Coloring (4K7, Cy, Cg)-free graphs

Irena Penev*

September 26, 2022

Abstract

(4K, Cy, Cg)-free graphs are precisely the even-hole-free graphs of stability number at most
three. We show that (4K, Cy, Cg)-free graphs can be recognized in O(n?) time, and fur-
thermore, that all the following can be computed in O(n?) time for such graphs: an optimal
coloring, a minimum clique cover, and the list of all maximal cliques. We also show that
every (4K, Cy4, Cg)-free graph on n vertices has at most n maximal cliques.

Keywords: (4K, Cy, Cg)-free graphs; even-hole-free graphs; graph coloring; maximal cliques;
minimum clique cover

1 Introduction

All graphs in this paper are finite, simple, and nonnull. As usual, the vertex set and the
edge set of a graph G are denoted by V(G) and E(G), respectively. In all our algorithms, n is
the number of vertices and m the number of edges of the input graph.

For a positive integer k, K}, is the complete graph on k vertices, and C}, (for k > 3) is the
cycle on k vertices. 4K is the edgeless graph on four vertices. For a graph H, a graph G is
said to be H-free if no induced subgraph of G is isomorphic to H. For a family of graphs H, a
graph G is said to be H-free if G is H-free for all H € H. A hole in a graph G is an induced
cycle in G of length at least four. A hole is even or odd depending on the parity of its length.

A clique of a graph G is a (possibly empty) set of pairwise adjacent vertices of G; a clique
C of G is mazximal if no clique of G contains C' as a proper subset. The clique number of G,
denoted by w(G), is the maximum size of a clique of G. A stable set of G is a (possibly empty)
set of pairwise nonadjacent vertices of G; the stability number of G, denoted by «(G), is the
maximum size of a stable set of G. Note that a graph G is 4K;-free if and only if a(G) < 3.

A proper coloring of a graph G is an assignment of colors to the vertices of G in such a way
that no two adjacent vertices receive the same color. For an integer k, a graph G is said to
be k-colorable if there exists a proper coloring of G that uses at most k£ colors. The chromatic
number of G, denoted by x(G), is the smallest integer k such that G is k-colorable. An optimal
coloring of G is a proper coloring of G that uses only x(G) colors.

A clique cover of a graph G is a collection of cliques of GG such that every vertex of G belongs
to at least one of those cliques. The clique cover number of G, denoted by X(G), is the minimum
number of cliques in any clique cover of G. A minimum clique cover of G is a clique cover of G
that consists of only X(G) cliques.

Even-hole-free graphs are a well-studied class of graphs, partly due to their structural sim-
ilarity with perfect graphs (for a structural description of even-hole-free graphs, see [8, 11]).!
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Perfect graphs can be recognized in polynomial time [6],> and furthermore, the following four
optimization problems can all be solved in polynomial time for perfect graphs: MaAXiMUM
CLIQUE, MAXIMUM STABLE SET, GRAPH COLORING (also called VERTEX COLORING), and
CLIQUE COVER [18]. Even-hole-free graphs can also be recognized in polynomial time [5, 9],
but of the four optimization problems mentioned above, only the MAXIMUM CLIQUE problem
is known to be solvable in polynomial time for even-hole-free graphs [10]. More precisely, it was
shown in [10] that every even-hole-free graph G has at most |V (G)| + 2|E(G)| maximal cliques,
and they can all be computed in O(n?m) time; this immediately implies that the MAXIMUM
CLIQUE problem can be solved in O(n?m) time for even-hole-free graphs.®> The time complex-
ity of the remaining three optimization problems (namely, MAXIMUM STABLE SET, GRAPH
COLORING, and CLIQUE COVER) is unknown for the class of even-hole-free graphs.

Another class for which the time complexity of GRAPH COLORING remains open is that
of (4K, Cy)-free graphs. Foley et al. [14] asked whether GRAPH COLORING can be solved in
polynomial time for graphs in the intersection of these two classes, that is, for even-hole-free
graphs of stability number at most three, or equivalently, for (4K, Cy, Cg)-free graphs.* In [23],
the author of the present paper showed that this question has a positive answer. Let us discuss
this in more detail. First, Foley et al. [14] proved a structure theorem for (4K, C4, Cs)-free
graphs that contain an induced C7, and they showed that such graphs have bounded clique-
width, and that GRAPH COLORING can therefore (by [24]) be solved in polynomial time for such
graphs. We note that Koutecky [20] recently constructed an O(n 4+ m) time coloring algorithm
for (4K, Cy, Cg)-free graphs that contain an induced Cr; this algorithm relies on the structural
results from [14] and on integer programming. Further, the author of the present paper proved a
structure theorem for (4K1, Cy, Cg, C7)-free graphs that contain no simplicial vertices,” and used
this theorem to show that such graphs have bounded clique-width [23]. Thus, (4K, C4, Cs)-free
graphs that contain no simplicial vertices have bounded clique-width. Simplicial vertices pose no
obstacle to coloring in polynomial time, and GRAPH COLORING can be solved in polynomial time
for graphs of bounded clique-width [24]; thus, GRAPH COLORING can be solved in polynomial
time for (4K, Cy, Cg)-free graphs (see Corollary 1.4 of [23]). However, all known polynomial-
time coloring algorithms for graphs of clique-width at most k have running time O(n/ (k)) for
some fast growing function f (see [15] for an overview). Thus, it is of interest to construct a
faster coloring algorithm for (4K, Cy, Cs)-free graphs.

Clearly, (4K1,Cy, Cg)-free graphs can be recognized in O(n®) time. In the present paper,
we use the structural results from [14, 23] to give an O(n3) time recognition algorithm for
(4K, Cy, Cg)-free graphs. We remark that our recognition algorithm may possibly (correctly)
determine that the input graph is not (4K, Cy, Cg)-free, without actually detecting any of
the three forbidden induced subgraphs in it; indeed, it may happen that the algorithm simply
determines that the input graph does not have the structure described in [14, 23|, and is therefore
not (4Ki,Cy,Cg)-free. Further, we show that any (4K;,Cy,Cs)-free graph G has at most
|V (G)| maximal cliques, and we construct an O(n3) time algorithm that computes them all;

2The algorithm from [6] is in fact a recognition algorithm for “Berge” graphs. A graph is Berge if neither it
nor its complement contains an odd hole. By the Strong Perfect Graph Theorem [7], a graph is perfect if and
only if it is Berge.

3More generally, any Cy-free graph has only O(n?) maximal cliques [1, 13], and if a graph has K maximal
cliques, they can all be found in O(Kn®) time by combining results from [22, 27]. So, all maximal cliques of a
Cj-free graph can be found in O(n®) time. In particular, the MaxiMum CLIQUE problem can be solved in O(n®)
time for Cy-free graphs.

“Obviously, even-hole-free graphs of stability number at most three are (4K, Cy, Cs)-free. Conversely, every
hole of length at least eight contains an induced 4K, and so all holes in a (4K7, Cy, Cs)-free graph are of length
five or seven; in particular, (4K, C4, Cs)-free graphs are even-hole-free, and obviously, their stability number is
at most three.

A simplicial vertez is a vertex whose neighborhood is a (possibly empty) clique.



this immediately implies that the MAXIMUM CLIQUE problem can be solved in O(n?) time for
(4K1,Cy, Cg)-free graphs. Finally, we give O(n3) time algorithms that compute an optimal
coloring and a minimum clique cover of a (4K, Cy, Cg)-free graph. All our results rely on the
structural description of (4K, Cy, Cg)-free graphs from [14, 23]; furthermore, all our algorithms
are purely combinatorial. We remark that our coloring algorithm for (4K, Cy, Cg, C7)-free
graphs also relies on the recently obtained formula for the chromatic number of a “ring” [21],
and our coloring algorithm for (4K, Cy, Cg)-free graphs that contain an induced C7 uses the
coloring algorithm for (4K, Cy, Cg, C7)-free graphs as a subroutine. The reader will have noticed
that we could, instead, have used the O(n+m) time algorithm from [20] to color (4K, Cy, Cs)-
free graphs that contain an induced C7. However, the algorithm from [20] relies on some fairly
sophisticated integer programming results, and it is therefore not combinatorial. Since our
coloring algorithm for (4K71, Cy, Cg, C7)-free graphs runs in O(n?) time, the overall running time
of our coloring algorithm for (4K1, Cy, Cg)-free graphs would still be O(n?), even if we relied on
the algorithm from [20]. Finally, we remark that a maximum stable set of a (4K, C4, Cg)-free
graph can trivially be found in O(n?) time, since all stable sets of a (4K, Cy, Cg)-free graph
are of size at most three.

We complete the introduction with an outline of the paper. In section 2, we introduce
some (mostly standard) terminology and notation that we will use throughout the paper. In
section 3, we state some results from the literature that we will need for our algorithms. In
section 4, we describe our O(n3) time recognition algorithm for (4K;,Cy, Cs, Cr)-free graphs
(see Theorem 4.4). In section 5, we construct O(n?) time algorithms that compute all maximal
cliques and a minimum vertex cover of a (4K, Cy4, Cs, C7)-free graph (see Theorems 5.1 and 5.4,
respectively). In section 6, we give an O(n3) time coloring algorithm for (4K, Cy, Cs, C7)-free
graphs (see Theorem 6.8). In section 7, we deal with (4K, Cy, Cg)-free graphs that contain an
induced C7 (see Theorems 7.1, 7.4, and 7.8). Finally, in section 8, we prove the main results of
this paper (see Theorems 8.1 and 8.2).

2 Terminology and notation

N is the set of all nonnegative integers. For a set S of sets, we write (JS := Uxcg X. A
singleton is a set that has exactly one element.

For a vertex x in a graph G, the open neighborhood (or simply neighborhood) of z in G,
denoted by Ng(x), is the set of all neighbors of x in G, and the closed neighborhood of x in G,
denoted by Ng[x], is defined as Ng[z] = {z} U Ng(z). The degree of x in G, denoted by dg(x),
is the number of neighbors that x has in G, i.e. dg(x) = |[Ng(z)|. A nonneighbor of x is any
vertex in V(G) \ {z} that is nonadjacent to x,° and the nonneighborhood of x in G is the set
V(G)\ Nele).

Given a graph G and distinct vertices x,y € V(G), we say that z dominates y in G, or that
y is dominated by x in G, provided that Ng[y] C Ng[x].” A vertex v € V(G) is universal in G
if v is adjacent to all other vertices of G, i.e. if Ng[v] = V(G).

For a graph G and a nonempty set S C V(G), we denote by G[S] the subgraph of G induced
by S; for vertices x1, ...,z € V(G), we sometimes write G[z1, ..., z¢] instead of G[{z1, ..., x+}].
For aset S G V(G), G\ S is the subgraph of G obtained by deleting S, i.e. G\ S = G[V(G)\ S].
If G has at least two vertices and = € V(G), we sometimes write G\ = instead of G \ {z}.8

For an integer k > 4, a k-hole in a graph G is an induced Cj in G. When we write
To,...,Tk_1,%o is a k-hole in G,” we mean that xg,...,x,_1 are pairwise distinct vertices of
G, and the edges of G|z, ...,Tr_1] are precisely xox1, X122, ToT3, ..., Tp_2Tk_1, Tk—_120-

13

S0, x is neither a neighbor nor a nonneighbor of itself.
"In particular, z and y must be adjacent.
8Since our graphs are nonnull, if V(G) = {x}, then G \ z is not defined.



Given a graph G, a vertex = € V(G), and a set Y C V(G) \ {z}, we say that = is complete
(resp. anticomplete) to Y in G provided that x is adjacent (resp. nonadjacent) to all vertices of
Y in G.

Given a graph G and disjoint sets X, Y C V(G), we say that X is complete (resp. anticom-
plete) to Y in G provided that every vertex in X is complete to Y in G.

As usual, the complement of a graph G, denoted by G, is the graph whose vertex set is
V(G) and in which two distinct vertices are adjacent if and only if they are nonadjacent in G.
A graph is anticonnected if its complement is connected. Obviously, every anticonnected graph
on at least two vertices contains a pair of nonadjacent vertices.

An anticomponent of a graph G is an induced subgraph H of G such that H is a connected
component of G. An anticomponent is trivial if it has only one vertex, and it is nontrivial if
it has at least two vertices. Clearly, the vertex sets of the anticomponents of a graph G are
complete to each other in G. Thus, when we say that “Q is the only nontrivial anticomponent
of G,” we have that @) is an anticonnected induced subgraph of G, that |V (Q)| > 2, and that
V(G) \ V(Q) is a (possibly empty) clique, complete to V(@) in G; in particular, G can be
obtained from @ by repeatedly adding universal vertices (possibly, G = Q).

2.1 A convention for figures

In all our figures, crosshatched disks represent cliques. A disk or rectangle that is not crosshatched
represents a set of vertices, which need not be a clique. A straight line between two regions

(two disks, two rectangles, or a disk and a rectangle) indicates that the corresponding sets of
vertices are complete to each other. A wavy line between two regions indicates that there may

be edges between the corresponding sets of vertices.” The absence of a line (straight or wavy)

between two regions indicates that the corresponding sets of vertices are anticomplete to each

other.

3 Some results from the literature

3.1 Simplicial vertices and chordal graphs

A chordal graph is a graph that does not contain any holes. A graph is perfect if all its induced
subgraphs H satisfy x(H) = w(H).

Theorem 3.1. [2, 12] Chordal graphs are perfect. In particular, every chordal graph G satisfies
X(G) = w(G).

A vertex x in a graph G is simplicial if Ng(z) is a (possibly empty) clique of G. A simplicial
elimination ordering of a graph G is an ordering vi,...,v, of its vertices such that for all
i€ {l,...,n}, v; is simplicial in the graph G[v;, vit1,...,v,] = G\ {v1,...,vi—1}.

Theorem 3.2. [16] A graph is chordal if and only if it admits a simplicial elimination ordering.

By examining the neighborhood of each vertex, one can find a simplicial vertex in the input
graph, or determine that the graph contains no simplicial vertices, in O(n?) time. By repeating
the process O(n) times, one can find a maximal sequence vy, ...,vs (s > 0) of pairwise distinct
vertices of G such that for all i € {1,...,s}, v; is simplicial in the graph G \ {v1,...,vi—1};
this takes a total of O(n*) time. It is, however, possible to find the sequence vy, ..., v slightly
faster, in only O(n?) time (see Lemma 3.3 below). As stated, the algorithm from Lemma 3.3 is
taken from [21] (see Lemma 2.5 of [21]). However, as explained in [21], this algorithm is only a
minor modification of an algorithm described in the introduction of [19].

9However, wavy lines do not indicate that adjacency is arbitrary; it must have the properties specified in the
text.



Lemma 3.3. [19, 21] There exists an algorithm with the following specifications:

e Input: A graph G;

e Output: A maximal sequence vi,...,vs (s > 0) of pairwise distinct vertices of G such
that for alli € {1,...,s}, v; is simplicial in the graph G\ {v1,...,v;_1};!°

e Running time: O(n?).

We will use Lemma 3.3 repeatedly in our algorithms. We remark that Theorem 3.2 and
Lemma 3.3 together yield an O(n?) time recognition algorithm for chordal graphs.!! In fact,
chordal graphs can be recognized in O(n+m) time using lexicographic breadth-first-search [25];
however, we will not use this faster (but more complicated) algorithm, since it would not improve
the overall running time of any of our algorithms.

Gavril [17] showed that, given an input chordal graph G, together with a simplicial elimina-
tion ordering vy, ..., v,, the stability number of G can be computed in O(n + m) time, which
is O(n?) time. We state this below for future reference.

Lemma 3.4. [17] There exists an algorithm with the following specifications:

o Input: A graph G and a simplicial elimination ordering of G;'?
e Output: o(G);
e Running time: O(n?).

3.2 True twins

Given a graph G, two distinct vertices u,v € V(G) are said to be true twins in G if Ngu] =
Ngv]. Clearly, the relation of being a true twin is an equivalence relation; a true twin class of G
is an equivalence class with respect to the true twin relation.'® Thus, V(G) can be partitioned
into true twin classes of G in a unique way, and clearly, every true twin class of G is a clique
of G. Note that two distinct true twin classes of G are either complete or anticomplete to each
other in G. An exercise from [26] states that, given an input graph G, all true twin classes of G
can be found in O(n+m) time, which is O(n?) time; a detailed proof of this result can be found
in [4]. Given a graph G and a partition P of V(G) into true twin classes of G, we define the
graph G'p (called the quotient graph of G with respect to P) to be the graph whose vertex set
is P, and in which distinct A, B € P are adjacent if and only if A and B are complete to each
other in G. Clearly, given G and P, the graph Gp can be found in O(n?) time. We summarize
these results below for future reference.

Lemma 3.5. [/, 26] There exists an algorithm with the following specifications:

e Input: A graph G;
e Output: The partition P of V(G) into true twin classes of G, and the quotient graph Gp;
e Running time: O(n?).

107f s = 0, then the sequence v1, ..., v, is empty and G has no simplicial vertices.

"Tndeed, suppose that for an input graph G, the O(ng) time algorithm from Lemma 3.3 produces a sequence
V1, .. ,0s. HV(G) = {v1,...,vs}, then v1,...,vs is a simplicial elimination ordering of G, and so Theorem 3.2
guarantees that G is chordal. On the other hand, if {v1,...,vs} & V(G), then the maximality of v1,...,vs guar-
antees that G \ {v1,...,vs} has no simplicial vertices, and consequently, does not admit a simplicial elimination
ordering; in this case, Theorem 3.2 guarantees that G \ {vi,...,vs} is not chordal, and it follows that G is not
chordal, either.

12By Theorem 3.2, this means that G is chordal.

13Technically, the equivalence relation in question is the “is a true twin of or is equal to” relation. (A vertex
is not a true twin of itself.)
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Figure 3.1: Top: A k-ring R (k > 4) with ring partition (Xo, ..., Xx_1). Bottom: The subgraph
R[X;-1 UX; UX;41] (i € Zg); note that ul1 is complete to X;_1 U X;y1.

3.3 Rings and hyperholes

A ringis a graph R whose vertex set can be partitioned into & > 4 nonempty sets, Xo, ..., Xx_1
(with indices understood to be in Zy), such that for all i € Zj, the set X; can be ordered as
X; = {ul, ..., u®"} so that X; € Np[u/¥] € - C Ng[ul] = X;_1 UX; U X, ;1.4 Under these
circumstances, we also say that R is a k-ring or a ring of length k; furthermore, we say that
(Xo,...,Xk_1) is a ring partition of the ring R. (See Figure 3.1.)

Rings were originally introduced in [3]. They can be recognized in polynomial (quadratic)
time; more precisely, the following is Lemma 8.14 from [3].

Lemma 3.6. [3] There exists an algorithm with the following specifications:
e Input: A graph G;
e Output: FEither the true statement that G is a ring, together with the length and ring

partition of the ring, or the true statement that G is not a ring;
e Running time: O(n?).

The following is Lemma 2.4(a)-(c) from [3].

Lemma 3.7. [3] Let R be a k-ring with ring partition (Xi,...,Xx). Then all the following
hold:

(a) every hole in R intersects each of X1,..., Xy in exactly one vertex;
(b) every hole in R is of length k;
(c) for alli € Zy, R\ X; is chordal.

