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Abstract

This is the second in a series of two papers dealing with (2P, Cy, Cg)-free graphs, or equiv-
alently, (2P5, even hole)-free graphs. In this two-paper series, we give a full structural de-
scription of (2Ps, Cy4, Cg)-free graphs that contain no simplicial vertices, and we show that
such graphs have bounded clique-width. This implies that GRAPH COLORING can be solved
in polynomial time for (2Ps, Cy, Cg)-free graphs. In the first paper of the series, we de-
scribed the structure of (2P5, Cy, Cg)-free graphs that contain an induced C7 or an induced
To (where Ty is a certain 2-connected graph on nine vertices in which all holes are of length
five), and we showed that such graphs either contain a simplicial vertex or have bounded
clique-width. In the present paper (the second part of the series), we describe the structure
of (2P;,C4,Cs, Cr,Tp)-free graphs that contain no simplicial vertices, and we show that such
graphs have bounded clique-width. Finally this paper gives the full statement of the theorem
describing the structure of (2Ps, Cy, Cg)-free graphs that contain no simplicial vertices.

1 Introduction

All graphs in this paper are finite, simple, and nonnull. We mostly use standard terminology
and notation, formally introduced in section 2. For now, let us define a few basic terms. As
usual, for a positive integer k, K} is the complete graph on k vertices, Py is the path on k
vertices and k — 1 edges, and Cy (k > 3) is the cycle on k vertices. For a positive integer k and
a graph H, the disjoint union of k copies of the graph H is denoted by kH. (See Figure 1.1
for some graphs relevant to this paper.) For a graph H, we say that a graph G is H-free if
no induced subgraph of G is isomorphic to H. For a family of graphs H, we say that a graph
G is H-free if G is H-free for all H € H. A hole in a graph G is an induced cycle on at least
four vertices, and the length of a hole is the number of vertices (equivalently: edges) that it
contains. A hole is even (resp. odd) if its length is even (resp. odd). A clique (resp. stable set) is
a (possibly empty) set of pairwise adjacent (resp. nonadjacent) vertices, and a simplicial vertex
is a vertex whose neighbors form a (possibly empty) clique. A proper coloring of a graph G is
an assignment of colors to the vertices of G in such a way that no two adjacent vertices receive
the same color. For an integer k, a graph G is said to be k-colorable if there exists a proper
coloring of G that uses at most k colors. The chromatic number of G, denoted by x(G), is the
smallest integer k such that G is k-colorable. GRAPH COLORING is the following problem.

GrAPH COLORING
Instance: A graph G and an integer k.
Question: Is G k-colorable?
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Figure 1.1: From left to right: graphs 4K, 2P;, C4, Cg, and C%.

The present paper is the second in a series of two papers that deal with (2P, Cy, Cg)-free
graphs. For a detailed introduction, as well as some open questions, see the first paper of
the series [10]. We note, however, that all holes of length at least eight contain an induced
2P3, and consequently, all holes in a (2P3, Cy, Cg)-free graph are of length five or seven. In
particular, all (2P3, Cy, Cg)-free graphs are even-hole-free, and in fact, (2Ps, Cy, Cg)-free graphs
are precisely the (2Ps, even hole)-free graphs. We also note that 4K is an induced subgraph of
2P3, which is in turn an induced subgraph of Pr; so, our class of (2P, Cy, Cg)-free graphs is a
proper superclass of the class of (4K, Cy, Cs)-free graphs, and is a proper subclass of the class
of (Py,Cy, Cg)-free graphs.

The main result of this two-paper series is a full structural description of (2Ps, Cy, Cs)-
free graphs that contain no simplicial vertices (see Theorem 7.2). Moreover, we prove that
all (2P3, Cy, Cg)-free graphs that contain no simplicial vertices have bounded clique-width (see
Theorem 8.9; for a formal definition of “clique-width,” see section 2). Since simplicial vertices
pose no obstacle to coloring in polynomial time,! and since GRAPH COLORING can be solved in
polynomial time for graphs of bounded clique-width [11], it follows that the GRAPH COLORING
problem can be solved in polynomial time for (2Ps,Cy, Cg)-free graphs (see Theorem 9.2).
We note, however, that all coloring algorithms that rely on bounded clique-width are quite
slow; in particular, the known coloring algorithms for graphs of clique-width at most k all
have running time O(n/®*)) for some fast growing function f (see [3]). It would therefore be
interesting to develop a faster coloring algorithm for (2Ps, Cy, Cs)-free graphs, perhaps relying
on our structural results for this class of graphs. This is discussed in more detail at the end of
section 9.

In the first part of this series, we dealt with (2P5, Cy, Cg)-free graphs that contain an induced
C7 or an induced Tj (see Figure 1.2). In the present paper, we deal with (2Ps, Cy4, Cs,C7,1p)-
free graphs; we note that all holes in such graphs are of length five, or if we use the terminology
from [4], these graphs are “5-holed.” In particular, we give a full structural description of
(2P5, Cy, Cs, Cy7,Tp)-free graphs that contain no simplicial vertices (see Theorem 7.1), and we
show that such graphs have bounded clique-width (see Theorem 8.8). Combined with the
results of the first paper of our series, this yields a full structural description of (2P3, Cy, Cg)-
free graphs that contain no simplicial vertices (see Theorem 7.2), as well as the fact that all such
graphs have bounded clique-width (see Theorem 8.9). As explained above, this implies that the
GRAPH COLORING problem can be solved in polynomial time for (2Ps, Cy, Cg)-free graphs (see
Theorem 9.2).

1.1 Proof sketch

Let us briefly explain our strategy for describing the structure of (2P3, Cy, Cg, C7, Tp)-free graphs
that contain no simplicial vertices, i.e. for proving Theorem 7.1. First of all, the 3-pentagon is

'Indeed, if k is an integer, and x is a simplicial vertex of a graph G on at least two vertices, then G is
k-colorable if and only if dg(z) < k — 1 and G \ = is k-colorable. Moreover, the simplicial vertices of a graph (if
any) can easily be found by simply examining the neighborhood of each vertex and checking if that neighborhood
is a clique.
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Figure 1.2: Graphs T (left) and T (right).
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Figure 1.3: The t-pentagon for ¢t = 3 (left), t = 4 (middle), and ¢ = 5 (right).

the graph represented in Figure 1.3 (left); we note that all holes in the 3-pentagon are of length
five, and we also note that the 3-pentagon is an induced subgraph of Ty. A universal vertex of
a graph is a vertex that is adjacent to all other vertices of that graph.

Here is a brief sketch of our proof. We start with a (2Ps, Cy, Cg, C7, Tp)-free graph G, and
we break up our proof into two cases: when G contains an induced 3-pentagon, and when G is
3-pentagon-free.

Suppose first that our graph G does contain an induced 3-pentagon (this case is dealt with
in section 5; we remark that this section is the most technical part of our two-paper series).
We then fix the largest integer ¢ > 3 such that G contains an induced “t-pentagon.” (We refer
the reader to subsection 5.1 for a formal definition, but essentially, a t-pentagon is a (2t + 1)-
vertex graph consisting of a clique of size ¢, an additional vertex, plus ¢ suitable two-edge
paths between this additional vertex and the clique. See Figure 1.3 for an illustration, and
note that all holes in a t-pentagon are of length five.) We then consider a maximal induced
“t-frame” in our graph G (a t-frame is a certain generalization of the ¢-pentagon, where the
vertices of the t-pentagon become nonempty sets of vertices, and where adjacency between
those sets is restricted in certain convenient ways, roughly imitating the ¢-pentagon; for a
formal definition, see subsection 5.2). Then, by examining the exact structure of this t-frame in
our (2P3,Cy4,Cg, C7, Ty, (t + 1)-pentagon)-free graph G, and by examining how the remaining
vertices of G “attach” to this t-frame, we eventually prove that either G contains a simplicial
or a universal vertex, or G is one of the following: a “b-basket,” a “villa,” or a “mansion”
(for the relevant definitions, see subsection 5.1, and for a precise statement of our result, see
Theorem 5.7).

We then turn our attention to the 3-pentagon-free case (this case is dealt with in section 6).
So, we assume that our (2P3, Cy, Cg, C7,Tp)-free graph G is additionally 3-pentagon-free, i.e.
that G is (2Ps, Cy, Cs, Cr, 3-pentagon)-free.® In this case, we rely heavily on “Truemper con-
figurations” and certain results from the literature (for a slightly dated survey of Truemper

2The fact that G is (t + 1)-pentagon-free follows from the maximality of t.
3Since the 3-pentagon is an induced subgraph of Ty, we see that (2Ps, Cy, Cs, C7, To, 3-pentagon)-free graphs
are in fact exactly the (2Ps, C4, Cg, C7, 3-pentagon)-free graphs.
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Figure 1.4: Three-path-configurations (3PCs): theta (left), pyramid (middle), and prism (right).
A full line represents an edge, and a dashed line represents a path that has at least one edge.
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Figure 1.5: The only wheels in which all holes are of length five.

configurations, see [12]). A three-path-configuration (or 8PC for short) is any theta, pyramid,
or prism (see Figure 1.4, and note that the 3-pentagon is a type of pyramid). A wheel is any
graph that consists of a hole, plus an additional vertex that has at least three neighbors in the
hole. A Truemper configuration is any 3PC or wheel. Recall that all holes in a (2P3, Cy, Cg, C7)-
free graphs are of length five. Since the only 3PC in which all holes are of length five is the
3-pentagon, it follows that (2Ps, Cy, Cg, C7, 3-pentagon)-free graphs are 3PC-free. On the other
hand, the only wheels in which all holes are of length five are the two wheels represented in Fig-
ure 1.5, and those two wheels are not “proper” (for a definition of a proper wheel, see section 6).
It follows that (2Ps, Cy, Cg, C7, 3-pentagon)-free graphs are, in particular, (3PC, proper wheel)-
free. Using a decomposition theorem for (3PC, proper wheel)-free graphs proven in [1], as well
as certain results of [8], we can show fairly easily that either our graph G contains a simplicial
or a universal vertex, or G is a “5-crown” (the 5-crown is defined in section 6; for the precise
statement of our result, see Theorem 6.9).

1.2 Paper outline

This paper is organized as follows. In section 2, we give some (mostly standard) terminology
and notation that we use throughout the paper, and we also describe some conventions that
we use in our figures. Next, in section 3, we state the main results of the first paper of our
two-paper series [10]. Section 4 is devoted to some simple propositions that we will need in
the remainder of the paper (the propositions stated in subsection 4.1 were proven in the first
paper of our series, whereas the propositions stated and proven in subsection 4.2 are new). In
section 5, we give a full structural description of (2P;, Cy, Cs, C7, Tp)-free graphs that contain
an induced 3-pentagon and contain no simplicial vertices (see Theorem 5.7), and in section 6,
we give a full structural description of (2P, Cy, Cg, C7, 3-pentagon)-free graphs that contain
no simplicial vertices (see Theorem 6.9). In section 7, we combine Theorems 5.7 and 6.9 to
obtain Theorem 7.1, which gives a full structural description of (2Ps, Cy, Cs, C7,Tp)-free graphs
that contain no simplicial vertices. Then, we combine Theorem 7.1 with the main structural
result of the first paper of our series (that result is stated as Theorem 3.1 in the present paper)
in order to obtain the main structural result of our series: a full structural description of
(2Ps3,Cy4, Cg)-free graphs that contain no simplicial vertices (see Theorem 7.2). In section 8,
we show that (2Ps, Cy, Cg, C7, Ty)-free graphs that contain no simplicial vertices have bounded



clique-width (see Theorem 8.8); combined with the results of the first paper of our series, this
implies that (2Ps, Cy, Cg)-free graphs that contain no simplicial vertices have bounded clique-
width (see Theorem 8.9). Finally, in section 9, we show that GRAPH COLORING can be solved in
polynomial time for (2P3, Cy, Cg)-free graphs (see Theorem 9.2). As we have already explained,
this last result relies on clique-width, and therefore, the running time is in fact very slow
(albeit polynomial). In section 9, we explain that the problem of constructing a reasonably
fast coloring algorithm for (2Ps, Cy, Cg)-free graphs can be reduced to that of coloring only
two types of graphs, namely “villas” and “mansions” (these two types of graphs are defined in
subsection 5.1).

2 Terminology and notation

When we say that “sets Xi,..., X, form a partition of the set X,” or that “(Xi,..., X)) is
a partition of the set X,” we mean that sets Xi,..., X, are pairwise disjoint and that X =
X1 U---UX,. However, slightly nonstandardly, we allow some (or all) of the X;’s to be empty.

The vertex and edge set of a graph G are denoted by V(G) and E(G), respectively. The
clique number of a graph G is the maximum cardinality of any clique in G, and it is denoted
by w(G); the stability number of G is the maximum cardinality of any stable set in G, and it is
denoted by a(G).

For a vertex x in a graph G, the open neighborhood (or simply neighborhood) of = in G,
denoted by Ng(x), is the set of all neighbors of = in G; the closed neighborhood of x in G,
denoted by Ng|z], is defined as Ng[z] := {x} U Ng(z); the degree of x in G, denoted by dg(x),
is the number of neighbors that = has in G, i.e. dg(x) := |Ng(z)|.

A vertex v of a graph G is universal in G if Ng[v] = V(G), i.e. if v is adjacent to all other
vertices of the graph G.

Distinct vertices z,y of a graph G are twins in G if Ng[z] = Ng[y]. (Note that twins are,
in particular, adjacent to each other.)

For distinct vertices x,y of a graph G, we say that x dominates y in G if Ng[y] C Ng|z].
(Note that if  dominates y in G, then in particular, x and y are adjacent.)

For a graph G and a set X C V(G), the open neighborhood of X in G, denoted by Ng(X),
is the set of all vertices in V(G) \ X that have a neighbor in X, and the closed neighborhood of
X in G is the set Ng[X] := X U Ng(X).

For a graph G and a nonempty set X C V(G), we denote by G[X] the subgraph of G induced
by X; for vertices z1, ...,z € V(G), we sometimes write Gz, ..., x¢] instead of G[{x1, ..., x¢}].
For aset X G V(G), we set G\ X := G[V(G)\ X]. If G has at least two vertices and € V(G),
we sometimes write G\ x instead of G\ {z}.*

Given a graph G, a vertex = € V(G), and a set Y C V(G) \ {z}, we say that = is complete
(resp. anticomplete) to Y in G provided that x is adjacent (resp. nonadjacent) to all vertices of
Y in G, and we say that z is mized on Y in G if x is neither complete nor anticomplete to Y
in G (i.e. if  has both a neighbor and a nonneighbor in Y').

Given a graph G and disjoint sets X, Y C V(G), we say that X is complete (resp. anticom-
plete) to Y in G if every vertex in X is complete (resp. anticomplete) to Y in G.

When we say, for graphs G and @), that “G can be obtained from () by possibly adding
universal vertices to it,” we mean that @ is an induced subgraph of G, and V(G) \ V(Q) is a
(possibly empty) clique of G, complete to V(@) in G. Note that in this case, every vertex in
V(G)\ V(Q) is a universal vertex of G. However, it is possible that G = @, in which case G
contains no universal vertices unless () does.

