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Definition
A group is a set G, together with a binary operation o, satisfying
the following properties:
@ o is associative, i.e. for all g1, 8,83 € G,
(g1082) 083 =g10(82083);
@ there exists some e € G, called the identity element, s.t. for
al ge G, eog=goe=g;
e for all g € G, there exists some g’ € G, called the inverse of
g, st.gog =glog=ce.
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e Indeed, suppose €1, e; are identity elements of G. Then
e1e; = e (because e is an identity element), and e;e; = &
(because e; is an identity element). So, e = e;.
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A group is a set G, together with a binary operation o, satisfying
the following properties:
@ o is associative, i.e. for all g1, 8,83 € G,
(g1082) 083 =g10(82083);
@ there exists some e € G, called the identity element, s.t. for
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e for all g € G, there exists some g’ € G, called the inverse of
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@ The identity element is unique.
e Indeed, suppose €1, e; are identity elements of G. Then
e1e; = e (because e is an identity element), and e;e; = &
(because e; is an identity element). So, e = e;.
o Typically, this identity element is denoted by 1, or simply 1.
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the following properties:
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@ It can be shown that each element of G has a unique inverse.
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= gi(ge) because g is an inverse of g
= (@18)e because o is associative
= lgo because g is an inverse of g
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Definition

A group is a set G, together with a binary operation o, satisfying
the following properties:
@ o is associative, i.e. for all g1, 8,83 € G,
(g1og2)ogs=g1o(g08s)
@ there exists some e € G, called the identity element, s.t. for
alge G, eog=goe=g;
e for all g € G, there exists some g’ € G, called the inverse of
g, st.gog =glog=ce.

@ It can be shown that each element of G has a unique inverse.
e Indeed, if g1,4> € G are both inverses of some g € G, then

g = glg because 15 is the identity element
= gi(ge) because g is an inverse of g
= (@18)e because o is associative
= lgo because g is an inverse of g
= & because 1¢ is an identity element

o The inverse of g is denoted by g 1.



e For a set X, Sym(X) is the group of all permutations of X;
the group operation is the composition of functions, and the
identity element is Idx.
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{1,...,n} is denoted by Sym(n) or Sym,,.



e For a set X, Sym(X) is the group of all permutations of X;
the group operation is the composition of functions, and the
identity element is Idx.

e For a positive integer n, the group of permutations of the set
{1,...,n} is denoted by Sym(n) or Sym,,.

@ A permutation m € Sym(n) can be denoted by

( 1 2 ... n )
w(1) w(2) ... w(n) |’



@ Recall that each permutation in Sym(n) can be represented as
a composition of disjoint cycles.



@ Recall that each permutation in Sym(n) can be represented as
a composition of disjoint cycles.

e For example, the following permutation in Sym(5)

1 2 3 45
4 5 1 3 2

can be represented as (143)(25).



@ Recall that each permutation in Sym(n) can be represented as
a composition of disjoint cycles.

e For example, the following permutation in Sym(5)

1 3 45
4 1 3 2

can be represented as (143)(25).
@ Cycles of length one are usually omitted (when n is clear from
context).
e For example, in Sym(5), instead of (124)(3)(5), we typically
write simply (124).
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Definition

A left action (or simply action) of a group G on a set X is a
function a: G x X — X that satisfies the following two properties:

e for all x € X, a(lg,x) = x.
o for all g1,82 € G and x € X, a(g1, a(g2, x)) = a(g142, x).
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o forall g1, € Gand x € X, g1-(g2- x) = (g182) - x.
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Note that these axioms imply that, for all g € G and
x,y€X,ifg-x=y,then gl -y=x.



Definition

A left action (or simply action) of a group G on a set X is a
function a: G x X — X that satisfies the following two properties:

for all x € X, a(1g,x) = x.

for all g1,8 € G and x € X, a(g1, a(g2, x)) = a(g182, x).

Often, instead of a(g, x), we write simply g - x.

So, using this notation, the axioms above become:

e forall x e X, 1g - x = x.

o forall g, € Gand x € X, g1 - (& - x) = (q1) - x.
Note that these axioms imply that, for all g € G and
x,yeX,ifg-x=y, theng™ 1. y=x.

o Indeed, if g- x =y, then

gl y=g" (g x)=(g"g) x=1c-x=x.



@ Group action axioms (group G acting on set X):
o forall x € X, 1g - x = x.
o forall g1,820€ Gand x € X, g1- (& - x) = (g1&2) - x.



@ Group action axioms (group G acting on set X):
o forall x € X, 1g - x = x.
o forall g1, € Gand x € X, g1- (g2 x) = (g182) - x.

Any group G acts on itself in a natural way: for all g € G and
x € G,? we set g - x = gx.

“Here, X = G.




@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a, : X — X by
setting ag(x) = a(g, x) for all x € X.



@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a5 : X — X by
setting ag(x) = a(g, x) for all x € X.

Proposition 2.2

Let a: G x X — X be an action of a group G on a set X. Then
for all g € G, the function a, is a permutation of X.

Proof.



@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a5 : X — X by
setting ag(x) = a(g, x) for all x € X.

Proposition 2.2

Let a: G x X — X be an action of a group G on a set X. Then
for all g € G, the function a, is a permutation of X.