A hyperhole is any graph H whose vertex set can be partitioned into k > 4 nonempty cliques,
Xo, ..., Xk—1 (with indices understood to be in Zy), such that for all i € Zj, X; is complete to
Xi—1UX;y1 and anticomplete to V(H) \ (X;—1 U X; U X;41); under such circumstances, we also
say that H is a hyperhole of length k, or that H is a k-hyperhole. Note that every k-hyperhole
is a k-ring. When we say that “H is a k-hyperhole in G,” or “G contains a k-hyperhole H,” we

14Note that this implies that Xo, ..., Xx_1 are cliques; that for all ¢ € Zg, X; is anticomplete to V(R)\ (X;-1U
X; U Xit1); and that ud,ul, ..., ur_,,ud is a k-hole in R.



Figure 3.2: The 5-pyramid.
mean that H is a k-hyperhole that is an induced subgraph of G. The following is Corollary 1.3
from [21].

Theorem 3.8. [21] Let k > 4 be an integer, and let R be a k-ring. Then x(R) = max ({w(R)}U

{P‘L/k(gj)‘—‘ | H is a k-hyperhole in R})

It was further shown in [21] that the chromatic number of a ring can be computed in O(n?)
time, and that an optimal coloring of a ring can be found in O(n%) time. In the present paper, we
will repeatedly need to color rings (or their induced subgraphs), but the rings that we encounter
are of a special type and can be colored faster (see Lemma 6.5; we remark that the algorithm
from Lemma 6.5 relies on Theorem 3.8 above, but not on the coloring algorithms from [21]).

3.4 On the structure of (4K;,Cy, Cgs, C7)-free graphs

In this subsection, we state the decomposition theorem for (4K, Cy, Cg, C7)-free graphs from [23]
(see Theorem 3.12 of the present paper). First, we need some definitions.

The 5-pyramid is the graph on seven vertices represented in Figure 3.2.

A 5-basketis a graph () whose vertex set can be partitioned into sets A, By, Bs, Bs, C1,C5,C3, F
such that all the following hold:

A, By, Bo, B, C1, Cy, (5 are nonempty cliques;
F' is a (possibly empty) clique;
cliques Bj, Bo, B3 are pairwise anticomplete to each other;
cliques C1, Cy, C3 are pairwise complete to each other;
there exists an index i* € {1, 2,3} such that
— A is complete to (B; U By U Bs) \ B;+, and
— A can be ordered as A = {a1,...,a:} so that Ng(a¢) N By C --- C Ng(a1) N B =
B~ ;15
e A is anticomplete to C7 U Cy U Cs;
e for all indices i € {1,2,3}, B; is complete to C; and anticomplete to (C1 U Cy U C3) \ Cy;
e there exists an index j* € {1,2,3} such that F'is complete to V(Q) \ (B UCj= U F) and
anticomplete to Bj« U Cjx.

Under such circumstances, we say that (A; By, Bo, Bs; C1,C,Cs; F) is a 5-basket partition of
the 5-basket Q.

Note that there are effectively two different types of 5-basket (depending on whether or not
i* and j* are the same). These two types of 5-basket (up to a permutation of the index set
{1,2,3}) are represented in Figure 3.3.

15Thus7 a1 is complete to B1 U By U Bs. Furthermore, B;= can be ordered as B;= = {b1,...,bp} so that
a; € NQ(bp) NAC...C NQ(bl) NnA.



Figure 3.3: A 5-basket with 5-basket partition (A; By, B2, Bs; C1,Ca,Cs; F'), and with i* = j* =
1 (top), or i* =1 and j* = 3 (bottom).

Figure 3.4: A 5-crown with 5-crown partition (Xo, X1, X2, X3, X4) and i* = 0.



A 5-crown is a 5-ring R with ring partition (Xo, X1, X2, X3, X4) such that for some index
1" € Zs, we have that X;«_1 is complete to X;=_o, and X;«11 is complete to Xi*+2.16 Under
such circumstances, we say that (Xo, X1, X9, X3, X4) is a 5-crown partition of the 5-crown R.
(See Figure 3.4.)

Lemma 3.9 (below) is an immediate consequence of Lemmas 2.1, 2.5 and 2.11 from [23].

Lemma 3.9. /23] 5-Baskets and 5-crowns are anticonnected, contain no simplicial vertices,
and are (4K, Cy, Cg, C7)-free.

Theorems 3.10, 3.11, and 3.12 (below) are, respectively, Theorems 2.3, 2.4, and 2.2 from [23].

Theorem 3.10. 23] Let G be a graph. Then the following are equivalent:

e G is a (4K1,Cy4,Cq,C7)-free graph that contains an induced 5-pyramid and does not con-
tain a simplicial vertex;
e GG has exactly one nontrivial anticomponent, and this anticomponent is a 5-basket.

Theorem 3.11. [23] Let G be a graph. Then the following are equivalent:

e G is a (4K1,Cy4, Cq, C7,5-pyramid)-free graph that does not contain a simplicial vertex;
e (G has exactly one nontrivial anticomponent, and this anticomponent is a 5-crown.

Theorem 3.12. [23] Let G be a graph. Then the following two statements are equivalent:

e G isa (4K1,Cy4,Cs,C7)-free graph that does not contain a simplicial vertex;
e (G has exactly one nontrivial anticomponent, and this anticomponent is either a 5-basket
or a 5-crown.

3.5 (4K,Cy, Cg)-free graphs that contain an induced C;

A special partition of a graph G is a partition (Xo,..., Xes; Y0, .., Ys; Zo, ..., Ze; W) of V(G)
into (possibly empty) cliques such that all the following are satisfied:'”

(a) cliques X, ..., X are all nonempty;'®

(b) for all ¢ € Z7, X; is complete to X;_1, X;+1 and anticomplete to X129, Xit3, Xita, Xits;

(C) for all ¢ € Z7, X; is complete to Y;, Yiys, Yive, Zi, Zits, Zita, Zivs, Zive, W and anticom-
plete to Yii1, Y2, Yiva, Yies, Zit1, Zig2;

(d) for all i € Zz, if Y; # (), then Yj11, Y12, Yits, Yite, Zits, Zite are all empty, and at most
one of Y;;3,Y; 4 is nonempty;'?

(e) for all i € Zr, if Z; # (), then Z; o, Z; 15 are empty;2°

(f) for all i € Z7, Y; is complete to Yii3,Yiya, Zi, Ziv1, Zit+s, Ziya, W and anticomplete to
Zit2;

(g) for all i € Z7, Z; is complete to Z;j11, Zi+3, Zi+a, Zire, W.

Note that if (Xo, ..., Xe; Yo,...,Ys; Z0o, ..., Zs; W) is a special partition of a graph G, then
by definition, the following hold:

16Rings were defined in subsection 3.3. To help the reader, here is an equivalent definition of a 5-crown that
makes no reference to rings: a 5-crown is a graph R whose vertex set can be partitioned into five nonempty sets,
say Xo, X1, X2, X3, X4 (with indices understood to be in Zs), such that the following two conditions are satisfied:
e for all i € Zs, X; can be ordered as X; = {u%,...,ulxil} so that X; C NR[uLX”] c ... C NR[u}] =
Xic1UX; U Xiq1;
e for some index ¢* € Zs, we have that X;«_1 is complete to X;=_2, and X;»4+1 is complete to X;«4o.
Note that the first bullet point above implies that Xo, X1, X2, X3, X4 are all cliques.
Indices are understood to be in Z-.
8Cliques Yy, ...,Ys, Zo, ..., Zs, W may possibly be empty.
19T particular, at most two of the cliques Yp, ..., Ys are nonempty.
2Tn particular, at most three of the cliques Zo, ..., Z¢ are nonempty.



e forall i € Z7, Y; is complete to X; U X;1UX; 4 and anticomplete to X;49U X;43UX;45U
Xiv6;

e for all i € Z7, Z; is complete to X; U X;11 U X410 U X413 U X414 and anticomplete to
Xits U Xipe.

The following was proven in section 3 of [14].2!

Theorem 3.13. [14] Let G be a (4K, Cy, Cs)-free graph that contains an induced C7. Then G
admits a special partition.

We remark that the converse of Theorem 3.13 also holds: if a graph admits a special parti-
tion, then it is (4K, Cy, Cs)-free and contains an induced C7. This follows by routine checking,
but it was not proven (indeed, it was not even stated) in [14]. We prove this in Lemma 7.3.

For a positive integer k, a k-uniform partition of a graph G is a partition of V(G) into k
cliques, any two of which are either complete or anticomplete to each other. The following is
Theorem 2.6 from [14] (this result is an immediate corollary of Theorem 3.13 above).

Theorem 3.14. [1/] Let G be a (4K1,Cy, Cg)-free graph that contains an induced C7. Then G
admits a k-uniform partition, with 7 < k < 13.

Note that any two vertices that belong to the same clique of a k-uniform partition of a
graph G, are true twins in G. So, if G admits a k-uniform partition, but does not contain a
pair of true twins, then G has at most k vertices. In particular, Theorem 3.14 implies that any
(4K, Cy, Cg)-free graph that contains an induced C7, and does not contain a pair of true twins,
has at most 13 vertices.

4 Recognizing (4K, Cy, Cs, C7)-free graphs

Clearly, (4K1,Cy, Cg, C7)-free graphs can be recognized in O(n”) time. However, by using
Theorem 3.12, we can recognize graphs in this class in only O(n3) time (see Theorem 4.4). In
particular, our recognition algorithm for (4K, Cy, Cg, C7)-free graphs does not directly search
for the four forbidden induced subgraphs; instead, it checks whether the input graph has the
structure described in Theorem 3.12.22 Thus, it is possible that our algorithm (correctly)
determines that the input graph is not (4K, Cy, Cg, C7)-free without actually finding any of
the four forbidden induced subgraphs in the input graph.

Our first goal is to give O(n?) time recognition algorithms for 5-crowns and 5-baskets (see
Lemmas 4.1 and 4.3, respectively).

Lemma 4.1. There exists an algorithm with the following specifications:

e Input: A graph G;

e Output: FEither the true statement that G is a 5-crown, together with a 5-crown partition
of G, or the true statement that G is not a 5-crown;

e Running time: O(n?).

21We remark that the term “special partition” was never used in [14]; we use that term as a convenient
shorthand. The reader can easily check that the structure described in section 3 of [14] is precisely what we
named a “special partition,” with one exception. Item (d) from our definition of a special partition states that
at most one of Yi;s, Yi14 is nonempty. The reader may have noticed that, in [14], it is stated that exactly one of
Yi+3, Yita is nonempty. However, this is quite obviously a typo: it is possible that both Y;y3, Yi+4 are empty, and
in fact, it may well be that Yo, ...,Ys, Zo, ..., Zs, W are all empty (consider the case when G is a 7-hyperhole).

22Here, simplicial vertices pose a bit of a problem because deleting a simplicial vertex may possibly eliminate
an induced 4K7; see the proof of Theorem 4.4 for a way to deal with this.
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Proof. We first call the O(n?) time algorithm from Lemma 3.6 with input G. If the algorithm
returns the answer that G is not a ring, or that GG is a ring of length other than five, then
we return the answer that G is not a 5-crown, and we stop. Assume now that the algorithm
returned the answer that G is a 5-ring, together with a ring partition (X, ..., X4) of G. Then
we check if there exists an index ¢* € Zs such that X;«_; is complete to X;+_s, and X;+41 is
complete to X;+ o in G; clearly, this can be done in O(n?) time by examining adjacency between
consecutive X;’s. If we found such an index 7*, then we return the answer that G is a 5-crown
with 5-crown partition (X,...,X4), and we stop. Otherwise, we return the answer that G is
not a 5-crown, and we stop. Clearly, the algorithm is correct, and its running time is O(n?). O

We now turn to 5-baskets. We first state and prove a technical lemma (see Lemma 4.2
below), which we then use to construct our O(n?) time recognition algorithm for 5-baskets (see
Lemma 4.3).

Lemma 4.2. Let Q) be a 5-basket that contains no pair of true twins, and assume that |V (Q)| >
12. Then there exists a unique vertex a € V(Q) such that d@(@ = 3.23 Further, let c1, ¢, c3 be
the three nonneighbors of a in @Q (listed in any order), and define sets A, By, By, B3, C1,Co,C3, F
as follows:

e A is the set of all vertices of V(Q) \ {c1,ca,c3} that are anticomplete to {ci,c2,c3};*

o foralli € {1,2,3}, B; is the set of all vertices in V(Q) \ {a,c1,c2,c3} that are complete
to {a,c;} and anticomplete to {c1,ca,c3} \ {ci};

e forallie {1,2,3}, C;:={a};

o [':= V(Q)\(AUB1UBQU33U01UCQU03).

Then (A; By, By, Bs; C1,Co,Cs; F) is a 5-basket partition of Q.

Proof. Let (A"; By, BY, BS; C1, C4, C%; F') be a 5-basket partition of the 5-basket Q. Let indices
1* and j* be as in the definition of a 5-basket; by symmetry, we may assume that either
i* = j* =1, ori* = 1and j* = 3 (see Figure 3.3). Note that for all X € {B}, B}, C},C,C5, F'},
any two vertices of X are true twins in @Q; since ) contains no pair of true twins, and since
B), B}, C1, Ch, C4 are all nonempty, we have that Bj, B, C1, C5, C§ are all singletons, and that
|F'| < 1. Since |V(Q)| > 12, it follows that |A" U B}| > 6.

Now, let A’ = {ay,...,a;} be an ordering of A’ such that Ng(a;)NB] C --- C Ng(a1)NB] =
B, and let B] = {b1,...,by} be an ordering of B] such that a1 € Ng(b,) N A" C --- C

Ng(b1) N A’, as in the definition of a 5-basket. Note that Nglai]\ B} = --- = Ngla] \ B} and
No[bh] \ A" = --- = Ng[b,] \ A’. Since @ contains no pair of true twins, we now deduce that
Ng(a)NB] S -+ G Ng(a1)NBy = Bj and a1 € Ng(bp,)NA" G -+ G Ng(b1)NA'; consequently,

|Bi| < |A'| <|Bj|+ 1. Since |A" U Bj| > 6, it follows that |A’| > 3 and |B]| > 3.

Claim 1. Vertex aj is the unique vertex of () that has exactly three nonneighbors

in Q.
Proof of Claim 1. First, it follows from the definition of a 5-basket that V(Q) \ Ngla1] =
C1 U G5 U C; since CF, 05,0y are pairwise disjoint singletons, it follows that dg(a1) = 3.
On the other hand, for all ¢ € {2,...,t}, we have that dg(a;) < dg(a1), and consequently,
dg(ai) > dg(a1) = 3. Further, for all i € {1,2,3}, we have that B; is anticomplete to (B UByU
B, UCTUC,UCY) \ (B UCY); since sets By, B, B;, C1, Ch, C4 are all nonempty and pairwise
disjoint, it follows that each vertex in Bj U B U Bf has at least four nonneighbors in Q. Next,
for all ¢ € {1,2,3}, we have that C/ is anticomplete to (A’ U B} U Bj U Bj) \ BY; since sets

23That is, Q has exactly one vertex (called @) that has exactly three nonneighbors in Q.
?"Note that this means that a € A.
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A’ By, B), B} are all nonempty and pairwise disjoint, and since |A’| > 3, it follows that each
vertex in C U C4 U C4 has at least five nonneighbors in @. It remains to show that no vertex
in F’ has exactly three nonneighbors in ). We may assume that F’ # (), for otherwise, there is
nothing to show. Now |F'| =1, and we set F' = {f}. If j* =1, then V(Q) \ Ng[f] = B} U1,
and it follows that dg(f) > 4.%5 On the other hand, if j* = 3, then V(Q) \ Ng[f] = B4 U C,
and it follows that dg(f) = 2.26 This proves Claim 1. 4

Set a := a1; by Claim 1, a is the only vertex of ) that has exactly three nonneighbors in
Q. Let c1,c2,c3 be the three nonneighbors of a (listed in any order). Since V(Q) \ Ngla] =
C] U C4 U Cy, and since C1,CY, C4 are all singletons, we see that there exists some permu-
tation o of the index set {1,2,3} such that Cé(lf% = {a1}, Cé(?) = {c2}, and Cé(g) = {c3}.
But now if sets A, By, Bo, Bg, C1,Cs,C3, F' are defined as in the statement of the lemma, then
all the following hold: A = A’; C; = C(/;(i) and B; = B:f(i) for all i € {1,2,3}; F = F".
Since (A’; By, B}, B;; C1, C%, C4; F') is a 5-basket partition of the 5-basket @, so is the partition
(A; By, Ba, B3; C1,Ca,Cs; F). This completes the argument. O

We remind the reader that for a set S of sets, we write |J.S := Uyxcg X.

Lemma 4.3. There exists an algorithm with the following specifications:

e Input: A graph G;
e QOutput: One of the following:

— The true statement that G is a 5-basket, together with a 5-basket partition of G,
— The true statement that G is not a 5-basket;

e Running time: O(n?).

Proof. We first call the O(n?) time algorithm from Lemma 3.5 with input G, and we obtain
the partition P of V(G) into true twin classes of G, as well as the quotient graph @ := Gp.
Obviously, () contains no pair of true twins.

Claim 1. G is a 5-basket if and only if () is a 5-basket. Moreover, if @ is a 5-
basket with 5-basket partition (A; By, B2, Bs; C1,Co,Cs; F), then G is a 5-basket
with 5-basket partition (|J A;J B1, B2,J Bs;J C1,J C2, U Cs; U F).

Proof of Claim 1. It is obvious that if @) is a 5-basket with an associated 5-basket parti-
tion (A; By, By, B3;C1,Co,C3; F), then G is a 5-basket with an associated 5-basket partition
(UA;UB1,UB2,UBs; | UC1,UC2, U Cs; U F). It remains to show that if G is a 5-basket, then
so is ). But this readily follows from the fact that every true twin class of a 5-basket is in-
cluded (as a subset) in one of the eight sets of an (any) associated 5-basket partition. This
proves Claim 1. ¢

In view of Claim 1, it remains to check whether @ is a 5-basket, and if so, to find an
associated 5-basket partition of Q. If |V(Q)| < 11, then this can be done by brute force in O(1)
time. So, assume that |V (Q)| > 12. We then form the graph @, and we compute the degrees
of all vertices in this graph; this can be done in O(n?) time. If Q contains no vertices of degree
three, or if it contains more than one such vertex, then Lemma 4.2 guarantees that @ is not a
5-basket. So, suppose that Q has exactly one vertex (call it a) of degree three. Let c1, ¢, c3 be
the three nonneighbors of a in @ (listed in any order), and let sets A, By, Bo, Bs, C1,Co,Cs, F
be as in the statement of Lemma 4.2, i.e. let these sets be defined as follows:

e A is the set of all vertices of V(Q) \ {c1, c2,c3} that are anticomplete to {c1, ca, c3};%”

25We are using the fact that B{ N C{ = 0, |Bi| > 3, and |C}| = 1.
26We are using the fact that Bj and C} are disjoint singletons.
2"Note that this means that a € A.
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e for all i € {1,2,3}, B; is the set of all vertices in V(Q) \ {a, c1, 2, c3} that are complete
to {a, ¢;} and anticomplete to {c1,c2,c3} \ {ci};

e foralli € {1,2,3}, C;:={c;i};

o [':= V(Q)\(AUBlUBQUBgLJClUCQUC;g).

