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Lecture #5
Finite projective planes (part IT)

Irena Penev

1 Reminder from the previous lecture

A projective plane is a set system (X, P)! that satisfies the following three
properties:

(P0O) there exists a 4-element subset () C X such that every P € P satisfies
PNQ| <2

(P1) all distinct Py, Py € P satisfy |Py N Py| = 1;

(P2) for all distinct 1,292 € X, there exists a unique P € P such that
r1,x2 € P.

Elements of X are called points, and elements of P are called lines of the
projective plane (X, P).

A projective plane (X, P) is finite if X is finite.

In the previous lecture, we proved several results about finite projective
planes, which we state below for reference.

Proposition 1.2 from Lecture Notes 4. Let (X, P) be a finite projective
plane. Then all lines in P have the same number of points.

The order of a finite projective plane (X,P) is the number |P| — 1,
where P is any line in P.2 By Proposition 1.2 from Lecture Notes 4, this is
well-defined.

Proposition 1.3 from Lecture Notes 4. The order of any finite projective
plane is at least two.

!This means that X is a set and P C Z2(X), where &(X) is the power set (i.e. the set
of all subsets) of X.

280, if (X, P) is a finite projective plane of order n, then each line in P contains exactly
n + 1 points.



Figure 2.2: The matrix obtained by superimposing the left (red) 3 x 3 Latin
square from Figure 2.1 onto the right (blue) one.

Theorem 1.4 from Lecture Notes 4. Let (X,P) be a finite projective
plane of order n. Then all the following hold:

(a) for each point x € X, exactly n+ 1 lines in P pass through x;
(b) |X|=n?+n+1;
(c) |[P|=n?+n+1.

In the previous lecture, we also showed that the “dual” of a finite projec-
tive plane is again a projective plane (see Theorem 2.2 from Lecture Notes 4),
but we will not need that result in this lecture.

2 Finite projective planes and Latin squares

For a positive integer n, an n x n Latin square is an n X n array (or matrix)
whose entries are numbers 1, ...,n, and in which each number 1,...,n occurs
exactly once in each row and in each column. Two 3 x 3 Latin squares are
represented in Figure 2.1. When we write that [a; j|nxn is a Latin square, we
mean that this Latin square is of size n x n, and that for all 7,5 € {1,...,n},
the (i,7)-th entry (i.e. the entry in the i-th row and j-th column) of the
Latin square is a; ;. Now, two n x n Latin squares, say [ai jlnxn and [b; j]nxn,
are orthogonal if each entry of the matrix matrix obtained by superimposing
A on B, i.e. of the matrix [(a; , bi j)]nxn, is different. Since an n x n matrix
has n? entries, and the Cartesian product {1,...,n} x {1,...,n} has exactly



n? elements, we see that two n x n Latin squares are orthogonal if and only
if each element of {1,...,n} x {1,...,n} appears exactly once in the matrix
obtained by superimposing the two n x n Latin squares. For instance, the
Latin squares from Figure 2.1 are orthogonal, as we can see from Figure 2.2.

For a positive integer n, a Latin square A = [a; j]nxn and a permutation
m of the set {1,...,n}, we set m(A) = [m(a; j)]nxn; obviously, m(A) is a Latin
square. For example, if

1 3 2
A= 3 2 1
2 1 3
. 1 2
andlfﬂ'—(l 3 2>,then
1 2 3

Proposition 2.1. Let A = [aj jlnxn and B = [b; jlnxn be orthogonal n x n
Latin squares, and let wa, mp be permutations of the set {1,...,n}. Then
mA(A) and Tp(B) are orthogonal Latin squares.

Proof. Obvious.? O

Theorem 2.2. Let n > 2 be an integer, and let M be a set of pairwise
orthogonal n X n Latin squares. Then |M| <n — 1.

Proof. We may assume that M ## (), for otherwise, the result is immediate.
Set t = |[M| and M = {Ay,...,A;}; we must show that ¢t <n — 1. First, for
eachi € {1,...,t}, we let m; be the permutation of {1,...,n} that transforms
the first row of A; into 1,...,n, and let A, = 7;(A;). By Proposition 2.1,
Latin squares Af,..., A} are pairwise orthogonal. Now, since 1 is (1,1)-th
entry (i.e. the entry in the first row and first column) of all the matrices

s, A}, we see that 1 is not the (2, 1)-th entry (i.e. the entry in the second
row and first column) of any of the Latin squares A], ..., A}. Further, no two
of Al,..., A} can have the same number in the (2, 1)-th entry; indeed, if for
some distinct i, € {1,...,t}, we had that the (2,1)-th entry of A} and A}
was the same, say k, then (k, k) would be both the (1, k)-th and the (2, 1)-th

entry of the matrix obtained by superimposing A} and A;-, contrary to the

3Can you see why?



fact that A] and A} are orthogonal. So, each of Aj,..., A} has a number
from 2,...,n in the (2,1)-th entry, and no two of A],..., A} have the same
(2,1)-th entry; thus, t <n — 1. O

Theorem 2.3. Let n > 2 be an integer. Then the following are equivalent:
(a) there exists a finite projective plane of order n;
(b) there exists a collection of n—1 pairwise orthogonal n xn Latin squares.