Proof. Fix g € G, and consider its inverse g~%. Then for all
x € X, we have that

ag*loag(x) = a(gilva(g7x))
= a(g'g,x)
= a(lG,x)
= x,
and so ag-10ag = Idx.



@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a5 : X — X by
setting ag(x) = a(g, x) for all x € X.

Proposition 2.2

Let a: G x X — X be an action of a group G on a set X. Then
for all g € G, the function a, is a permutation of X.

Proof. Fix g € G, and consider its inverse g~%. Then for all
x € X, we have that

ag-103g(x) = a(g™t a(g,x))
= alg'g,x)
= a(lG,x)

and so a;-1 03, = Idx. A completely analogous argument shows
that ag 0 a;-1 = ldx.



@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a5 : X — X by
setting ag(x) = a(g, x) for all x € X.

Proposition 2.2

Let a: G x X — X be an action of a group G on a set X. Then
for all g € G, the function a, is a permutation of X.

Proof. Fix g € G, and consider its inverse g~%. Then for all
x € X, we have that

ag-103g(x) = a(g™t a(g,x))
= alg'g,x)
= a(lG,x)

and so a;-1 03, = Idx. A completely analogous argument shows

that ag o a;—1 =Idx. So, ag : X — X is a bijection with inverse
ag-1, and the result follows.



@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a; : X — X by
setting ag(x) = a(g, x) for all x € X.

Proposition 2.2

Let a: G x X — X be an action of a group G on a set X. Then
for all g € G, the function agz is a permutation of X.

@ A converse of sorts of Proposition 2.2 also holds: for any set
X and any permutation 7 of X, there is a group G, an action
aof Gon X, and an element g € G s.t. a; = 7.



@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a; : X — X by
setting ag(x) = a(g, x) for all x € X.

Proposition 2.2

Let a: G x X — X be an action of a group G on a set X. Then
for all g € G, the function agz is a permutation of X.

@ A converse of sorts of Proposition 2.2 also holds: for any set
X and any permutation 7 of X, there is a group G, an action
aof Gon X, and an element g € G s.t. a; = 7.

o Indeed, for fixed X and 7, we set G := Sym(X) (the group
operation is the composition of functions), we define
a:GxX—= Xby(0,x)— o(x), and we set g := 7.



@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a; : X — X by
setting ag(x) = a(g, x) for all x € X.

Proposition 2.2

Let a: G x X — X be an action of a group G on a set X. Then
for all g € G, the function agz is a permutation of X.

@ A converse of sorts of Proposition 2.2 also holds: for any set
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@ Given an action a: G x X — X of a group G on a set X, and
an element g € G, we define a function a; : X — X by
setting ag(x) = a(g, x) for all x € X.

Proposition 2.2

Let a: G x X — X be an action of a group G on a set X. Then
for all g € G, the function agz is a permutation of X.

@ A converse of sorts of Proposition 2.2 also holds: for any set
X and any permutation 7 of X, there is a group G, an action
aof Gon X, and an element g € G s.t. a; = 7.

o Indeed, for fixed X and 7, we set G := Sym(X) (the group
operation is the composition of functions), we define
a:GxX—= Xby(0,x)— o(x), and we set g := 7.

e Then for all x € X, we have that
ag(x) = ax(x) = a(m, x) = m(x), and so ag = .

@ So, the study of group actions is essentially the same as the
study of set permutations.



@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1- (g2 x) = (g182) - x.



@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1- (g2 x) = (g182) - x.

Consider a cube in R3, and let Rype be the group of rotations of
R3 that map this cube to itself. (Here, the group operation is the
composition of functions/rotations, and the identity element is the
identity function on R3.) The group Reupe acts on the faces of the
cube in a natural way: for each rotation r € R ,pe and each face f
of the cube, r - f is the face of the cube to which the rotation r
maps/moves the face f.




@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1- (g2 x) = (g182) - x.

Consider a cube in R3, and let Rype be the group of rotations of
R3 that map this cube to itself. (Here, the group operation is the
composition of functions/rotations, and the identity element is the
identity function on R3.) The group Reupe acts on the faces of the
cube in a natural way: for each rotation r € R ,pe and each face f
of the cube, r - f is the face of the cube to which the rotation r
maps/moves the face f.

o Note that |Reype| = 24.

@ Indeed, let's check what the rotations can bel!



@ Rotations in Reype:
@ the identity function;



@ Rotations in Repe:
@ the identity function;
@ nine rotations about an axis passing though centers of
opposite faces of the cube (there are three choices of axis, and
for each choice, we can rotate by 90°, 180°, or 270°);




@ Rotations in Repe:
© six rotations about an axis passing through centers of opposite
edges of the cube (there are six choices of axis, and for each
choice, we can rotate only by 180°);




@ Rotations in R.ype:
@ cight rotations around axes passing through opposite vertices
of the cube (there are four choices of axis, and in each case,
we can rotate by 120° or 240°).




@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1 - (&2 - x) = (q1&) - x.