Clearly, these eight sets can be computed in O(n) time.
By Lemma 4.2, either P := (A; By, Ba, B3; C1,C,Cs; F') is a 5-basket partition of @, or @

is not a 5-basket. We check if P is a 5-basket partition of @, as follows. We first check in O(n?)
time if all the following hold:

(1) A, By, By, B, C,Cy,C5 are all nonempty cliques;
(2) Fis a (possibly empty) clique;
(3) Bi, Ba, B3 are anticomplete to each other;
(4) Cy,Cq,C3 are complete to each other;
(5) A is anticomplete to C7, Cy, Cs;
(6) for all i € {1,2,3}, B; is complete to C; and anticomplete to (C1 UC2 U C3) \ Cj;
(7) there exists an index j € {1,2,3} such that F' is complete to V(Q) \ (B; U C;) and
anticomplete to B; U C;.

If any one of (1)-(7) fails, then P is not a 5-basket partition of Q). Suppose now that (1)-(7) all
hold. We then compute the degrees (in @) of all vertices in A, and we order A as A = {ay,...,a;}
so that dg(a;) < --- < dg(aq); this can be done in O(n?) time. We now check in further O(n?)
time if Ngla;] C --- € Ng[a1]; if not, then P is not a 5-basket partition of (). Assume now that
Nogla¢] C --- € Nglai1]. We then check in O(n) time whether there exists an index i € {1,2, 3}
such that a; is complete to (By U Ba U B3) \ By; if such an index i does not exist, then P is not
a b-basket partition of ). So assume we have found such an index #; it then follows from our
ordering of A that A is complete to (B; U Ba U Bs) \ B;. We now check in O(n) time if a; is
complete to B;. If a; is not complete to B;, then P is not a 5-basket partition of ). On the
other hand, if a1 is complete to B;, then P is indeed a 5-basket partition of Q.

We have now determined whether () is a 5-basket, and if so, we have found an associated
5-basket partition of Q). If () is not a 5-basket, then we return the answer that G is not a 5-
basket, and we stop. On the other hand, if we have determined that @) is a 5-basket with 5-basket
partition (A; By, Ba, B3; C1,Cy,Cs; F), then we return the answer that G is a 5-basket with 5-
basket partition (|J A; U Bi1,J B2, U Bs; J C1,U C2, U C3; | J F'), and we stop. By Claim 1, this
is correct.

Clearly, the algorithm is correct, and its running time is O(n?). O

We are now ready to describe our O(n?) time recognition algorithm for (4K, Cy, Cg, C7)-free
graphs.

Theorem 4.4. There exists an algorithm with the following specifications:
e Input: A graph G;
e Output: Either the true statement that G is (4K, Cy, Cs, C7)-free, or the true statement
that G is not (4K, Cy, Cs, C7)-free;
e Running time: O(n?).

Proof. We first call the O(n3) time algorithm from Lemma 3.3 with input G, and we obtain
a maximal sequence v1,...,vs (s > 0) of pairwise distinct vertices of G such that for all i €
{1,..., s}, v; is simplicial in the graph G\{v1, ..., v;—1}. Suppose first that V(G) = {v1,...,vs}.
Then vy, ...,vs is a simplicial elimination ordering of G, and so Theorem 3.2 guarantees that
G is chordal, and in particular, that G is (C4, Cs, C7)-free. Further, we can compute o(G) in
O(n?) time by calling the algorithm from Lemma 3.4 with input G and v1,...,vs. If a(G) > 4,
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then G is not 4K -free; in this case, we return the answer that G is not (4K, Cy, Cg, C7)-free,
and we stop. On the other hand, if a(G) < 3, then G is 4K;-free; in this case, we return the
answer that G is (4K, Cy, Cg, C7)-free, and we stop.

From now on, we assume that {vi,...,vs} & V(G). We then form the graph H := G\
{v1,...,vs} and the set U of all universal vertices of H; this takes O(n?) time. By the maximality
of v1,...,vs, the graph H has no simplicial vertices, and in particular, H is not complete; thus,

U S V(H). We now form the graph Q := H \ U in further O(n?) time.

Claim 1. All holes of G are in fact holes of Q. Consequently, for all X g V(Q), if
Q@ \ X is chordal, then G\ X is also chordal. Furthermore, if Q is (Cy, Cg, C7)-free,
then so is G.

Proof of Claim 1. The first statement follows from the fact that holes contain no simplicial
and no universal vertices. The second and third statement follow from the first. This proves
Claim 1. ¢

Using the O(n?) time algorithms from Lemmas 4.1 and 4.3, we check if @ is a 5-crown or a
5-basket (or neither). If @ is neither a 5-crown nor a 5-basket, then we return the answer that
G is not (4K, Cy, Cg, Cy)-free, and we stop; Theorem 3.12 guarantees that this is correct. From
now on, we assume that @ is either a 5-basket or a 5-crown, and that we have also obtained a
relevant partition of @, as specified in the algorithms from Lemmas 4.1 and 4.3.

By Lemma 3.9, @Q is (4K3,Cy, Cg, C7)-free, and so by Claim 1, G is (Cy, Cg, Cr)-free. It
remains to check if G is 4K;-free. Clearly, this could be done in O(n?) time by brute force;
however, this is too slow for our purposes, and so instead, we will determine whether G is 4K7-
free by computing the stability number of several (at most four) chordal induced subgraphs of
G, using the algorithm from Lemma 3.4. We consider two cases: when @ is a 5-crown, and
when @ is a 5-basket.

Case 1: @ is a 5-crown. Let (Xo, X1, X2, X3, X4) be a 5-crown partition of @, returned by
the algorithm from Lemma 4.1. By the definition of a 5-crown, there exists an index ¢ € Zs
such that X; is complete to X;.1, and clearly, such an index i can be found in O(n?) time. By
symmetry, we may assume that ¢ = 1, so that X; is complete to X3. Then no stable set of G
intersects both X; and Xy; consequently, every stable set of G is in fact a stable set of G \ X3
or G\ Xa. Thus, a(G) = max{a(G \ X1),a(G \ X2)}. Further, by Lemma 3.7(c), both @ \ X3
and @ \ X2 are chordal; Claim 1 now implies that G \ X; and G \ X5 are both chordal, and
therefore (by Theorem 3.2) admit a simplicial elimination ordering. We can find a simplicial
elimination ordering of G \ X; in O(n3) time using the algorithm from Lemma 3.3, and then
we can find a(G \ X7) in further O(n?) time using the algorithm from Lemma 3.4. Similarly,
we can find (G \ X2) in O(n?) time using the algorithms from Lemmas 3.3 and 3.4. Finally,
we compute o(G) = max{a(G \ X1),a(G \ X2)}. If o(G) > 4, then G is not 4K;-free; in this
case, we return the answer that G is not (4K, Cy, Cs, Cr)-free, and we stop. Otherwise, G is
4K1-free; in this case, we return the answer that G is (4K1, Cy, Cg, C7)-free,?® and we stop.

Case 2: () is a 5-basket. Let (A; By, By, B3; C1,C2,C3; F') be a 5-basket partition of @,
returned by the algorithm from Lemma 4.3.

Claim 2. For every hole in G, there exists some index i € {1,2,3} such that the
hole intersects both B; and Cj.

Proof of Claim 2. By Claim 1, every hole of G is a hole of (). Further, by Lemma 3.9, Q) is
(4K4, Cy, Cg, Cr)-free; consequently, every hole in @ is of length five. Thus, it suffices to show
that for every 5-hole in @), there exists some index i € {1,2,3} such that the 5-hole intersects
both B; and C;. Let yo, ..., y4, yo (with indices in Zs) be a 5-hole in @), and set Y := {yo,...,ys}.

28We have already checked that G is (C4, Cs, C7)-free, and so this is correct.
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First, we observe that for all X € {A, By, By, Bs,C1,C5,C3, F'}, and all distinct vertices
x,x’ € X, one of z, 2’ dominates the other in (). Since no vertex of a hole dominates any other
vertex of that hole, we deduce that none of A, By, Bo, B3, C1,Cs, Cs, F' contains more than one
vertex of Y.

Next, we can obtain a simplicial elimination ordering of @ \ A as follows: we first list all
vertices of B; U By U Bs (in any order), then we list all vertices of F' (in any order), and finally,
we list all vertices of C; U Cy U Cs (in any order). It now follows from Theorem 3.2 that @ \ A
is chordal, and consequently, Y N A # (). We have already shown that |[Y N A| < 1, and we
now deduce that |Y N A] = 1. By symmetry, we may assume that Y N A = {yo}. Since
yo is complete to {y1,y4}, and since A is anticomplete to C; U Cy U C3, we now have that
Yy1,Y4 € B1UBy U B3 UF. Since |[Y N F| <1, we deduce that at least one of y1,y4 belongs to
B; U By U Bs; by symmetry, we may assume that y; € B;. Since |Y N B;| < 1, we deduce that
Y N By = {y1}. Since y; is adjacent to y2, and since B is anticomplete to By U B U Cy U Cs,
we now have that yo € AUB; UC; UF. But since Y NA = {yo} and YN By = {y1}, we in fact
have that yo € C;1 UF. If yo € F, then {yo,y1,y2} is a triangle (i.e. a clique of size three),?
contrary to the fact that holes contain no triangles. So, yo» € C7. But now Y intersects both B;
and C7. This proves Claim 2. ¢

Let C := C; UCyU (s, and for all ¢ € {1,2,3}, let D; := B; U (C \ C;). Further, set
Ge := G\ C, and for all i € {1,2,3}, set G; := G\ D;. Forming sets C, Dy, Dy, D3 and
graphs G¢, G1, G, G3 takes O(n?) time. By Claim 2, graphs G¢, G, Ga, G3 are all chordal,
and consequently (by Theorem 3.2), they all admit a simplicial elimination ordering. We find
a simplicial elimination ordering for each of these four chordal graphs using the O(n?) time
algorithm from Lemma 3.3, and then we compute their stability number in further O(n?) time
using the algorithm from Lemma 3.4.

Claim 3. o(G) = max{a(G¢), a(G1), a(G2), a(G3)}.

Proof of Claim 3. Clearly, it is enough to show that every stable set of GG is in fact a stable set
of one of Go,G1,Go, Gs. For this, we need only show that every stable set of G has an empty
intersection with at least one of C, Dy, Dy, D3. Let S be a stable set of G. We may assume
that SN C # (), for otherwise, we are done. Fix i € {1,2,3} such that SN C; # 0. Since C; is
complete to D;, and since S is a stable set, we have that S N D; = (). This proves Claim 3. ¢

We have already computed a(G¢), a(G1), a(G2),a(G3); in view of Claim 3, we can now
compute a(G) simply by taking the maximum of these four numbers. If o(G) > 4, then G is
not 4K-free; in this case, we return the answer that G is not (4K, Cy, Cg, C7)-free, and we stop.
Otherwise, G is 4K;-free; in this case, we return the answer that G is (4K, Cy, Cg, C7)-free,°
and we stop.

Clearly, the algorithm is correct, and its running time is O(n?). O

5 Cliques and clique covers of (4K, Cy, Cg, C7)-free graphs
Theorem 5.1. There exists an algorithm with the following specifications:
e Input: A graph G;
o Output: FEither a list of all mazimal cliques of G, or the true statement that G is not
(4K17 047 CGa C?)-f’f'@@,’
e Running time: O(n?).

29Indeed, yoy1 and y1y2 are edges because yo, ..., ¥, yo is a hole, and yayo is an edge because y2 € F, yo € A,
and F' is complete to A.
30We have already checked that G is (Cy, Cs, Cr)-free, and so this is correct.
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Furthermore, if the algorithm returns all mazimal cliques of the input graph G, then the number
of cliques returned is at most n, where n is the number of vertices of G.

Proof. First, it is clear that, for a clique C' of G, we can check in O(n?) time whether C is a
maximal clique of G (we simply check whether some vertex of V(G)\ C is complete to C). The
algorithm proceeds as follows. First, we compute a list of at most n cliques of G such that all
maximal cliques of G are on this list (but not all cliques on the list need be maximal). Then, we
check in O(n?) time which of those cliques are maximal, and we return those maximal cliques.

We now turn to the technical details. We begin by finding a maximal sequence vy, ..., vs (s >
0) of vertices of G such that for all i € {1,..., s}, v; is simplicial in the graph G\ {v1,...,vi—1};
this can be done in O(n3) time by calling the algorithm from Lemma 3.3 with input G. For
each i € {1,...,v;}, we form the set D; = Ng[v;] \ {v1,...,vi—1}. Clearly, sets Di,..., Dy can
be computed in O(n?) time, and they are all cliques.

Claim 1. For every maximal clique C of G, if CN{vy,...,vs} # (), then there exists
an index i € {1,...,s} such that C' = D,.

Proof of Claim 1. Fix a maximal clique C of G, and assume that C' N {vy,...,vs} # 0. Let
i €{1,...,s} be minimal with the property that v; € C. Then C' C Ng[v;]\{v1,...,vi-1} = D;.
Since both C' and D; are cliques, the maximality of C guarantees that C' = D;. This proves
Claim 1. ¢

Suppose first that V(G) = {v1,...,vs}. Then s = n, and by Claim 1, all maximal cliques
of G are on the list Dy,..., Ds. We check in O(n?®) time which of the cliques D1, ..., Dy are
maximal in GG, we return those maximal cliques, and we stop.

From now on, we assume that {vy,...,vs} & V(G). We now form the graph H := G\
{v1,...,vs}, as well as the set U of all universal vertices of H; this takes O(n?) time. By the
maximality of vy,...,vs, we know that H contains no simplicial vertices, and consequently, H
is not complete; thus, U S V(H). We now form the graph Q := H \ U in further O(n?) time.

Claim 2. For every maximal clique C of G, either

e there exists an index i € {1,..., s} such that C = D;, or
e there exists some maximal clique C’ of the graph @ such that C' = C'UU.

Proof of Claim 2. Fix a maximal clique C of G. We may assume that C' N {vy,...,vs} =0, for
otherwise, we are done by Claim 1. But then C' is a maximal clique of H. Since U is the set of

all universal vertices of H, it is clear that U C C, and that C’ := C \ U is a maximal clique of
H\ U = Q. This proves Claim 2. ¢

By Theorem 3.12, if G is (4K, Cy4,Cg,C7)-free, then @ is a 5-crown or a 5-basket. We
can check if Q is a 5-crown or a 5-basket (or neither) using the O(n?) time algorithms from
Lemmas 4.1 and 4.3. If @ is neither a 5-crown nor a 5-basket, then we return the answer
that G is not (4K, Cy, Cg, C7)-free, and we stop. From now on, we may assume that we have
determined that @ is either a 5-crown or a 5-basket, and that we have also obtained a relevant
partition of ), as specified in the algorithms from Lemmas 4.1 and 4.3.

In view of Claim 2, our goal is now to compute all maximal cliques of (). We consider two
cases: when (@) is a 5-crown, and when (@) is a 5-basket.

Case 1: @ is a 5-crown. Let (Xj,..., X4) be a 5-crown partition of the 5-crown @, returned
by the algorithm from Lemma 4.1. We now compute the degrees (in @) of all vertices of @), and
then for each i € Zs, we order X; as X; = {u}, ... ,uLXil} so that dQ(uLX”) <. <dg(u}); this
can be done in O(n?) time. Since we already know that (Xo, ..., X4) is a 5-crown partition of Q,
we see that for all ¢ € Zs, we have that X; C Ng [ulXﬂ] C---C Ng [ull] = X;1UX;UX;41. Now,
foralli € Zs, and all j € {1,...,|X;|}, we compute the set Cij = {ul,... ,ug}U(NQ(ug)ﬂXiH);
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the family {C’ZJ } can be computed in O(n?) time. It readily follows from our orderings of the
sets X; that each set Cij is a clique, and furthermore, that every maximal clique of @Q is of
the form Cij 31 It then follows from Claim 2 that all maximal cliques of G are on the list
Dy,...,Ds,CEUU,.. .,C(|JX°| uu,...,Ciul,..., JLX“' U U; the number of cliques on this list
is s + |V (Q)| < n. We now check in O(n?) time which cliques on our list are maximal in G, we
return those maximal cliques, and we stop.

Case 2: (@ is a 5-basket. Let (A; By, By, B3; C1,Co,C3; F) be a 5-basket partition of the
5-basket @, returned by the algorithm from Lemma 4.3. We now find indices *, 7* € {1,2,3}
such that A is complete to (By U Ba U B3) \ Bj«, and F' is complete to V(Q) \ (Bj U Cj+) and
anticomplete to Bj« U Cj«; such indices exist by the definition of a 5-basket, and they can be
found in O(n?) time. Further, after possibly permuting indices, we may assume that either
i*=j*=1,o0ri*=1and j* = 3 (see Figure 3.3).

Next, we compute the degrees (in Q) of all vertices in A, and we order A as A = {ay,...,a:}
so that dg(at) < -+ < dg(a1); this can be done in O(n?) time. Since we already know that
(A; By, By, B3; C1,Cs, Cs; F') is a 5-basket partition of the 5-basket @), we see that Ng(a;)NB1 C
-+ € Ng(a1)NBy = By. Now, foralli € {1,...,t}, we form the set A; = {a1,...,a;}U(Ng(a;)N
B1); clearly, the list Aj,..., A; can be computed in O(n?) time. By the definition of a 5-basket
partition, and by our ordering of A, we have that Aq,..., A; are all cliques.

Our goal is to find all maximal cliques of (). For this, we consider two cases: when F = (),
and when F # ().

Case 2.1: F = (). In this case, it is easy to see that all maximal cliques of @ are on the
following list of t+6 cliques:®? A, ..., Ay, AUBy, AUB3, BiUC}, BoUC4, B3 UC3, C1UCyUCs.
Since sets A, B, Ba, B3, C1,Cy, C3 are nonempty and pairwise disjoint, and since |A| = ¢, we
see that ¢t + 6 < |V(Q)[; thus, the number of cliques on our list is at most |V (Q)|. We can now
determine in O(n?) time which of those cliques are maximal in Q.

Case 2.2: F # (). Recall that either j* = 1 or j* = 3. If j* = 1 (see Figure 3.3, top),
then it is easy to see that all maximal cliques of @) are on the following list of t 4+ 7 cliques:33
Ay, . AL AUBUF AUB3UF, BiUC], BoUCyUF, B3sUC3UF,CiUuCouUCs,CoUC3UF.
On the other hand, if j* = 3 (see Figure 3.3, bottom), then all maximal cliques of @) are on the
following list of t + 7 cliques:®** Ay UF,...,A;UF,AUBy UF,AUBs,BiUC,UF,ByUCyU
F,B3U(C5,C1UC2UC3,Chy UCy U F. In either case (i.e. both when j* = 1 and when j* = 3),
our list contains ¢+ 7 cliques. Since sets A, By, Bo, B3, C1, (5, C3, F are nonempty and pairwise
disjoint, and since |A| = t, we see that ¢t +7 < |V(Q)[; thus, the number of cliques on our list is
at most |V (Q)|. We can now determine in O(n?) time which of those cliques are maximal in Q.