Proof of “(b) = (a)” (outline). Assume that (b) is true, and let Ly, ..., L,
be pairwise orthogonal n x n Latin squares. We will give a construction of
the corresponding finite projective plane of order n.*

Our finite projective plane has n? 4+ n + 1 points, and we call them
T, S,fl, e ,Enfl, T11y---5T1n, L215---5L2ny+-5Tn,ly--- 7$n,n-5

Our finite projective plane has n? +mn + 1 lines, and we construct them as
follows. One line is B = {r,s,#1,...,0n_1}. Further, for each i € {1,...,n},
we have the line R; = {r,z;1,...,2;,}; and for each j € {1,...,n}, we have
the line S; = {s, 21, ...,%n,;}.% The points and lines constructed thus far are
represented in Figure 2.3. Now, for each i € {1,...,n—1}, the point ¢; belongs
to the (already constructed) line B, and to n other lines, call them L}, ..., LY,
which we construct as follows. For all i € {1,...,n—1} and j € {1,...,n},
we set L] = {{;} U{zp4 | 1 < p,q < n,and the (p, q)-th entry of L; is j}.

The proof of correctness (i.e. of the fact that we have indeed constructed
a finite projective plane) is left as an exercise.” O

We remark that the proof of the “(a) = (b)” part of Theorem 2.3 is
similar to the “(b) = (a)” direction, only it goes the other way (from a
finite projective plne to a collection of pairwise orthogonal Latin squares). To
check your understanding, you can try to give the construction by yourself.

Example 2.4. Let Ly and Lo be, respectively, the left (red) and right (blue)
Latin Square from Figure 2.1. The finite projective plane of order 3 that
corresponds to {Li, Lo} is as follows. Its vertices are

7, 8,01,02,%1,1,%1,2, 1,3, T2,1, 22,2, £2,3, 3,1, £3,2, £3,3-

Its lines are as follows:

4As an exercise, prove that this construction is correct.

®S0, we have the points r and s; we have n — 1 points 4;; and we have n? points Tij-
In total, we have 2 4+ (n — 1) +n? = n? 4+ n + 1 points.

5We remark that for all 4,5 € {1,...,n}, we have that R;NS; = {z;;}. We also remark
that, so far, we have constructed 2n+1 lines, and we need to construct (n”>+n+1)—(2n+1) =
n? —n = (n — 1)n more.

"We remark, however, that once we have shown that we have indeed constructed a
finite projective plane, Theorem 1.4 from Lecture Notes 4 immediately implies that the

order of our finite projective plane is n (e.g. because we have n4+n+1 points).
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Figure 2.3: Points and lines (except the Lg ’s) of the projective plane from
the proof of Theorem 2.3.

o B={rs{1,la}; o Ll ={l, 211,223, 232};

o Ry ={r,x11,212,213}; . L% = {01,212, 221,33}

® Ro={r,x91,222,723}; 5
* L1 - {51,%,3,362,2,303,1};

R3 ={r,z31,232,233};
o Li={ly,x11,720,233};

S1 = {s, 211,221,231}
5 :
o So={s, 212,222,232}, o Ly ={la,z12,223,231};

o S3={s,x13,223,233}; o L3 ={ly, 13,721,732}

3 An algebraic construction of projective planes

Let F be any field. As usual, 4+ and - are, respectively, addition and multipli-
cation in [F, and 0 and 1 are, respectively, the additive and multiplicative
identity in F. We construct the projective plane FP? as follows. We be-
gin with the set 7' := F3\ {(0,0,0)}, i.e. the set of all ordered triples of
elements of F, except for the triple whose entries are all zero. We then
form a binary relation ~ on T as follows: for (z1,y1,21), (22, Y2, 22) € T, we
have (z1,y1,21) ~ (22, Y2, 22) if and only if there exists a scalar A € F \ {0}
such that (z2,y2, 22) = Mx1,y1,21).5 It is easy to see that ~ is an equiv-
alence relation on 7.9 The set of points of FP? is T/.; in other words,
points of FP? are the equivalence classes of the equivalence relation ~ on

8This means that z2 = Az1, y2 = Ay1, and 2z = \z1.
9Check this!