@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1 - (&2 - x) = (q1&) - x.
Definition
Suppose that a is an action of a group G on a set X. Then

e for each g € G, a fixed point of g is any x € X s.t. g-x = x,
and we set X8 :={xe€ X |g-x=x};?

o for each x € X, we define the stabilizer of x to be
Gy :={geGlg x=x}

@ for each x € X, we define the orbit of x to be
G-x={g-x|geG}P

?So, X& is the set of all fixed points of g (with respect to the action a).
bSo, the orbit of x is the set of all elements of x that G can “move” x to.




@ Group action axioms (group G acting on set X):

o forall x € X, 1g - x = x.

o forall g1, € Gand x € X, g1 - (g2 x) = (g182) - x.
e Orbitof x e X: G-x:={g-x|ge G}.

Proposition 2.4

Let a be an action of a group G on a set X. Then
@ for all x € X, we have that x € G - x;

@ the orbits of the action a form a partition of X.

Proof.



@ Group action axioms (group G acting on set X):

o forall x € X, 1g - x = x.

o forall g1, € Gand x € X, g1 - (g2 x) = (g182) - x.
e Orbitof x e X: G-x:={g-x|ge G}.

Proposition 2.4

Let a be an action of a group G on a set X. Then
@ for all x € X, we have that x € G - x;

@ the orbits of the action a form a partition of X.

Proof. First, since 1¢ - x = x, we see that x € G - x.



@ Group action axioms (group G acting on set X):
o forall x € X, 1g - x = x.
o forall g1, € Gand x € X, g1 - (g2 x) = (g182) - x.

e Orbitof x e X: G-x:={g-x|ge G}.

Proposition 2.4

Let a be an action of a group G on a set X. Then
@ for all x € X, we have that x € G - x;

@ the orbits of the action a form a partition of X.

Proof. First, since 1¢ - x = x, we see that x € G - x. In particular,
each element of X belongs to some orbit.



@ Group action axioms (group G acting on set X):

o forall x € X, 1g - x = x.

o forall g1, € Gand x € X, g1 - (g2 x) = (g182) - x.
e Orbitof x e X: G-x:={g-x|ge G}.

Proposition 2.4

Let a be an action of a group G on a set X. Then
@ for all x € X, we have that x € G - x;

@ the orbits of the action a form a partition of X.

Proof. First, since 1¢ - x = x, we see that x € G - x. In particular,
each element of X belongs to some orbit.

It remains to show that any two distinct orbits are disjoint.



@ Group action axioms (group G acting on set X):
e forall x e X, 1¢ - x = x.
o forall g1, € Gand x € X, g1-(g2- x) = (g182) - x.
@ Orbitof xe X: G-x:={g-x|ge€ G}
Proof (continued). So, fix x1,x2 € X; we must show that G- x;
and G - x» are either equal or disjoint.



@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1-(g2- x) = (g182) - x.
@ Orbitof xe X: G-x:={g-x|ge€ G}
Proof (continued). So, fix x1,x2 € X; we must show that G- x;
and G - x» are either equal or disjoint. Suppose that G - x; and
G - xp are not disjoint; we claim that G- x; = G - xp.



@ Group action axioms (group G acting on set X):
e forall x e X, 1¢ - x = x.
o forall g, € Gand x € X, g1 - (& - x) = (q1) - x.
@ Orbitof xe X: G-x:={g-x|ge€ G}
Proof (continued). So, fix x1,x2 € X; we must show that G- x;
and G - x» are either equal or disjoint. Suppose that G - x; and
G - xp are not disjoint; we claim that G- x; = G - x. We will show
that G - x1 C G - xp; the proof of the reverse inclusion is analogous.



@ Group action axioms (group G acting on set X):
e forall x e X, 1¢ - x = x.
o forall g, € Gand x € X, g1 - (& - x) = (q1) - x.
@ Orbitof xe X: G-x:={g-x|ge€ G}
Proof (continued). So, fix x1,x2 € X; we must show that G- x;
and G - x» are either equal or disjoint. Suppose that G - x; and
G - xp are not disjoint; we claim that G- x; = G - x. We will show
that G - x1 C G - xp; the proof of the reverse inclusion is analogous.

Fix some y € (G- x1) N (G - x2).



@ Group action axioms (group G acting on set X):
e forall x e X, 1¢ - x = x.
o forall g, € Gand x € X, g1 - (& - x) = (q1) - x.
@ Orbitof xe X: G-x:={g-x|ge€ G}
Proof (continued). So, fix x1,x2 € X; we must show that G- x;
and G - x» are either equal or disjoint. Suppose that G - x; and
G - xp are not disjoint; we claim that G- x; = G - x. We will show
that G - x1 C G - xp; the proof of the reverse inclusion is analogous.
Fix some y € (G- x1) N (G - x2). Then there exist g1, 8 € G s.t.
y=g - x1and y =g X3 50, g1 X1 = g2 X2.



@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1-(g2- x) = (g182) - x.
@ Orbitof xe X: G-x:={g-x|ge€ G}
Proof (continued). So, fix x1,x2 € X; we must show that G- x;
and G - x» are either equal or disjoint. Suppose that G - x; and
G - xp are not disjoint; we claim that G- x; = G - x. We will show
that G - x1 C G - xp; the proof of the reverse inclusion is analogous.
Fix some y € (G- x1) N (G - x2). Then there exist g1, 8 € G s.t.
y=g1-x3and y = g - x2; S0, g1 - X1 = & - x2. But then
x = (g ‘&) x.