“Since our graphs are nonnull, if  is the only vertex of a graph G, then G \ z is not defined.



A thickening of a graph G is a graph G* for which there exists a family {X,},cv(q) of
pairwise disjoint, nonempty sets such that all the following hold:

[ ] V(G*) == UUEV(G) Xv,
e for all v € V(G), X, is a clique of G*;
e for all distinct u,v € V(G), the following hold:

— if u,v are adjacent in G, then X, and X, are complete to each other in G*;

— if u, v are nonadjacent in G, then X, and X, are anticomplete to each other in G*.

When we write, for a graph G, that “xq, ...,z is an induced path in G” (¢t > 0), we mean
that xo,...,x; are pairwise distinct vertices, and that the edges of G|z, ..., x| are precisely
ToT1, T1T2, - . ., T4—12¢; the endpoints of this path are z¢ and z; (note that if ¢ = 0, then our
path has only only one endpoint), the interior vertices of the path are all its vertices other than
the endpoints, and furthermore, we say that our path is between its endpoints xy and z;. The
length of a path is the number of edges that it contains; we may also refer to a path of length
k as a “k-edge path” or as a “(k + 1)-vertex path.” A path is trivial if it is of length zero (i.e.
if it has only one vertex and no edges), and it is nontrivial if it is of length at least one.

For an integer k > 4, a k-hole in a graph G is an induced Cj in G. When we write

that “xo,z1,...,Tx_1,20 is a k-hole in G” (k > 4), we mean that zg,x1,...,z,_1 are pairwise
distinct vertices of G, and that the edges of Glxg,x1,...,z,_1] are precisely the following:
TOT1, T1X2, -, Th—2Tk_1,Tk_1T0- A graph is chordal if it contains no holes, that is, if all its

induced cycles (if any) are triangles.

For an integer k > 4, a k-hyperhole is a graph H whose vertex set can be partitioned into
nonempty cliques Xg, Xi,..., Xx_1 (with indices in Zy) such that for all i € Zy, X; is complete
to X;—1 U X;41 and is anticomplete to V(H) \ (X;-1 U X; U X;11); under these circumstances,
we also say that (Xo, X1,...,Xg_1) is a k-hyperhole partition of the k-hyperhole H. Note that,
for an integer k > 4, a k-hyperhole is simply a thickening of Cf.

The complement of a graph G, denoted by G, is the graph whose vertex set is V(G) and in
which two distinct vertices are adjacent if and only if they are nonadjacent in G. A graph is
anticonnected if its complement is connected. Note that every anticonnected graph on at least
two vertices contains a pair of nonadjacent vertices.

As usual, a connected component (or simply component) of a graph G is a maximal connected
induced subgraph of G. An anticomponent of a graph G is a maximal anticonnected induced
subgraph of G clearly, @) is an anticomponent of G if and only if @Q is a component of G.
An anticomponent is trivial if it has only one vertex, and it is nontrivial if it has at least two
vertices. Clearly, the vertex sets of the anticomponents of a graph G are complete to each
other in G. Moreover, note that the unique vertex of any trivial anticomponent of a graph is a
universal vertex of that graph.

A cutset of a graph G is a (possibly empty) set C'S V(G) such that G\ C' is disconnected.
A clique-cutset of a graph G is a cutset of G that is also a clique of G. (In particular, if G is
disconnected, then ) is a clique-cutset of G.) Note that if v is a simplicial vertex of a graph G,
then either G is complete, or Ng(v) is a clique-cutset of G.

The clique-width of a graph G, denoted by cwd(G), is the minimum number of labels needed
to construct G using the following four operations:

1. creation of a new vertex v with label 1;

2. disjoint union of two labeled graphs;



3. joining by an edge every vertex labeled i to every vertex labeled j (where i # j);

4. renaming label ¢ to label j.

2.1 A convention for our figures

In all our figures, crosshatched disks represent (possibly empty) cliques. A straight line between
two crosshatched disks indicates that the two cliques are complete to each other. The presence
of a wavy line between two crosshatched disks indicates that edges may possibly be present
between the two cliques; however, adjacency between the two cliques is not arbitrary in this
case, and instead, the exact details of adjacency are always given in the formal definition of the
graph represented in the figure in question. If there is no line of any kind (straight or wavy)
between two crosshatched disks, this indicates that the two cliques are anticomplete to each
other.

3 The main results of the first paper of the series

In this subsection, we state the main results of [10]. We begin with some definitions. Ty and 7}
are the graphs represented in Figure 1.2. (Note that Tp is an induced subgraph of 77.) Next,
we define graphs My, My, Ms, and Ms, as well as the family M of graphs, as follows.

My is the graph with vertex set {zo, x1, 2, T3, T4, T5, Ts, Yo, Y3, 20, 23, 24 } and with adjacency
as follows:

® x(,T1,T9,T3,T4,T5,Ts, Lo 1S a T-hole;

e yo is complete to {zg,x1, x4} and anticompelte to {z2, 3, x5, zs};
e y3 is complete to {3, x4, 20} and anticomplete to {x1,x2, x5, x6};
e 2 is complete to {xg,x1,x2, 3,4} and anticomplete to {xs5,xs};
e 23 is complete to {x3, x4, x5, x6, xo} and anticompelte to {z1, z2};
e 2, is complete to {x4, x5, z¢, o, x1} and anticompelte to {z2,x3};
e {y0,9Y3, 20, 23, 24} 1s a clique.

M, is the graph with vertex set {zo,x1, x2, T3, x4, T5, Ts, Yo, 22} and with adjacency as fol-
lows:

® X0,X1,T2,T3,T4,Ts5, L6, Lo is & 7T-hole;

e yo is complete to {zg,x1, x4} and anticomplete to {x9, x3, x5, 26};
e 29 is complete to {xa, 3,24, x5, 26} and anticomplete to {xo, z1};
e 7o and 29 are nonadjacent.

My is the graph with vertex set {xg,x1,x2,x3, x4, T5, T¢, Yo, 21, 22} and with adjacency as
follows:

[ ] MQ\leMl;

e 2 is complete to {x1,x9, x3, x4, x5} and anticomplete to {xg, xo};



e 2; is complete to {yo, z2}.

M3 is the graph with vertex set {xg,x1,x2,x3, x4, T5, T¢, Yo, 22, 23} and with adjacency as
follows:

[ M3 \ zZ3 = Ml;
e 23 is complete to {x3, x4, z5, 26, xo} and anticomplete to {x1,z2};
e 23 is complete to {yo, z2}.

We now define the family M, as follows:
M = {MO \ S ‘ S - {y()a Y3, 20, 23, Z4}} U {Ml, Mg, Mg}

Thus, M is the collection of graphs whose members are M7, My, M3, plus all induced subgraphs
of My that still contain the hole xq, 1, z2, 3, x4, x5, Tg, Tg. We note that each graph in M has
at most 12 vertices and contains an induced CY.

The following two theorems are the main results of [10].
Theorem 3.1 (Theorem 5.2 of [10]). For any graph G, the following are equivalent:
(a) G is (2P3,Cy4,Cs)-free, contains an induced Cy or Ty, and contains no simplicial vertices;

(b) G has exactly one nontrivial anticomponent, and this anticomponent is a thickening of a
graph in M U{Ty,T1};

(¢) G can be obtained from a thickening of a graph in MU{Ty, T1} by possibly adding universal
vertices to .

Theorem 3.2 (Theorem 6.6 of [10]). Let G be a (2Ps,C4,Cg)-free graph that contains an
induced C7 or an induced Ty. Assume that G contains no simplicial vertices. Then cwd(G) < 12.

4 A few simple propositions

This section is devoted to some simple propositions that we use in the remainder of the pa-
per. The propositions stated in section 4.1 were proven in the first paper of our series. In
subsection 4.2, we prove a few additional propositions.

4.1 A few simple propositions from the first paper of the series

The propositions that we cite in this subsection were proven in subsection 2.2 of [10].

Proposition 4.1. [10] Let G and @ be graphs. Assume that Q is anticonnected and contains
at least two vertices. Then the following are equivalent:

e (G contains exactly one nontrivial anticomponent, and that anticomponent is Q;
e GG can be obtained from @ by possibly adding universal vertices to it.

Proposition 4.2. [10] Assume that a graph G contains exactly one nontrivial anticomponent,
call it Q. Then G contains a simplicial vertex if and only if QQ contains a simplicial vertex.

Proposition 4.3. [10] Assume that a graph G contains exactly one nontrivial anticomponent,
call it Q. Let H be a graph that contains no universal vertices. Then G is H-free if and only if
Q is H-free.



Proposition 4.4. [10] Let G be a Cy-free graph, let S C V(G), and let vi,v3 € V(G) \ S be
distinct, nonadjacent vertices, complete to S in G. Then S is a clique.

Proposition 4.5. [10] A graph is Ps-free if and only if all its components are complete graphs.

Proposition 4.6. [10] Let G be a Cy-free graph, and let X and Y be disjoint cliques in G.
Then all the following hold:

(a) for all z,x’" € X, one of Ng(x) NY and Ng(2') NY is a subset of the other;

(b) X can be ordered as X = {z1,...,7x|} so that Ng(z|x))NY C--- C Ng(x1)NY;
(c) for ally,y' €Y, one of Na(y) N X and Ng(y') N X is a subset of the other;

(d) Y can be ordered as'Y = {y1,...,yjy|} so that Ng(yy|) N X C--- C Ng(y1) N X.

Proposition 4.7. [10] Let G be a (2Ps,Cy)-free graph that admits a clique-cutset. Then G
contains a simplicial vertex.

Proposition 4.8. [10] Let G be a graph, and let X ; V(QG). Assume that for all x € X, the set
V(G) \ Nglx] can be partitioned into cliques of G, pairwise anticomplete to each other.> Then
G is 2Ps-free if and only if G\ X is 2Ps-free.

4.2 A few more simple propositions

Proposition 4.9. Let £ > 2 be an integer, let G be a graph, let x € V(G), and let Y1,...,Y; be
disjoint, nonempty subsets of V(G)\ {z}. Assume that x is mized on Y1 U---UYy. Then there
exist distinct i,j € {1,...,€} such that x has a neighbor in Y; and a nonneighbor in Yj.

Proof. Since z is mixed on Y3 U---UY,, we know that there exist y,y’ € Y1 U---UY} such that
x is adjacent to y and nonadjacent to y’. If y,4 belong to different Y;’s, then we are done. By
symmetry, we may now assume that y,y’ € Y;. Now, fix any yo € Y. If x is adjacent to o,
then x has a neighbor (namely y2) in Y2 and a nonneighbor (namely ') in Y7, and we are done.
On the other hand, if x is nonadjacent to ys, then x has a neighbor (namely y) in Y7 and a
nonneighbor (namely y2) in Y3, and again we are done. O

Proposition 4.10. Any Cy-free graph has at most one nontrivial anticomponent.

Proof. We prove the contrapositive: if a graph has more than one nontrivial anticomponent,
then it is not Cy-free. So, suppose that a graph G has more than one nontrivial anticomponent,
and let A and B be the vertex sets of two distinct nontrivial anticomponents of G. Then A
and B are complete to each other, and each of them contains a pair of distinct, nonadjacent
vertices. Fix distinct, nonadjacent vertices a,a’ € A, and fix distinct, nonadjacent vertices
b,b' € B. Then a,b,ad’,b',a is a 4-hole in G, and it follows that G is not Cy-free. O

Proposition 4.11. Let G be a graph, and set S := {z € V(G) | a(G[Ng(z)]) >3}.5 If S is a
clique, then G is Ty-free.

Proof. Note that Ty contains a pair of nonadjacent vertices, each of which has three pairwise
nonadjacent neighbors. Indeed, using the notation from Figure 4.1, we see that vertices a; and
c1 are nonadjacent, that a; is adajcent to the pairwise nonadjacent vertices b1, bo, b3, and that
c1 is adjacent to the pairwise nonadjacent vertices by, b1, ca. The result is now immediate. [J

°Tt is possible that V(G) \ Ng[z] = 0, i.e. that Ng[z] = V(G).
5Thus, S is precisely the set of all vertices in G that have three pairwise nonadjacent neighbors.



Figure 4.1: Graph Tj (proof of Proposition 4.11).

5 (2P;,C4,Cg,Cr,Tp)-free graphs that contain an induced 3-
pentagon
Recall that the 3-pentagon is the graph represented in Figure 1.3 (left); alternatively, see the
definition at the beginning of subsection 5.1. The main goal of this section is to prove Theo-
rem 5.7, which gives a full structural description of (2Ps, Cy4, Cgs, C7, T)-free graphs that contain
an induced 3-pentagon and contain no simplicial vertices. The section is organized as follows.
In subsection 5.1, we define some “basic graphs” (those graphs that appear in the statement of
Theorem 5.1), and we prove a few preliminary results about those graphs. In subsection 5.2, we
define “t-frames” (¢t > 3), and we prove a preliminary result about such graphs (see Lemma 5.5).
In subsection 5.3, we prove Lemma 5.6 and Theorem 5.7, where Lemma 5.6 is the main tech-

nical result that we need to prove Theorem 5.7 (the main result of this section). We note that
t-frames play a crucial role in the proof of Lemma 5.6.

5.1 Basic graphs: t-pentagons, 5-baskets, villas, and mansions

For an integer t > 3, the t-pentagon is the (2t + 1)-vertex graph P with vertex set V(P) =
{a,b1,..., by, c1,...,¢} and adjacency as follows:

e a is complete {by,...,b;} and anticomplete to {c1,...,c};

e {b1,...,b} is a stable set;

e {c1,...,¢} is a clique;

e foralli,j € {1,...,t}, b; is adjacent to ¢; if and only if i = j.

A 5-basket (originally defined in [8]) is a graph @ whose vertex set can be partitioned into
sets A, By, Bo, B3, (1,5, C3, F such that all the following hold:

e A By, Bsy, B3, Cy,Cs,Cs are nonempty cliques;

e [ is a (possibly empty) clique;

cliques Bj, Bo, B3 are pairwise anticomplete to each other;

cliques C1, Cy, C3 are pairwise complete to each other;

there exists an index i* € {1, 2,3} such that

— A is complete to (B; U By U B3) \ By, and
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— A can be ordered as A = {a1,...,a:} so that Ng(a;) N B € --- C Ng(a1) N B =
Bi=;T

e A is anticomplete to Cy U Cy U Cs;
e for all indices i € {1,2,3}, B; is complete to C; and anticomplete to (C; U Cy U Cs) \ Cj;

e there exists an index j* € {1,2,3} such that F' is complete to V(Q) \ (Bj- UCj« U F) and
anticomplete to Bj« U Cj+.

Under such circumstances, we say that (A; By, B, Bs; C1,Co,Cs; F') is a 5-basket partition of
the 5-basket Q.

Note that there are effectively two different types of 5-basket (depending on whether or not
i* and j* are the same). These two types of 5-basket (up to a permutation of the index set
{1,2,3}) are represented in Figure 5.1. Note that the 3-pentagon is a 5-basket.

Lemma 5.1 (Lemma 2.5 of [8]). Every 5-basket is (4K1,Cy, Cs, C7)-free and contains an in-
duced 3-pentagon.

