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o Let {a,}%2, and {b,}5°, be sequences with correspondlng
generating functions a(x) = Z apx" and b(x) = Z bnx",
n=0 n=0
and let o be a constant.

(7) For an integer k > 1, the generating function of the sequence
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o Let {a,}°24 and {b,}52, be sequences with corresponding
n=0 n=0 oy o

generating functions a(x) = > a,x” and b(x) = Y bpx",
n=0 n=0

and let v be a constant.

(8)

The generating function of the sequence {(n+ 1)a,11}52,, i.e.
the sequence ay,2a,,3as,4ay,. .., is a'(x).

The generating function for the sequence
1.1
0, a0, 5 a1, 332,4a3,... is fo

(We differentiate and integrate power series term-by-term.)
The function ¢(x) = a(x)b(x) is the generating function of the
n

sequence {c,}22,, where ¢, = > a;b,_; for each integer
i=0
n> 0.

@ So, cg = agby, c1 = apb1 + aiby, ¢ = aob> + arb1 + ax by, etc.
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1,1,2,2,4,4,8,8,16,16, ..., i.e. the sequence {2L7/21}>0 .

Solution. Recall that the generating function of the sequence
1,2,4,8,16,... is 1= 2 . The generating function of
1,0,2,0,4,0,8,0,... is 1_12X2, and the generating function of
0,1,0,2,0,4,0,8,0,... is —55. So, the generating function of

1,1,2,2,4,4,8,8,16,16, ... is the sum of these two functions, i.e.

14+x
1-2x2°
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Find (the closed form of) the generating function of the sequence
12,2232 42 ... i.e. the sequence {(n+1)2}°°,.

Solution. The generating function of the sequence 1,1,1,1,... is
7= . By differentiating, we see that £ (1) = ﬁ is the
generating function of the sequence 1,2,3,4,..., i.e. the sequence
{n+1}52,. By differentiating again, we see that

dilx((l_lx)2) = (1_2X)3 is the generating sequence of the sequence
1-2,2-3,3-4,4-5,..., i.e. the sequence {(n+ 1)(n+2)}52,.




Find (the closed form of) the generating function of the sequence
12,2232 42 ..., i.e. the sequence {(n+1)?},

Solution. The generating function of the sequence 1,1,1,1,... is
7= . By differentiating, we see that £ (1) = ﬁ is the
generating function of the sequence 1,2,3,4,..., i.e. the sequence
{n + 1} °o- By dlfFerentlatmg again, we see that

dx((1 7 z) = (1 < is the generating sequence of the sequence
1-2,2-3,3-4,4-5,..., i.e the sequence {(n+ 1)(n+2)}52,
Now, (n+1)? = (n+1)(n+2) — (n+ 1) for all integers n > 0,
and we have computed the generating functions for the sequences
{(n+1)(n+2)}72g and {n+1}72,. So, the generating function
of {(n+ 1)}, is

)= G T A
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@ We define binary trees recursively as follows: a binary tree is
either empty (i.e. contains no nodes), or consists of
designated node r (called the root), plus an ordered pair
(TL, Tr) of binary trees, where T; and Tg (called the left
subtree and the right subtree) have disjoint sets of nodes and
do not contain the node r.




@ Remark: The empty binary tree has zero nodes, and if a
binary tree T consists of a root r and an ordered pair
(TL, Tr) of binary trees, then the number of nodes of T is
1+ n; 4+ ng, where n; is the number of nodes of T;, and ng
is the number of nodes of Tg.



@ Remark: The empty binary tree has zero nodes, and if a
binary tree T consists of a root r and an ordered pair
(TL, Tr) of binary trees, then the number of nodes of T is
1+ n; 4+ ng, where n; is the number of nodes of T;, and ng
is the number of nodes of Tg.

@ Goal: Count the number of binary trees on n nodes (n > 0).
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@ For each integer n > 0, let b be the number of binary trees
on n nodes, and let b(x) = Z b,x" be the generating
function of the sequence {b, },, 0-

@ It is easy to check that bp =1, by =1, bp =2, and b3 = 5.

o Here are aII the blnary trees on three nodes

TN N
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@ Thus, for all integers n > 1, we have that
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e By the quadratic equation (with b(x) treated as a variable
and x as a constant), either
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@ Reminder: b, be the number of binary trees on n nodes
(n>0), and b(x) = > byx".
n=0

@ Let's find a recursive formula for b, (n > 1).

@ The number of binary trees on n > 1 nodes is equal to the
number of ordered pairs (T, Tg) of binary trees s.t. Ty, Tg
together have n — 1 nodes.