@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1-(g2- x) = (g182) - x.
@ Orbitof xe X: G-x:={g-x|ge€ G}
Proof (continued). So, fix x1,x2 € X; we must show that G- x;
and G - x» are either equal or disjoint. Suppose that G - x; and
G - xp are not disjoint; we claim that G- x; = G - x. We will show
that G - x1 C G - xp; the proof of the reverse inclusion is analogous.
Fix some y € (G- x1) N (G - x2). Then there exist g1, 8 € G s.t.
y=g1-x3and y = g - x2; S0, g1 - X1 = & - x2. But then
x| = (gflgg) - x2. Now, for all g € G, we have that

g'x1 = g ((gflgz) "Xp) = (ggflgz) X2,

andso g-x1 € G- xo.



@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g1, € Gand x € X, g1-(g2- x) = (g182) - x.
@ Orbitof xe X: G-x:={g-x|ge€ G}
Proof (continued). So, fix x1,x2 € X; we must show that G- x;
and G - x» are either equal or disjoint. Suppose that G - x; and
G - xp are not disjoint; we claim that G- x; = G - x. We will show
that G - x1 C G - xp; the proof of the reverse inclusion is analogous.
Fix some y € (G- x1) N (G - x2). Then there exist g1, 8 € G s.t.
y=g1-x3and y = g - x2; S0, g1 - X1 = & - x2. But then
x| = (gflgg) - x2. Now, for all g € G, we have that

g'x1 = g ((gflgz) "Xp) = (ggflgz) X2,

andso g-x1 € G-xp. Thus, G-x3 C G - xp, and we are done.



@ Group action axioms (group G acting on set X):
o forall x € X, 1g - x = x.
o forall g1, € Gand x € X, g1-(g2- x) = (g182) - x.

@ Orbitof xe X: G-x:={g-x|ge€ G}

Proposition 2.4

Let a be an action of a group G on a set X. Then
o for all x € X, we have that x € G - x;

@ the orbits of the action a form a partition of X.

@ Let X/G be the partition of X into orbits (of a).
@ So, |X/G| is the number of orbits of the action a.



@ Group action axioms (group G acting on set X):
o forall x € X, 1¢ - x = x.
o forall g, € Gand x € X, g1 - (& - x) = (q1) - x.

@ Set of fixed points of g € G: X8 :={x € X | g -x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

e Orbitof xe X: G-x:={g-x|ge G};

@ Partition of X into orbits of action a: X/G.
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orbits is equal to the average number of fixed points.

e We'll prove Burnside's lemma later.



@ Group action axioms (group G acting on set X):
e forall x e X, 1g - x = x.
o forall g1, € Gand x € X, g1-(g2- x) = (g182) - x.

@ Set of fixed points of g € G: X8 :={x € X | g -x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

e Orbitof xe X: G-x:={g-x|ge G};

@ Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/6] = & Teec|Xel.

@ So, Burnside's lemma states (roughly) that the number of
orbits is equal to the average number of fixed points.

e We'll prove Burnside's lemma later.

@ First, let's look at some applications.



e Burnside's lemma: |X/G| = ﬁ > gec | XE].



e Burnside's lemma: |X/G| = ﬁ > gec | XE].

Let R.ube be the group of rotations of the cube, as in Example 2.3,
and let k be a positive integer. Let By be the set of all colorings of
the faces of the cube using the color set {1,...,k}. Then Reype
acts on the set By in the natural way: a rotation r € R pe maps
each element of By to an appropriately rotated coloring. Two
colorings of the cube are equivalent if one can be transformed into
the other by a rotation in Reype. Compute the number of
non-equivalent colorings of the cube using the color set {1,..., k}.




e Burnside's lemma: |[X/G| = ﬁ > gea | XE].

Solution.



e Burnside's lemma: |[X/G| = ﬁdeG | X8].

Solution. Two colorings of the cube using the color set {1, ..., k}
are equivalent iff they belong to the same orbit of our group
action.



e Burnside's lemma: |[X/G| = ﬁdeG | X8].

Solution. Two colorings of the cube using the color set {1, ..., k}
are equivalent iff they belong to the same orbit of our group
action. So, the number of non-equivalent colorings of the cube
using the color set {1,..., k} is precisely equal to the number of
orbits of our action of R.ype on By, which we will compute using
Burnside's lemma.



e Burnside's lemma: |[X/G| = ﬁdeG | X8].

Solution. Two colorings of the cube using the color set {1, ..., k}
are equivalent iff they belong to the same orbit of our group
action. So, the number of non-equivalent colorings of the cube
using the color set {1,..., k} is precisely equal to the number of
orbits of our action of R.ype on By, which we will compute using
Burnside's lemma.

We know that |Reupe| = 24 (see Example 2.3), and for each
r € Reube, we compute Bj as follows.



Solution (continued).
o If r is the identity rotation, then |Bf| = |By| = k°.



Solution (continued).

o If r is the identity rotation, then |Bf| = |By| = k°.

@ If r is a rotation by 90° or 270° about an axis passing though
the center of opposite faces (there are a total of six such r's),
then r fixes precisely the colorings in which the faces not
pierced by the axis have the same color. So, we choose one of
k colors for one of the faces pieced by the axis, one of k colors
for the other face pierced by the axis, and one of k colors for
all the remaining four faces. In total, we get |Bf| = k3.