In either case (i.e. both in Case 2.1 and in Case 2.2), we have found a complete list (say,
Ep, ..., E,) of maximal cliques of @, and this list contains at most |V (Q)| cliques. By Claim 2,
all maximal cliques of G are on the following list of cliques: D,,...,Ds, E1 UU,...,E,. UU.
Clearly, the number of cliques on this list is at most s + [V (Q)| < n. We now check in O(n?)
time which of the cliques D1,...,Ds, By UU, ..., E. UU are maximal in GG, we return those
maximal cliques, and we stop.

Clearly, the algorithm is correct, and its running time is O(n3). Furthermore, if the algorithm
returns all maximal cliques of GG, then the number of cliques returned is at most n. O

Corollary 5.2. Every (4K, Cy, Cg, C7)-free graph G has at most |V(G)| mazimal cliques.

3'However, not all C’f ’s need be maximal cliques of Q.
32However, not all cliques on this list need be maximal in Q.
33However, not all cliques on this list need be maximal in Q.
340Once again, not all cliques on this list need be maximal in Q.
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Proof. This follows immediately from Theorem 5.1. O

Lemma 5.3. Let v be a simplicial vertex of a graph G. Then Ng[v] is one of the cliques of
some minimum clique cover of G.

Proof. Set k :=X(G), and let {C1,...,Ck} be a minimum clique cover of G. By symmetry, we
may assume that v € Cy. Since C] is a clique, we see that C1 C Ng[v]. Since v is simplicial,
Ngv] is a clique. But now {Ng[v],Cq,...,Ck} is a minimum clique cover of G. O

Theorem 5.4. There exists an algorithm with the following specifications:

e Input: A graph G;

e Output: FEither a minimum clique cover of G, or the true statement that G is not
(4K1, C4, C@, C7)—f7“€6,’

e Running time: O(n?).

Proof. We begin by finding a maximal sequence vy, ...,vs (s > 0) of vertices of G such that for
alli € {1,...,s}, v; is simplicial in the graph G\ {vy,...,v;_1}; this can be done in O(n?) time
by calling the algorithm from Lemma 3.3 with input G. For each i € {1,...,s}, we form the
set D; = Ng[vi] \ {v1,...,v;_1}. Clearly, sets D1, ..., D, can be computed in O(n?) time, and
they are all cliques.

We now form a sequence g, . . ., iy of indices, and a sequence Sy, ..., Sy of sets, as follows. We
set ig := 0 and Sy := (. Then, having formed sequences i, .. .,%; and Sp, ..., S}, we proceed as
follows. If vj;41,...,vs € Sj,35 then we set £ := j, and we terminate our sequences. Otherwise,

we extend our sequences by letting i;,1 be the smallest index ¢ > 4; + 1 such that v; ¢ S, and
setting Sji1 := S; U Dy, . Clearly, the sequences {i;} and {S;} can be formed in O(n?) time.
To simplify notation, we set S := Sy;. By construction, we have that vq,...,vs € S.

Claim 1. If S = V(G), then {D;,,...,D;,} is a minimum clique cover of G. If
S G V(G), then for any set {E1,..., E,} of cliques of G such that » < X(G'\ S) and
V(G)\ S C EyU---UE,, we have that {D;,,...,D;,} U{E,..., E,} is a minimum
clique cover of G.

Proof of Claim 1. This follows from Lemma 5.3, by an easy induction. ¢

If S = V(G), then we return {D;,,..., D;,}, and we stop; by Claim 1, this is correct. From
now on, we assume that S & V(G). We then check if V(G) \ S is a clique in O(n?) time. If
V(G)\ S is a clique, then we return {D;,, ..., D;,}U{V(G)\ S}, and we stop; by Claim 1, this is
correct. From now on, we assume that S is not a clique. Then we check if G'\ S is cobipartite,3°
and if so, we find a partition {E1, E5} of V(G) \ S into two cliques; this can be done in O(n?)
time via (for example) breadth-first-search in the graph G \ S. If we found such a partition
{E1,Es} of V(G)\ S, then we return {D;,, ..., D;,} U{E1, E2}, and we stop; by Claim 1, this is
correct. From now on, we assume that G\ S is not cobipartite, and consequently, X(G'\ S) > 3.

We now form the graph H := G\ {v1,...,vs},3" as well as the set U of all universal vertices
of H; this takes O(n?) time. By the maximality of vy,...,vs, we know that H is not complete,
and consequently, U S V(H). We now form the graph Q := H\U in further O(n?) time. Next,
we determine whether @ is a 5-crown or a 5-basket (or neither) by calling the algorithms from
Lemmas 4.1 and 4.3 with input Q. If ) is neither a 5-crown nor a 5-basket, then we return the
answer that G is not (4K, Cy, Cs, C7)-free, and we stop; by Theorem 3.12, this is correct. From

35Note that if i; = s, then this vacuously holds.

36 A graph is cobiparite if its vertex set can be partitioned into two cliques. So, a graph is cobipartite if its
complement is bipartite.

37Clearly, G\ S is an induced subgraph of H.
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now on, we assume that @) is either a 5-crown or a 5-basket, and that we have also obtained a
relevant partition, as specified in Lemmas 4.1 and 4.3.

Suppose first that we have determined that @ is a 5-crown. Let (Xo, ..., X4) be a 5-crown
partition of @, returned by the algorithm from Lemma 4.1. By the definition of a 5-crown, there
exists an index ¢* € Zs such that X;«_; is complete to X;«_o, and X;=;1 is complete to X;*49;
clearly, such an index 7* can be found in O(nz) time. Then X UU, X« 1 U X+ _o, Xix 41 U X% 49
are cliques of G, and clearly, V(G)\ S C (X;» UU) U (Xj+—1 U X+ _9) U (Xjx 41U Xi=49). We now
return {Dil, ce 7Dig}U{Xi* UU, X+ 1 UXx_9, Xjx41 UXZ'*+2}, and we stop. Since X(G\S) >3,
Claim 1 guarantees that this is correct.

From now on, we assume that @ is a 5-basket. Let (A; By, By, B3; C1,C5,Cs; F') be a 5-
basket partition of @, returned by the algorithm from Lemma 4.3. We now compute indices
i*,j*, as in the definition of a 5-basket; clearly, this can be done in O(n?) time. After possibly
permuting indices, we may assume that either ¢* = j* =1, or * = 1 and j* = 3. Note that this
implies that F' is complete to AU By U Cs.

We form sets U :=U\ S, A" := A\ S, and F' := F\ S, and for each i € {1,2,3}, we form
sets B) := B; \ S and C/ := C; \ S; further, we check if A’ is complete to Bj. All this can be
done in O(n?) time.

Suppose first that at least one of the sets A’, B, C4, C%, Bj is empty. Since G[AU By UCy U
C3 U Bs] is a 5-hyperhole, it is now easy to see that A’ U By U Cy U C4 U Bj can be partitioned
into two cliques, call them Fj and Es, which can be found in O(n) time by routine checking.3
If j* =1, then we return {D;,,...,D;,} U{E1 UF' UU’, Ey, B} UC}}, and we stop. On the
other hand, if j7* = 3, then we return {D;,, ..., D;,} U{E1, Ea, ByUC]UF'UU'}, and we stop.
Since X(G \ S) > 3, Claim 1 guarantees that this is correct.

From now on, we assume that sets A’, B, C, C4, B are all nonempty. If B} = (), then we
return {D;,,...,D;,} U{A'UByUF" UU’, B;,C1 UC)UC4}, and we stop; since Y (G \ S) > 3,
Claim 1 guarantees that this is correct. From now on, we further assume that B} # (.39

Suppose that A’ is not complete to Bf. Then G \ S contains an induced C5 + K; (the
disjoint union of C5 and K7),** and clearly, X¥(C5 + K1) = 4. Thus, X(G \ S) > 4. We now
return {D;,,...,D;,} U{A'UBLUF' UU', By, B,C; UC,UC4}, and we stop. By Claim 1, this
is correct.

From now on, we assume that A’ is complete to B}. If C{ = 0, then we return {D;,, ..., D;,}U
{AUB{UU',B,UCyUF',B5UC4}, and we stop; since Y(G \ S) > 3, Claim 1 guarantees
that this is correct. Suppose now that C{ # (). Then G\ S contains an induced 5-pyramid (see
Figure 3.2); it is easy to see that Y(5-pyramid) = 4, and we deduce that X(G \ S) > 4. We
now return {D;,,...,D;, } U{A'UB,UF' UU’, B}, B;,C; UC,UC4}, and we stop. By Claim 1,
this is correct.

Clearly, the algorithm is correct, and its running time is O(n?). O

6 Coloring (4K, Cy, Cg, C7)-free graphs

In this section, we give an O(n?) time coloring algorithm for (4K, Cy, Cg, C7)-free graphs
(see Theorem 6.8). Our algorithm relies on the decomposition theorem for (4K1,Cy, Cg, C7)-

38Indeed, if A’ = @, then we can take E; := B, U C% and E» := B} U C%. If one of Bb, B} is empty, then we
can set By ;= A'U B, U B4 and Es := C,UC%. If C) = ), then we can set By := A’ U Bj and Es := B UCS. If
C% = (), then we can set Ey := A’ U B} and E2 := B5 U C5,.

39We now have that, of the sets A, By, B, B}, C},C%,C4, F’, the only ones that may possibly be empty are
Ct and F'.

40To see this, we select nonadjacent vertices a € A’ and by € Bj, we select any vertices ba € Bj, ca € C,
c3 € C%, and bz € B}, and we observe that these six vertices induce a C5 + K in G.

4ITo see this, select one vertex out of each of A’, Bi, By, Bs,C},C%,C4; then those seven vertices induce a
5-pyramid.
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free graphs from [23] (see Theorem 3.12 of the present paper), as well as on the formula for the
chromatic number of a ring from [21] (see Theorem 3.8 of the present paper).

Recall that the “basic” classes from Theorem 3.12 are the 5-baskets and 5-crowns. Note
that an induced subgraph of a 5-crown need not be a 5-crown, that is, 5-crowns do not form a
hereditary class.*? For the purposes of recursion, we will introduce a hereditary class (that of
“5-pseudocrowns”) that contains all 5-crowns (see subsection 6.1).

This section is organized as follows. First, in subsection 6.1, we define 5-pseudocrowns, and
we give an O(n?) time coloring algorithm for them (see Lemma 6.5). Then, in subsection 6.2,
we give an O(n3) time coloring algorithm for 5-baskets (see Lemma 6.7); we remark that our
coloring algorithm for 5-baskets uses the coloring algorithm for 5-pseudocrowns as a subroutine.
Finally, in subsection 6.3, we give an O(n?) time coloring algorithm for (4K;,Cy, Cs, Cr)-free
graphs (see Theorem 6.8).

6.1 Coloring 5-pseudocrowns

A 5-pseudocrown is a graph @Q whose vertex set can be partitioned into five (possibly empty)
sets, say Xo, X1, X2, X3, X4 (with indices understood to be in Zs5),*3 such that the following
two conditions are satisfied:
e for all + € Zs, X; can be ordered as X; = {uzl, .. .,uLX”} so that X; C Nglu
Nolul] € X1 UX; U X,
e for some index i* € Zs, we have that X;«_; is complete to X;=_o, and X;=;1 is complete
to X 1o.

|,Xi|] C...C

7 = =

Under these circumstances, we also say that (Xo, X1, Xo, X3, X4) is a 5-pseudocrown partition of
the 5-pseudocrown (). We remark that the first bullet point above implies that sets X, ..., X4
are (possibly empty) cliques.

It is clear that the class of 5-pseudocrowns is hereditary. Indeed, if @) is a 5-pseudocrown
with 5-pseudocrown partition (Xp,...,X4), then for every nonempty set Y C V(Q), we have
that Q[Y] is a 5-pseudocrown with 5-pseudocrown partition (Xo NY,..., X4 NY). It is also
clear that every 5-crown is a 5-pseudocrown. Furthermore, we have the following lemma.

Lemma 6.1. Let Q be a 5-pseudocrown with an associated 5-pseudocrown partition (Xo, ..., X4).
Then both the following hold:
(a) either Q has a simplicial vertez, or Q is a 5-crown with 5-crown partition (Xo, ..., X4);
(b) every hole in @ intersects each of Xo,..., X4 in exactly one vertex, and in particular,

every hole in Q) is of length five.
| X

Proof. For all i € Zs, let X; = {u},... ,uLX”} be an ordering of X; such that X; C Ng[u;
-+ C Ng [ull] C X;_1UX;UX;,1, as in the definition of a 5-pseudocrown.*>

We first prove (a). Suppose first that at least one of Xj,..., X, is empty. Since our
graphs are nonnull, sets Xj,..., X, cannot all be empty; so, we may assume by symmetry
that Xo = @ and X; # (). It then follows from our orderings of the sets X; that ullxl‘ is
simplicial in . Suppose now that Xy,..., Xy are all nonempty. If for all ¢ € Zs, we have

that No[ul] = X;—1 U X; U X, 41, then Q is a 5-crown with 5-crown partition (Xo, ..., X4), and
| X1l
1

] C

we are done. We may now assume by symmetry that u(l) is not complete to X;; then u is

anticomplete to Xy, and we see that u|1X1| is simplicial in . This proves (a).

“2A class G of graphs is hereditary if for every graph G' € G, the class G contains all graphs isomorphic to an
induced subgraph of G. The reader may have noticed that 5-baskets do not form a hereditary class, either, but
this is of no consequence for our coloring algorithm.

43Gince our graphs are nonnull, at least one of the sets X, ..., X4 must be nonempty.

441t is possible that X; is empty; in this case, our ordering of X; is simply the null ordering.

4If X; = (), then our ordering of X; is simply the null ordering.
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It remains to prove (b). Let vi,...,vs (s > 0) be a maximal sequence of pairwise distinct
vertices of @ such that for all i € {1,...,s}, v; is simplicial in the graph @ \ {vi,...,vi_1}.
If V(Q) = {v1,...,vs}, then vy,...,vs is a simplicial elimination ordering of ); in this case,
Theorem 3.2 guarantees that @ is chordal, so that (b) is vacuously true. So, assume that
{v1,...,vs} ; V(Q), and set R := @ \ {v1,...,vs}. Since no hole contains a simplicial vertex,
we see that no hole in () contains any one of v1,...,vs. Thus, every hole in @) is in fact a hole
in R. Now, for all i € Zs, set Y; = X; N V(R); then R is a 5-pseudocrown with 5-pseudocrown
partition (Yp,...,Yy). Furthermore, by the maximality of vy, ..., vs, the 5-pseudocrown R has
no simplicial vertices, and so by (a) applied to R, we have that R is in fact a 5-crown with
5-crown partition (Yp,...,Ys). But now (b) follows from Lemma 3.7(a)-(b). O

We now give an outline of the remainder of this subsection. First, Lemma 6.2 gives a
formula for the chromatic number of a 5-pseudocrown; this formula easily follows from the
one for the chromatic number of a ring (see Theorem 3.8). Then, using the formula from
Lemma 6.2, we construct an O(n?) time algorithm that computes the chromatic number of a 5-
pseudocrown, when an associated 5-pseudocrown partition is part of the input (see Lemma 6.3).
Next, we construct an O(n?) time coloring algorithm that computes an optimal coloring of a
5-pseudocrown, when an associated 5-crown partition is part of the input (see Lemma 6.4).
The algorithm from Lemma 6.4 makes O(n) calls to the O(n?) time algorithm from Lemma 6.3,
in order to repeatedly identify a suitable color class of an optimal coloring of our input 5-
pseudocrown. Finally, we use the O(n?) time algorithms from Lemmas 3.3 and 6.4 to construct
a “robust” coloring algorithm for 5-pseudocrowns (see Lemma 6.5). More precisely, for any
input graph G, the algorithm from Lemma 6.5 either computes an optimal coloring of G, or
correctly determines that G is not a 5-pseudocrown.?6

We now turn to the technical details. As usual, the order of a graph is the number of vertices
that is contains.

Lemma 6.2. Let Q be a 5-pseudocrown, and let h be a nonnegative integer that satisfies the
following two properties:

e no 5-hyperhole of Q is of order greater than h;*"
e cither QQ contains a 5-hyperhole of order h, or h < 2w(Q).

Then x(Q) = max{w(Q), [h/2]}.

Proof. We first show that x(Q) > max{w(@), [h/2]}. Clearly, x(Q) > w(Q). Let us show that
x(Q) > [h/2]. If @ contains a 5-hyperhole H of order h, then we have that a(H) = 2 and

Q) > y(H) > [%] — [h/2]. On the other hand, if h < 2w(Q), then x(Q) > w(Q) =

{%] > [h/2]. We have now shown that y(Q) > max{w(Q), [1/2]}.

It remains to show that x(Q) < max{w(Q),[h/2]}. Let v1,...,vs (s > 0) be a maximal
sequence of pairwise distinct vertices of @ such that for all ¢ € {1,...,s}, v; is simplicial in
Q\ {v1,...,v;—1}. Suppose first that V(Q) = {v1,...,vs}. Then vy,...,vs is a simplicial
elimination ordering of @, and it follows (by Theorem 3.2) that @ is chordal and therefore (by
Theorem 3.1) perfect. So, x(Q) = w(Q) < max{w(Q), [h/2]}.

From now on, we assume that {vi,...,vs} & V(Q). Set R := Q\ {v1,...,vs}. Clearly,
x(Q) = max{x(R),w(Q)}.*® So, it suffices to show that x(R) < max{w(R), [h/2]}, for it will

46Tt is possible that the algorithm computes an optimal coloring of G, even though G is not a 5-pseudocrown.

4"Note that if Q contains no 5-hyperholes, then this condition is vacuously satisfied.

“80bviously, x(Q) > max{x(R),w(Q)}. For the reverse inequality, we observe that, if we take any optimal
coloring of R, and then extend it to a proper coloring of @ by greedily assigning colors to vertices vs,...,v1 (in
that order), we obtain a proper coloring of @ that uses at most max{x(R),w(Q)} colors.
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then immediately follow that x(Q) = max{x(R),w(Q)} < max{w(Q),[h/2]}, which is what
we need. Since @ is a 5-pseudocrown, so is its induced subgraph R. Furthermore, by the
maximality of vi,...,vs, we see that R has no simplicial vertices, and so by Lemma 6.1(a),
R is in fact a 5-crown. In particular, R is a 5-ring, and so by Theorem 3.8, we have that
X(R) = max ({w(R)} U{ {@—‘ | H is a 5-hyperhole in R}) By hypothesis, any 5-hyperhole
in @ (and therefore, any 5-hyperhole in R) is of order at most h, and we now deduce that
X(R) < max{w(R), [h/2]}. This completes the argument. O

Lemma 6.3. There exists an algorithm with the following specifications:

e Input: A 5-pseudocrown @Q and a 5-pseudocrown partition (Xo, ..., X4) of Q;

o Output: x(Q);
e Running time: O(n?).