Proposition 5.2. Every 5-basket is (2P3, Cy, Cs, C7, Tp)-free and contains an induced 3-pentagon.
Moreover, every 5-basket is anticonnected and contains no simplicial and no universal vertices.

Proof. By Lemma 5.1, every 5-basket is (4K, Cy, Cg, C7)-free. Since both 2P and T contain
an induced 4K7, it follows that every 5-basket is (2Ps, Cy, Cg, C7, Tp)-free. Further, Lemma 5.1
guarantees that every 5-basket contains an induced 3-pentagon.

It remains to show that 5-baskets are anticonnected and contain no simplicial and no univer-
sal vertices. So, fix a 5-basket @, and let (A; By, Bo, Bs; C1,Ca,Cs; F') be a 5-basket partition of
Q. Then Bi, Bo, B3 are nonempty, pairwise disjoint, and pairwise anticomplete to each other;
therefore, Q[B; U By U Bs] is anticonnected. Moreover, F' is anticomplete to one of By, Ba, Bs,
and so Q[B1 U By U B3 U F] is anticonnected. Further, for each i € {1, 2,3}, C; is anticomplete
to two of By, Ba, Bs; so, Q[B1UByUB3sUC; UC,UC3UF] =@\ A is anticonnected. Finally,
A is anticomplete to C; U Co U C3 # ), and we deduce that @ is anticonnected. Since @ has
more than one vertex, it follows that () has no universal vertices. It remains to show that Q
contains no simplicial vertices. First, every vertex in B; U By U B3 U F has a neighbor both in A
and in Cy UCy U Cs; since A and C7 U Cs U C3 are nonempty, disjoint, and anticomplete to each
other, we see that no vertex in By U Bo U B3 U F' is simplicial in . Further, A is complete to at
least two of By, Bo, Bs; since By, By, B3 are nonempty, disjoint, and pairwise anticomplete to
each other, it follows that no vertex in A is simplicial in @. Finally, for all i € {1,2,3}, every
vertex in C; has a neighbor both in B; and in (C; U Cy U Cs) \ C;, and we know that B; and
(C1UCyU(C3) \ C; are nonempty, disjoint, and anticomplete to each other; therefore, no vertex
in Cq U C9 Uy is simplicial in ). This proves that () contains no simplicial vertices. ]

For an integer t > 3, a t-villa is a graph ) whose vertex set can be partitioned into nonempty
cliques A, By, ..., B, Cy,...,C, with adjacency as follows:

e A is complete to By U ---U By and anticomplete to C7 U --- U CY;
e cliques Bi,..., B; are pairwise anticomplete to each other;

e cliques (', ..., C; are pairwise complete to each other;

"Thus, a1 is complete to B; U Ba U Bz. Furthermore, B;« can be ordered as B« = {b1,...,bp} so that
a; € NQ(bp) NAC...C NQ(bl) N A.

11



Figure 5.1: A 5-basket with an associated 5-basket partition (A; By, B2, Bs; C1, Co, C3; F'), and
with i* = 7% = 1 (top) or ¢* = 1 and j* = 3 (bottom). The clique F' may possibly be empty,
and the remaining cliques represented by crosshatched disks are all nonempty.
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3-villa 4-villa

Figure 5.2: A 3-villa with an associated 3-villa partition (A4; By, Ba, Bs; C1,Ca,Cs) (left), and
a 4-villa with an associated 4-villa partition (A; By, By, Bs, By; C1,Co,C3,Cy). All cliques rep-
resented by crosshatched disks are nonempty.

e for all distinct 4,5 € {1,...,t}, B; is anticomplete to Cj;

o for all i € {1,...,t}, B; can be ordered as B; = {b},...,b. } so that § # Ng(b’.) N C; C
- C NQ(bll) NnNC; = Ci.s

Under these circumstances, we say that (A; By,...,B;Cy,...,Cy) is a t-villa partition of the
t-villa Q. (See Figure 5.2.)

A willa is any graph that is a t-villa for some integer ¢ > 3.

Note that for each integer t > 3, the t-pentagon is a t-villa.

A simplicial elimination ordering of a graph G is an ordering vy, ..., v; of the vertices of G
such that for all ¢ € {1,...,t}, the vertex v; is simplicial in the graph G \ {v1,...,v;—1}. It is
well known that a graph is chordal if and only if it admits a simplicial elimination ordering [5].

Proposition 5.3. Lett > 3 be an integer. Every t-villa is (2Ps, Cy, Cg, C7, Tp)-free and contains
an induced t-pentagon. Moreover, every t-villa is anticonnected and contains no simplicial and
no universal vertices.

Proof. Let @ be a t-villa, and let (A; By,...,B;Cq,...,Ct) be a t-villa partition of Q. Set
B:=BjU---UB;and C :=C;U---UC,. Further, for all i € {1,...,t}:

e let B; = {bi,...,b. } be an ordering of B; such that () # Ng(bi )NC; C -+ € Ng(b4)NC; =
C;

o let C; = {c},...,c. } be an ordering of C; such that () # Ng(c. )NB; C --- C Ng(c})NB; =
Bia

as in the definition of a t-villa.

Claim 5.3.1. Q) contains an induced t-pentagon.

Proof of Claim 5.3.1. We fix any a € A, and we observe that Q[a,bi,... b}, cl,... cl] is a
t-pentagon. ¢

®Note that this implies that C; can be ordered as C; = {ci,...,c.,} so that 0 # Ng(c..)NB; C --- C

NQ(C&)HBZZB1 B
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Claim 5.3.2. Q is anticonnected and contains no simplicial and no universal ver-

tices.
Proof of Claim 5.3.2. We first show that @ is anticonnected. First of all, we know that ¢ > 3
and that the cliques B, ..., B; are nonempty, pairwise disjoint, and pairwise anticomplete to
each other; therefore, Q[B] is anticonnected. Next, for all i € {1,...,t}, C; is anticomplete to

B\ B; # (0, and consequently, Q[B U C] is anticonnected. Finally, A is anticomplete to C' # (),
and so Q[AUBUC] = @ is anticonnected. Since () contains more than one vertex, this implies,
in particular, that ) contains no universal vertices.

It remains to show that @) contains no simplicial vertices. First, A is complete to B, and B
is not a clique; so, no vertex of A is simplicial in Q). Next, every vertex in B has a neighbor
both in A and in C; since A and C are nonempty, disjoint, and anticomplete to each other, we
see that no vertex of B is simlicial in Q. Finally, for all i € {1,...,t}, every vertex in C; has
a neighbor in B; and is complete to C'\ C; # ), and so since B; and C'\ C; are disjoint and
anticomplete to each other, we see that no vertex in Cj is simplicial in Q). This proves that Q)
has no simplicial vertices. ¢

In view of Claims 5.3.1 and 5.3.2, it now only remains to show that @ is (2Ps, Cy4, Cs, C7,Tp)-
free.

Claim 5.3.3. Every hole in (Q contains exactly one vertex of A.

Proof of Claim 5.3.3. First of all, note that the following is a simplicial elimination ordering of

Q\ A
bl

112 2 L t 1 1 2 2 ¢ ¢
ey 01 by o 07, O DY e €1 Cyy e CTy e Cgyy e O

799 Y Ve 599 S

Therefore, by [5], @ \ A is chordal, and it follows that every hole in @ contains at least one
vertex of A. On the other hand, any two distinct vertices of A are twins in (), and no hole
contains a pair of twins; therefore, no hole in @ contains more than one vertex of A. ¢

Claim 5.3.4. Every hole in Q is of length five. In particular, Q is (Cy, Cs, C7)-free.

Proof of Claim 5.5.4. Let xo,x1,...,Tk—1,%o be a hole in Q (with £ > 4, and with indices in
Zy). We must show that £ = 5. By Claim 5.3.3, and by symmetry, we may assume that xo € A
and x1,...,25_1 ¢ A. Since A is complete to B and anticomplete to C, we see that x;_1,21 € B
and z,...,x,_9 € C. Since By, ..., B; are cliques, and since x1, x;_1 are nonadjacent (because
k > 4), we see that vertices x1,x;_1 belong to distinct B;’s. By symmetry, we may assume
that z1 € By and zj_1 € By. But then x9 € C7 and z_9 € C9, and in particular, zs, zj_o are
adjacent. This implies that & — 2 = 3, that is, k = 5. ¢

Claim 5.3.5. Q is 2Ps-free.

Proof of Claim 5.3.5. By the definition of a t-villa, A is a clique, complete to B and anticomplete
to C. Therefore, for all a € A, we have that V(Q) \ Ng[a] = C, and in particular, V(Q) \ Ng|a]
is clique. So, by Proposition 4.8, it suffices to show that Q; := Q@ \ A = Q[B U (] is 2Ps-free.
Now, since C is a clique, we see that for all ¢ € C, we have that C' C Ng, [c], and consequently,
V(Q1) \ Ng,[c] € B. By the definition of a t-villa, B can be partitioned into cliques (namely,
By, ..., By), pairwise anticomplete to each other. So, by Proposition 4.8, it suffices to show
that Q1 \ C = Q[B] is 2Ps-free. But the components of Q[B] are precisely the complete graphs
Q[Bi], - .., Q[B¢], and so Proposition 4.5 guarantees that Q[B] is 2Ps-free. ¢

Claim 5.3.6. Q is Tp-free.
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Proof of Claim 5.3.6. In view of Proposition 4.11, it suffices to show that all vertices in @ that
have three pairwise nonadjacent neighbors belong to the clique A. For this, we just need to
show that the closed neighborhood of each vertex in V(Q) \ A = B UC is the union of two
cliques. But this follows immediately from the definition of a t¢-villa. Indeed, fix any x € BUC.
By symmetry, we may assume that z € By UCy. If 2 € By, then Ng[z] C AU B; UCy, and
AU B and C) are cliques. On the other hand, if z € C1, then Ng[z] € B; UC, and B; and C
are cliques. ¢

Claims 5.3.4, 5.3.5, and 5.3.6 together imply that @ is (2Ps, Cy, Cg, C7, Tp)-free, and we are
done. .

For an integer t > 3, a t-mansion is a graph () whose vertex set can be partitioned into
cliques A, By,...,B:,Cq,...,Ct, F, X, Y such that all the following hold:

e cliques A, By, ..., B, Cq,...,Cy, F are all nonempty (cliques X, Y may possibly be empty);

Q\(FUXUY)isat-villa, and (A; By, ..., By Cy,...,CY) is an associated t-villa partition
of Q\ (FUXUY);

there exists some j* € {1,...,t} such that all the following hold:
— F'is complete to A, (B1U---UBy)\ Bj~, and (C1U---UCy)\ Cj+, and is anticomplete
to Bj- Uy,
— Bj« is complete to Cj,
— X is complete to AUBj+ and is anticomplete to (B1U---UB;)\ Bj» and C1U---UCY,

F'is complete to X UY;
e X is anticomplete to Y
e Y is complete to C7 U --- U Cy and anticomplete to AU By U ---U By.

Under these circumstance, we also say that (A;Bi,...,By;Ch,...,Cy F; X Y) is t-mansion
partition of the t-mansion (. (A 3-mansion is represented in Figure 5.3.)
A mansion is any graph that is a t-mansion for some integer ¢t > 3.

Proposition 5.4. Let t > 3 be an integer. Every t-mansion is (2P, Cy, Cs,C7,Ty)-free and
contains an induced t-pentagon. Moreover, every t-mansion is anticonnected and contains no
stmplicial and no universal vertices.

Proof. Fix a t-mansion @, and let (A; By,...,B; C1,...,Cy; F; X;Y) be a t-mansion partition
of Q. Set B:= BiU---UB;and C := C1U---UC;. Let j* be as in the definition of a t-mansion;
by symmetry, we may assume that j* = 1.

Claim 5.4.1. Q) contains an induced t-pentagon. Moreover, Q) is anticonnected and
contains no simplicial vertices and no universal vertices.

Proof of Claim 5.4.1. First of all, by the definition of a t-mansion, @ \ (FUX UY) is a t-villa,
and so by Proposition 5.3, @ \ (F U X UY’) contains an induced ¢-pentagon; consequently, @
contains an induced t-pentagon.

Next, by Proposition 5.3, the t-villa @ \ (FU X UY) is anticonnected. Now, we know that
F' is anticomplete to By U C7, that X is anticompelte to C, and that Y is anticomplete to A;
since B1UC1, C, and A are all nonempty, we deduce that @) is anticonnected. Since () contains
more than one vertex, it follows that () contains no universal vertices.
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Figure 5.3: A 3-mansion with an associated J-mansion partiton
(A; By, Bg, B3; C1,C5,Cs; F; X;Y), and with j* = 1. Cliques X and Y may possibly be
empty; the other cliques represented by crosshatched disks are all nonempty.

It remains to show that () contains no simplicial vertices. By Proposition 5.3, the t¢-villa
Q\ (FUX UY) contains no simplicial vertices; therefore, no vertex of V(Q)\ (FUXUY) =
AU B UC is simplicial in Q. Further, we know that F' is complete to AU (C' \ C}); since A
and C'\ C; are nonempty, disjoint, and anticomplete to each other, we deduce that no vertex
of F is simplicial in Q. Next, X is complete to By U F’; since By and F' are nonempty, disjoint,
and anticomplete to each other, it follows that no vertex of X is simplicial in ). Finally, Y is
complete to C1 U F'; since C; and F' are nonempty, disjoint, and anticomplete to each other,
it follows that no vertex of Y is simplicial in ). This proves that ) contains no simplicial
vertices. ¢

In view of Claim 5.4.1, it now only remains to show that @ is (2Ps, Cy, Cg, Cr)-free.

Claim 5.4.2. All holes in Q \ F are of length five.

Proof of Claim 5.4.2. First of all, by definition of a t~-mansion, all vertices in X UY are simplicial
in the graph @\ F. Since no hole contains a simplicial vertex, we deduce that all holes in @ \ F'
are in fact holes in @ \ (FFUX UY'). But by the definition of a t-mansion, Q \ (FUX UY) is a
t-villa. So, by Proposition 5.3, Q \ (FU X UY) is (2P3,Cy, Cs, C7)-free, and consequently, all
holes in @\ (FFU X UY) are of length five. ¢

Claim 5.4.3. All holes in Q are of length five. In particular, Q is (Cy, Cs, C7)-free.
Proof of Claim 5.4.5. Let xg,x1,...,xp_1,20 be a hole in @ (with k£ > 4, and with indices in
Zi). We must show that k = 5. We may assume that {xg,z1,..., 251} NF # ), for otherwise,
the result follows from Claim 5.4.2. Next, note that any two distinct vertices of F' are twins.
Since no hole contains a pair of twins, we now deduce that F' contains exactly one vertex of the
hole xg, x1,...,Zx_1, To; by symmetry, we may assume that zog € F' and z1,...,25_1 ¢ F. Next,
note that every vertex of F' dominates all vertices of BoU---U By in @); since no vertex of a hole
dominates another vertex of that hole, we deduce that {xg,z1,..., 251} N (B2 U---UBy) = (.
Thus, xg, x1,...,2x_1,To isaholein Q1 := Q\(BU- - -UB;) = Q[AUB;UCUFUXUY]. But note
that @1 is a 5-hyperhole with an associated 5-hyperhole partition (AUX, By, C1, (C\C1)UY, F).
Clearly, all holes in a 5-hyperhole are of length five, and we deduce that k = 5. ¢
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Claim 5.4.4. Q is 2Ps-free.