Solution (continued).

@ If r is a rotation by 180° about an axis passing though the
center of opposite faces (there are a total of three such r’s),
then r fixes exactly the the colorings for which the opposite
faces that are not pierced by the axis have the same color.
There are two pairs of opposite faces not pierced by our axis,
and it follows that |Bf| = k*.




Solution (continued).

@ If r is a rotation by 180° about an axis passing though the
center of opposite edges (there are a total of six such r’s),
then r fixes exactly the colorings for which the two opposite
faces not incident with the edges pierced by the axis have the
same color, and in which, for each pierced edge, the two faces
incident with this edge have the same color. So, |Bf| = k.




Solution (continued).

o Finally, if r is a rotation by 120° or 240° about an axis passing
though opposite vertices (there are a total of eight such r's),
then r fixes exactly the colorings for which the three incident
faces with each of the pierced vertices have the same color.

So, |Bf| = K.




e Burnside's lemma: |X/G| = ﬁdeG | X8].

Solution (continued).



e Burnside's lemma: |X/G| = ﬁdeG | X8].

Solution (continued). So, by Burnside's lemma and Example 3.1,
the total number of orbits of our action (and therefore, the total
number of non-equivalent colorings) is

> ’ ‘ _ KS+6k3+3k416k3 18K
‘Rcube‘ reRcube - 24

_ KS43Kk*+12k348K2
- 24



@ Burnside's lemma: | X/G| = ﬁ >ogea | XE].



@ Burnside's lemma: | X/G| = ﬁ >ogea | XE].

Find the number of non-isomorphic graphs on five vertices.

Solution.




@ Burnside's lemma: | X/G| = ﬁ >ogea | XE].

Find the number of non-isomorphic graphs on five vertices.

Solution. Let X be the set of all graphs on the vertex set
{1,...,5}. We let Sym(5) act on X in the natural way: given a
graph G € X and a permutation m € Sym(5), we let 7 - G be the
graph with vertex set {1,...,5}, in which distinct vertices
i,j€{1,...,5} are adjacent iff 7=1(i) and 71(j) are adjacent in
G.

(Equivalently: 7 - G has the same vertex set as G; each edge ij of
G turns into an edge 7(i)7(j) of 7 - G; and each non-edge ij of G
turns into a non-edge 7(/)7w(j) of 7+ G.)



@ Burnside's lemma: |X/G| = ﬁzgec | X8].

Find the number of non-isomorphic graphs on five vertices.

Solution (continued).

Clearly, two graphs in X are isomorphic iff they belong to the same
orbit of this action.



@ Burnside's lemma: |X/G| = ﬁzgec | X8].

Find the number of non-isomorphic graphs on five vertices.

Solution (continued).

Clearly, two graphs in X are isomorphic iff they belong to the same
orbit of this action. So, the number of non-isomorphic graphs on
five vertices is equal to the number of orbits of our action.



@ Burnside's lemma: |X/G| = ﬁzgec | X8].

Find the number of non-isomorphic graphs on five vertices.

Solution (continued).

Clearly, two graphs in X are isomorphic iff they belong to the same
orbit of this action. So, the number of non-isomorphic graphs on
five vertices is equal to the number of orbits of our action. We will
compute the number of orbits using Burnside's lemma.



@ Burnside's lemma: | X/G| = ﬁdeG | X8].

Find the number of non-isomorphic graphs on five vertices.

Solution (continued). Clearly, |Sym(5)| = 5!.




@ Burnside's lemma: | X/G| = ﬁdeG | X8].

Find the number of non-isomorphic graphs on five vertices.

Solution (continued). Clearly, |Sym(5)| = 5!. We compute the
number of fixed points of a permutation m € Sym(5) according to

the cycle structure of 7.




@ Burnside's lemma: | X/G| = ﬁdeG | X8].

Find the number of non-isomorphic graphs on five vertices.

Solution (continued). Clearly, |Sym(5)| = 5!. We compute the
number of fixed points of a permutation m € Sym(5) according to

the cycle structure of 7.
o If 7 is the identity function, then 7 fixes all elements of X, i.e.

IX7| = |X| = 26) = 210,




@ Burnside's lemma: | X/G| = ﬁdeG | X8].

Find the number of non-isomorphic graphs on five vertices.

Solution (continued). Clearly, |Sym(5)| = 5!. We compute the
number of fixed points of a permutation m € Sym(5) according to
the cycle structure of 7.
o If 7 is the identity function, then 7 fixes all elements of X, i.e.
IX7| = x| = 2() = 210
o If m = (ab), for distinct a, b € {1,...,5} (note: there are
(g) = 10 such 7's), then 7 fixes precisely the graphs G € X
s.t. Ng(a) \ {b} = Ng(b) \ {a}. So, we can freely select the
neighbors of a (the neighbors of b are then forced), and we
can choose adjacency between vertices in {1,...,5} \ {a, b}
arbitrarily. There are 2% ways to choose the neighbors of a,
and there are 2(3) =23 ways to choose adjacency between
vertices in {1,...,5}\ {a, b}. So, |XT| =2%.23 =27,




Find the number of non-isomorphic graphs on five vertices.