Proof. We first compute the degrees of all vertices in @), and then for each i € Zs, we order
X; as X; = {ul,... ,uLXil} so that dQ(uLX"‘) - < dg(u}); this can be done in O(n?) time.
Since we already know that (Xo, .. X4) is a b- pseudocrown partition of @), we see that for all
1 € Zs, we have that X; C NQ[uLX”] C---C Nglu ] C X;_1UX;UX;11. By the definition of a
5-pseudocrown, there exists an index ¢* € Zs such that X;=_1 is complete to X;=_o, and X;x 1
is complete to X;+,o; clearly, such an index i* can be found in O(n?) time. By symmetry, we
may assume that i* = 0. We now compute integers wy, .. .,ws and rg, as follows:

e for all i € Z5, w; := max ({0} U {] + [No(u ) NXit1| |7 €{1,. |Xi|}});49
o 1o := max ({O}U {H INo(ud) N (X, U X)) | j e {1,...,]X0]}})750

We now return the number max{wo, ..., w4, TO;“"’]}, and we stop.

Clearly, integers wo, . . ., ws and 79 can be computed in O(n?) time, and so the overall running
time of the algorithm is O(n?). It remains to prove correctness, that is, we must show that
X(Q) = max{wo, ..., ws, [0F5¥2]}. In view of Lemma 6.2, it suffices to prove the following:

(1) w(®) = max{wo,...,ws};
(2) no 5-hyperhole of Q is of order greater than rg + wo;
(3) either @ contains a 5-hyperhole of order ro 4+ wo, or o + wa < 2w(Q).

It is clear that w(Q) = max{w(Q[X; U X;+1]) | i € Zs5, X; # (0}. Furthermore, in view of our
orderings of the sets Xj, it is easy to see that for all i € Zs, if X; # 0, then w(Q[X;UX;11]) = wi,
and if X; = (), then w; = 0. Thus, (1) holds. Similarly, (2) readily follows from the definition of
ro and wy.?!

It remains to prove (3). It is obvious that ro < 2w(Q);*? furthermore, by (1), we have
that we < w(Q). So, if 9 = 0 or we = 0, then ryp + wy < 2w(Q), and we are done. From
now on, we assume that both ro and wsy are strictly positive. Then there exists an index
Jo € {1,...,]Xo|} such that ro = jo + |Ng(u}’) N (X4 U X1)|, and an index js € {1,...,|X>[}

91f X, = 0, then {j +|No(wd) N Xiga| |5 € {1,..., \Xi|}} =0 and w; = 0.

1 Xo = 0, then {j +|No(uf) N (XaUX1)| | j € {1,...,|Xo|}} =0 and ro =0.

51Let us check this. Fix a 5-hyperhole H in Q. By Lemma 6.1(b), V(H) intersects each of the sets Xo, ..., Xa.
For all i € Zs, let jZ be the largest index in {1,...,|X;|} satisfying uli € V(H). Then |V(H)| < jo+ -+ ja.
Furthermore, u’, ui’, u2 ,ug ,u4 ,ud’ is a 5-hole in @, and (in view of our orderings of the sets X;) it follows that
ja < [Ng(up”) N Xal, j1 < [Ng(up”) N Xal, and js < [Ng(u3?) N Xs|. But now jo +j1 +ja < ro and j2 + jz < wa,
and so |V (H)| < ro + wa.

*’Indeed, in view of our orderings of the sets X;, we see that for all j € {1,...,|Xo[}, sets {ug, .. uo} U
(No(ud) N X4) and {ud, ..., u)} U (No(ul) N X1) are both cliques of Q, and their union is of size j + |NQ( N
(X1 U X1)|. So, ro < Qw(Q)
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such that wy = jo+ [ Ng(ul?) N X3|. Let Y = (NQ(U%O)HX4) U{ud,...,ul’}u (NQ(U%O)HXl) u
{ud,...,ul?} U (NQ(U%Q) N Xg). Clearly, |Y| = ro + wa. Now, recall that i* = 0, so that X is

complete to X5, and X3 is complete to X4. We now see that, if sets NQ(uéo) NXy4, Ng (uéo) NXy,
and Ng(ul?) N X3 are all nonempty, then Q[Y] is a 5-hyperhole in Q of order [Y| = 7o+ wy. On
the other hand, if at least one of these three sets is empty, then Y is the union of two cliques,
and it follows that 79 +ws = |Y| < 2w(Q). This proves (3), and we are done. O

Lemma 6.4. There exists an algorithm with the following specifications:

e Input: A 5-pseudocrown @ and a 5-pseudocrown partition (Xo, ..., X4) of Q;
e Output: An optimal coloring of Q;
e Running time: O(n?).

Proof. We first compute the degrees of all vertices in @), and then for each i € Zs, we order X;
as X; = {ul, ... ,uLX”} so that dQ(uLXil) < .- < dg(u}); this can be done in O(n?) time. Since
we already know that (X, ..., X4) is a 5-pseudocrown partition of @), we see that for all i € Zs,
we have that X; C Noul™] C -+ € Noul] € X, U X, U X 1.

Suppose first that for some i € Zs, we have that X; = (). Then the following is a simplicial
elimination ordering of Q: uﬁﬁ“', UL, u‘ii%”', U, ug?ﬂ, U, ugﬁf“‘, Uy
We can obtain an optimal coloring of () by coloring ) greedily using the reverse of this simplicial
elimination ordering; this takes O(n?) time. We return this coloring of @), and we stop.

We may now assume that Xp,..., Xy are all nonempty. We check in O(1) time whether
Xl is nonadj 1 f ! L..S

i jacent to at least one of u; q,u; ;. Suppose
| X
i

. Then, we extend this coloring to an optimal coloring of
a color used on @ \ uLXil, but not on NQ(ULXH), if such a color exists,

there exists an index ¢ € Zg such that «

first that we have found such an index 7. Then
| X ]
i

is a simplicial vertex.’® We now recursively

obtain an optimal coloring of @ \ u
Q@ by assigning to ulXil
and otherwise assigning to ul.Xi| a color not used on @ \ uLXiI; this takes O(n) time. We return
this coloring of @), and we stop.

From now on, we assume that for all ¢« € Zs, the vertex uLX"‘ is adjacent to both u} ;
and ul1 1. In view of our orderings of the sets X;, this implies that for all i € Zs, uz1 is
complete to X; 1 U X;11. By the definition of a 5-pseudocrown, there exists some i € Zs
such that X; is complete to X;i1, and clearly, such an i can be found in O(n?) time; by
symmetry, we may assume that Xo is complete to X3 (and so Xs U X3 is a clique). We note
that Ng[u$] = X4UXoUX71, and so the nonneighborhood of uf in Q is V(Q)\ No[u] = X2UXs.
Now, we compute ya2 := x(Q \ {ud,ud}) and x5 := x(Q \ {u},ud}) by calling the O(n?) time
algorithm from Lemma 6.3.%4

Claim 1. x(Q) = min{x2, x3} + 1.

Proof of Claim 1. By symmetry, we may assume that xo < x3. It is obvious that x(Q) < x2+1:
indeed, any optimal coloring of @\ {u}, u}} can be extended to a proper coloring of @ that uses
only x2 + 1 colors simply by assigning the same new color (i.e. a color not used on @\ {ug, u3})
to the nonadjacent vertices u$ and u3. It remains to show that y(Q) > x2 + 1. Consider any
optimal coloring of @, and let S be the color class of this coloring that contains the vertex
ud. Clearly, x(Q \ S) = x(Q) — 1, and so we need only show that x(Q \ S) > x2. Since

53Indeed, if uLX"'l is nonadjacent to u;_;, then it follows from our orderings of the sets Xo,..., X4 that uixi‘
is anticomplete to X;_1, and that uLX” is simplicial in Q). The argument is analogous in the case when uLX” is

nonadjacent to u}H.
51For xz, the input is Q \ {ud, us} and (Xo \ {uo}, X1, X2\ {u3}, X3, X4). For x3, the input is Q \ {ud,u3} and
(Xo \ {ud}, X1, Xz, X3\ {uz}, Xa).
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V(Q) \ Nglud] = Xa U X3, we see that S C {ul} U X2 U X3. If SN (XyU X3) = 0, then
S = {u}}, and so x(Q\ S) > x(Q\ {ud,us}) = x2, which is what we needed. Suppose now that
SN(X2UX3) # 0. Since S is a stable set and XoUX3 is a clique, we have that |[SN(XoUX3)| = 1.
Fix i € {2,3} and j € {1,...,]|X;|} such that SN (X2 U X3) = {ul}; then S = {u,u!}. It then
follows from our ordering of X; that @ \ {ud,u}} is isomorphic to a (not necessarily induced)
subgraph of @ \ S; consequently, x(Q\ S) > x(Q \ {u$,ui}) = xi > x2. This proves Claim 1. ¢

We now complete the description of the algorithm. We compare the numbers y2 and xs;
by symmetry, we may assume that x2 < xs, so that by Claim 1, we have that x(Q) = x2 + 1.
We now recursively obtain an optimal coloring of @ \ {ug,u3} (this coloring uses precisely x2
colors), and we extend it to an optimal coloring of @ by assigning the same new color (i.e. a
color not used on Q \ {u}, us}) to the nonadjacent vertices uf and ud. We return this coloring
of ), and we stop.

Clearly, the algorithm is correct. We make O(n) recursive calls to the algorithm, and
otherwise, the slowest step takes O(n?) time. So, the total running time of the algorithm is

O(n?). O

Lemma 6.5. There exists an algorithm with the following specifications:
e Input: A graph G;
e Output: FEither an optimal coloring of G, or the true statement that G is not a 5-

pseudocrown;
e Running time: O(n?).

Proof. We first form a maximal sequence vy, ...,vs (s > 0) of vertices of G such that for all
i€{l,...,s}, v; is simplicial in the graph G\ {v1,...,v;_1}; this can be done in O(n?) time by
calling the algorithm from Lemma 3.3 with input G. If V(G) = {v1,...,vs}, then vy,..., v, is
a simplicial elimination ordering of G; in this case, we obtain an optimal coloring of G in O(n?)

time by coloring its vertices greedily using the ordering v, ..., v1, we return this coloring, and
we stop.

We may now assume that {v1,...,vs} G V(G). We then form the graph Q := G\{v1,...,vs}
in O(n?) time. By the maximality of vi,...,vs, the graph @ has no simplicial vertices. We

call the O(n?) time algorithm from Lemma 4.1 with input Q. If the algorithm returned the
answer that @) is not a 5-crown, then Lemma 6.1(a) guarantees that @ is not a 5-pseudocrown;
in this case, G is not a 5-pseudocrown either, and we return this answer and stop. Suppose
now that the algorithm returned the answer that ) is a 5-crown, together with an associated
5-crown partition (Xo,..., X4). We then obtain an optimal coloring of @ by calling the O(n?)

time algorithm from Lemma 6.4 with input @ and (Xj,...,Xy), and we extend this coloring
to an optimal coloring of G by greedily assigning colors to vertices vg, ..., v; (in that order) in
further O(n?) time. We return this coloring of G, and we stop.

Clearly, the algorithm is correct, and its running time is O(n?). O

6.2 Coloring 5-baskets

In this section, we give an O(n?) time coloring algorithm for 5-baskets (see Lemma 6.7). We
begin with a technical lemma (Lemma 6.6) on which this coloring algorithm relies. Before
going into technical details, let us give the idea behind Lemma 6.6. Obviously, for any graph
@, and any nonempty set X S V(Q),% we have that x(Q) < x(Q[X]) + x(Q \ X). Roughly
speaking, for a 5-basket @, Lemma 6.6 identifies O(n?) sets X, for at least one of which the
trivial inequality x(Q) < x(Q[X]) + x(@ \ X) becomes an equality. Let us be a bit more

55Recall that all our graphs are assumed to be nonnull. So, for Q[X] and Q \ X to both be defined, we need
that § # X G V(Q).
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precise. Suppose that @ is a 5-basket with 5-basket partition (A; By, B2, Bs; Cy,Ca,Cs; F).
Suppose furthermore that either i* = j* = 1, or ¢* = 1 and 5% = 3, where ¢*, j* are as in
the definition of a 5-basket (see Figure 3.3). Lemma 6.6 specifies a family {X;} of O(n?)
proper, nonempty subsets of V(Q), each of which induces a chordal subgraph of @ of chromatic
number |Bs|.>® Furthermore, for at least one (“optimal”) choice of indices j, k, we have that
X(Q) = x(Q[X;1]) + x(Q\ X ) = |B2| + x(Q\ Xj ). Our coloring algorithm for 5-baskets (see
Lemma 6.7) uses Lemma 6.6 as follows. First, the algorithm identifies the optimal pair j, k.
Then, for that optimal pair, it computes optimal colorings of the graphs Q[X; ;] and Q \ X«
(these two colorings use disjoint color sets). Finally, an optimal coloring of @ is obtained by
taking the union of these two colorings.

Lemma 6.6. Let Q) be a 5-basket with an associated 5-basket partition (A; By, By, B3; C1,Co,C3; F).
Assume that either * = j* = 1, or i* = 1 and j* = 3, where i*,5* are as in the defini-
tion of a 5-basket. Let By = {b1,...,by} be an ordering of By such that Nglby] C --- C
Ng[b1].>" Further, for all indices j € {0, ..., min{|Bi|,|Bz2|}} and k € {0,..., min{|Cs], |Ba|}},
set v = min{|C1|,|Ba| — j,|B2| — k} and B := min{|Bs|,|Ba| — k}. For indices j €
{0,...,min{|B1|,|B2|}} and k € {0,...,min{|C3|,|B2|}}, a set X;, € V(Q) is said to be
(J, k)-good if it satisfies the following two properties (see Figure 6.1):

® BgU{bl,...,bj}ng’kgBQU{bl,...,bj}UclUC?,UBg,'
. |C'1 ﬁXj7k| = Yj.k> ’03 ﬂXj,k| =k, and |Bg ﬂXj7k| = B.

Then both the following hold:

(a) for all indices j € {0, ..., min{|By|,|Ba|}} and k € {0, ..., min{|C3|, |Bz2|}}, and all (j, k)-
good sets X ., the graph Q[X; i) is chordal and satisfies x(Q[X;x]) = w(Q[X;k]) = |Ba|;

(b) there exist indices j € {0, ..., min{|B1|,|Bz2|}} and k € {0,...,min{|Cs|,|Ba|}} such that
all (j, k)-good sets X1, satisfy x(Q) = |Ba| + x(Q \ X x).

Proof. We first prove (a). Fixindices j € {0, ..., min{|Bi|,|Bz|}} and k € {0, ..., min{|C3|, |Ba|}},
and let X;;, C V(Q) be any (j, k)-good set. We can obtain a simplicial elimination ordering of
Q[Xj k] by first listing all vertices of (B U By U B3) N X (in any order), and then listing all
vertices of (C1UC3) N X,k (in any order). So, by Theorem 3.2, Q[X; ;] is chordal. Theorem 3.1
now implies that Q[X x] is perfect, and consequently, x(Q[X;x]) = w(Q[X;]). The fact that
w(Q[X; x]) = |B2| is immediate from the construction. This proves (a).

It remains to prove (b). To simplify notation, we set x := x(Q). Let {S1,...,S5,} be a
partition of V(Q) into stable sets.?® Since By is a clique, we see that exactly |Bz| of the sets
S1, ..., Sy intersect Bp; by symmetry, we may assume that Sy, ..., .S5|p, all intersect By,% and
that S|p,|41,..-, 5y do not intersect By. Set X := 53 U---U S|p,. Since By is complete to
AUCyUF and anticomplete to By UC1UC3U B3, we have that Bs C X C BoUB;UC; UC3U Bs.
For each i € {1, 3}, we define sets B} := B;NX and C} := C;NX. Then X = BoUB{UC]UC5UBES,.
Furthermore, {S1,. .., S|p,|} is a partition of X into stable sets of @, and {Sg,|11,---, 5y} is a
partition of V(Q) \ X into stable sets of Q). Since S,..., S, are the color classes of an optimal
coloring of @), we see that x(Q[X]) = |Bz| and x(Q \ X) = x — |B2|. Moreover, it is clear that
w(G[X]) = |B2|.%° Now, let j := |B}| and k := |C4|. Since B} U C},C; U C4, CL U BY are all

56We also note that Q\ X j,k is in fact a 5-pseudocrown, though Lemma 6.6 does not address this. See, instead,
Claim 1 from the proof of Lemma 6.7. The important point is that @ \ X, x can be colored using the algorithm
from Lemma 6.5.

5"Note that such an ordering exists by the definition of a 5-basket.

880, S1,..., S, are the color classes of some optimal coloring of Q.

®Note that |S; N Bz| = 1 for all i € {1,...,|B2|}.

5Tndeed, B is a clique of G[X], and so w(G[X]) > |Bz|. On the other hand, w(G[X]) < x(G[X]) = | Ba|.
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. . . any [ vertices
“bottom” (i.e. highest
degree) j vertices

any y; . vertices

. . ) any [y vertices
“bottom” (i.e. highest
degree) j vertices

any k vertices

any y; . vertices

Figure 6.1: A 5-basket with 5-basket partition (A; By, B2, Bs; C1,Ca,Cs; F'), and with i* = j* =
1 (top), or * =1 and j* = 3 (bottom). In both cases, a (j, k)-good set X ;, is the union of sets
represented by the two dashed bags.
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cliques of G[X], and are therefore of size at most w(G[X]) = |Bz|, we see that all the following
hold: 0 < j < min{|Bi],|B2|}, 0 < k < min{|Cs|, |Ba|}, |C1| < vjk, and |Bj| < By.

Now, fix any (j, k)-good set X . By (a), Q[X;x] is a chordal graph with x(Q[X;x]) = | B2,
and it follows that x < x(Q[Xjx]) + x(Q \ Xjxr) = |B2| + x(Q \ Xj%). On the other hand,
we note that @ \ X is isomorphic to a (not necessarily induced) subgraph of @ \ X, and
consequently, x(Q \ X ) < x(Q\ X) = x — | Ba|; thus, x > |Ba| + x(Q \ Xj ). It now follows
that x = |Ba| + x(Q \ X 1), and we are done. O

Lemma 6.7 (below) gives an O(n3) time coloring algorithm for 5-baskets. Before going
into technical details, let us give a brief outline of the algorithm. We use the notation from
Lemma 6.6. For all indices j € {0,...,min{|By|,|B2|}} and k € {0,..., min{|C3|, |Bz|}}, the
graph Q[Xx] is chordal with chromatic number |By|, and @ \ Xj is a 5-pseudocrown (see
Claim 1 in the proof of Lemma 6.7). We compute numbers r;j and hjj such that w(Q \
Xir) =1k and x(Q\ X ) = max{r;k, [h;r/2]}, as in Lemma 6.2. Crucially, it is possible to
compute the families {r;} and {h;;} in O(n?) time, without actually computing the family
of sets {X 1} and the related induced subgraphs of Q. We then find the indices j, k& for which
max{r;, [h;/2]} is minimum, and only for that “optimal” pair of indices j, k¥ do we compute
the set X and the induced subgraphs Q[X 1] and @ \ X ;. of Q. We color the 5-pseudocrown
Q\ X using the O(n?) time algorithm from Lemma 6.5, and we extend that to a proper coloring
of @ by coloring the chordal graph Q[Xj ] with |Bz| new colors. Lemma 6.6 guarantees that
this coloring of @) is optimal.

Lemma 6.7. There exists an algorithm with the following specifications:

e Input: A graph Q;
e Output: Either an optimal coloring of Q, or the true statement that Q is not a 5-basket;
e Running time: O(n?).