Proof of Claim 5.4.4. Note that for all a € A, we have that V(Q) \ Ngla] = C UY, whereas
for all f € F, we have that V(Q) \ Ng[f] = B1 UC;. Since CUY and B; U C are both
cliques, Proposition 4.8 guarantees that @ is 2Ps-free if and only if Q1 := Q \ (AU F) is 2Ps-
free. So, it is enough to show that )1 is 2Ps-free. Next, note that for all ¢ € CUY, we
have that V(Q1) \ Ng,[c] € BU X, and that BU X can be partitioned into cliques (namely,
B1 U X, By,...,B;) that are pairwise anticomplete to each other. So, by Proposition 4.8, it is
enough to show that Q2 := Q1 \ (CUY) is 2Ps-free. But note that V(Q2) = BU X can be
partitioned into cliques (namely B;UX, Bs, ..., B;), pairwise anticomplete to each other. Thus,
all components of (5 are complete graphs, and so Proposition 4.5 implies that Q2 is Ps-free. ¢

Claim 5.4.5. @ is Tp-free.

Proof of Claim 5.4.5. By the definition of a t-mansion, we know that AUF' is a clique. So, in view
of Proposition 4.11, it suffices to show that all vertices of () that have three pairwise nonadjacent
neighbors belong to AU F'. Clearly, it is enough to show that the closed neighborhood of each
vertex in V(Q)\(AUF) = BUCUXUY can be partitioned into two cliques. Fix z € BUCUXUY'.
Since j* = 1, we may assume by symmetry that z € B; U By UCy UCy U X UY. Using the
definition of a t-mansion, we easily see that all the following hold:

e if z € By, then Ng[z] = AUB;UC;UX, and AU X and By UC) are cliques;
o if z € By, then Ng[z] CAUByUCyUF, and AU By U F and Cy are cliques;
o if z € (1, then Ng[z] = BiUCUY, and By and C UY are cliques;

o if 2 € Cy, then Ng[z] C BbUCUFUY, and BoUF and C UY are cliques;

e if z € X, then Ng[2] =AUB UFUX, and AU By and F U X are cliques;

e if z€Y, then Ng[z] =CUFUY, and C and FUY are cliques.

So, in any case, N¢|[z] is the union of two cliques, which completes the proof of the claim. ¢

Our proof is now complete: Claims 5.4.3, 5.4.4, and 5.4.5 together guarantee that @ is
(2Ps3,C4, Cs, C7,Tp)-free, which is what we needed to show. O

5.2 Frames

For an integer t > 3, a t-frame is a graph () whose vertex set can be partitioned into nonempty
sets A, By,...,B:,C1,...,Cy such that all the following hold:

e every vertex in A has a neighbor in at least two of By, ..., By;

A is anticomplete to C1, ..., Cy;

e Bi,..., B, are pairwise anticomplete to each other;

Ci,...,Cy are pairwise complete to each other;

for all distinct 4,5 € {1,...,t}, B; is anticomplete to Cj;

for all s € {1,...,t}, all the following hold:

— every vertex in B; has a neighbor in A,
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— every vertex in B; has a neighbor in Cj,

— every vertex in C; has a neighbor in B;.

Under these circumstances, we say that (A; By, ..., By Ch, ..., Cy) is a t-frame partition of the
t-frame Q.

Note that for any integer ¢ > 3, the t-pentagon is a t-frame. As we shall see, t-frames will
play a crucial role in the proof of Lemma 5.6 (a technical lemma that is the main ingredient
of our proof of Theorem 5.7, the main result of this section). For now, note that the definition
of a t-frame places no restrictions at all on adjacency between vertices that belong to the
same set of a t-frame partition, and consequently, t-frames may contain any graph at all as an
induced subgraph. However, as Lemma 5.5 (below) establishes, any t¢-frame that happens to be
(2P5, Cy, Cs, C7, Tp, (t + 1)-pentagon)-free is either a villa or a 5-basket.

Lemma 5.5. Let t > 3 be an integer, and let Q be a (2P3, Cy, Cg, C7, Tp, (t + 1)-pentagon)-free
t-frame with an associated t-frame partition (A; By,...,By;Cy,...,Ct). Set B:= By U---U B,
and C := ChU---UC;. Let A ={aq,...,a,} be an ordering of A such thatdg(a,) < --- < dg(a1).
Further, for all i € {1,...,t}, let B; = {bi,... bl } be an ordering of B; such that dg(b.) <
- < dg(b), and let C; = {ci,...,c. } be an ordering of C; such that dg(cl) < --- < dg(c}).
Then all the following hold:

(a) sets A,By,...,B;,Cy,...,C; are cliques;’
(b) either A is complete to B, or all the following hold:

o t=23,

o there exists somei* € {1,2,3} such that B\ B;~ C Ng(a,)NB C --- C Ng(a1)NB = B,
and in particular, A is complete to B\ B;»,

o foralli € {1,2,3}, B; is complete to C;;
(c) foralli € {1,...,t}, both the following hold:

e {dl} CNg(t,)NCi C - C No(Bi) N Ci = C;,"
o {bi} S No(c,,)NB; C -+ C No(ci) N B; = Bi;

(d) if A is complete to B, then Q is a t-villa with an associated t-villa partition (A; By, ..., By; Cq, . ..

(e) if A is not complete to B, then t = 3, and Q is a 5-basket with an associated 5-basket
partition (A; By, By, Bg; C1,C3,C3;0).

Proof. Clearly, (d) follows from (a), (c), and the definition of a ¢-frame. On the other hand, (e)
follows from (a), (b), and the definition of a ¢-frame. Thus, it is enough to prove (a), (b),
and (c), which we do by proving a sequence of claims. Before we begin, we observe that @ is
P;-free (because @ is 2Ps-free, and 2Ps is an induced subgraph of P7), a fact that we will use
throughout our proof. We now introduce some notation. For each a € A, let Z, be the set of all
indices i € {1,...,t} such that a has a neighbor in B;. By the definition of a ¢t-frame, we know
that |Z,| > 2 for all a € A.

Claim 5.5.1. For all a,a’ € A, one of the sets T,,Z, is included in the other.

9Since C1, ..., Ct are complete to each other (by the definition of a t-frame), this in particular implies that C
is a clique. _ _
10T particular, b¢ is complete to C;, and ¢i is complete to B;.
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Proof of Claim 5.5.1. Suppose otherwise, and fix a,a’ € A such that Z, ¢ Z,, and Z,, € Z,.
(In particular, a # o’.) By symmetry, we may assume that 1 € Z, \ Z,s and 2 € Z» \ Z,. Fix
a neighbor b; € By of a, and fix a neighbor by € By of a’. (Note that a is anticompelte to Bs,
and is consequently nonadjacent to by. Similarly, a’ is anticomplete to Bj, and is consequently
nonadjacent to b;.) For each i € {1,2}, let ¢; € C; be a neighbor of b; (such a ¢; exists by
the definition of a t¢-frame); by the definition of a ¢-frame, ¢1,co are adjacent. Then a,a’ are
nonadjacent, for otherwise a,d’, bs, ca,c1,b1,a would be a 6-hole in ), a contradiction. Since
|Z,| > 2, we may assume by symmetry that 3 € Z,. Fix a neighbor b3 € Bs of a. But if d/, b3
are adjacent, then a’, by, co, 1, b1, a, b3, a’ is a T-hole in ), whereas if a’, b3 are nonadjacent, then
a', by, ca,c1,b1,a,bs is an induced 7-vertex path in @), a contradiction in either case. ¢

Claim 5.5.2. For all a € A, we have that t — 1 < |Z,| < t.

Proof of Claim 5.5.2. Fix a € A. The fact that |Z,| < t follows simply from the fact that
T, C{1,...,t}. So, we just need to show that |Z,| >t — 1. Suppose otherwise, that is, assume
that |Z,| <t —2. By the definition of a t-frame, we have that |Z,| > 2. So, 2 < |Z,| < t—2, and
in particular, ¢ > 4. By symmetry, we may assume that 1,2 € Z, and 3,4 ¢ Z,. Fix b; € B;
and by € By such that a is complete to {b1,b2}. Fix any bs € B and ¢4 € Cy, and (using the
definition of a ¢-frame) fix any neighbor c3 € C5 of bs. But then Q[b1,a, ba, b3, c3,cq] is a 2P3, a
contradiction. ¢

Claim 5.5.3. Foralli € {1,...,t}, and all distinct, nonadjacent vertices a,a’ € A,
one of the sets Ng(a) N B; and Ng(a') N B; is included in the other.

Proof Claim 5.5.3. Suppose otherwise. By symmetry, we may assume that there exist distinct,
nonadjacent vertices a,a’ € A such that Ng(a)NB; € Ng(a')NB; and Ng(a')NB; € Ng(a)NB;.
Fix by, b} € B such that b; is adjacent to a and nonadjacent to ', and such that b} is adjacent
to @’ and nonadjacent to a.

We begin by showing that by,b] are nonadjacent. Suppose otherwise. Fix by € By and
bs € Bs. If {a,ad’} is complete to {ba, b3}, then a,bs,d’, b3, a is a 4-hole in @, a contradiction.
So, by symmetry, we may assume that a, bo are nonadjacent. Using the definition of a t-frame,
we now fix a neighbor ¢y € Cy of by, and we fix any ¢z € C3. But now Q[a, by, V), b2, c2,c3] is a
2P, a contradiction. This proves that by, b] are indeed nonadjacent.

Next, we claim that Q[AU By UC4] contains an induced path of length at least four between
a and o', with all internal vertices of this path belonging to B; U Cy. By the definition of a
t-frame, there exist some c1,¢}] € C} such that by is adjacent to ¢1, and b} is adjacent to .
If b} is adjacent to c1, then a,bi,c1,b],a’ is the path that we need. Similarly, if b; is adjacent
to ¢}, then a, by, ¢, b}, a is the path that we need. So, we may assume that b; is nonadjacent
to ¢}, and that b} is nonadjacent to ¢;. In particular, ¢; # ¢j. Then ¢; and ¢| are adjacent,
for otherwise, Q[a,b1,c1,a’,b),c}] would be a 2P, a contradiction. But now a,by,c1, ¢}, b, d
is the path that we need. This proves that there exist vertices z1,...,zy € By U] such that
a,r1,...,2y,a is an induced path of length at least four in @ (thus, ¢ > 3).

Now, since @ is (2P3, Cy, Cg, C7)-free, we know that all holes in @ are of length five. More-
over, since @ is Pr-free, we know that all induced paths in @ are of length at most five.!! We
will derive a contradiction by exhibiting either a hole of length at least six or an induced path
of length at least six in Q.

By Claim 5.5.1, and by symmetry, we may assume that Z,» C Z,. Moreover, since |Z,/| > 2
(by the definition of a frame), we may assume by symmetry that 2 € Z,, (and consequently,
2 € 7,). Fix by, b, € By such that a is adjacent to by, and a is adjacent to b,,. Then d is

' Recall that the length of a path is the number of edges that it contains. So, P is of length six.
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Figure 5.4: Q[ay, a, bo, b1, b, b3, c1,c2, c3] is a Ty (proof of Claim 5.5.6).

nonadjacent to by, for otherwise, a’, bs,a,x1,...,xy,a’ would be a hole of length at least six in
@, a contradiction. Similarly, a is nonadjacent to b5. (In particular, b # b5.) But now if be, b
are adjacent, then by, a,x1,...,z¢,a, by, by is a hole of length at least seven in @, and if bo, b,
are nonadjacent, then be,a,z1,..., x4 a’, by is an induced path in @ of length at least six, a
contradiction in either case. ¢

Claim 5.5.4. For all distinct, nonadjacent vertices a,a’ € A, one of the sets
Ng(a) N B and Ng(a') N B is included in the other.

Proof Claim 5.5.4. Suppose otherwise. By Claim 5.5.3, and by symmetry, we may assume that
for some distinct, nonadjacent vertices a,a’ € A, we have that Ng(a') N By & Ng(a) N By and
Nq(a) N By G Ng(a') N By. Fix by € By that is adjacent to a and nonadjacent to a’, and fix
by € By that is adjacent to @’ and nonadjacent to a. Fix a neighbor ¢; € Cy of by, and fix a
neighbor ¢y € Cy of bs.

We now claim that {a,a’} is anticomplete to B3 U --- U B;. Suppose otherwise. By
symmetry, we may assume that some b3 € Bjs is adjacent to a. But if b3 is also adjacent
to @/, then b3,a,by,c1,co,ba,a’,b3 is a T-hole in @, whereas if b3 is nonadjacent to a’, then
bs,a, by, c1,ca,be,a’ is an induced 7-vertex path in @, a contradiction in either case. This proves
that {a,a’} is indeed anticomplete to B3 U --- U By. Consequently, 3,...,t ¢ Z, UZ,. Since
|Zal, |Zar] > 2 (by the definition of a t-frame), we now deduce that Z, = Z,, = {1, 2}.

Using the fact that Z, = Z,, = {1,2}, we now fix some b} € By that is adjacent to o', and
we fix some by € By that is adjacent to a. Since Ng(a') N By & Ng(a) N By and Ng(a) N By &
Ng(a') N By, we deduce that {¥),b5} is in fact complete to {a,a’}. But then a,b],d’,b),a is a
4-hole in G, a contradiction. ¢

Claim 5.5.5. A is a clique.

Proof of Claim 5.5.5. Suppose otherwise, and fix distinct, nonadjacent vertices a,a’ € A. By
Claim 5.5.4, and by symmetry, we may assume that Ng(a) N B C Ng(a’)N B. By the definition
of a t-frame, a has a neighbor in at least two of By, ..., By; by symmetry, we may assume that
there exist by € By and by € By that are both adjacent to a. Since Ng(a) N B C Ng(a') N B, we
see that by, by are also adjacent to a’. But now a, by, ad’, bs, a is a 4-hole in G, a contradiction. ¢

Claim 5.5.6. Sets Bq,...,B; are all cliques.

Proof of Claim 5.5.6. Suppose otherwise. By symmetry, we may assume that some distinct
vertices by, by € B are nonadjacent.

Suppose first that by, by have a common neighbor a € A. For each i € {0, 1}, fix a neighbor
¢; € Cq of b;. Then by is nonadjacent to ¢y, for otherwise, a, by, c1,b1,a would be a 4-hole in
@, a contradiction. Analogously, b; is nonadjacent to c¢g. In particular, ¢y # ¢1. Then cg, 1
are adjacent, for otherwise, we fix any co € Cs, and we observe that a,bg, cg, co,c1,b1,a is a
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6-hole in G, a contradiction. Now, for all ¢ € {2,...,t}, fix an arbitrary b; € B;, and fix a
neighbor ¢; € C; of b;. If a is complete to {bo, ..., b}, then Qla,bo,b1,..., b, co,c1,...,¢) is a
(t+1)-pentagon, a contradiction. Therefore, a is not complete to {ba, ..., b;}. By symmetry, we
may assume that a is nonadjacent to by. But now Q[bg, a, by, ba, c2, c3] is a 2P3, a contradiction.