Solution (continued).
o If m = (ab)(cd) for pairwise distinct a, b,c,d € {1,...,5}
(note: there are 15 such 7's), then 7 fixes precisely the graphs
G € X satisfying the following three properties:
e ac is an edge iff bd is an edge,
e ad is an edge iff bc is an edge,
o the fifth vertex of G (i.e. the unique vertex in
{1,...,5}\ {a, b, c,d}) is adjacent to a iff it is adjacent to b,
and is adjacent to c iff it is adjacent to d.

So, | X™| = 2°.




Find the number of non-isomorphic graphs on five vertices.

Solution (continued).

o If m = (abc), for pairwise distinct a, b, c € {1,...,5} (note:
there are 20 such 7's), then 7 fixes precisely the graphs
G € X in which {a, b, c} is either a clique or a stable set, and
each of the remaining two vertices (i.e. vertices in
{1,...,5}\ {a, b, c}) is either complete or anticomplete to
{a, b,c}. So, | X™| = 2%



Find the number of non-isomorphic graphs on five vertices.

Solution (continued).

o If m = (abc), for pairwise distinct a, b, c € {1,...,5} (note:
there are 20 such 7's), then 7 fixes precisely the graphs
G € X in which {a, b, c} is either a clique or a stable set, and
each of the remaining two vertices (i.e. vertices in
{1,...,5}\ {a, b, c}) is either complete or anticomplete to
{a, b,c}. So, | X™| = 2%

o If m = (abc)(de), for pairwise distinct a, b, c,d, e € {1,...,5}
(note: there are 20 such 7's), then 7 fixes precisely the graphs
G € X in which {a, b, c} is either a clique or a stable set, and
{a, b, c} is either complete or anticomplete to {d, e}. So,
|X™| = 23.



Find the number of non-isomorphic graphs on five vertices.

Solution (continued).
e If m = (abcd), for pairwise distinct a,b,c,d € {1,...,5}
(note: there are 30 such 7's), then 7 fixes precisely the graphs
G € X in which all the following hold:
e ab, bc, cd, da are either all edges or all non-edges,
e ac and bd are either both edges or both non-edges,
o the fifth vertex of G (i.e. the unique vertex in
{1,...,5}\ {a, b, c,d}) is either complete or anticomplete to
{a, b,c,d}.
So, |X™| = 23.




Find the number of non-isomorphic graphs on five vertices.

Solution (continued).

e If m = (abcd), for pairwise distinct a,b,c,d € {1,...,5}
(note: there are 30 such 7's), then 7 fixes precisely the graphs
G € X in which all the following hold:

e ab, bc, cd, da are either all edges or all non-edges,
e ac and bd are either both edges or both non-edges,
o the fifth vertex of G (i.e. the unique vertex in
{1,...,5}\ {a, b, c,d}) is either complete or anticomplete to
{a, b,c,d}.
So, |X™| = 23.

e If m = (abcde), for pairwise distinct a, b, ¢, d, e (note: there
are 24 such 7's), then 7 fixes precisely the graphs G € X in
which both the following hold:

e ab, bc, cd, de, ea are either all edges or all non-edges,
e ac, bd, ce, da, eb are either all edges or all non-edges.

So, |X™| = 22.




Find the number of non-isomorphic graphs on five vertices.

Solution (continued). Now, by Burnside's lemma, we see that the
number of orbits of our action is

| X/Sym(5))]

1
= om > X7
SymON & )

= 4(21°41027 4152542024 +20.2° + 30 2° 4 24 - 2?)

= 34



Find the number of non-isomorphic graphs on five vertices.

Solution (continued). Now, by Burnside's lemma, we see that the
number of orbits of our action is

| X/Sym(5))]

1
m > X7
STOIN

4(210410-27 41526420 2% 4+ 20 2% 430 - 23 + 24 22)

34.

there are 34 non-isomorphic graphs on five vertices.



@ Group action axioms (group G acting on set X):
o forall x e X, 15 - x = x.
o forall g1, € Gand x € X, g1 - (g2 x) = (g182) - x.

Set of fixed points of g € G: X8 :={x € X | g-x = x};
Stabilizer of x € X: Gx:={ge€ G| g -x=x};
Orbitof x € X: G-x:={g-x| g€ G};

Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/G] =k TgeclXel.

@ Let's prove Burnside's lemmal



@ Given an action a of a group G on a set X, and given
x,y € X, weset My(x,y) ={geGlg-x=y}



@ Given an action a of a group G on a set X, and given
x,y € X, weset My(x,y) ={geGlg-x=y}

o Note that M,(x,x) = Gy, and that M,(x,y) # 0 iff y € G- x.



@ Given an action a of a group G on a set X, and given
x,y € X, weset My(x,y) ={geGlg-x=y}

o Note that M,(x,x) = Gy, and that M,(x,y) # 0 iff y € G- x.

Let a be an action of a finite group G on a finite set X, and let
x € X. Then for all y € G - x, we have that [M,(x,y)| = |Gx|.

Proof.



@ Given an action a of a group G on a set X, and given
x,y € X, weset My(x,y) ={geGlg-x=y}

o Note that M,(x,x) = Gy, and that M,(x,y) # 0 iff y € G- x.