Proof. We first call the O(n?) time algorithm from Lemma 4.3 with input Q. If the algorithm
returns the answer that () is not a 5-basket, then we return this answer as well, and we stop.
From now on, we assume that the algorithm returned the answer that @) is a 5-basket, together
with an associated 5-basket partition (A; By, Be, Bs; C1, Ca, Cs; F'). We then find indices i*, j* €
{1,2,3} such that A is complete to (B1UB2UB3)\ B+, and F'is complete to V(Q)\ (B;<UC;= UF)
and anticomplete to Bj« U Cj«, as in the definition of a 5-basket; this can be done in O(n?)
time. After possibly permuting indices, we may assume that either ¢* = j* = 1, or ¢* = 1 and
J* =3 (see Figure 3.3).

Now, we compute the degrees of all vertices in AU By, we order A as A = {ay,...,a;} so
that dg(a;) < --- < dg(a1), and we order By as By = {b1,...,bp} so that dg(by) < --- < dg(b1);
this takes O(n?) time. Since we already know that (A; By, B, B3; C1, Oy, C3; F) is a 5-basket
partition of @, we see that Ng(a;)N By C --- € Ng(a1)N By = By and a1 € Ng(bp)NAC --- C
NQ(bl) NnA.

For all j € {0,...,min{|By|,|B2|}} and £ € {1,...,t}, let gj(ar) = |[Ng(ar) N {bjt1,...,bp}|.
Further, for all j € {0,...,min{|B1|,|B2|}}, let £; € {1,...,t} be such that for all £ € {1, ..., ¢},
we have that ¢; + gj(as;) > €+ gj(ar); to simply notation, for each j € {1,...,t}, we set
pj = gj(ag;). It follows immediately from the orderings of A and B that, for all indices
J € 10,...,min{|By|,|Ba|}}, the set {a1,...,as;} U{bji1,...,bj4p;} is a clique of maximum
size in Q[A U {bj11,...,by}],5! and consequently,

w(@QAU{bjt1,...,bp}]) = &+

51Here, we are also using the fact that a; is a universal vertex of Q[A U By], and consequently, any maximal
clique of QAU {bjt1,...,bp}] contains a;.
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Next, for all j € {0,...,min{|B1|,|B2|}} and k € {0,...,min{|Cs|,|Bz|}}, we set v =
min{|C1|, |Bz| — j, |Bz2| — k} and By := min{|Bs|,|Ba| — k}, as in the statement of Lemma 6.6.
Clearly, families {q;}, {¢;}, {p;}, {Vix}, and {Bx} can all be computed in O(n?) time.

Recall that ¢t = |A|. Now, if j* = 1 (see Figure 6.1, top), then for all j € {0,..., min{|B1],|Ba|}}
and k € {0,...,min{|Bs|,|Cs|}}, we set:

o 1t i= (\Bl\ —j) + (!Cﬂ —’Yj,k>;

o r{* = (101 =) +1Cal + (1Csl - k);

o 15" i= (G5 = k) + [F| + max {|Cal, |Bs| — By }:
o =t (1Bsl = ) + |F;

o 1y =L+ Dy

P— ]7k ]7k ]7k J7k ]7k .
o rji = max{rg", ¥, gk bk ety

o hii=(G+p;) + (10 =) + (IG5 = k) + 1P| + max {|Cal, | Bs] — B}

On the other hand, if j* = 3 (see Figure 6.1, bottom), then for all j € {0,..., min{|B1],|B2|}}
and k € {0,...,min{|Bs|, |C3|}}, we set:

o ré’k := max{|B1| — j, |C2|} + (\Cl\ - %‘,k) + |F'];
° r{’k = <‘Cl‘ — ’ijg) + |Ca| + (‘C3| - k>§
° ré’k = (‘Cg| - k‘) + (‘BS| - 6k),

"k . .
o 7} -:t+<\33|—5k>,
"
* i ::gj—i_pj'—lt’FL; ko gk gk
. Js Js Js Js JsR .
® Tjk = maX{TO yT1 5T T3 Ty g

o hjpi=max {6 +pyt+[Col f + [+ (101 = ) + (1Csl = k) + (1Bs] - ).

Clearly, families {rfk}, {r;r}, and {hjx} can be computed in O(n3) time.

Before completing the description of the algorithm, we state and prove a claim that we will
use in the proof of correctness of our algorithm. A “(j, k)-good set” is defined as in Lemma 6.6
(see Figure 6.1).

Claim 1. For all indices j € {0,...,min{|B1|,|Bz2|}} and k € {0, ..., min{|Cs|, |B2|}},
and all (j, k)-good sets X, the graph Q; := Q \ X is a 5-pseudocrown, and it
satisfies w(Q \ X 1) = rjr and x(Q \ X ) = max{r;, [h;r/2]}.
Proof of Claim 1. We fix indices j € {0, ..., min{|B|, |Bz2|}} and k € {0, ..., min{|Cs|, |Ba|}},
and we let X;;, be any (4, k)-good set. We set Q; , := Q\ X 1, as in the statement of the claim.

Now, we define sets Yy, ..., Yy, with indices in Zs, as follows (see Figure 6.2). If 7* = 1, then
we set Yy := By, Y, :=C1, Yo :=CoUCs, Y3:= BgUF, Y, := A. On the other hand, if j* = 3,
then we set Yo :=B1UF, Y, :=C1UCy, Yy :=C3, Y3:= B3, Y, := A.

Note that @\ By is a 5-pseudocrown with 5-pseudocrown partition (Y, ..., Ys), and further-
more, Y] is complete to Yz, and Y3 is complete to Y. Now, for all i € Zs, we set Z; :=Y; \ Xj .
Then Q; is a 5-pseudocrown with 5-pseudocrown partition (Zo,. .., Z4), and furthermore, Z;
is complete to Zo, and Z3 is complete to Z4.

Clearly, w(Qjx) = max{w(Q;x[Z; U Zis1]) | i € Zs, Z; U Zi11 # 0}. Further, it is clear from
the construction that for all ¢ € Zs such that Z; U Z;1 # (), we have that w(Q;[Z; U Zi1]) =
'rg’k.62 Thus, w(Qjk) = Tjk-

21f Z; U Zit1 = 0, then 17" = 0.
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Figure 6.2: A 5-basket with 5-basket partition (A; By, B, Bs; C1,Co, Cs; F'), and with i* = j* =

1 (top), or i* = 1 and j* = 3 (bottom). @\ Bs is a 5-pseudocrown with 5-pseudocrown partition
(Yo, ...,Yy), with Y7 complete to Y3, and Y3 complete to Yy; sets Y,

..., Yy are represented by
dashed bags.
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It remains to show that x(Q;x) = max{r;, [h;r/2]}. In view of Lemma 6.2, it suffices to
show that h; satisfies the following:

a) no d5-hyperhole of Q) is of order greater than h; y;
j7 J?
(b) either @ contains a 5-hyperhole of order hj, or hjp < 2w(Qjk)-

We first prove (a). Suppose that H is a 5-hyperhole in Q. Since @ is a 5-pseudocrown with
5-pseudocrown partition (Zp,...,Zs), Lemma 6.1(b) guarantees that V(H) intersects each of
20, ..., Z4, and furthermore, that for all i € Zs, V(H) N Z; is complete to V(H) N Z;41. We
consider two cases: when j* = 1, and when j* = 3.

Suppose first that j* = 1. Since V(H) N Z4 is complete to V (H) N Zy, we see that |V (H) N
(Zo U Zy)| < £j + pj. Further, since V(H) N Zy is complete to V(H) N Z3, we see that either
V(H)NCy=0or V(H)N Bs =0, and we deduce that [V (H)N (Z1UZyU Z3)| < |C1 \ Xjk| +
|C3\ X k| + |F| +max{|Ca], |Bs \ X;k|}. It now readily follows that [V (H)| < hj.

Suppose now that j* = 3. Suppose first that V(H) N {bjt1,...,bp} # 0. Since V(H) N Zy
is complete to V(H) N Z4, we deduce that |V (H) N (Zy U Z4)| < ¢; + p;j + |F|. Further, since
V(H) N Zy is complete to V(H) N Zi, the fact that V(H) N {bj41,...,bp} # 0 implies that
V(H) NCy = 0; consequently, V(H) N (Zl UZoU Zg) - (Cl \Xj,k) U (03 \ Xj,k:) U (Bg \Xj,k)7
and it readily follows that |V (H)| < hjx. Suppose now that V(H) N {bj11,...,bp} = 0. Then
V(H) CFU (01 \Xng) Uy U (Cg \ Xj,k) U (Bg \ Xng) U A, and it follows that |V(H)| < hj,k-

We have now proven (a). It remains to prove (b). Our goal is to define two subsets, D; and
Do, of V(Qj 1), satisfying the following two properties:

(b.1) max{|D1|,|D2|} = hj;
(b.2) for all i € {1,2}, either Q[D;] is a 5-hyperhole, or D; is the union of two (possibly empty)
cliques.

Obviously, if both (b.1) and (b.2) hold, then (b) follows immediately.
If j* =1, then we set
e Dy :={ay,... ,CL@].} U {bj—i-h . ,bj+pj} U (Cy \Xj,k) U (Cs\ Xj,k) UF UCy;
o Dy = {ab ... ,Cbgj} U {bj+l7 R ,bj+pj} U (Cl \Xk) U (03 \ Xj,k) UFru (Bg \ Xj,k)‘

On the other hand, if 7* = 3, then we set

e Dy := {al, - ,agj} U {bj+17 .. "bj+pj} UFU (01 \Xj,k:) U (03 \ XjJC) U (Bg \ XjJC);
e Dy = AUCUF U (Cl \Xj,k) U (03 \ Xj,k) U (B3 \ Xj,k)~

The fact that (b.1) holds is immediate from the construction. The fact that (b.2) holds follows
by routine checking.%® So, (b) holds. This proves Claim 1. 4

We now complete our description of the algorithm. First, we find indices j € {0, ..., min{|Bj|, |B2|}}
and k € {0,...,min{|C3|, |B2|}} for which max{r;, [h;x/2]} is minimum; clearly, indices j, k
can be found in O(n?) time. We now compute any (j, k)-good set X x, and we form the graphs
Q[X; k] and Q;x := Q \ X, x; this can be done in further O(n?) time. By Claim 1, Lemma 6.6,
and the choice of j, k, we have that Q; is a 5-pseudocrown, x(Qj ) = max{r;, [h;r/2]}, and
X(Q) = |Ba| + x(Qjx).5

We can obtain a simplicial elimination ordering of Q[X; ] by first listing all vertices of
(B1 U By U Bs)N X (in any order), and then listing all vertices of (C; U C3) N X1 (in

53Here, we simply analyze which (if any) of the sets from the unions used to define D; and Ds are empty.

54Let us justify this in a bit more detail. By Lemma 6.6(b), there exist indices 5’ € {0, ..., min{|Bi|,|Bz|}}
and k' € {0, ..., min{|Cs|, |B2|}} such that for any (j', k")-good set X,/ s, we have that x(Q) = |Bz| + x(Q;/ k'),
where Qs := Q \ X;7,x. Next, by Lemma 6.6(a), we have that x(Q[X;x]) = |B2| = x(Q[Xjs x/]). Further-
more, by Claim 1, and by the minimality of max{r; s, [h;k/2]}, we have that x(Qjr) = max{r;, [h;x/2]} <
max{r;: ks, [hjr kr/2]} = X(Qj7 ). But now |Ba| +x(Qj.x) < |Ba| + x(Qjr ) = X(Q) < x(Q[Xjx]) + x(Qj6) =
|B2| + x(Qj.x), and so x(Q) = |Bz| + x(Qj.r)-
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any order). We now color Q[X; ] greedily in O(n?) time using the reverse of our simplicial
elimination ordering; clearly, this coloring is optimal, and so by Lemma 6.6(a), it uses precisely
| Bo| colors. Next, we obtain an optimal coloring of the 5-pseudocrown @, x, by calling the O(n?)
time algorithm from Lemma 6.5; this coloring uses x(Q; ) = max{r;, [h;x/2]} colors. After
possibly renaming colors, we may assume that our colorings of Q; and Q[X; ] use disjoint
color sets; we obtain a proper coloring of ) by taking the union of these two colorings. The
number of colors used by this coloring of @ is |Bz| 4+ x(Q;x) = x(Q), and so the coloring is
optimal. We return our coloring of ), and we stop.

Clearly, the algorithm is correct, and its running time is O(n?). O

6.3 Coloring (4K, Cy, Cg, Cr)-free graphs

Theorem 6.8. There exists an algorithm with the following specifications:

e Input: A graph G;

e Output: Fither an optimal coloring of G, or the true statement that G is not (4K1,Cy, Cs, C7)-

free;

e Running time: O(n?).

Proof. We first call the O(n3) time algorithm from Lemma 3.3 with input G, and we obtain
a maximal sequence v1,...,vs (s > 0) of pairwise distinct vertices of G' such that for all i €
{1,...,s}, v; is simplicial in the graph G \ {v1,...,vi—1}.

Suppose first that V(G) = {v1,...,vs}. Then vy,...,vs is a simplicial elimination ordering
of GG, and we obtain an optimal coloring of G by coloring G greedily using the ordering vy, ..., v1;
this takes O(n?) time. We return this coloring, and we stop.

From now on, we assume that {vy,...,vs} & V(G). We now form the graph H := G\
{v1,...,vs}, and we find the set U of all universal vertices of H; this takes O(n?) time. Since
H has no simplicial vertices (by the maximality of v1,...,vs), we see that H is not complete;
consequently, U G V(H). We form the graph Q := H\ U in further O(n?) time, and then using
the O(n?) time algorithms from Lemmas 6.5 and 6.7, we either obtain an optimal coloring
of @, or we determine that @) is neither a 5-crown nor a 5-basket. If @ is neither a 5-crown
nor a 5-basket, then we return the answer that G is not (4K, Cy, Cg, C7)-free, and we stop;
Theorem 3.12 guarantees that this is correct. Assume now that we obtained an optimal coloring
of ). We then extend this coloring to an optimal coloring of H by assigning a new color to each
vertex of U (each vertex of U gets a different color, and so we use |U| new colors). Finally, we
extend this coloring of H to an optimal coloring of G by greedily assigning colors to vertices
Vs, ...,v1 (in that order); we return the resulting coloring of G, and we stop.

Clearly, the algorithm is correct, and its running time is O(n?). O

7 (4K, C4,Cp)-free graphs that contain an induced C;

Theorem 7.1. There exists an algorithm with the following specifications:
e Input: A graph G;
e Output: One of the following:
— The true statement that G is (4K, Cy, Cg)-free and contains an induced C7, together
with a special partition of G, the list of all mazximal cliques of G, and a minimum

clique cover of G,
— The true statement that either G is not (4K1,Cy, Cg)-free or G does not contain an

induced C7;
e Running time: O(n?).

Proof. We first call the O(n?) time algorithm from Lemma 3.5 with input G, and we obtain the
partition P of V(G) into true twin classes of G, as well as the quotient graph Gp. Since none
of the graphs 4K, Cy, Cg, C7 has a pair of true twins, the following are equivalent:
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(1) Gis (4K1,Cy, Cg)-free and contains an induced Cf;
(2) Gp is (4K4,Cy, Cg)-free and contains an induced C7.

Obviously, Gp does not contain a pair of true twins. So, by Theorem 3.14, if |P| > 14, then
(2) does not hold; on the other hand, if |P| < 13, then we can check whether (2) holds in O(1)
time. If (2) does not hold, then we return the statement that either G is not (4K, C4,Cs)-
free or G does not contain an induced C7, and we stop. From now on, we assume that (2)
holds. By Theorem 3.13, Gp admits a special partition. Since |V(Gp)| < 13, a special
partition (Xo,...,Xs;Y0,--.,Ys; Z0,.-.,Z6; W) of Gp can be found in O(1) time. But then
P = (UXo,..-,UX6s;UY0,---.UYs;UZ0,...,UZs;|UW) is a special partition of G. Fur-
ther, since |P| < 13, a list C1,. .., C, of all maximal cliques of Gp and a minimum clique cover
{D1,...,Dy} of Gp can both be found in O(1) time. It is then clear that | JC1,...,|JC), is the
list of all maximal cliques of G, and that {{JD,...,|JD,} is a minimum clique cover of G.
We now return the answer that G is (4K, Cy, Cg)-free and contains an induced C7, together
with the special partition P, the list of maximal cliques |JC1,...,|JCp, and the clique cover
{UDx,...,UDy}, and we stop.

Clearly, the algorithm is correct, and its running time is O(n?). O

The remainder of this section is organized as follows. In subsection 7.1, we prove some
properties of special partitions. In subsection 7.2, we show that each (4K, Cy, Cg)-free graph
G that contains an induced C7, has at most min{|V(G)|, 9} maximal cliques (see Theorem 7.4).
In subsection 7.3, we describe an O(n?) time coloring algorithm for (4K, Cy, Cg)-free graphs
that contain an induced C7 (see Theorem 7.8).

7.1 Some properties of special partitions

Lemma 7.2. Let (Xy,...,X6;Y0,...,Ys; Z0,...,Z6; W) be a special partition of a graph G,
and set Y 1= ;cz, Yi and Z = U,z Zi- Then exactly one of the following holds:

(a) there exists an index i € Z7 such that Y =Y; UYiys and Z = Z; U Z;13U Ziyy;
(b) there exists an index i € Z7 such that all the following hold:

—Y=Y and Z=27;11UZi;2UZ;;3,

— Y, Zi1o are both nonempty,

— at most one of Z;11, Ziy3 is nonempty.

Moreover, all the following hold:

e Y and Z are both cliques;
e if (a) holds, then Y U Z is a clique;
e if (b) holds, then Y U Z is not a clique.

Proof. The definition of a special partition readily implies that Y and Z are both cliques. It
also guarantees that if (a) holds, then Y U Z is a clique. On the other hand, if (b) holds, then
Y UZ is not a clique (this is because Y; is anticomplete to Z;;o for all i € Z7). It is also obvious
that at most one of (a) and (b) holds. It remains to show that at least one of (a) and (b) holds.

Claim 1. There exists an index ¢ € Z7 such that Y =Y, U Y;3.

Proof of Claim 1. We may assume that at least one of Yy, ..., Ys is nonempty, for otherwise,
the result is immediate. By symmetry, we may assume that Yy # (. It then follows from the
definition of a special partition that Y7, Y5, Y5, Y are all empty, and that at most one of Y3,Y)y
is nonempty. Consequently, either Y = YgU Y3 or Y = Yy U Yy. In the former case, we set
1 = 0, and in the latter case, we set ¢ = 4; then Y = Y; U Y;;3, and we are done. This proves
Claim 1. ¢

Claim 2. There exists an index i € Z7 such that Z = Z; U Z; 13U Z;14.
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Proof of Claim 2. Suppose first that, for some index j € Z7, both Z;, Z;;1 are nonempty; by
symmetry, we may assume that Z3, Z4 are both nonempty. Since Z3 # (), the definition of a
special partition guarantees that Z;, Z5 are both empty; similarly, since Z4 # (), we have that
Zs, Zs are both empty. It now follows that Z = Zy U Z3 U Z4, and we are done (with i = 0).