Thus, by, by have no common neighbors in A. However, by the definition of a t-frame, every
vertex in B has a neighbor in A. So, for each i € {0,1}, fix a neighbor a; € A of b;. Since by, b;
have no common neighbors in A, we deduce that aj, is nonadjacent to by, and by is nonadjacent
to a. In particular, af # a}, and so by Claim 5.5.5, af, is adjacent to a].

For each ¢ € {0,1}, fix a neighbor ¢; € Cy of b;. Suppose first that by is nonadjacent to c1,
and by is nonadjacent to c¢p. Then co, ¢; are nonadjacent, for otherwise, aj, bo, co, c1,b1,a}, a;
would be a 6-hole in @), a contradiction. But now we fix an arbitrary co € Cy, and we observe
that ag), b, co, c2, 1, b1, a7, aj is a 7-hole in @), again a contradiction. This proves that either by
is adjacent to ci1, or by is adjacent to ¢g. By symmetry, we may assume that the former holds.
Thus, ¢; is complete to {bg, b1 }.

We now claim that {ay, @]} is complete to Ba U ---U B;. Suppose otherwise. By symmetry,
we may assume that a{, has a nonneighbor by € By. Fix a neighbor ¢2 € Cy of by, and fix any
c3 € Cy. If by is nonadjacent to af, then Qlag, al, b, ba, c2, 3] is a 2P3, a contradiction. So, by
is adjacent to a}. But now af, a}, be,ca, 1, bo, af is a 6-hole in @, a contradiction. This proves
that {a{,a)} is complete to Bo U -- U By.

Now, fix any be € B and b3 € Bs, and for each i € {2,3}, fix a neighbor ¢; € C; of
b;. But we now see that adjacency between vertices ay), ay, bo, b1, b2, b3, c1, 2, c3 is exactly as in
Figure 5.4, and we deduce that Qlag, a}, bo, b1, b2, b3, c1, 2, c3] is a Tp, contrary to the fact that
Q is Ty-free. ¢

Claim 5.5.7. Fvery vertex of A is complete to all but possibly one of B1,..., B;.

Proof of Claim 5.5.7. Suppose otherwise. By symmetry, we may assume that some a € A has
a nonneighbor b} € By and a nonneighbor b, € By. By Claim 5.5.2, a has a neighbor in all but
possibly one of By, ..., B;. Therefore, a has a neighbor in at least one of By, Bo; by symmetry,
we may assume that a has a neighbor b; € B;. By Claim 5.5.6, by, b} are adjacent. Now, using
the definition of a t-frame, we fix a neighbor co € Cy of b, and we fix any cg € C3. Then
Qla, by, by, by, ca, c3] is a 2P5, a contradiction. ¢

Claim 5.5.8. For alla,a’ € A, one of the sets No(a)NB and Ng(a')NB is included
in the other.

Proof of Claim 5.5.8. Suppose otherwise, and fix a,a’ € A such that neither one of Ng(a) N B
and Ng(a’) N B is a subset of the other. In particular, a # o/, and by Claim 5.5.5, a,a’ are
adjacent. Now, fix b,0’ € B such that b is adjacent to a and nonadjacent to a’, and such that ¢’
is adjacent to o’ and nonadjacent to a. If there exists some i € {1,...,t} such that b,b’ € B;,
then Claim 5.5.6 guarantees that b, b’ are adjacent, and we see that a,b,b’,ad’,a is a 4-hole in Q,
a contradiction. Thus, there exist distinct 4,5 € {1,...,t} such that b € B; and V' € B;. Using
the definition of a ¢-frame, we fix a neighbor ¢ € C; of b, and we fix a neighbor ¢ € C; of V.
But then a,b,c,c,b',ad,a is a 6-hole in G, a contradiction. ¢

Claim 5.5.9. There exists an index i* € {1,...,t} such that AU (B \ B;jx) C
NQ[GT] c...C NQ[al] =AUB.

Proof of Claim 5.5.9. By Claim 5.5.5, A is a clique, and by the definition of a t-frame, Ng(A) C
B. Therefore, for all @ € A, we have that A C Ng[a] € AU B. Since dg(a,) < --- < dg(a1),
Claim 5.5.8 now implies that A C Ngla,] C --- € Nglai] € AU B. By Claim 5.5.7, we
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Figure 5.5: Q[a1,b1,b),be,bs, c1,c), co,cs] is a Ty (proof of Claim 5.5.10).

know that a, is complete to all but possibly one of Bji,...,B;. Therefore, there exists an
index i* € {1,...,t} such that AU (B \ B;x) C Ngla,]. It remains to show that B C Ngla1].
Fix any b € B. By the definition of a ¢-frame, b has a neighbor in A = {aj,...,a,}. Since
Nglar] C --- C Ngla1], it follows that b is adjacent to ay, that is, b € Ng[a1]. This proves that
B C Nglai], and we are done. ¢

Claim 5.5.10. C4,...,C; are all cliques.

Proof of Claim 5.5.10. Suppose otherwise. By symmetry, we may assume that C; is not a
clique. Fix distinct, nonadjacent vertices ¢1, ¢} € Cj.

Using the definition of a t-frame, we fix by, b] € B; such that by is adjacent to ¢, and b is
adjacent to ¢|. If by is adjacent to ¢}, then we fix an arbitrary co € Cs, and we observe that
b1, c1,c2,¢, b1 is a 4-hole in @, a contradiction. Therefore, b; is nonadjacent to ¢}, and similarly,
b is nonadjacent to ¢;. In particular, by # b}, and so by Claim 5.5.6, by, b} are adjacent.

By Claim 5.5.9, a; is complete to B. Further, fix arbitrary by € By and by € Bs.
For each i € {2,3}, fix a neighbor ¢; € C; of b;. But then adjacency between vertices
ai, by, by, ba, b3, c1,c),ca,c3 in @Q is as shown in Figure 5.5, and in particular, these vertices
induce a Tj in @, contrary to the fact that @) is To-free. ¢

Claim 5.5.11. For alli € {1,...,t}, and all b,V € B;, one of the sets Ng[b] and
No[V'] is included in the other.

Proof of Claim 5.5.11. By symmetry, it suffices to prove the claim for i = 1. Fix b;,0] € By.
By the definition of a t-frame, we know that Ng[bi] € AU B; Uy and Ng[bj] € AU B, U Ch.
Moreover, by Claim 5.5.6, we have that Bj is a clique, and consequently, B; C Ng[bi] and
By € Ng[b}]. (Note that this implies that by, b} are adjacent.) So, it suffices to show that one
of Ng(b1) N (AU C1) and Ng(by) N (AU Ch) is included in the other. Suppose otherwise. Fix
x,2’ € AUC such that z is adjacent to by and nonadjacent to b}, whereas z’ is adjacent to b}
and nonadjacent to by. (Clearly, x # z'.) If z, 2’ are adjacent, then by, z,2’,b],b; is a 4-hole in
Q, a contradiction. Therefore, z, 2’ are nonadjacent. By Claims 5.5.5 and 5.5.10, A and C; are
both cliques. Therefore, one of z, 2’ belongs to A and the other one belongs to C;. By symmetry,
we may assume that z € A and 2/ € C;. By the definition of a t-frame, z has a neighbor in
at least two of By, ..., B:; consequently, x has a neighbor in at least one of Bs, ..., B, and by
symmetry, we may assume that x is adjacent to some by € By. Now, using the definition of a
t-frame, we fix a neighbor ¢ € Cy of be, and we observe that by, x, by, co, ', b, b1 is a 6-hole in
@, a contradiction. ¢

Claim 5.5.12. For alli € {1,...,t}, and all ¢, € C;, one of the sets Ng[c] and
Nol'] is included in the other.
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Proof of Claim 5.5.12. By symmetry, it suffices to prove the claim for i = 1. Fix ¢, ¢} € Cy. By
the definition of a t-frame, Ng[ci] € By U C and Ng[cj] € By U C. Next, by Claim 5.5.10, C;
is a clique, and by the definition of a t-frame, C is complete to C'\ Ci. Therefore, C' C Nglci]
and C' C Ng|c}], and it is enough to show that one of Ng(c1) N By and Ng(c¢;) N By is included
in the other. But since By and C; are both cliques (by Claims 5.5.6 and 5.5.10), this follows
immediately from Proposition 4.6. ¢

Claim 5.5.13. For alli € {1,...,t}, both the following hold:
o Ng[b},] € -+ C Nolbi];
. Nold] € - € Nold].
Proof of Claim 5.5.13. Fix ¢ € {1,...,t}. Recall that dQ(bﬁ,i) <-ee < do(b}) and dQ(c;) <
+ < dg(c}). So, by Claims 5.5.11 and 5.5.12, we have that Ng[b), | € --- C Ngbj] and
Nold,] C -+ C Noldi]. ¢

S

Claim 5.5.14. For alli € {1,...,t}, both the following hold:
o {ci} S No(b,)NC;i C--- C No(b))NC; =Cy;
o {bi} S No(c,,) N B; C -+ C No(c}) N B; = B;.
Proof of Claim 5.5.14. Fix i € {1,...,t}. In view of Claim 5.5.13, it suffices to show that b} is
complete to C;, and that cﬁ complete to B;. But this follows immediately from Claim 5.5.13,

and from the fact that, by the definition of a t-frame, every vertex in B; has a neighbor in Cj,
and every vertex in C; has a neighbor in B;. ¢

Claim 5.5.15. If A is not complete to B, then both the following hold:
o t=23;
e foralli € {1,2,3}, B; is complete to C;.

Proof of Claim 5.5.15. Assume that A is not complete to B. Recall that A = {ay,...,a,}, and
that by Claim 5.5.9, there exists an index i* € {1,...,t} such that AU (B \ B;+) € Ngla,] C
.-+ C Ngla1] = AU B. By symmetry, we may assume that i* =1, so that AU (BaU---UBy) C
Noglar] € --- € Nglai] = AUB. Since A is not complete to B, we see that a, has a nonneighbor
in By. On the other hand, A is complete to Bo U --- U B;.

We first show that ¢ = 3. Suppose otherwise, that is, suppose that ¢ > 4. Fix a nonneighbor
b1 € By of a,, fix a neighbor ¢; € C7 of by, and fix any ¢y € Cy, bg € B3, and by € B4. Since
By U---UB; C Ngla,|, we see that a, is complete to {bs,bs}. But now Q[b1,c1,c2, b3, ar, ba] is
a 2Ps, a contradiction. This proves that ¢ = 3.

It remains to show that for all ¢ € {1,2,3}, B; is complete to C;.

We first show that By is complete to Cs. Suppose otherwise, and fix nonadjacent vertices
ba € By and ¢y € (5. Since A is not complete to By, our ordering of A guarantees that a, has
a nonneighbor b; € B;. Fix a neighbor ¢; € C; of b;. Fix any b3 € Bs, and recall that a, is
complete to Bs U Bs; in particular, a, is complete to {b2,b3}. But now Q[b1, c1, c2, ba, ay, bs] is
a 2P3, a contradiction. This proves that Bs is complete to Cs. Analogously, Bs is complete to
Cs.

Next, we show that every vertex of By is complete to at least one of A, C;. Suppose otherwise,
and fix a vertex by € By that has a nonneighbor both in A and in C1. It then follows from our
ordering of A that b; is nonadjacent to a,. Moreover, recall that a, is complete to Bs U Bs.
Fix any by € By and bs € Bs. Next, fix a nonneighbor ¢ € C; of b;. By the definition of
a t-frame, b; has a neighbor ¢; € Cj, and by Claim 5.5.10, ¢; and ¢] are adjacent. But now
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Qlb1,c1, ), ba, ar,bs] is a 2Ps, a contradiction. This proves that every vertex of B; is complete
to at least one of A, C].

We can now show that B; is complete to Cy. Suppose otherwise, and fix nonadjacent vertices
b1 € By and ¢; € (. By what we just showed, by is complete to A, and in particular, by is
adjacent to a,. Now, recall that a, has a nonneighbor in Bj; so, fix some b] € Bj that is
nonadjacent to a,. Then b} is adjacent to c¢;, since otherwise, b} would have a nonneighbor
both in A and in Cy, contrary to what we showed above. By Claim 5.5.6, b, b} are adjacent.
Next, fix any by € B, and fix a neighbor ¢s € Cs of bs. Recall that A is complete to Bs, and in
particular, a, is adjacent to be. But now a,, b1, b}, c1,ca, b2, a, is a 6-hole in @, a contradiction.
This proves that B; is complete to C7, and we are done. ¢

Our proof is now complete: (a) follows from Claims 5.5.5, 5.5.6, and 5.5.10; (b) follows from
Claims 5.5.9 and 5.5.15; and (c) follows from Claim 5.5.14. O

5.3 The structure of (2P, Cy, Cg, C7, Tp)-free graphs that contain an induced
3-pentagon and contain no simplicial vertices

In this subsection, we prove Lemma 5.6 (a technical lemma) and Theorem 5.7 (the main theorem
of this section). We note that Lemma 5.6 is the main ingredient of the proof of Theorem 5.7.

Lemma 5.6. Let G be a (2P3,Cy, Cg, C7, To)-free graph that contains an induced 3-pentagon.
Then one of the following holds:

e (G is a 5-basket, a villa, or a mansion;
e (G contains a simplicial or a universal vertex.

Proof. By hypothesis, G contains an induced 3-pentagon; let ¢ > 3 be the largest integer such
that G contains an induced t-pentagon. Then G is (¢ 4+ 1)-pentagon-free. Now, note that the
t-pentagon is, in particular, a t-frame. Let @ be a maximal induced ¢-frame in G,'? and let
(A; By, ...,B;Cq,...,C) be at-frame partition of . To simplify notation, set B := BjU- - -UB;
and C := C1U---UCy. Let A = {a1,...,a,} be an ordering of A such that dg(a,) < --- < dg(a1).
Next, for all i € {1,...,t}, let B; = {bi,...,b. } be an ordering of B; such that dg(b.. ) < --- <
do(b}), and let C; = {c},...,c. } be an ordering of C; such that dg(c. ) < --- < dg(c}). Since
G is (2P3,C4, Cg, C7,Tp, (t + 1)-pentagon)-free, so is its induced subgraph @. Thus, Lemma 5.5
applies to the t-frame @, to the t-frame partition (A; By,...,B; C1,...,Cy) of @, and to our
orderings of the sets A, By,...,B:,C1,...,C:. In particular, we know that either Q is a t-villa
with an associated t-villa partition (A; By,...,By;Ch,...,Cy), or t = 3 and @ is a 5-basket
with an associated 5-basket partition (A; By, By, Bs; Cy,C2,Cs;0). Furthermore (and still by
Lemma 5.5), we know that A, By,...,B;,Cy,...,C; are all nonempty cliques, and that the
following hold:

e either A is complete to B, or all the following hold:
—t=3,

— there exists some ¢* € {1, 2,3} such that B\ B+ C Ng(a,)NB C --- C Ng(a1)NB =
B, and in particular, A is complete to B\ Bj=,

— for all ¢ € {1,2,3}, B; is complete to Cj;

e for all i € {1,...,t}, both the following hold:

12 A5 usual, this means that for all induced subgraphs Q’ of G such that Q is a proper induced subgraph of Q’,
the graph Q' is not a t-frame.
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— {ct} C No(bi.)NC; C -+ C No(bt) N C; = G,
— {bi} C No(ct )N B; C -+ C Ng(ci) N B; = B;.