@ Thus, for all integers n > 1, we have that
n—1
b, = bobp—1+ bibyo+ -+ bp_1bg = > brby_k_1.
k=0

e Since by = 1, this implies that b(x) = 1 + xb(x)2.
e By the quadratic equation (with b(x) treated as a variable
and x as a constant), either

b(x) = 1A o p(x) = I,

Which formula is the correct one??
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@ Reminder: b, be the number of binary trees on n nodes
[e.e]
(n>0), and b(x) = Y b,x" is its generating sequence.
n=0
@ Reminder: Either

b(x) = 17 o p(x) = I

@ Since by = 1, we have that lim b(x) = 1.
x—0t

e We can compute (check this!):

lim i=vi-4x _ 1.
x—0*t 2x '

. 1+v1-4x

||m v = OQ.

x—0t



@ Reminder: b, be the number of binary trees on n nodes
[e.e]
(n>0), and b(x) = Y b,x" is its generating sequence.
n=0
@ Reminder: Either

b(x) = 17 o p(x) = I

@ Since by = 1, we have that lim b(x) = 1.
x—0t

e We can compute (check this!):

1 Tax _
Jim e = 1
lim Evi=4x _
x—0F 2x '
@ So,
b(x) = 1—+/1—4x
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o Reminder: b(x) = =14 V2§<_4X.

@ By the Generalized Binomial Theorem:

VI=& = > (-4

n=0

= 1+x E:O(—4)”+1(iﬁ)x” by algebra

e So,

b(X) — 1—\2/1—4X

oo
1 (10 Sy ()
n=0
- 2x

o0

= X EHEDEH

n=0
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@ Reminder: b, be the number of binary trees on n nodes

o0
(n>0), and b(x) = Y b,x" is its generating sequence.

n=0

e Reminder: b(x) = nijo(—%)(—‘l)nﬂ (r}J/r2l)Xn

@ So, for all non-negative integers n, we have that

by = (=34 ().

@ After a bit of algebra (see the Lecture Notes), we can get a

nicer formula:
bn — L(2n)

for all integers n > 0.

o Numbers —1-(>"

] ) are called the Catalan numbers.
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@ For each integer n > 0, let P, be the probability that we reach
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@ Obviously, {P,}52, is a non-decreasing sequence, and it is
bounded above by 1. So, by the Monotone Sequence
Theorem, it converges.



Part Ill: Application #2: random walks
@ We consider the following infinite random walk on the integer
line Z: we begin our walk at 1, and at each step, we move at
random either two units to the right (+2) or one unit to the
left (—1).

start here

|

-4 -3 -2-1 0 1 2 3 4 5 6 7 8

@ We would like to determine the probability that we reach the
origin at some point in our walk.

@ For each integer n > 0, let P, be the probability that we reach
the origin after at most n steps.

@ Obviously, {P,}52, is a non-decreasing sequence, and it is
bounded above by 1. So, by the Monotone Sequence
Theorem, it converges.

@ Let P= Ilim P,.

n—o0
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@ We consider the following infinite random walk on the integer
line Z: we begin our walk at 1, and at each step, we move at
random either two units to the right (+2) or one unit to the
left (—1).
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@ We would like to determine the probability that we reach the
origin at some point in our walk.

@ For each integer n > 0, let P, be the probability that we reach
the origin after at most n steps.

@ Obviously, {P,}52, is a non-decreasing sequence, and it is
bounded above by 1. So, by the Monotone Sequence
Theorem, it converges.

@ Let P= Ilim P,.

n—o0
@ Then P is the probability that we need to compute.
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@ For each integer n > 0, let a, be the number of n-step walks
in which we reach the origin for the first time after precisely n
steps.
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@ For each integer n > 0, let a, be the number of n-step walks
in which we reach the origin for the first time after precisely n
steps.

@ The total number of n-step walks is 2.
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@ For each integer n > 0, let a, be the number of n-step walks
in which we reach the origin for the first time after precisely n
steps.

@ The total number of n-step walks is 2.

n
©eSo, Ph=) Si=a+%3+%+ -+
i=0
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@ For each integer n > 0, let a, be the number of n-step walks
in which we reach the origin for the first time after precisely n
steps.

@ The total number of n-step walks is 2.
n

e So, P, = %%:ao+%+%+...+%_
=

o
@ Therefore, P = %
n=0
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For each integer n > 0, let a, be the number of n-step walks
in which we reach the origin for the first time after precisely n
steps.