Let a be an action of a finite group G on a finite set X, and let
x € X. Then for all y € G - x, we have that [M,(x,y)| = |Gx|.

Proof. Fix y € G-x, and fixany g, € Gs.t. g, -x =y.



@ Given an action a of a group G on a set X, and given
x,y € X, weset My(x,y) ={geGlg-x=y}
o Note that M,(x,x) = Gy, and that M,(x,y) # 0 iff y € G- x.

Let a be an action of a finite group G on a finite set X, and let
x € X. Then for all y € G - x, we have that [M,(x,y)| = |Gx|.

Proof. Fix y € G- x, and fix any g, € G s.t. g, - x = y. We now
define a function f : G — G by setting f(g) = g,g; since G is a
group, f is one-to-one.



@ Given an action a of a group G on a set X, and given
x,y € X, weset My(x,y) ={geGlg-x=y}
o Note that M,(x,x) = Gy, and that M,(x,y) # 0 iff y € G- x.

Let a be an action of a finite group G on a finite set X, and let
x € X. Then for all y € G - x, we have that [M,(x,y)| = |Gx|.

Proof. Fix y € G- x, and fix any g, € G s.t. g, - x = y. We now
define a function f : G — G by setting f(g) = g,g; since G is a
group, f is one-to-one. WTS f[Gy] = M,(x, y); since f is
one-to-one, this will imply that |[M,(x, y)| = |Gx|, which is what
we need.



° Ma(x,y) ={g€Glg-x=y}

Let a be an action of a finite group G on a finite set X, and let
x € X. Then for all y € G - x, we have that |[M,(x,y)| = | Gx|.

Proof (continued). Reminder: y € G-x; g, -x =y; f(g) = g/&-
WTS f[Gx] = Ma(x,y).



° Ma(x,y) ={g€Glg-x=y}

Let a be an action of a finite group G on a finite set X, and let
x € X. Then for all y € G - x, we have that |[M,(x,y)| = | Gx|.

Proof (continued). Reminder: y € G-x; g, -x =y; f(g) = g/&-
WTS f[Gx] = Ma(x,y).
First, fix g € Gy. Then

f(g)‘X:(gyg)'XZgy-(g'X):gy~Xzy, and so
f(g) € Ma(x,y). Thus, f[Gx] C Ma(x,y).



° Ma(x,y) ={g€Glg-x=y}

Let a be an action of a finite group G on a finite set X, and let
x € X. Then for all y € G - x, we have that |[M,(x,y)| = | Gx|.

Proof (continued). Reminder: y € G-x; g, -x =y; f(g) = g/&-
WTS f[Gx] = Ma(x,y).
First, fix g € Gy. Then
f(g)-x=(gy8) x=g,-(g-x) =g/ -x=y, and so
f(g) € Ma(Xay)' ThUS, f[GX] g Ma(va)'
On the other hand, fix any g’ € I\/Ia(x,y). Then g -x =y, and so
(g 1g) x=g, " (& x)=g ' y=g" (g x) =
(g gy) x=1¢ -x =x; consequently g, ~1g' € G,. But
/

f(gy ) =gy(g;,'g) = (g8, )&’ —1cg =g’, and so
M (x, y) C f[Gy].



° Ma(x,y) ={g€Glg-x=y}

Let a be an action of a finite group G on a finite set X, and let
x € X. Then for all y € G - x, we have that |[M,(x,y)| = | Gx|.

Proof (continued). Reminder: y € G-x; g, -x =y; f(g) = g/&-
WTS f[Gx] = Ma(x,y).

First, fix g € Gy. Then

f(g)-x=(gy8) x=g,-(g-x) =g/ -x=y, and so

f(g) € Ma(x,y). Thus, f[G] € Ma(x,y).

On the other hand, fix any g’ € M,(x,y). Then g’ - x =y, and so
(&'g) x=g, (- x)=g - y=g"" (g x) =

(gy_lgy) -x = 1¢ - x = x; consequently, gy_lg’ € Gx. But
flg,'e') = g/, 'e') = (gyg, ')g' = 1leg’ = &', and so

M,(x,y) C f[Gy].

We have now shown that f[Gx] = M,(x,y), and we are done.



o Stabilizer of x € X: Gy :={g€ G| g-x=x};
e Orbitof x e X: G-x:={g-x|ge G};

The orbit-stabilizer theorem

Let a be an action of a finite group G on a finite set X. Then for

all x € X, we have that |G - x| = .

Proof.



o Stabilizer of x € X: Gy :={g€ G| g-x=x};
e Orbitof x e X: G-x:={g-x|ge G};

The orbit-stabilizer theorem

Let a be an action of a finite group G on a finite set X. Then for
all x € X, we have that |G - x| = .

Proof. Fix x € X, and note that sets of the form M,(x,y), with
y € G- x, form a partition of G, and so

‘G‘ = ‘UyEG-x Ma(Xa)/)‘
= Z}’EG~X |M3(Xa)/)|
> yecx |Gl by Lemma 2.5

and the result follows.



@ Set of fixed points of g € G: X8 :={x € X | g-x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

e Partition of X into orbits of action a: X/G.