T. We will denote the equivalence class of (z,y,2) € T by (zx,y, z), so that
(2,y,2) = {(Az, Ay, A\2) | A € F\ {0}}. Thus, the set of points of FP? is pre-
cisely the set {(z,v, 2) | (z,y,2) € T'}. Next, for each (a,b,c) € T, we define
P(a,b,c) to be the set of all points (x,y, 2) such that az + by + cz = 0;'9 the
lines of FP? are precisely the sets P(a, b, c) with (a,b,c) € T. We remark that
for all (al, bl, 01), (GQ, bg, CQ) S T, we have that P(al, bl,cl) = P(ag, 52,02) if
and only if (a1, b1, c1) ~ (ag, b, c2). 1t

Theorem 3.1. For each field F, FP? is a projective plane.

Proof. We use notation from the construction of FP2. We must verify that
the points and lines of FP? satisfy (P0), (P1), and (P2) from the definition
of a projective plane.

First, we check that (PO0) is satisfied for

Q ={(1,0,0),(0,1,0),(0,0,1),(1,1,1)}.

We note that each of the following four matrices

100 010 0 01 111
o1of, {0011, |1 1T 1}, {1 0O

0 01 111 100 010

has rank three. So, if A is any one of the four matrices above, then Ax = 0
has only the trivial solution, and consequently, no line of FP? contains three
(or more) points of Q). So, (P0) is satisfied.

Next, we check that (P1) is satisfied. We fix distinct lines Py, P
of FP2, and we show that |P, N P| = 1. By construction, there exist
(al, bl, Cl), (CLQ, bg, CQ) € T such that P1 = P(al, bl,cl) and P2 = P(ag, bg, CQ).
Since Py # P,, we have that (a1, b1,c1) o (ag, ba, c2), that is, neither one of
(a1,b1,c1), (ag,ba, co) is a scalar multiple of the other. We now use Linear

Algebra. We consider the 2 x 3 matrix

A - [Ch b1 01}
az by c

Since neither row of A is a scalar multiple of the other, we see that rank(A) =
2. On the other hand, by the Rank-Nullity Theorem, we have that rank(A4) +

x
dim ker(A) = 3. So, dim ker(A4) = 1. Let { Yy } be a basis for ker(A);'2
z

YNote that for all A € F\ {0}, we have that ax + by + cz = 0 if and only if a(A\z) +
b(A\y) + ¢(Az) = 0, and so this is well-defined.

" Check this!

280, (z,y,2) # (0,0,0), and we see that (z,y,z) € T. Furthermore, we have that

ker(A):{Ri]ueF}.



then PN P = {(x,y, z)}, and we deduce |Py N P;| = 1. Thus, (P1) is
satisfied.

The proof of the fact that (P2) is satisfied is analogous to the proof that
(P1) is satisfied.'3 O

Theorem 3.2. If F is a finite field, with |F| = n, then FP? is a finite
projective plane of order n.

Proof. By Theorem 3.1, FP? is a projective plane. Furthermore, since F is
finite, it is obvious that the projective plane FP? is finite. We must show
that the order of FP? is n. In view of Theorem 1.4 from Lecture Notes 4, it
suffices to show that FP? has precisely n? 4+ n 4 1 points. Now, note that
for all (z,y,z) € T, there exists a unique triple (2,3, 2’) € T such that the
last non-zero coordinate of (2,4, 2') is 1 and (z,y, 2) ~ (2,9, 2')."* Now,
there are n? triples of the form (x,y,1) in T; there are n triples of the form
(x,1,0) in T; and there is one triple (1,0,0) in 7. So, there are n? +n + 1
equivalence classes of ~, that is, FP? has n? +n + 1 points. As we already
pointed out, Theorem 1.4 from Lecture Notes 4 now implies that the finite
projective plane FP? is of order n. ]

It is well-known that for all integers n > 2, there exists a field of size n
if and only if n is a power of a prime (that is, if and only if there exist a
prime number p and a positive integer k such that n = p¥). This, together
with Theorem 3.2, implies that if n > 2 is a power of a prime, then there is
a finite projective plane of order n. However, it is not known whether there
exists a finite projective plane whose order is not a power of a prime. It is,
however, known that there are no finite projective planes of order 6 or 10. It
is not known whether there are finite projective planes of order 12. (Note
that every n € {2,...,13} \ {6, 10, 12} is a power of a prime, and so a finite
projective plane of order n does exist.)

13Check this!
MFor existence, we observe that for all (z,y,2) € T, we have the following:

e if 2 # 0, then (z,y,2) ~ (27 'z, 27y, 1);
e if z=0and y #0, then (z,y,2) ~ (y 'z,1,0);
e if y=2=0, then = # 0 (since z,y, z cannot all be zero) and (z,y, z) ~ (1,0,0).

Can you check uniqueness?