Note that the first bullet point above in particular implies that A is complete to all but possibly
one of the cliques Bq,..., B:, and moreover, aq is in fact complete to B. On the other hand,
the second bullet point implies that for all indices i € {1,...,t}, b is complete to C;, and ¢! is
complete to B;. Moreover, since C1, ..., C} are cliques, and since they are pairwise complete to
each other (by the definition of a t-frame), we see that C' is a clique.

We now define sets Dy, ..., Dy, Fi,...,Fi, X1,..., X, Y, Z, W as follows:
o forallie {1,...,t},set D;:= {ve V(G)\V(Q) | Na(v)NV(Q) = BiUC;};
o forallic {1,...,t},set F; := {v € V(G)\V(Q) | Na(v)NV(Q) = AU(B\B)U(C\Ci)};
o forallic{1,...,t},set X; :={v e V(G)\V(Q) | B; € Ng(v) C AU B;};
o set Y :={ve V(G)\V(Q)|0# Na(v)NV(Q) € C};
o set Z:={v e V(G)\V(Q) | No(v) N V(Q) C A};
o set W:={veV(G)\V(Q) | Ne(v)NV(Q) =V(Q)}-
To simplify notation, we further set
e D:=DyU---UDy;
e F:=F U---UF;
e X =X U---UX,.

In what follows, we will prove a lengthy sequence of claims about the sets that we just defined,
that is, sets Dy,..., Dy, F1,..., F, Xq,..., Xy, Y, Z,W. Before going into technical details, let
us give a brief outline of the entire proof. Our first goal is to prove that these sets form a
partition of V(G) \ V(Q) (see Claim 5.6.7). Then, we examine the relationship between these
sets. In particular, it will turn out that not all of these sets may simultaneously be nonempty,
most of them are cliques, and adjacency between them is not arbitrary. If all of these sets are
empty, then G = @ (in which case G is a 5-basket or a villa). Otherwise, we will see that either
G is a 5-basket or a mansion (this can only happen when almost all of our sets are empty), or
G contains a simplicial or a universal vertex. We now continue our formal proof.

Claim 5.6.1. For allv € V(G)\ V(Q), if v is anticomplete to B, thenv € Y U Z.

Proof of Claim 5.6.1. Fix v € V(G)\V(Q) that is anticomplete to B, i.e. Ng(v)NV(Q) C AUC.
Clearly, it is enough to show that v is anticomplete to A or C, for it will then immediately follow
that v € Y U Z. Suppose otherwise. By symmetry, we may assume that v is adjacent to some
a € A and c; € (. Using the definition of a t-frame, fix a neighbor b; € By of ¢;. Then a is
nonadjacent to by, for otherwise, v, a, by, ¢1, v would be a 4-hole in GG, a contradiction. Similarly,
v is nonadjacent to a;, for otherwise, v, a1, by, c1,v would be a 4-hole in G, a contradiction.'
Note that this, in particular, implies that a # a1; since A is a clique, it follows that a,a; are
adjacent.

Since a is nonadjacent to by, we see that A is not complete to By. So, by Lemma 5.5(b), A
is complete to B\ By = BaU---U By. Now, fix any by € By and b3 € Bs. By the definition of a

BWe are using the fact that a1 is complete to B.

25



Figure 5.6: Gla,a1,v,b1,ba,bs,c1,ca,c3] is a Ty (proof of Claim 5.6.1).

t-frame, by has a neighbor ¢y € Cs, and b3 has a neighbor c3 € C'3. Then v is nonadjacent to ca,
for otherwise, v, a, ba, ca,v would be a 4-hole in GG, a contradiction. Similarly, v is nonadjacent
to c3. Moreover, by the definition of a t-frame, {b1, ba, b3} is a stable set, whereas {ci, ca,c3} is
a clique. But now adjacency between vertices a, a1, v, by, ba, b3, c1, co, c3 is as in Figure 5.6, and
so Gla,ay,v,b1,be,bs, c1,ca,c3] is a Ty, contrary to the fact that G is Ty-free. ¢

Claim 5.6.2. If a vertex v € V(G) \ V(Q) has a neighbor in at least two of
Bi,..., By, then v is complete to A.

Proof of Claim 5.6.2. Suppose otherwise. By symmetry, we may assume that there exists a
vertex v € V(G) \ V(Q) that is adjacent to some b; € By and by € Bs, but is nonadjacent to
some a € A. Then a is not complete to {b1, b2}, for otherwise, v, by, a, bz, v would be a 4-hole
in GG, a contradiction. By symmetry, we may assume that a is nonadjacent to b;. On the
other hand, by Lemma 5.5(b), a; is complete to B, and so v is adjacent to aj, for otherwise,
ai1,b1,v,bs, a1 would be a 4-hole in GG, a contradiction.

Now, since a is nonadjacent to by, we see, in particular, that A is not complete to Bi. So,
by Lemma 5.5(b), we have that ¢ = 3, and that A is complete to B\ By = By U Bs. Now,
fix any b3 € B3, and using the definition of a t-frame, fix any neighbor c3 € C3 of b3. First of
all, v is nonadjacent to b3, for otherwise, v, bs, a, bs, v would be a 4-hole in G, a contradiction.
Then v is also nonadjacent to cs, for otherwise, v, aq, b3, c3, v would be a 4-hole in G, again a
contradiction. Now, using the definition of a t-frame, we fix any neighbor ¢; € Cy of b1. Then v
is nonadjacent to ¢, for otherwise, v, c1, c3, b3, a, ba, v would be a 6-hole in G, a contradiction.
But now v, by, c1, c3, b3, a,bo, v is a 7-hole in GG, again a contradiction. ¢

Claim 5.6.3. For allv e V(G)\V(Q) and i € {1,...,t}, if v has a neighbor both
in B; and in C\ Cj, then v is complete to A.

Proof of Claim 5.6.3. Suppose otherwise. By symmetry, we may assume that some vertex
v € V(G)\ V(Q) has a neighbor both in By and in C'\ C; = CoU--- U Cy, but is not complete
to A. By Claim 5.6.2, v is anticomplete to B\ By = By U ---U B.

We first show that v is nonadjacent to a;. Suppose otherwise. Since v has a neighbor in
Cy U --- Uy, we may assume by symmetry that v is adjacent to some co € C5. But then since
v is anticomplete to Bg, we see that v,ay,b?, co, v is a 4-hole in G, a contradiction. Thus, v is
indeed nonadjacent to a;.

Next, we claim that v is complete to C'\ C; = CyU---UCy. Suppose otherwise. Since v has
a neighbor in Co U - - - U C%, we see that v is mixed on Cs U --- U Cy. By Proposition 4.9, and
by symmetry, we may now assume that v is adjacent to some ¢y € (5 and nonadjacent to some
c3 € C3. We now fix any neighbor b; € Bj of v, and we observe that v, b1, a1, b3, c3, c,v is a
6-hole in G, a contradiction. This proves that v is indeed complete to C'\ C; = CyU--- U Cy.

Now, if v is anticomplete to A, then G[V(Q) U {v}] is a t-frame, with an associated ¢-frame
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partition (A; By, Ba, ..., By; Cy U{v},Cy,...,C), contrary to the maximality of the ¢-frame Q.
So, v has a neighbor a € A. By the definition of a t-frame, a has a neighbor in at least two
of By,..., B, and consequently, a has a neighbor in at least one of Bs,..., B;. By symmetry,
we may assume that a has a neighbor by € By. But then v,a,by,c?,v is a 4-hole in G, a
contradiction. ¢

Claim 5.6.4. No vertex in V(G) \ V(Q) is mized on any one of By, ..., B;.

Proof of Claim 5.6.4. Suppose otherwise. By symmetry, we may assume that some vertex v €
V(G)\V(Q) is mixed on By. Fix by, b} € By such that v is adjacent to b; and nonadjacent to b}.'4
First of all, note that v has a neighbor in (B\ B1)U(C\ C}), for otherwise, G[v, by, b}, b2, 2, c}]
would be a 2P3, a contradiction. Since v has a neighbor (namely b;) in By, Claims 5.6.2
and 5.6.3 now guarantee that v is complete to A, and in particular, v is adjacent to a;. Then
v is nonadjacent to ci, for otherwise, v, a1, b}, cl,v would be a 4-hole in G, a contradiction. It
now follows that v is anticomplete to C'\ C7 = Ca U --- U C, for otherwise, we fix a neighbor
c € C'\ C; of v, and we observe that v, c,cl,by,v is a 4-hole in G, a contradiction. So, v has a
neighbor in B\ Bj,'® and by symmetry, we may assume that v is adjacent to some by € By. If
v is anticomplete to Cj, then G[V(Q) U {v}] is a t-frame, with an associated t-frame partition
(AU {v};By,...,By; Cy,...,C;),1% contrary to the maximality of the t-frame Q. So, v has a
neighbor ¢; € C. But now v, cq, C%, ba, v is a 4-hole in G, a contradiction. ¢

Claim 5.6.5. No vertex in V(G) \ V(Q) is mized on any one of C1,...,C}.

Proof of Claim 5.6.5. Suppose otherwise. By symmetry, we may assume that some vertex
v € V(GQ)\ V(Q) is mixed on C;. Fix ¢1,¢] € C; such that v is adjacent to ¢; and nonadjacent
to cf.

We first show that v is adjacent to a;. Suppose otherwise. Then v has a neighbor (namely ¢;)
in C; and is not complete to A, and so by Claim 5.6.3, v is anticomplete to B\ B; = BaU- - -UB;.
But now Gv,c1,cy, b2, a1,b3] is a 2P3, a contradiction. This proves that v is indeed adjacent
to a;. Note that this implies that v is adjacent to b%, for otherwise, v, a, b%, c1,v would be a
4-hole in GG, a contradiction.

Next, we claim that v is anticomplete to C'\ C7 = Cy U --- U Cy. Suppose otherwise. By
symmetry, we may assume that v is adjacent to some ¢y € C. But then v, 2, ¢}, bi, v is a 4-hole
in G, a contradiction. This proves that v is indeed anticomplete to C'\ C}.

We now show that v is anticomplete to B\ By = Bs U ---U B;. Suppose otherwise. By
symmetry, we may assume that v is adjacent to some by € Bg. Since v is anticomplete to C'\ C1,
we know that v is nonadjacent to c?. But then v, bs,c?,c1,v is a 4-hole in G, a contradiction.
This proves that v is indeed anticomplete to B\ Bj.

We now know that v has a neighbor (namely a) in A and a neighbor (namely ¢;) in C,
and we also know that v is anticomplete to (B '\ By) U (C \ C1). But then G[V(Q) U {v}] is a
t-frame, with an associated t-frame partition (A; By U {v}, Ba, ..., By;C1,Co, ..., Cy), contrary
to the maximality of the t-frame Q). ¢

Claim 5.6.6. For all v € V(G) \ V(Q), if v has a neighbor in at least two of
Bi,...,B;, thenve FUW.

1Recall that A, By,..., By, Ch,...,Cy are all cliques. In particular, by, b; are adjacent.

Indeed, we showed above that v has a neighbor in (B \ B1) U (C'\ C1), but is anticomplete to C'\ Ci. So, v
has a neighbor in B\ B;

6This is because v is adjacent to by € B and to by € By (and in particular, v has a neighbor in at least two
of Bi,...,B), and is anticomplete to C.
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Proof of Claim 5.6.6. Fix v € V(G) \ V(Q), and assume that v has a neighbor in at least two
of Bi,...,B;. By Claim 5.6.4, v is not mixed on any one of By,...,B;. So, by symmetry, we
may assume that there exists some ¢ € {2,...,t} such that v is complete to B; U ---U By and
anticomplete to Byyq U---U B;. By Claim 5.6.2, v is complete to A.

Next, we claim that v is anticomplete to Cypyq U- - U Cy. Suppose otherwise. (In particular,
¢ < t—1.) By symmetry, we may assume that v is adjacent to some cyy1 € Cpyq. But then
U, Cot1, bﬁ“,al,v is a 4-hole in G, a contradiction. This proves that v is indeed anticomplete
to Cpy1 U--- U C. Now, if v is also anticomplete to C; U --- U Cp, then G[V(Q) U{v}] is a
t-frame, with an associated t-frame partition (AU {v}; By,...,By;C1,...,C}), contrary to the
maximality of the t-frame ). So, v has a neighbor in C; U --- U Cp. We claim that v is in
fact complete to Cq U ---U Cy. Suppose otherwise. Then v is mixed on C7 U --- U (Y, and so
by Proposition 4.9, and by symmetry, we may assume that v has a neighbor ¢; € (7 and a
nonneighbor ¢o € Cy. But then v, ¢, co, b%, v is a 4-hole in G, a contradiction. This proves that
v is complete to C1 U --- U Cy.

So far, we have shown that v is complete to AU (B; U---U By) U (C; U --- U Cy) and
anticomplete to (Bpy1 U---UC) U (Cpp U---UCy). If £ >t —1, then v € F; UW, and we are
done. We may therefore assume that £ <t —2. So, 2 < /¢ <t —2, and in particular, ¢ > 4. But
now G[bl,v,b?, bﬁ“, cf“, cﬁ”] is a 2P, a contradiction. ¢

Claim 5.6.7. Sets D1,..., Dy, Fy,..., F, Xq,..., X, Y, Z W form a partition of
V(G\V(Q).'" Consequently, sets D, F, X, Y, Z,W form a partition of V(G)\V(Q).
Proof of Claim 5.6.7. It suffices to prove the first statement, for the second statement fol-
lows immediately from the first and from the definition of the sets D, F, X. By definition,
sets Dy,..., Dy, Fy, ... Fy, Xq,..., Xy, Y, Z,W are pairwise disjoint, and they are all subsets
of V(G) \ V(Q). So, it suffices to show that every vertex of V(G) \ V(Q) belongs to one of

Dy,....Dy, Fy, ... Fy, X, X, Y, Z W,

Fix v € V(G)\V(Q). If v is anticomplete to B, then Claim 5.6.1 guarantees that v € YU Z.
On the other hand, if v has a neighbor in at least two of By, ..., B, then Claim 5.6.6 guarantees
that v € FiU---UF;UW. So from now on, we may assume that v has a neighbor in exactly one
of Bi,...,B;. By symmetry, we may assume that v has a neighbor in B; and is anticomplete
to B\ By = BoU---U B;. Claim 5.6.4 then guarantees that v is complete to Bj.

First, we claim that v is anticomplete to C'\ C7 = Cy U --- U Cy. Suppose otherwise. By
symmetry, we may assume that v has a neighbor ¢, € Cs. Since v has a neighbor both in Bj
and in C'\ Cy, Claim 5.6.3 guarantees that v is complete to A. But then v, a1, b?, ca, v is a 4-hole
in G, a contradiction. This proves that v is indeed anticomplete to C'\ C1.