Let a be an action of a finite group G on a finite set X. Then

X/6] = Teex i

Proof.



@ Set of fixed points of g € G: X8 :={x € X | g-x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

e Partition of X into orbits of action a: X/G.

Let a be an action of a finite group G on a finite set X. Then

X/6] = Tex1dx

Proof. Set t := |X /G|, and let Oy, ..., O; be the orbits of the
action a.



@ Set of fixed points of g € G: X8 :={x € X | g-x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

e Partition of X into orbits of action a: X/G.

Let a be an action of a finite group G on a finite set X. Then

X/6] = Teex i

Proof. Set t := |X /G|, and let Oy, ..., O; be the orbits of the
action a. By Proposition 2.4, we have that

@ (04,...,0) is a partition of X;
o forallie{l,...,t} and x € O;, G- x = O;.



@ Set of fixed points of g € G: X8 :={x € X | g-x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

e Partition of X into orbits of action a: X/G.

Let a be an action of a finite group G on a finite set X. Then

X/6] = Tex1dx

Proof. Set t := |X /G|, and let Oy, ..., O; be the orbits of the
action a. By Proposition 2.4, we have that

@ (04,...,0) is a partition of X;
o forallie{l,...,t} and x € O;, G- x = O;.
We now compute

1 _ t 1 _ t 1 _
erx [Gx] — i=1 ero,- [Gx] — i=1 ero,» 0] — ¢

which is what we needed.



@ Set of fixed points of g € G: X8 :={xe X | g -x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

e Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/6] = b TgeclXEl.

Proof.



@ Set of fixed points of g € G: X8 :={xe X | g -x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

e Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/6] = b TgeclXEl.

Proof. Let F :={(g,x) € G x X | g-x = x}. We will count |F| in
two ways.



@ Set of fixed points of g € G: X8 :={xe X | g -x=x};
o Stabilizer of x € X: Gy :={g€ G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

e Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/6] = b TgeclXEl.

Proof. Let F :={(g,x) € G x X | g-x = x}. We will count |F| in
two ways.

On the one hand, for all g € G and x € X, we have that
(g,x) € Fiff x € X&; so, |[F| =3 ,cq | X8|




@ Set of fixed points of g € G: X8 :={xe€ X |g-x=x};
o Stabilizer of x € X: Gy :={g € G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

@ Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then
X/Gl = ki TgeclXel.

Proof (continued). Reminder: F :={(g,x) € G x X | g-x =x};
Fl =2 gec X5l




@ Set of fixed points of g € G: X8 :={xe€ X |g-x=x};
o Stabilizer of x € X: Gy :={g € G| g-x=x};

o Orbitof xe X: G-x:={g-x|ge G}

@ Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/Gl = ki TgeclXel.

Proof (continued). Reminder: F :={(g,x) € G x X | g-x =x};
Fl =2 gec X5l

On the other hand, for all g € G and x € X, we have that

(g,x) € Fiff g € G, and so

IFI = Yex|Gx
= > xex % by the orbit-stabilizer theorem

’G’ ZXEX ‘GI.X| .




@ Set of fixed points of g € G: X8 :={xe€ X |g-x=x};
o Stabilizer of x € X: Gy :={g€ G| g -x=x};

e Orbitof x e X: G-x:={g-x|ge G};

e Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/6l = & Teec|Xel.

Proof (continued). Reminder: F := {(g,x) € G x X | g-x = x};
|F| = deG |XE[; |F| =G| Xxex \T1X|



@ Set of fixed points of g € G: X8 :={xe€ X |g-x=x};
o Stabilizer of x € X: Gy :={g€ G| g -x=x};

e Orbitof x e X: G-x:={g-x|ge G};

e Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/6l = & Teec|Xel.

Proof (continued). Reminder: F := {(g,x) € G x X | g-x = x};
|F| = deG |XE[; |F| =G| Xxex \T1X|

S0, |G| Syex 1y = Sgec I XEl



@ Set of fixed points of g € G: X8 :={xe€ X |g-x=x};
o Stabilizer of x € X: Gy :={g€ G| g -x=x};

e Orbitof x e X: G-x:={g-x|ge G};

e Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/6l = & Teec|Xel.

Proof (continued). Reminder: F := {(g,x) € G x X | g-x = x};
|F| = deG |XE[; |F| =G| Xxex \T1X|

So, |G| > sex ﬁ = Y gec | X8|, and consequently,

1 _ 1
ZXEX [Gx] — ]G] ZgEG ’Xg|



@ Set of fixed points of g € G: X8 :={xe€ X |g-x=x};
o Stabilizer of x € X: Gy :={g€ G| g -x=x};

e Orbitof x e X: G-x:={g-x|ge G};

e Partition of X into orbits of action a: X/G.

Burnside's lemma

Let a be an action of a finite group G on a finite set X. Then

X/6l = & Teec|Xel.

Proof (continued). Reminder: F := {(g,x) € G x X | g-x = x};
|F| = deG |XE[; |F| =G| Xxex \T1X|

So, |G| > sex ﬁ = Y gec | X8|, and consequently,

1 _ 1
ZXEX [Gx] — ]G] ZgEG ’Xg|

But by Lemma 2.6, |X/G| =3, cx \T1x| and the result follows.