Suppose now that for all indices j € Z7, at least one of Z;, Z;1 is empty. We may assume
that at least one of Z, ..., Zg is nonempty, for otherwise, the result is immediate. By symmetry,
we may assume that Zy # (. By our supposition, this implies that Z;, Zs are both empty.
Furthermore, by the definition of a special partition, Zs, Z5 are both empty. But now Z =
Zo U Z3 U Z4,% and again we are done (with i = 0). This proves Claim 2. ¢

Claim 3. If either Yp,...,Ys are all empty, or at least two of Yy,...,Ys are
nonempty, then (a) holds.

Proof of Claim 3. If Yy, ..., Ys are all empty, then the result follows immediately from Claim 2.
Suppose now that at least two of Yy, ..., Ys are nonempty. By Claim 1, and by symmetry, we
may assume that Y = Yy UY3, and that Yj, Y3 are both nonempty. Since Yy # 0, it follows from
the definition of a special partition that Z5, Zg are both empty. Similarly, since Y3 # (), we have
that Zy, Zo are both empty. Thus, Z = Zy U Z3 U Z;. But now (a) holds for ¢ = 0. This proves
Claim 3. ¢

In view of Claim 3, we may assume from now on that exactly one of Yy, ..., Ys is nonempty.
By symmetry, we may assume that Yy # (), and that Y7,...,Ys are all empty; in particular,
Y =Y. By the definition of a special partition, it follows that Zs, Zg are both empty.

Suppose first that Zy # (0. It then follows from the definition of a special partition that
Zo, Z4 are both empty. We now have that Z = Z; U Z> U Z3. But by the definition of a special
partition, we know that at most one of Z;, Z3 is nonempty, and we deduce that (b) holds (for
i =0).

Suppose now that Zs = (). Then Z = ZyUZ;UZ3UZ,. By the definition of special partition,
at most one of Z1, Z3 is nonempty. So, either Z = ZyU Z1 U Zy or Z = ZyU Z3 U Z4. In the
former case, we set i = 4, and in the latter case, we set ¢ = 0. Now (a) holds. ]

Lemma 7.3. Let G be a graph that admits a special partition (Xo, ..., Xe; Yo, ..., Ys; Zoy ..., Ze; W),
and set Y :=J;cz. Vi and Z :=;cz. Zi. Then all the following hold:

(a) G is (4K1,Cy4, Cs)-free and contains an induced C7;

(b) for all indices i € Zy, the graph G \ X; is Cy-free;

(c) there exists an index i € Zy such that X; is complete to Y U Z;

(d) for all indicesi € Zy such that X; is complete to Y UZ, the graph G\ X; is 5-pyramid-free.5

Proof. Set X := ez, Xi.

Claim 1. No induced subgraph of G that is isomoprhic to one of 4K, Cg, C5
contains a vertex of Y UZ U W.

Proof of Claim 1. By the definition of a special partition, all vertices of W are universal in G;
since none of 4K, Cg, C7 contains a universal vertex, it follows that no induced subgraph of G
that is isomorphic to one of 4K, Cg, C7 contains a vertex of W.

Next, we show that no induced subgraph of G that is isomorphic to one of 4K1,Cg, Cr
contains a vertex of Z. By symmetry, it suffices to show that no such induced subgraph of G
contains a vertex of Zs. By the definition of a special partition, for all z9 € Z5, we have that
V(G) \ Nglz2] = Xo U X1 UY). But note that Xo U X; UY) is a clique of G. Since none of

55We also have that at least one of Z3, Z4 is empty, but we do not need this fact.
56We remind the reader that the 5-pyramid was defined in subsection 3.4 (see Figure 3.2).
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4K, Cg, C7 contains a vertex whose nonneighborhood is a clique, we deduce that no induced
subgraph of G isomorphic to one of 4K, Cg, C7 contains a vertex of Zs.

It remains to show that no induced subgraph of H := G\ (Z U W) that is isomorphic
to one of 4K, Cg, C7 contains a vertex of Y. By symmetry, it suffices to show that no such
induced subgraph of H contains a vertex of Yy. By the definition of a special partition, for all
Yo € Yo, we have that Ny[yo] = XoU X7 UX,4UY and V(H) \ Ngly] = X2 U X3 U X5 U X.
But note that Xo U X3 and X5 U X are cliques, anticomplete to each other. Since none of
4K, Cg,C7 has a vertex whose nonneighborhood can be partitioned into two (possibly empty)
cliques, anticomplete to each other, we deduce that no induced subgraph of H isomorphic to
one of 4K, Cg, C7 contains a vertex of Yy. This proves Claim 1. ¢

Claim 2. G is (4K, Cy, Cg)-free.

Proof of Claim 2. Since G[X] is a 7-hyperhole, it is clear that it is (4K, Cg)-free. It then
follows from Claim 1 that G is (4K, Cg)-free. It remains to show that G is Cy-free. Suppose
otherwise, and let ¢g, c1, ¢2, c3, co be a 4-hole in G. Set C := {¢y, ¢1,¢2,c3}.

Suppose that C N (Y U Z U W) is a clique. Since cg,c1,c2,c3,c0 is a 4-hole, it follows
that C' N X is not a stable set; by symmetry, we may assume that cg,c; € C N X. We may
further assume by symmetry that either cg,c; € Xo, or ¢g € Xg and ¢; € X;. However, the
former is impossible because any two vertices of Xy are true twins in G, and ¢y, c¢; are not
true twins. So, ¢y € Xg and ¢; € X1. It then follows from the definition of a special partition
that Ng(CO) \ Ng[cl] = XgUY3UYsU Z3 and Ng(Cl) \ Ng[CO] = XoUYLUYsU Zy, and
consequently, that Ng(co) \ Nglci] is anticomplete to Ng(c1) \ Ng[co]. But this is impossible
since c3 € Ng(co) \ Ngle1] and ¢2 € Ng(c1) \ Nglco] are adjacent.

We have now shown that C'N (Y U Z U W) is not a clique; in particular, Y U Z U W is not
a clique. Since all vertices in W are universal in G, it follows that Y U Z is not a clique. So,
by Lemma 7.2, and by symmetry, we may assume that ¥ = Yy and Z = Z; U Zy U Z3, that
Yy, Z5 are both nonempty, and that at most one of Z1, Z3 is nonempty. But then all nonedges
in G[Y U Z U W] are between Yy and Zs. Since C N (Y U Z U W) is not a clique, and since
o, C1,C2,C3,Co 18 a 4-hole, we may assume by symmetry that cg € Yy and co € Z5. But then
Ng(CO) N Ng(CQ) = X4 UZ1UZ3UW,; so, c1,c3 € X4 U Z1 U Z3UW. But this is impossible
since c1, c3 are nonadjacent, and X4 U Z1 U Z3 U W is a clique. This proves Claim 2. ¢

Claim 3. G contains an induced C7. Furthermore, for all i € Z7, the graph G \ X;
is Cr-free.

Proof of Claim 3. Since G contains a 7-hyperhole (namely, G[X]), it is clear that G contains an
induced C7. Furthermore, by Claim 1, all 7-holes of G are in fact 7-holes of G[X], and clearly,
for all i € Zz, the graph G[X \ X;] is chordal,®” and therefore C7-free. Thus, for all i € Z7, the
graph G\ X; is C7-free. This proves Claim 3. ¢

Claim 4. There exists an index ¢ € Z7 such that X; is complete to Y U Z.

Proof of Claim 4. By Lemma 7.2, and by symmetry, we may assume that either Y = Yy U Y3
and Z = ZgUZsUZy,or Y =Yy and Z = Z1UZsU Z3. In either case, X4 is complete to Y U Z.
This proves Claim 4. ¢

Claim 5. If P is an induced 5-pyramid in G, then there exists some index ¢ € Zr
such that V(P) intersects each of X;14,Y;, Ziyo.

Proof of Claim 5. Assume that P is an induced 5-pyramid in GG; we must show that there exists
some index i € Z7 such that V(P) intersects each of X;14,Y;, Z; 0.

57This is obvious, but it also follows from Lemma 3.7(c).
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First, we may assume that Y U Z UW C V(P), for otherwise, we consider the graph
GIXUV(P)] =G\ ((YU ZUW)\ V(P)) instead of G. Since every vertex in W is universal in

G, and since the 5-pyramid contains no universal vertices, it follows that W = ). Further, note
that any two vertices that belong to the same set of our special partition are true twins in G.
Since the 5-pyramid contains no pair of true twins, we may now assume that X, ..., Xg are all
singletons, and that none of Yy, ..., Ys, Zo, ..., Zg has more than one vertex.®® For all i € Z,
we set X; = {x;}; then G[X] is a 7-hole of the form z,..., z¢, zo.

Suppose first that Y U Z is a clique. Now, note that the deletion of a clique from the
5-pyramid always yields a graph that contains at least one of K3, K 3,C5 as an induced sub-
graph;® consequently, P\ (YUZ) is not (K3, K1 3, Cs)-free. But on the other hand, P\ (Y UZ) is
an induced subgraph of the 7-hole G[X], which is obviously (K3, K 3, Cs)-free, a contradiction.

Thus, Y U Z is not a clique. By Lemma 7.2, and by symmetry, we may now assume that
Y =Yy and Z = Z1UZyU Z3, that both Yy and Z5 are nonempty, and that at most one of Z1, Z3
is nonempty. Since Yj, Zo are both nonempty, we see that they are both singletons, and we set
Yo = {yo} and Zy = {z2}. Now g, 22 are nonadjacent vertices of the 5-pyramid P, and so they
have a (unique) common neighbor in P, call it p. But note that Ng(yo) N Ng(22) = X4UZ1UZs;
so, p € X4 U Z1 U Zs. Suppose first that p € Z; U Z3. Then 29, p are adjacent vertices of the
5-pyramid P, and consequently, some two vertices of V(P) \ {z2,p} are anticomplete to {z2, p}
in P (and therefore, in G as well). But if p € Z;, then z( is the unique common nonneighbor
of z9,p in G; and if p € Z3, then x; is the unique common nonneighbor of zo,p in G. So,
p ¢ Z1 U Zs, and we deduce that p € Xy4. But now V(P) intersects each of Xy, Y, Zs, and we
are done. This proves Claim 5. ¢

Claim 6. For all indices i € Z7 such that X; is complete to Y U Z, the graph G\ X;
is b-pyramid-free.

Proof of Claim 6. Fix i € Zy such that X; is complete to Y U Z. We may assume that G
contains an induced 5-pyramid, for otherwise, we are done. By Claim 5, and by symmetry, we
may assume that Yy, Z5 are both nonempty; it then follows from Lemma 7.2 that ¥ = Y; and
Z = Z1 U Zy U Z3, and that at least one of Z1, Z3 is empty. So, by Claim 5, every induced
5-pyramid of G intersects each of Xy, Yy, Zo. In particular, G \ Xy is 5-pyramid-free. On the
other hand, since X; is complete to Yy U Zs, and since Yp, Z» are both nonempty, the definition
of a special partition guarantees that i = 4. So, G\ X is 5-pyramid-free. This proves Claim 6. ¢

By Claims 2 and 3, we see that (a) and (b) hold. By Claim 4, (c¢) holds. By Claim 6, (d)
holds. This completes the argument. O
7.2 Maximal cliques in (4K, Cy4, Cg)-free graph that contain an induced C;
Theorem 7.4. Let G be a (4K, Cy4,Cg)-free graph that contains an induced C7. Then the

number of mazimal cliques of G is at most min{|V(G)|, 9}.

Proof. We may assume inductively that all (4K, Cy, Cg)-free graphs G’ that contain an induced
C7, and that have fewer than |V(G)| vertices, have at most min{|V(G’)|, 9} maximal cliques.

%8Let us justify this in a bit more detail. For all i € Zr, if X; N V(P) # (), then we let z; be the unique
vertex of X; NV (P), and otherwise, we let x; be any vertex of V(P). Further, for all i € Z;, we set X; := {z;},
Y/ :=YiNV(P), and Z; := Z; N V(P). Finally, we set G := G[U,c;, (Xj UY/ U Z])]. If necessary, we may now
consider the graph G’ with the associated special partition (X, ..., Xs; Yy, .., Yg; Z0, - - -, Zg; (), instead of the
graph G with the associated special partition (Xo, ..., Xs;Y0,...,Ys; Zo,..., Ze; W).

%9 As usual, for positive integers p and ¢, we denote by K, , the graph whose vertex set can be partitioned into
two stable sets, one of size p and the other one of size ¢, that are complete to each other.
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Let P be the partition of V(G) into true twin classes. Since G is (4K, Cy, Cg)-free and
contains an induced C7, the same holds for its quotient graph Gp.™ Next, note that the
maximal cliques of G are precisely the sets of the form |JC, where C is a maximal clique of the
quotient graph Gp. So, the number of maximal cliques of G is equal to the number of maximal
cliques of Gp. Thus, if G has a pair of true twins, then the result follows from the induction
hypothesis. From now on, we assume that G' contains no pair of true twins.

By Theorem 3.13, G admits a special partition (Xo, ..., Xs; Yo,..., Ys; Zo, ..., Zs; W). Note
that the maximal cliques of G are precisely the sets of the form C'U W, where C' is a maximal
clique of G\ ;™! so, the number of maximal cliques of G is the same as the number of maximal
cliques of G\ W. Thus, if W # (), the result follows from the induction hypothesis. From now
on, we assume that W = ().

Note that each of the sets X;,Y;, Z; (i € Z7) is either empty or a true twin class in G. Since
G contains no pair of true twins, and since the X;’s are nonempty, we have that sets Xg, ..., Xg
are all singletons, and each of the sets Yy, ..., Ys, Zo, ..., Zg is either empty or a singleton. For
all i € Z7, we set X; = {x;}. Further, we set X := Uz‘eZ7 X, Y = Uz‘eZ7 Y;, and Z := Z;.
Note that X = {xo,...,zs}, and furthermore, xy, ..., xs, zo is a 7-hole in G.

If YUZ =0, then [V(G)| = 7, and the maximal cliques of G are the cliques of the form
{xi,xis1}, for i € Zz; there are precisely seven such cliques, and we are done.

Suppose now that |Y U Z| = 1; then |V(G)| = 8, and it suffices to show that G has at
most eight maximal cliques. By symmetry, there are two cases two consider: when |Y| =1 and
Z = (), and when Y = () and |Z| = 1. Suppose first that |Y| = 1 and Z = (). By symmetry,
we may assume that Y = Yj; let yg be the unique vertex of Yp. Then the maximal cliques of G
are precisely the following: {xo,x1,v0}, {z4, 90}, and all the cliques of the form {x;, z;+1} with
i € Z7 \ {0}; there are precisely eight such cliques, and we are done. Suppose now that Y = ()
and |Z| = 1. By symmetry, we may assume that Z = Zy; let 2y be the unique vertex of Z.
Then the maximal cliques of G are precisely the following: {x;, x; 11,20} for i € {0,1,2,3}, and
{xj,xit1} for i € {4,5,6}; there are precisely seven such cliques, and we are done.

From now on, we assume that |Y U Z| > 2. Then |V(G)| > 9, and we need to show that G
has at most nine maximal cliques.

To simplify notation, for all ¢ € Z7, we set D; := Ng|x;] \ {zi—1,zi+1}, and we note that

D; = {z:}U (NG(@) Ny U Z)).

€Ly

Claim 1. For all maximal cliques K of G, there exists an index ¢ € Z7 such that
either K C D; or K = Ng[z;] N Ng[ziy1).

Proof of Claim 1. Fix a maximal clique K of G. Lemma 7.3(c), then guarantees that KNX # (.
Since G[X] is a 7-hole of the form zg,z1,...,zs, o, we may assume by symmetry that either
KNX = {zo} or KNX = {z9,z1}. In the former case, we have that K C Dy, and we
are done. So, suppose that K N X = {zg,z1}. Then K C Nglzxo] N Ng[z1]. But by the
definition of a special partition, and by the fact that W = (), we have that Ng[zo] N Ng[z1] =
{zo,x1} UYy U Zy U Zy U Z5 U Zg is a clique. So, by the maximality of K, we have that
K = Ng[xo] N Ng[z1]. This proves Claim 1. 4

Recall that |[V(G)| > 9. In view of Claim 1, it suffices to show that at most two maximal
cliques of GG are included in one of Dy, ..., Dg.

By Lemma 7.2, and by symmetry, we may assume that one of the following holds:

(a) Y=YyUY;and Z = ZyU Z3 U Zy;

"Indeed, Gp is (isomorphic to) an induced subgraph of G, and so since G is (4K1,C4,Cs)-free, so is Gp. On
the other hand, since C7 does not contain a pair of true twins, the fact that G contains an induced C7 implies
that Gp does as well.

"IThis is because all vertices of W are universal in G.

36



(b) all the following hold:

—Y=Yyand Z =27, UZ,U Zs,
— Yy, Z5 are both nonempty,
— at most one of 71, Z3 is nonempty.

Suppose first that (a) holds. Then by Lemma 7.2, YUZ is a clique. Consequently, Dy, ..., Dg
are all cliques, and it suffices to show that at most two of them are maximal in G. Now, we
have the following:

o Dy ={zo}UYoUY3UZoUZ3U Zy; e Dy={x4} UYoUY3U ZyU Z3U Zy;
e Dy ={x1}UYoUZyU Zy; _ '
o Dy = {x2} U Zp; o D5 ={x5}UZ3U Zy;
o D3 = {23} UY3UZyU Z; o Dg={wg}UZ5U 7.

Now, note that D; is a proper subset of the clique {zg, 21} UYyUZyU Zy; that Dy is a proper
subset of the clique {2, 3} U Zp; that Ds is a proper subset of the clique {z3, x4} UY3U ZyU Zs3;
and that Ds, Dg are both proper subsets of the clique {z5,z¢} U Z3 U Z4. Thus, none of
D1, Do, D3, D5, Dg is a maximal clique of GG; consequently, at most two of the cliques Dy, ..., Dg
are maximal cliques of G, and we are done.

Suppose now that (b) holds. It then follows from the definition of special partition that Y
and Z are cliques, and that Y = Yj is complete to Z; U Z3 = Z \ Z and anticomplete to Zs.
Furthermore, we have the following;:

°D0:{$0}UYE)UZ3; °D4:{-T4}UY0UZ1UZ2U23;
o Dy ={z1}UYyU Zy; B .

o Dy = {23} UZy U Zy; o D5 ={x5}UZ1UZyU Zs;

e Dy ={w3}UZ1UZU Zs; o Dg={x}UZyU Zs.

Note that Dy is not a clique, and that the remaining D;’s are all cliques. Further, G[Dy4] has
exactly two maximal cliques, namely D) := {z4}UYoUZ;UZ5 and D7 := {24}UZ1UZ,UZ3. Tt
now suffices to show that at most two of the cliques Dy, D1, Do, D3, DZ, D42 , D5, Dg are maximal
in G.

Note that Dy is a proper subset of the clique {x2,x3} U Z1 U Zy; that Ds is a proper
subset of the clique {x3, 24} U Z1 U Zy U Z3; that Df, D5 are both proper subsets of the clique
{zy4, x5} UZ1UZyUZ3; and that Dg is a proper subset of the clique {5, z¢}UZ2UZ3. Thus, none
of Dy, D3, D4Z , D5, Dg is a maximal clique of GG. Further, since at most one of Z7, Z3 is nonempty,
we see that Dy = {zo} UY) or D1 = {x1} UY). Since both {zo} UYp and {z1} UY) are proper
subsets of the clique {zg, z1} U Yy, we deduce that at most one of the cliques Dy, Dy is maximal
in G. We have now shown that at most two of the cliques Dy, D1, D3, D3, DZ, D4Z, D5, Dg are
maximal in G, and we are done. O

7.3 Coloring (4K, Cy, Cs)-free graphs that contain an induced C5

For a graph G, we let .%(G) be the set of all ordered pairs (A4, B) that have the following three
properties:

e A, B are disjoint subsets of V(G), complete to each other in G;
e A+# () and G[A] is a 5-hyperhole;
e B is a (possibly empty) clique of G.