So far, we have established that By C Ng(v)NV(Q) C AU By U ;. We may now assume
that v has a neighbor in C, for otherwise, we have that By C Ng(v) N V(Q) € AU By, and
consequently, v € X;. By Claim 5.6.5, v is complete to C;. If v is anticomplete to A, then
Ng(v) N V(Q) = By U4, and consequently, v € D;. We may therefore assume that v has
a neighbor in A. But now G[V(Q) U {v}] is a t-frame, with an associated t¢-frame partition
(A; By U{v}, Ba,...,By;C1,Cy, ..., CY), contrary to the maximality of the t-frame Q. ¢

Claim 5.6.8. For all nonempty sets S C V(G) \ V(Q), if Ng(S) is a clique, then
G contains a simplicial verter.

Proof of Claim 5.6.8. Fix a nonempty set S C V(G) \ V(Q), and assume that Ng(S) is
a clique. In view of Proposition 4.7, it suffices to show that Ng(S) is a clique-cutset of G;
since Ng(S) is a clique, it is in fact enough to show that Ng(S) is a cutset of G. Clearly,

17 As usual, some (or all) of the sets D1,..., Dy, Fi,...,Fy, X1,...,X:,Y, Z,W may possibly be empty.
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(S, N (S), V(G)\N¢[S]) is a partition of V(G), there are no edges between S and V(G)\ Ng[S],
and we know that S # (. Thus, we just need to show that V(G) \ Ng[S] # . But note
that V(Q) \ Ng(S) € (V(Q) U S) \ Ng[S] C V(G) \ N¢[S]. So, we just need to show that

V(Q)\ Ng(S) # 0. But this follows immediately from the fact that Ng(S) is a clique, whereas
V(Q) is not.'® ¢

Claim 5.6.9. FUW is a clique, and at most one of F, ..., F; is nonempty. More-
over, for all i € {1,...,t}, if F; # 0, then B; is complete to C;.

Proof of Claim 5.6.9. We first show that at most one of Fi,..., F; is nonempty. Suppose
otherwise. By symmetry, we may assume that F}, Fy are both nonempty. Fix f; € F; and
f2 € Fy. If f1, fo are adjacent, then fi, fo,cl,c?, f1 is a 4-hole in G, a contradiction. So, f1, f2
are nonadjacent. But then a1, fi, c‘z’, fa2,a1 is a 4-hole in GG, again a contradiction.

Next, we show that FFUW is a clique. By what we just showed, and by symmetry, we may
assume that Ih = --- = F; = (), so that F = F; and FUW = F; UW. But note that al,cf
are distinct, nonadjacent vertices that are both complete to F; U W, and so Proposition 4.4
guarantees that F} U W is a clique.

It remains to show that for all i € {1,...,t}, if F; # (), then B; is complete to C;. Suppose
otherwise. By symmetry, we may assume that F; # (), and that B; is not complete to C;. It
then follows from our orderings of By and C that bil and cil are nonadjacent, that vy > 2, and
that b} is complete to {b} ,ci }. Fix any fi € Fi. But then G[b} b1, cl b3, f1,b3] is a 2P, a
contradiction. ¢

Claim 5.6.10. Y is anticomplete to Z.

Proof of Claim 5.6.10. Suppose otherwise, and fix adjacent vertices y € Y and z € Z.

Suppose first that z is nonadjacent to a;. By the definition of Y, we know that y has a
neighbor in C; by symmetry, we may assume that y is adjacent to some ¢; € C;. But then
Glz,y,c1,b3,a1,b3] is a 2P, a contradiction.

We have now shown that z is adjacent to a;. Then y is not complete to C, for otherwise,
Glai,z,bt, ..., bt y,cl ... cl] would be a (¢t + 1)-pentagon, a contradiction. Since y has a
neighbor in C' (by the definition of Y'), we see that y is mixed on C = C; U--- U C;. By
Proposition 4.9, and by symmetry, we may now assume that y is adjacent to some ¢; € C7 and
nonadjacent to some ¢y € Cy. But then 2,4, c1, co, b%, a1,z is a 6-hole in GG, a contradiction. ¢

Claim 5.6.11. Z is anticomplete to D U X.

Proof of Claim 5.6.11. Suppose otherwise. By symmetry, we may assume that some z € Z and
x € Dy U X, are adjacent. Now, we know that Z is anticomplete to B U C, whereas D1 U X3
is complete to By and anticomplete to (B \ By) U (C\ C1). So, G[z,x,bl,b2,¢2,c}] is a 2P5, a
contradiction. ¢

Claim 5.6.12. Ng(Z) C AUF UW, and consequently, Ng(Z) is a clique. There-
fore, if Z # 0, then G contains a simplicial vertex.

Proof of Claim 5.6.12. By the definition of Z, we have that Ng(Z) N V(Q) C A, and by
Claims 5.6.7, 5.6.10, and 5.6.11, we have that Ng(Z) \ V(Q) € F UW. Therefore, Ng(Z) C
AUF UW. Now, by Lemma 5.5(a), A is a clique, and by Claim 5.6.9, F UW is a clique.
Moreover, by the definition of F' and W, we know that A is complete to FUW. So, AUFUW

'8 The fact that V(Q) is not a clique follows, for example, from the fact that ¢ > 3, and the fact that By, ..., B,
are nonempty, pairwise disjoint sets, pairwise anticomplete to each other.
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Figure 5.7: G[z1,vy,a1,b},b3,b3, ¢}, ¢2, ¢f] is a Ty (proof of Claim 5.6.13).

is a clique, and consequently, its subset Ng(Z) is also a clique. Therefore, if Z # (), then
Claim 5.6.8 guarantees that G contains a simplicial vertex. ¢

Claim 5.6.13. Y is anticomplete to D U X.

Proof of Claim 5.6.13. We first show that Y is anticomplete to D. Suppose otherwise. By
symmetry, we may assume that some y € Y and d; € D; are adjacent. Suppose first that y has
a neighbor in Cy U - - - U C%; by symmetry, we may assume that y is adjacent to some ¢y € Co.
But then dy,y, cz,b%,al,b%,dl is a 6-hole in G, a contradiction. Thus, y is anticomplete to
CoU---UCy. But now G[y,dq,bl, b2, ¢2,c}] is a 2P3, a contradiction. This proves that Y is
anticomplete to D.

It remains to show that Y is anticomplete to X. Suppose otherwise. By symmetry, we may
assume that some y € Y is adjacent to some z; € X;. If y is adjacent to some ¢; € Cy, then
r1,Y,C1, b%,xl is a 4-hole in GG, a contradiction. Therefore, y is anticomplete to C;. Now, by
the definition of Y, we know that y has a neighbor in C', and so by symmetry, we may assume
that y has a neighbor in Cs; by Claim 5.6.5, it follows that y is complete to Cs. Then x;
is adjacent to ay, for otherwise, x1,b1,a1,b3,c},y,r1 would be a 6-hole in G, a contradiction.
Next, if y had a nonneighbor c3 € (3, then y,c%,c;),,b:f,al,xl,y would be a 6-hole in G, a
contradiction. Therefore, y is complete to C'3. But now we see that adjacency between vertices
r1,Y, 01, b%, b%, b:f, c%, c%, c‘;’ is as in Figure 5.7, and we deduce that these vertices induce a Ty in
G, a contradiction. This proves that Y is indeed anticomplete to X, and we are done. ¢

Claim 5.6.14. Ng(Y)C CUFUW.
Proof of Claim 5.6.14. By the definition of Y, we have that Ng(Y) N V(Q) C C. It remains
to show that Ng(Y) \ V(Q) € FUW. But this follows immediately from Claims 5.6.7, 5.6.10,
and 5.6.13. ¢

Claim 5.6.15. For alli € {1,...,t}, if some vertex of Y has a neighbor in C;, then

A is complete to B;. Consequently, if Y is nonempty and complete to C, then A is

complete to B.
Proof of Claim 5.6.15. Clearly, the first statement implies the second. So, it suffices to prove
the first statement, and by symmetry, it suffices to prove it for ¢ = 1. Suppose otherwise, that
is, suppose that some vertex y € Y has a neighbor in C7, but A is not complete to B;. By
Claim 5.6.5, y is complete to C, and by Lemma 5.5(b), A is complete to B\ B;. Now, fix
nonadjacent vertices a € A and by € By. Then Gly,ci, by, b3, a,b3] is a 2P3, a contradiction. ¢

Claim 5.6.16. IfY # (), then one of the following holds:
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e ' # (), and moreover, the set Y is a clique, complete to C U F UW and
anticomplete to V(G)\ (CUFUW UY);

e Ng(Y) is a cliqgue, and G contains a simplicial vertex.

Proof of Claim 5.6.16. Assume that Y # (). If Ng(Y) is a clique, then Claim 5.6.8 guarantees
that G contains a simplicial vertex, and so the second outcome holds. Thus, it is enough to
show that either the first outcome holds, or Ng(Y) is a clique.

Suppose first that F = (. Then Claim 5.6.14 guarantees that Ng(Y) C C UW. By
Lemma 5.5(a) and Claim 5.6.9, we know that C' and W are cliques, and by the definition of W,
we know that W is complete to C. So, C UW is a clique, and consequently, its subset Ng(Y)
is also a clique.

From now on, we assume that F' # (). By Claim 5.6.9 and by symmetry, we may assume
thatFQZ---:Ft:@andF:Fl7&@.

Suppose first that Y is anticomplete to C;. Then Claim 5.6.14 guarantees that Ng(Y) C
(C'\ C1)UF; UW. By the definition of F; and W, we know that F; UW is complete to C'\ C}.
On the other hand, by Lemma 5.5(a) and Claim 5.6.9, both C'\ C; and F} U W are cliques.
Thus, (C'\ C1) U F1 UW is a clique, and consequently, its subset Ng(Y') is also a clique.

From now on, we assume that Y is not anticomplete to C7. Our goal is to show that the
first outcome holds. By Claim 5.6.14, we have that Ng(Y) € C U F U W, and in particular,
Y is anticomplete to V(G) \ (C U F UW UY). Thus, we just need to show that Y is a clique,
complete to CUFUW =CUF UW.

Let Y’ be the set of all vertices in Y that have a neighbor in C1; since Y is not anticomplete
to C1, we know that Y’ # (). By Claim 5.6.5, Y is in fact complete to Cy. Then Y’ is complete
to Fy, for otherwise, we fix nonadjacent vertices y € Y’ and f; € Fj, and we observe that
Gly,cl, b}, b3, f1,b3] is a 2P3, a contradiction. Further, by Claim 5.6.9, F} is a clique, complete
to W. But now for any f; € Fy, we have that fi,cl are distinct, nonadjacent vertices that are
both complete to (C'\ C1)UW UY”, and so by Proposition 4.4, (C'\ C1)UW UY" is a clique. In
particular, Y’ is a clique, complete to (C'\ C1) UW. We have already seen that Y’ is complete
to C1 and to Fi, and we deduce that Y is a clique, complete to C' U F; U W.

It remains to show that Y/ =Y. Suppose otherwise, and fix some y € Y\ Y’. By the defini-
tion of Y, y has a neighbor in C; since y is anticomplete to C; (because y ¢ Y'), it follows that y
in fact has a neighbor in C'\ C7 = CaoU- - -UCy. By symmetry, we may assume that y is adjacent
to some cy € Cy. Fix any 3 € Y. But now if y,y’ are adjacent, then G[y, 3/, cl,b?, a1,b3] is
a 2Ps, a contradiction; and if y,y’ are nonadjacent, then Gly, 2,9/, b%, ai, b:{’] is a 2P3, again a
contradiction. This proves that Y’ =Y, and we are done. ¢

Claim 5.6.17. At most one of D and X is nonempty.

Proof of Claim 5.6.17. We assume that D # ), and we show that X = (). By symmetry, we
may assume that D; # (), and we fix some d; € D;.

We first show that X; = (). Suppose otherwise, and fix some z; € X;. Then di,z;
are adjacent for otherwise, G[dl,b%,xl,b%,c%,ci)’] would be a 2P, a contradiction. Now x is
nonadjacent to ay, for otherwise, dq, 1, a1,b?,c?, ci,d; would be a 6-hole in G, a contradiction.
But now Glx1,d1,cl,b3,a1,b3] is a 2P3, a contradiction. This proves that X; = 0.

It remains to show that Xo U--- U X; = (. Suppose otherwise. By symmetry, we may
assume that Xo # (), and we fix some x5 € X5. Suppose first that dy,zo are adjacent. Then
T9 is nonadjacent to aq, for otherwise, zs, a1, b%, d1, o would be a 4-hole in GG, a contradiction.
But then dl,xg,b%,al,b*z’,c‘;',c%,dl is a 7-hole in G, again a contradiction. This proves that
dy, 2 are nonadjacent. But now if xo is adjacent to a1, then Glza,a1,b3,dy,ct,c?] is a 2P,

31



a contradiction; and if xy is nonadjacent to aj, then G[ze,b}, a1,dy,ch,cl] is a 2P3, again a
contradiction. This proves that Xo U---U X; = (), and we are done. ¢

Claim 5.6.18. Sets Dy, ..., Dy are cliques, and at most one of them is nonempty.
Sets X1,..., Xy are cliques, pairwise anticomplete to each other.

Proof of Claim 5.6.18. We first show that D1UXq, ..., D;UX; are all cliques. Suppose otherwise.
By symmetry, we may assume that D; U X; is not a clique. Fix distinct, nonadjacent vertices
x1, 2} € D1UX;. But D1UX] is complete to By and anticomplete to (B\ B1)U(C\ C1), and we
deduce that G[z1,bi, ), b3, c3, ¢3] is a 2Ps, a contradiction. This proves that D;UXj, ..., D;UX;
are all cliques. Consequently, D1, ..., Dy, X1,..., X, are all cliques.

Next, we show that at most one of Dy, ..., D, is nonempty. Suppose otherwise. By symme-
try, we may assume that D, Dy are both nonempty, and we fix d; € D and do € Dy. But if
d1,ds are adjacent then dy, da, 3, cl, d; is a 4-hole in G, whereas if dq, ds are nonadjacent, then
Glds, b%, ai,do, c%,c:f] is a 2P5, a contradiction in either case. This proves that at most one of
Dy, ..., Dy is nonempty.

It remains to show that Xi,..., X; are pairwise anticomplete to each other. Suppose oth-
erwise. By symmetry, we may assume that some z1 € X7 and z9 € X, are adjacent. Then
wl,b%,c%,c%,b%,wg,xl is a 6-hole in G, a contradiction. Thus, X1,...,X; are indeed pairwise
anticomplete to each other, and we are done. ¢

Claim 5.6.19. If D # 0, then t = 3, and for all i € {1,2,3}, B; is complete to C;.
Proof of Claim 5.6.19. Assume that D # (). By symmetry, we may assume that D; # (), and
we fix an arbitrary d; € D;.

First, if t > 4, then G[dy, ci, c?,b3,a1,b}] is a 2P3, a contradiction. Therefore, t = 3.