@ The total number of n-step walks is 2".
n
e So, P, = %%:ao+%+%+...+%_
=
o0

Therefore, P = %
n=0

o0
Let a(x) = Zo apx" be the generating function for {a,}52.
n=
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@ For each integer n > 0, let a, be the number of n-step walks
in which we reach the origin for the first time after precisely n
steps.

@ The total number of n-step walks is 2.
n

e So, P, = %%:ao+%+%+...+%_
=

o0

@ Therefore, P = %
n=0

o0
o Let a(x) = Y anx" be the generating function for {a,}52.

n=

@ Then P = a(%).
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@ For our solution, it will be useful to consider random walks
that start at points other than 1, but still proceed according
to the same rules:

e at each step, we move at random either two units to the right
(4+2) or one unit to the left (—1).
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o For an integer n > 0, let b, be the number of n-step random
walks (following our rules) starting at 2 and ending at the
origin, without reaching the origin at any point during the
walk (except at the very end).
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o For an integer n > 0, let b, be the number of n-step random
walks (following our rules) starting at 2 and ending at the
origin, without reaching the origin at any point during the
walk (except at the very end).

@ In such a walk, we cannot reach the origin without first
reaching 1, and then reaching the origin from there.
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o For an integer n > 0, let b, be the number of n-step random
walks (following our rules) starting at 2 and ending at the
origin, without reaching the origin at any point during the
walk (except at the very end).

@ In such a walk, we cannot reach the origin without first
reaching 1, and then reaching the origin from there.
@ There must be some k € {1,...,n—1} s.t.:
o we reach 1 for the first time after precisely k steps (there are
ay ways to do that),
e and then starting at 1, we reach the origin for the first time
after n — k steps (there are a,_ ways to do that).
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o For an integer n > 0, let b, be the number of n-step random
walks (following our rules) starting at 2 and ending at the
origin, without reaching the origin at any point during the
walk (except at the very end).

@ In such a walk, we cannot reach the origin without first
reaching 1, and then reaching the origin from there.
@ There must be some k € {1,...,n—1} s.t.:
o we reach 1 for the first time after precisely k steps (there are
ay ways to do that),
e and then starting at 1, we reach the origin for the first time
after n — k steps (there are a,_ ways to do that).

n—1 a0=0
@ So, by= > akan—k = > akap—k.
k=1 k=0
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@ Reminder: For an integer n > 0, b, is the number of n-step
random walks (following our rules) starting at 2 and ending at
the origin, without reaching the origin at any point during the

walk (except at the very end).
n—1 20=0 I
@ Reminder: b, = > akan_x = > arxan_x for all integers
k=1 =

= k=0
n>0.
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@ Reminder: For an integer n > 0, b, is the number of n-step
random walks (following our rules) starting at 2 and ending at
the origin, without reaching the origin at any point during the

walk (except at the very end).

n—1 n
0 .
@ Reminder: b, = Z Akan—k = > aran_k for all integers

= k=0
n>0.
e So, if b(x) = Z b,x" is the generating function for the

sequence { by, },, 0. then we get that

b(x) = a(x)?.
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@ For an integer n > 0, let ¢, be the number of n-step random
walks (following our rules) starting at 3 and ending at the
origin, without reaching the origin at any point during the
walk (except at the very end).
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@ For an integer n > 0, let ¢, be the number of n-step random
walks (following our rules) starting at 3 and ending at the
origin, without reaching the origin at any point during the
walk (except at the very end).

[e.°]
@ Let c(x) = > cyx" be the generating function for the

n=0
sequence {cp}5%,.
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@ For an integer n > 0, let ¢, be the number of n-step random
walks (following our rules) starting at 3 and ending at the
origin, without reaching the origin at any point during the
walk (except at the very end).

o0
@ Let c(x) = > cyx" be the generating function for the
n=0
sequence {cp}5%,.
e Similarly to the above: ¢(x) = a(x)b(x).
o Details: Lecture Notes.
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@ For an integer n > 0, let ¢, be the number of n-step random
walks (following our rules) starting at 3 and ending at the
origin, without reaching the origin at any point during the
walk (except at the very end).

[e.°]
@ Let c(x) = > cyx" be the generating function for the
n=0
sequence {cp}5%,.
e Similarly to the above: ¢(x) = a(x)b(x).
o Details: Lecture Notes.

e Since b(x) = a(x)?, we get

c(x) = a(x)3.
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@ Reminder: For an integer n > 0:
@ a, is the number of ways to reach the origin for the first time
after precisely n steps, starting from 1.
e ¢, is the number of ways to reach the origin for the first time
after precisely n steps, starting from 3.
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@ Reminder: For an integer n > 0:
@ a, is the number of ways to reach the origin for the first time
after precisely n steps, starting from 1.
e ¢, is the number of ways to reach the origin for the first time
after precisely n steps, starting from 3.