Lemma 7.5. Let G be a (4K1,Cy, Cg, C7, 5-pyramid)-free graph. Then x(G) = max ({w(G)} U
{I141/2] +1B| | (4, B) € #(G)}).
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Proof. First, it is obvious that x(G) > w(G), and that for all (A4, B) € .#(G), we have that

x(G) = x(G[AuB])
= x(G[4]) + |B| because A is complete to B, and B is a clique
> [|A]/a(G[A])] + |B]
= [|A]/2] + |B| because G[A] is a 5-hyperhole.

Thus, x(G) > max ({w(G)} U{[IAI/2] +|B| | (4, B) € F(G)}).

It remains to prove the reverse inequality. Let v1,...,vs (s > 0) be a maximal sequence
of pairwise distinct vertices of G such that for all ¢+ € {1,...,s}, v; is simplicial in the graph
G \ {7)1, e ,1),'_1}.72

Suppose first that V(G) = {v1,...,vs}. Then vy,...,vs is a simplicial elimination ordering

of G, and so by Theorem 3.2, G is chordal. Theorem 3.1 then guarantees that G is perfect, and
it follows that y(G) = w(G) < max ({W(G)} U{[|A|/2] +|B| | (A, B) € fi(G)}).

From now on, we assume that {vi,...,vs} G V(G). Set G’ := G\ {vy,...,vs}, and let
U be the set of all universal vertices of G'. By the maximality of v1,...,vs, we see that
G’ contains no simplicial vertices, and in particular, G is not complete; so, U & V(G’). Set
Q :=V(G")\U. Now, since G is (4K1, Cy, Cg, C7, 5-pyramid)-free, so is G'. We already saw that
G’ has no simplicial vertices, and so Theorem 3.11 guarantees that @) is a 5-crown. In particular,
Q@ is a 5-ring, and so Theorem 3.8 guarantees that x(()) = max ({w(Q)} U{[IV(H)|/2] |

H is a 5-hyperhole in Q})

Now, note that w(G’) = w(Q) + |U| and x(G’) = x(Q) + |U|, and that for all hyperholes H
in @, we have that (V(H),U) € .#(G). So, we have the following:

X(G') = x(Q)+ U]

— max ({w(Q) + U} U{TIV(H)|/2] + U] | H is a 5-hyperhole in Q})
max ({w(G')} U{[|Al/2] +[B| | (A, B) € ?(G)})
max ({w(G)} U{[|A]/2] +[B| | (4, B) € ﬂ(G)})-

IA

IN

Finally, we can extend any optimal coloring of G’ to a proper coloring of G by assigning
colors greedily to vertices vs,...,v1 (in that order); the number of colors used is at most

max{x(G"),w(GQ)}, and so x(G) < max ({w(G)} U{[|Al/2]+|B| | (A,B) € f(G)}) O

Our next goal is to prove an analog of Lemma 7.5 for weighted graphs (see Lemma 7.6
below). First, we need some definitions.

A weighted graph is an ordered pair (G,w), where G is graph, and w : V(G) — N is a
function, called a weight function. The weight of a vertex v € V(@) is the number w(v), and
the weight of a set S C V(G) is the sum of weights of its vertices, i.e. w(S) = >, cqw(v).
The clique number of (G,w), denoted by w(G,w), is the maximum weight of a clique of G,
i.e. w(G,w) = max{w(C) | C is a clique of G}. A weighted coloring (G,w) is an indexed set
{S1,...,Sk} (k > 0) of (not necessarily distinct) stable sets of G such that for all v € V(G),
at least w(v) of the sets Si,..., Sk contain v. The chromatic number of (G,w), denoted by
X(G,w), is the smallest number of stable sets in any weighted coloring of (G, w). It is clear that
w(G,w) < x(G,w). Furthermore, if w(v) = 0 for all v € V(G), then both w(G,w) and x(G,w)
are zero.

"2If s = 0, then the sequence v1,...,vs is empty and G has no simplicial vertices.
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Clearly, if (G, w) is a weighted graph, and H is an induced subgraph of G, then w [ V(H)
is a weight function for H, and (H,w | V(H)) is a weighted graph.”™ To simplify notation, we
write (H,w) instead of (H,w [ V(H)).

Given a weighted graph (G, w) such that w assigns positive weight to at least one vertex of
G, we define the graph Gv as follows. The vertex set of G* can be partitioned into a family
{Cyv}vev(a) of (possibly empty) cliques such that for all v € V(G), we have that |Cy| = w(v),
and for all distinet vy,v9 € V(G), Cy, is complete to Cy, in G¥ if vive € E(G), and C,, is
anticomplete to Cy, in G if viva ¢ E(G). In other words, G* is the graph obtained from G
by first deleting all vertices of weight zero, and then “blowing up” each remaining vertex v to
a clique of size w(v).™ It is easy to see that w(G,w) = w(GY) and x(G,w) = x(G¥).

Lemma 7.6. Let (G, w) be a weighted graph. Assume that the weight function w assigns positive
weight to at least one vertex of G,™ and that the graph GV is (4K1, Cy, Cs, C7, 5-pyramid)-free.™

Then x(G,w) = max ({W(G, w)} U {[w(A)/2] +w(B) | (A, B) € 9(0)}).

Proof. In what follows, we let {Cy },ev () be as in the definition of G*.

First, it is clear that x(G,w) > w(G,w). Further, fix (Ao, Bo) € .Z(G). If w(Ag) = 0, then,
since By is a clique, we have that w(G,w) > w(By), and so x(G,w) > w(G,w) > w(By) =
[w(Ap)/2] + w(By). Suppose now that w(Ap) > 0. Then either | J,c 4, Cv is the union of two
(possibly empty) cliques of G*, or G*[{J,c, Cv] is a 5-hyperhole; in either case, we have that
1 < a(G¥[Uyen, Cvl) < 2, and we compute:

X(G) = x(G[AoU Bol,w)
= (G [Ao], w) + w(By) because Ap is complete to By, and By is a clique
= x(G [Uver Co]) +w(Bo)
vEA
=z LX(G [UUEOAO o )W + w(Bo)
> { ver —‘ w(By) because 1 < a(G*[U,cn, Cv]) <2

This proves that x(G,w) > max ({w(G,w)} U{Jw(A)/2] +w(B) | (A,B) € Q(G)})

It remains to prove the reverse inequality. Clearly, x(G,w) = x(G") and w(G, w) = w(GY).
If x(G*) = w(G"), then x(G,w) = x(G") = w(G") = w(G,w), and we are done. Suppose
now that x(G") # w(G"). Then Lemma 7.5 guarantees that there exists some (Ao, By) €
F(G"™) such that x(GY) = [|Ao|/2] + |Bo|. Let Ay = {v € V(G) | AgyNC, # 0} and
By ={v e V(G) | BN C, # 0}. It is then clear that |Ay| < w(Af) and |By| < w(Bg), as
well as that (A§, By) € .Z#(G). We now deduce that x(G,w) = x(GY) = [|Ao|/2] + |Bo| <
[w(Ag)/2] + w(B§) < max{[w(A)/2] + w(B) | (A, B) € #(G)}, and again we are done. O

Lemma 7.7. Let (Xo,...,X6;Y0,...,Y6;20,...,2Z6; W) be a special partition of a graph G,
and setY = UiEZ7 Y, and Z = Ui€Z7 Z;. Assume that Xg is complete to Y U Z."" For indices
Jj €{0,...,min{|Xo|, | X2|}} and k € {0,...,min{|Xo|, | X4|}}, a set A;i, C V(G) is said to be
(4, k)-good if it satisfies all the following (see Figure 7.1):

. XogAj7ng0UX2UX3UX4UX5;

" As usual, w | V(H) denotes the restriction of w to V (H).

"Since our graphs are nonnull, if w assigns weight zero to each vertex of G, then the graph G% is undefined.

7580, G is defined.

81t is possible that G itself is not (4K1,C4,Cs, C7, 5-pyramid)-free. Note, however, that the graph G \ {v €
V(G) | w(v) = 0} is (4K, C4, Cs, C7, 5-pyramid)-free.

"Since every vertex in W is universal in G, it follows that X is in fact complete to X UY U W.
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o [ XoNAjkl=jand |XaNAjkl =k;
e | X3N Ajr| = min{|X3|, | Xo| — j,|Xo| — k};
° |X5 N Aj,k’ = min{]X5], ‘X()‘ — ]{7}

Then both the following hold:

(a) for allindices j € {0,...,min{|Xo|,|X2|}} and k € {0, ..., min{|Xo|, | X4|}}, and all (j, k)-
good sets Aj, the graph G[A; | is chordal and satisfies x(G[A;k]) = w(G[A;k]) = | Xol,
and the graph G\ A; is (4K, Cy, Cs, C7, 5-pyramid)-free;

(b) there exist indices j € {0,...,min{|Xo|, | X2|}} and k € {0, ..., min{|Xo|,|X4|}} such that
all (j, k)-good sets Ajj, satisfy x(G) = x(G[A;x]) + x(G\ Ajk).

Proof. We first prove (a). Fix indices j € {0, ..., min{|Xy|,|X2|}} and k € {0, ..., min{|Xo|, | X4|}},
and let A, C V(G) be any (j, k)-good set. We obtain a simplicial elimination ordering of
G[A; 1] by first listing all vertices of (Xo U X2 U X5) N A;; (in any order), and then listing
all vertices of (X3 U X4) N Aj (in any order). So, by Theorem 3.2, G[A; ] is chordal. Theo-
rem 3.1 now guarantees that G[A; ] is perfect, and consequently, x(G[A;x]) = w(G[A;k]). The
fact that w(G[A;]) = |Xo| is immediate from the definition of a (j, k)-good set. Finally, by
Lemma 7.3, G\ Xo is (4K1, Cy, Cs, C7, 5-pyramid)-free; since G \ A;, is an induced subgraph
of G\ Xo, it follows that G \ A, is also (4K, C4, Cs, C7, 5-pyramid)-free. This proves (a).

It remains to prove (b). To simplify notation, we set x := x(G). Let {Si,...,S5y} be a
partition of V(G) into stable sets.”™ Since Xj is a clique, we see that exactly |Xo| of the sets
S1,..., 8y intersect Xo; by symmetry, we may assume that Si,...,S|x, all intersect X0,
and S| xy|41,---,9y do not intersect Xo. Set A := S; U---US|x,. Since Xy is complete
to X1 UXgUY UZUW and anticomplete to Xo U X3 U X4 U X5, we have that Xg C A C
XoUXoUX3UX4UX5. Foreachi € {2,3,4,5}, set X! := X;NA. Then A = XoUXUXUX|UXYL.
Furthermore, {S1,...,S|x,} is a partition of G[A] into stable sets, and {S|x,|4+1,---, Sy} is
a partition of G \ A into stable sets. Since Si,...,S, are the color classes of an optimal
coloring of G, we see that x(G[4]) = |Xo| and x(G \ 4) = x — | Xo|. Moreover, it is clear that
w(G[A]) = |X|.% Now, let j := |X}| and k := |X}|. Since X} U X}, X5 U X}, X} U X} are all
cliques of G[A], and are therefore of size at most w(G[A]) = | Xo|, we see that all the following
hold: 0 < j < min{|Xo|,|X2|}, ¥ < min{|Xo|, | X4}, |X}| < min{|X3|, | Xo| — 7, | Xo| — k}, and
| X5| < min{| X5/, [Xo| — &}

Now, fix any (j, k)-good set A;;. It suffices to show that x > x(G[A;x]) + x(G \ 4j),
for the reverse inequality trivially holds. First, we observe that G \ A is isomorphic to
an induced subgraph of G\ A; consequently, x(G' \ A1) < x(G \ A) = x — |Xo|, and it
follows that x > |Xo| + x(G \ A;x). But by (a), we have that x(G[A;x]) = |[Xo|, and so
X > X(G[A;x]) + x(G\ Aj ). This proves (b). O

Theorem 7.8. There exists an algorithm with the following specifications:

e Input: A graph G;
e Output: One of the following:
— An optimal coloring of G,
— The true statement that either G is not (4K1,Cy, Cg)-free or G does not contain an
induced C7;

e Running time: O(n?).

S0, S1,...,Sy are the color classes of some optimal coloring of G.
" Note that |S; N Xo| =1 for all i € {1,...,|Xo|}.
80Tndeed, Xo is a clique of G[A], and so w(G[A]) > | Xo|. On the other hand, w(G[A]) < x(G[A]) = | Xo|.
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[ A X6
o
any m1n{|X l, [ Xo| — K}
. tices

any k vertices
any min{|Xjs|, | Xo| — 7, | Xo| — k} vertices

Figure 7.1: A graph G with a special partition (Xo, ..., Xe; Yo,...,Ys; Zo,..., Z6; W). A (j, k)-
good set is the union of sets represented by the two dashed bags.

Proof. We first call the O(n?) time algorithm from Theorem 7.1 with input G. If the algorithm
returns the answer that either G is not (4K, Cy, Cg)-free or G does not contain an induced Cr,
the we return this answer as well, and we stop. From now on, we assume that the algorithm
returned the answer that G is (4K, Cy, Cg)-free and contains an induced C7, together With a
special partition (Xo, ..., X¢; Yo, ..., Ys; Z0, ..., Zs; W) of G. Set X :=J X, Y:=U
and 7 := Uz, Zi-

By Lemma 7.3(c), there exists an index ¢ € Z7 such that X; is complete to Y U Z U W;
clearly, such an index i can be found in O(n?) time, and by symmetry, we may assume that
i = 0. By Lemma 7.3, the graph G \ Xy is (4K1, Cy4, Cg, C7, 5-pyramid)-free.

Now, let F' be the 22-vertex graph with vertex set V(F) = {z¢,...,z6} U {yo,...,ys} U
{z0,...,26} U{wo} (with indices in Z7), and with adjacency as follows:

1E€2L7 Z€Z7 1y

® g,...,%6, %o is a 7T-hole in F;

e {yo,...,Y6} and {z0,..., 26} are cliques of F’

for all ¢ € Z7, x; is complete to {Yi, Yi+3, Yit6, Zi, Zi+3, Zitd, Zi+5, Zi+6 } and anticomplete to
{Wir1, Yiv2, Yiva, Yirs, zit1, Zig2 )

for all i € Z7, y; is complete to {zo,...,26} \ {2zi+2} and nonadjacent to z;yo;

e wy is complete to V(F) \ {wp}.

Further, we define the weight function w : V(F') — N as follows. We set w(wq) := |W|, and for
all i € Zy, we set w(x;) = |X;|, w(y;) = |Yi|, and w(z;) := |Z;|. Clearly, the weight function w
can be computed in O(n) time. We note that F is isomorphic to G.

Next, we compute the set C of all cliques of F', as well as the set . (F); since |V (F)| =
22, this can be done in O(1) time. For all indices j € {0,...,min{|Xo|,|X2|}} and k €
{0,...,min{|Xo|, | X4|}}, we define the weight function w;; : V(F) — N and the number x;
as follows:

o for all v € V(F)\ {xo, x2, 3, 24, 25}, wjr(v) := w(v);

e w;(xg) :=0;

o wjk(z2) == w(w2) —

o wjk(xs) == w(ws) — mln{w(f'«“s) w(zo) — j,w(xo) — k};

o wj(xy) = w(xs) —k;

o wjk(ws) == w(ws) — min{w(ws), w(zo) — k};

o i 1= max ({w(FLwi)} U {[wy(4)/2] + wik(B) | (A, B) € F(F)}).
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Since |V (F)| = 22, we see that families {w;} and {x;x} can be computed in O(n?) time.

We now find indices j, k for which x;j is minimum, we let A;; be any (j, k)-good set (this
is defined as in Lemma 7.7), and for those indices j, k, we form graphs G[A;] and G\ Ajy;
this can be done in further O(n?) time.

Claim 1. x(G) = x(G[A;x]) + x(G \ Aj ).

Proof of Claim 1. By construction, F"i* is isomorphic to G \ A, and by Lemma 7.7(a),
G\A; 1 is (4K, Cy, Cg, C7, 5-pyramid)-free. Consequently, F"i* is (4K, Cy, Cs, C7, 5-pyramid)-
free, and so Lemma 7.6 guarantees that x(F,w;r) = Xjk Thus, x(G \ Aji) = x(FWik) =
X(F wjk) = Xjik-

By Lemma 7.7(b), there exist j' € {0, ..., min{| Xo|, | X2|}} and ¥’ € {0, ..., min{|Xo|, | X4|}}
such that x(G) = x(G[A; x]) + x(G \ Aj ). Analogously to the above, we have that x(G \
Ay ) = Xj k> and so by the choice of j,k, we have that x(G \ 4;%) = xjx < xjr0 = X(G\
Ajr ). On the other hand, Lemma 7.7(a) guarantees that x(G[A;x]) = |Xo| = x(G[Aj x])-
We now have that x(G[A;]) + x(G\ Ajx) < x(GlAy x]) +X(G\ Ay ar) = X(G) < x(G[Aza]) +
x(G\ A; k), and it follows that x(G) = x(G[A;x]) + x(G \ A; ). This proves Claim 1. ¢

We now complete the description of the algorithm. First, we obtain a simplicial elimination
ordering of G[A; ] by first listing all vertices of (Xo U Xo U X5) N Ajy (in any order), and
then listing all vertices of (X3 U X4) N A; (in any order). We then obtain an optimal color-
ing of G[A; ] by coloring the vertices of G[A; ] greedily, using the reverse of this simplicial
elimination ordering; this takes O(n?) time. Next, by Lemma 7.7(a), the graph G \ A;j is
(4K1, Cy, Cg, Cy, 5-pyramid)-free; so, we can obtain an optimal coloring of G \ A, by calling
the O(n?®) time algorithm from Lemma 6.8. After possibly renaming colors, we may assume
that our colorings of G[A; ;] and G\ A; . use disjoint color sets. We now take the union of these
two colorings, and we obtain a proper coloring of G5 by Claim 1, this coloring of G is in fact
optimal. We now return our coloring of G, and we stop.

Clearly, the algorithm is correct, and its running time is O(n?). O

8 The main results

Theorem 8.1. Every (4K1,Cy, Cs)-free graph has at most |V (G)| mazimal cliques.
Proof. This follows from Corollary 5.2 and Theorem 7.4. O

Theorem 8.2. There exists an algorithm with the following specifications:
e Input: A graph G;
e Output: One of the following:
— The true statement that G is (4K1, Cy, Cg)-free, together with the list of all mazimal

cliques of G, an optimal coloring of G, and a minimum clique cover of G;
— The true statement that either G is not (4K, Cy, Cg)-free;

e Running time: O(n?).

Proof. This follows immediately from Theorems 4.4, 5.1, 5.4, 6.8, 7.1, and 7.8. ]
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