine. By the induction hypothesis, n; and ng

can be written as products of primes. Set ny =py----- prand no =qp--- - qe,
where p1,...,DPk, q1,-..,qe are prime. Thenn =ning =py----- Pr-qL----- Q-
Thus, n is the product of primes. O

3In other words: “if P(i) is true for all ¢ € N such that i < n — 17

“Indeed, there are no positive integers ¢ € N such that i < 1.

This statement is known at the Fundamental Theorem of Arithmetic.

n other words, we are assuming that for all integers m such that 2<m <n —1, m
can be written as a product of primes. Note that if n = 2, then we are in fact not assuming
anything because there are no integers m satisfying 2 <m <n — 1.

1

"Namely, n = _n .
~—~

prime