@ Obviously, ag =0 and a; = 1.
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@ Reminder: For an integer n > 0:
@ a, is the number of ways to reach the origin for the first time
after precisely n steps, starting from 1.
e ¢, is the number of ways to reach the origin for the first time
after precisely n steps, starting from 3.
@ Obviously, ag =0 and a; = 1.
o If we start at 1, then for an integer n > 2, there are precisely
Cn—1 ways to reach the origin for the first time after precisely
n steps: we must first move two units to the right, and then
reach the origin from 3 for the first time after precisely n — 1
steps.
e Thus, a, = ¢,_1 for all integers n > 2.
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@ Reminder: For an integer n > 0:
@ a, is the number of ways to reach the origin for the first time
after precisely n steps, starting from 1.
e ¢, is the number of ways to reach the origin for the first time
after precisely n steps, starting from 3.

@ Obviously, ag =0 and a; = 1.

o If we start at 1, then for an integer n > 2, there are precisely
Cn—1 ways to reach the origin for the first time after precisely
n steps: we must first move two units to the right, and then
reach the origin from 3 for the first time after precisely n — 1
steps.

e Thus, a, = ¢,_1 for all integers n > 2.

e We now compute...



o0
a(x) = ap+aix+ 22 anx"
n—=
- 1
= x+x > apx"" because ag =0 and a1 =1
n=2
S 1
= X+x > cp1x"" because a, = ¢,_1 for n > 2
n=2

o0
= X+x > cpx"
n=1

&)
= X+x ) cpx" because ¢y = 0 (obvious)
n=0

= x4+ xc(x).



@ We now have the following two equations:
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@ We now have the following two equations:

e So, a(x) = x + xa(x)3.

@ Reminder: P = a(%).
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e So, a(x) = x + xa(x)3.
@ Reminder: P = a(%).
e So, P:%+%P3.
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e So, a(x) = x + xa(x)3.
@ Reminder: P = a(%).
e So, P:%+%P3.

—1+/5 —1-5
2 :

@ The equation above has three solutions: 1, >



@ We now have the following two equations:

e So, a(x) = x + xa(x)3.
@ Reminder: P = a(%).
e So, P:%+%P3.

—1+/5 —1-5
2 :

@ The equation above has three solutions: 1, >

o Reminder: ¢ = %\/g is called the golden ratio.



@ We now have the following two equations:

e So, a(x) = x + xa(x)3.
@ Reminder: P = a(%).
e So, P:%+%P3.
1+v6 —1-V5

@ The equation above has three solutions: 1, —5=, —

o Reminder: ¢ %\/g is called the golden ratio.

71\f

e So, our equation has three solutions: 1, ¢,



@ We now have the following two equations:

e So, a(x) = x + xa(x)3.

@ Reminder: P = a(%).

e So, P:%+%P3.

@ The equation above has three solutions: 1, 71%\/5 71%‘/5
%\/5

e Reminder: ¢ is called the golden ratio.

71\f

e So, our equation has three solutions: 1, ¢,

Obviously, P >0, and so P # _1%[



@ We now have the following two equations:

e So, a(x) = x + xa(x)3.

@ Reminder: P = a(%).

e So, P:%+%P3.

@ The equation above has three solutions: 1, 71%\/5 71%‘/5
%\/5

e Reminder: ¢ is called the golden ratio.

71\f

e So, our equation has three solutions: 1, ¢,

Obviously, P >0, and so P # _1%[
Let's show that P = 1, so that P = ¢.

(]



@ Reminder: a(x) = ioj anx"; a(x) = x + xa(x)*; P = a(%).
n=0
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@ Suppose P =1, i.e. a(%) =1
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@ Reminder: a(x) = 3 apx™; a(x) = x + xa(x)3; P = a(%).
n=0

@ Suppose P =1, i.e. a(%) =1

(e.)

@ a(x) = > a,x" has non-negative coefficients and converges
n=0

for x =

N[
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@ Reminder: a(x) = 3 apx™; a(x) = x + xa(x)3; P = a(%).
n=0

@ Suppose P =1, i.e. a(%) =1

(e.)

@ a(x) = > a,x" has non-negative coefficients and converges
n=0

for x = %

@ So, the function a is continuous and increasing on [0, %]
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@ Reminder: a(x) = 3 apx™; a(x) = x + xa(x)3; P = a(%).
n=0

@ Suppose P =1, i.e. a(%) =1

(e.)

@ a(x) = > a,x" has non-negative coefficients and converges
n=0

1

forx:i.

@ So, the function a is continuous and increasing on [0, %]
@ We have that a(0) = ap = 0 and a(%) =1, and we have that
0<p <l
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@ Reminder: a(x) = 3 apx™; a(x) = x + xa(x)3; P = a(%).
n=0

@ Suppose P =1, i.e. a(%) =1

(e.)

@ a(x) = > a,x" has non-negative coefficients and converges
n=0

1

forx:i.

@ So, the function a is continuous and increasing on [0, %]

@ We have that a(0) = ap = 0 and a(%) =1, and we have that
0<p <l

@ So, by the Intermediate Value Theorem, there exists some
x0 € (0,3) s.t. a(xo) = ¢.
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@ Reminder: a(x) = 3 apx™; a(x) = x + xa(x)3; P = a(%).
n=0

@ Suppose P =1, i.e. a(%) =1

(e.)

@ a(x) = > a,x" has non-negative coefficients and converges
n=0

1

forx:i.

@ So, the function a is continuous and increasing on [0, %]

@ We have that a(0) = ap = 0 and a(%) =1, and we have that
0<p <l

@ So, by the Intermediate Value Theorem, there exists some
x0 € (0,3) s.t. a(xo) = ¢.

e But a(xp) = xo + x0a(x0)3, and so o = xg + xo0>.
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@ Reminder: a(x) = 3 apx™; a(x) = x + xa(x)3; P = a(%).
n=0

@ Suppose P =1, i.e. a(%) =1

(e.)

@ a(x) = > a,x" has non-negative coefficients and converges
n=0

1

forx:i.

@ So, the function a is continuous and increasing on [0, %]

@ We have that a(0) = ap = 0 and a(%) =1, and we have that
0<p <l

@ So, by the Intermediate Value Theorem, there exists some
x0 € (0,3) s.t. a(xo) = ¢.

e But a(xp) = xo + x0a(x0)3, and so o = xg + xo0>.

@ But also, p = % + %@3.



@ Reminder: a(x) = ioj anx"; a(x) = x + xa(x)*; P = a(%).
@ Suppose P =1, i.e. a( )—1

(e.)
@ a(x) = > a,x" has non-negative coefficients and converges
n=0

_1
forx—2.

@ So, the function a is continuous and increasing on [0, %]

@ We have that a(0) = ap = 0 and a(%) =1, and we have that
0<p <l

@ So, by the Intermediate Value Theorem, there exists some
xo € (0, %) s.t. a(xp) = .

e But a(xp) = xo + xoa(x0)3, and so ¢ = xp + xp°.

@ But also, p = 2 + 2g0

o Thus, 3 + 103 =x +x3 and so (xo — 3)(¥*+1) =0, a
contradiction.



@ Reminder: a(x) = ioj anx"; a(x) = x + xa(x)*; P = a(%).
@ Suppose P =1, i.e. a( )—1

(e.)
@ a(x) = > a,x" has non-negative coefficients and converges
n=0

_1
forx—2.

@ So, the function a is continuous and increasing on [0, %]

@ We have that a(0) = ap = 0 and a(%) =1, and we have that
0<p <l

@ So, by the Intermediate Value Theorem, there exists some
xo € (0, %) s.t. a(xp) = .

e But a(xp) = xo + xoa(x0)3, and so ¢ = xp + xp°.

@ But also, p = 2 + 2g0

o Thus, 3 + 103 =x +x3 and so (xo — 3)(¥*+1) =0, a
contradiction.

So, P #1.
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o We proved that P satisfies P =  + 2P3.
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e This equation has exactly three solutions: 1, ‘“2”/5 (=:9),
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@ Reminder:
o We proved that P satisfies P =  + 2P3.
e This equation has exactly three solutions: 1, %\/g (=:9),
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o We proved that P # =15¥5 and P # 1.



@ Reminder:
o We proved that P satisfies P =  + 2P3.
e This equation has exactly three solutions: 1, %\/g (=:9),
-1-v5
Y2,
o We proved that P # =15¥5 and P # 1.
@ So, P=y, i.e.
_—1+45

P 2



@ Reminder:
o We proved that P satisfies P =  + 2P3.
e This equation has exactly three solutions: 1, %\/g (=:9),
o We proved that P # =15¥5 and P # 1.
@ So, P=y, i.e.
~14++/5
—
@ Thus, the probability that we ever reach the origin in our walk
is _1%\/5 (the golden ratio).

p =