Next, if some b; € By and ¢; € C] are nonadjacent, then dy, b1, a1, b%, c%, c1,dq is a 6-hole in
G, a contradiction. Therefore, By is complete to Cf.

Finally, if some by € By and cy € Cy are nonadjacent, then G[dy,ci, co, ba, a1,b3] is a 2Ps, a
contradiction. Therefore, By is complete to Co, and similarly, B3 is complete to C3. ¢

Claim 5.6.20. For allie€ {1,...,t}, No(D;) CB;UC; U (F\ F;) UW.
Proof of Claim 5.6.20. By symmetry, it suffices to prove the claim for ¢ = 1. We may assume
that Dy # 0, for otherwise, Ng(D;) = (), and the result is immediate.

By the definition of Dy, we know that Ng(D1) NV (Q) = By UC}. So, we just need to show
that Ng(D1)\V(Q) C (F\F1)UW. Now, since D; # (), Claims 5.6.7, 5.6.17, and 5.6.18 together
guarantee that V(G) \ V(Q) = D1 UF UY U Z UW. Further, by Claims 5.6.11 and 5.6.13, we
have that D is anticomplete to Y U Z, and we deduce that Ng(D;) \ V(Q) C FUW.

It now remains to show that D; is anticomplete to F;. Suppose otherwise. By symmetry,
we may assume that some d; € Dy and f; € F} are adjacent. But then dl,fl,c%,c%,dl is a
4-hole in G, a contradiction. ¢

Claim 5.6.21. If D # (), then G contains a simplicial verter.

Proof of Claim 5.6.21. Assume that D # (). By symmetry, we may assume that Dy # 0.
By Claim 5.6.8, it suffices to show that Ng(D;) is a clique. By Claim 5.6.20, we have that
Na(Dy) € BiUC,U(F\ F1)UW, and so we just need to show that BiUC, U (F\ F;)UW is a
clique. By the definition of sets F', F;, and W, we know that (F'\ F;)UW is complete to B; UCY.
By Claim 5.6.9, (F'\ F1) UW is a clique, and by Lemma 5.5(a), B; and C are cliques. Finally,
since Dy # (), Claim 5.6.19 guarantees that B is complete to Cy. So, ByUC, U (F\ Fi)UW
is indeed a clique, and we are done. ¢
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Claim 5.6.22. If X # (), then A is complete to B.

Proof of Claim 5.6.22. Assume that X # (). By symmetry, we may assume that X; # (), and
we fix some z1 € Xj.

We first show that A is complete to By. Suppose otherwise, and fix nonadjacent vertices
a € A and b; € By. Then z; is nonadjacent to a, for otherwise, 71, a, b2, c?, cl, by, 71 would be
a 6-hole in G, a contradiction. Now, since A is not complete to B, Lemma 5.5(b) guarantees
that t = 3 and that A is complete to B\ By = By U Bs. But then G[z1, b}, ¢}, b2, a,b3] is a 2P3,
a contradiction. This proves that A is indeed complete to Bj.

It remains to show that A is complete to B\ By = By U --- U By. Suppose otherwise. By
symmetry, we may assume that some a € A and by € By are nonadjacent. In particular, A
is not complete to B, and so by Lemma 5.5(b), we have that ¢ = 3 and that A is complete
to B\ By = By U Bs. But now if x; is adjacent to a, then G[z1,a,b3,be,c?, cl] is a 2Ps,
a contradiction; and if x; is nonadjacent to a, then G[ml,b%,a,bg,c%,ci”] is a 2P3, again a
contradiction. This proves that A is indeed complete to B \ By, and we are done. ¢

Claim 5.6.23. For all i € {1,...,t}, X; is complete to B; U F; and anticomplete
to V(G)\ (AU B;UFUW UX;), and consequently, No(X;) CAUB;,UFUW.

Proof of Claim 5.6.23. By symmetry, it suffices to prove the claim for ¢ = 1. We may assume
that X7 # 0, for otherwise, the result is immediate.

By definition, X, is complete to Bi. Moreover, X; is complete to F1, for if some z1 € X3
and f; € F} were nonadjacent, then G[z1, b}, ¢}, b3, f1,b3] would be a 2P;, a contradiction. This
proves that X7 is complete to B; U F.

It now remains to show that X is anticomplete to V(G) \ (AU B UFUW U X}). But note
that V(G)\ (AUBIUFUWUX;) = (V(Q)\ (AUB))U(V(G)\ (V(QQUFUW U Xy)). By
definition, X is anticomplete to V(Q) \ (AU By). So, in fact, we just need to prove that X
is anticomplete to V/(G) \ (V(Q)U FUW U X;). Since X; # (0, Claim 5.6.17 guarantees that
D = (. So, by Claim 5.6.7, we have that V(G)\ (V(QQUFUW UX;) = (XoU---UX;)UY U Z.
But we are now done, since Claims 5.6.11, 5.6.13, and 5.6.18 together guarantee that X is
anticomplete to (XoU---UX)UY UZ. ¢

Claim 5.6.24. For all i € {1,...,t}, if F; = 0, then Ng(X;) is a clique. Conse-
quently, if there exists some i € {1,...,t} such that F; = () and X; # 0, then G
contains a simplicial vertex.

Proof of Claim 5.6.24. In view of Claim 5.6.8, we see that the second statement follows imme-
diately from the first. Thus, it suffices to prove the first statement. So, we fix i € {1,...,t}, we
assume that F; = (), and we show that Ng(X;) is a clique. We may assume that X; # (), for oth-
erwise, Ng(X;) = 0, and we are done. By Claim 5.6.23, we have that Ng(X;) C AUB;,UFUW.
Thus, it is enough to show that AU B; U F U W is clique. By Lemma 5.5(a), A and B; are
cliques, and since X; # (), Claim 5.6.22 guarantees that A is complete to B (and consequently,
to B;); so AU B; is a clique. Moreover, since F; = (), the definition of F' and W guarantees that
F UW is complete to AU B;. Finally, Claim 5.6.9 guarantees that F' U W is a clique. Thus,
AU B; UFUW is a clique, and we are done. ¢

Claim 5.6.25. Foralli € {1,...,t}, if F; # 0, then X; is complete to AUB;UF;UW
and anticomplete to V(G) \ (AU B; UF; UW U X;).

Proof of Claim 5.6.25. By symmetry, it suffices to prove the claim for ¢ = 1. So, assume that
F1 # 0. By Claim 5.6.9, it follows that Fy = --- = F; = (), and consequently, F' = F;. Now, we
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must show that X is complete to AUB;UF; UW and anticomplete to V(G)\ (AUB; UFUW U
X1). Since F = Fy, Claim 5.6.23 guarantees that X is complete to By U F} and anticomplete
to V(G)\ (AU By UF; UW U Xq). So, it only remains to show that X is complete to AU W.
Now, since X7 # (), Claim 5.6.22 guarantees that A is complete to B. On the other hand, by
Claim 5.6.9, F is complete to W. But now we fix any f; € Fi, and we observe that b%, f1 are
distinct, nonadjacent vertices that are both complete to X1 U AU W; so, by Proposition 4.4,
X1 UAUW is a clique. In particular, X7 is complete to AU W, and we are done. ¢

Claim 5.6.26. If W # (), then G contains a simplicial vertex or a universal vertex.

Proof of Claim 5.6.26. Assume that W # (). First, we may assume that D U Z = (), for
otherwise, Claims 5.6.12 and 5.6.21 guarantee that GG contains a simplicial vertex, and we are
done. So, by Claim 5.6.7, we have that V(G) = V(Q)UF U X UY UW. By the definition of
W, we know that W is complete to V(Q), and by Claim 5.6.9, W is a clique, complete to F.
Moreover, we may assume that W is complete to Y, for otherwise, Claim 5.6.16 guarantees that
G contains a simplicial vertex, and we are done.!? If W is complete to X, then every vertex
of W is universal in G, and consequently (since W # (), G contains a universal vertex. So, we
may assume that W is not complete to X. By symmetry, we may further assume that W is
not complete to Xy, and in particular, X; # (). Since X is not complete to W, Claim 5.6.25
guarantees that F; = (). But now Claim 5.6.24 guarantees that G contains a simplicial vertex. ¢

Claim 5.6.27. At least one of the following holds:
e G=0Q;
e there exists somei € {1,...,t} such that F; # (0 and V(G) = V(Q)UF,UX,;UY;
o (G contains a simplicial vertexr or a universal vertex.

Proof of Claim 5.6.27. We may assume that G contains no simplicial vertices and no universal
vertices, for otherwise, we are done. So, by Claims 5.6.12, 5.6.21, and 5.6.26, D, Z, W are all
empty. Therefore, by Claim 5.6.7, we have that V(G) = V(Q)U FU X UY. By Claim 5.6.9,
and by symmetry, we may assume that F = --- = F; = () and F' = F;. So, by Claim 5.6.24, we
have that Xy = --- = X; = (). Therefore, V(G) =V(Q)UF,UX; UY. If F} # (0, then we are
done. We may therefore assume that F; = (). But now Claim 5.6.24 implies that X; = ), and
Claim 5.6.16 implies that Y = (). So, V(G) = V(Q). Since @ is an induced subgraph of G, it
follows that G = @, and we are done. ¢

We are now ready to complete the proof of the lemma. First of all, by Lemma 5.5(d-e), we
have the following;:

(1) if Ais complete to B, then @ is a t-villa with an associated ¢-villa partition (A; By, ..., By; Cy, . ..

(2) if A is not complete to B, then ¢ = 3, and @ is a 5-basket with an associated 5-basket
partition (A; By, Ba, Bs; C1, Ca, C3; 0).

In particular, @ is a villa or a 5-basket, and so if G = @), then we are done. We are also done if
G contains a simplicial vertex or a universal vertex. Thus, by Claim 5.6.27, and by symmetry,
we may assume that Fy # (0, and that V(G) = V(Q)UF,UX;UY. By definition, F} is complete
to V(Q) \ (B1 UC1) and anticomplete to B; U Cq, and by Claim 5.6.9, we have that F] is a
clique, and that Bj is complete to Cj.

9Tndeed, suppose that W is not complete to Y. In particular, Y # (), and so Claim 5.6.16 applies. Since
Y is not complete to W, the first outcome of Claim 5.6.16 does not hold. Therefore, the second outcome of
Claim 5.6.16 holds, and it follows that G contains a simplicial vertex.
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Suppose first that A is not complete to B. Then Claims 5.6.15 and 5.6.16 together guarantee
that Y = 0,20 whereas Claim 5.6.22 guarantees that X; = ). So, V(G) = V(Q) U Fy. In view
of (2), we now deduce that t = 3, and that G is a 5-basket, with an associated 5-basket partition
(A; By, By, B3; C1, Ca, C3; F1).

Suppose now that A is complete to B. Our goal is to show that G is a t-mansion, with an
associated t-mansion partition (A4; By, ..., By; C1,...,Cs; Fi; X1;Y), and with j* = 1.2! First of
all, by (1), @Q is a t-villa, with an associated t-villa partition (A; By,..., By Ch,...,Cy). Next,
recall that F = I # (), that W = 0,*2 and that B; is complete to C;. By Claims 5.6.18
and 5.6.25, X, is a clique, complete to AU By U F; and anticomplete to V(G) \ (AU By U
Fy U Xj); in particular, X; is anticomplete to Y. Further, since G contains no simplicial
vertices, Claim 5.6.16 implies that Y is a clique, complete to C' U F; and anticomplete to
V(G)\ (CU F; UY).% The result is now immediate. O

Theorem 5.7. For any graph G, the following are equivalent:

(a) G is a (2P5,Cy,Cq,Cr,Tp)-free graph that contains an induced 3-pentagon and contains no
simplicial vertices;

(b) G contains exactly one nontrivial anticomponent, and this anticomponent is a 5-basket, a
villa, or a mansion;

(¢) G can be obtained from a 5-basket, a villa, or a mansion by possibly adding universal vertices
to it.

Proof. Fix a graph G. By Propositions 5.2, 5.3, 5.4, we know that 5-baskets, villas, and mansions
are anticonnected, and obviously, they all have at least two vertices. So, by Proposition 4.1, (b)
and (c) are equivalent. It remains to show that (a) and (b) are equivalent.

Suppose first that (a) holds, so that G is a (2Ps, Cy4, Cs, C7, Tp)-free graph that contains
an induced 3-pentagon and contains no simplicial vertices. Since G contains no simplicial
vertices, we know that G is not a complete graph. Therefore, G contains at least one nontrivial
anticomponent; since G is Cy-free, Proposition 4.10 guarantees that G in fact contains exactly
one nontrivial anticomponent, call it Q. Since G is (2P3, Cy, Cs, C7,Tp)-free, so is Q). Since
G contains an induced 3-pentagon, and since the 3-pentagon contains no universal vertices,
Proposition 4.3 guarantees that ) contains an induced 3-pentagon. Moreover, since G contains
no simplicial vertices, Proposition 4.2 guarantees that () contains no simplcial vertices. Finally,
since @ is an anticonnected graph on at least two vertices, we know that ) contains no universal
vertices. Therefore, Lemma 5.6 guarantees that @ is a 5-basket, villa, or mansion. So, (b) holds.

Suppose conversely that (b) holds. Then G contains exactly one nontrivial anticomponent,
call it @), and this anticomponent is a 5-basket, villa, or mansion. By Propositions 5.2, 5.3,
and 5.4, Q is a (2P3, Cy, Cg, C7, Tp)-free graph that contains an induced 3-pentagon and contains
no simplicial vertices. Since none of the graphs 2Ps, Cy, Cg, C7, T contains a universal vertex,
Proposition 4.3 guarantees that G is (2P3, Cy, Cg, C7, Tp)-free. Moreover, since @) contains an
induced 3-pentagon, so does G. Finally, since ) contains no simplicial vertices, Proposition 4.2
guarantees that G contains no simplicial vertices. Thus, (a) holds. O

2Indeed, suppose that Y # (. Then, since G contains no simplicial vertices, Claim 5.6.16 guarantees that Y
is complete to C'. But then by Claim 5.6.15, A is complete to B, a contradiction.

21Here, j* is the index from the definition of a t-mansion.

22The fact that W = () follows from the fact that V(G) = V(Q)U FL, U X, UY.

BIfY = ), then Y is obviously a clique, complete to C'U Fy and anticomplete to V(G)\ (CU F1 UY). On the
other hand, if Y # ), then Claim 5.6.16 applies.
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6 (2P;,C4,Cg,Cr,3-pentagon)-free graphs

In this section, we study those (2P5, Cy, Cg, C7, Tp)-free graphs that are additionally 3-pentagon-
free. Recall that the 3-pentagon is an induced subgraph of Tj; consequently, a graph is
(2P5, Cy, Cs, C7, Ty, 3-pentagon)-free if and only if it is simply (2Ps, Cy, Cg, C7, 3-pentagon )-free.
The main goal of this section in to prove Theorem 6.9, which gives a full structural description
of (2Ps,Cy, Cg, C7, 3-pentagon)-free graphs that contain no simplicial vertices.

We begin with some definitions. A theta is any subdivision of the complete bipartite graph
K> 3; in particular, K»3 is a theta. A pyramid is any subdivision of the complete graph Ky
in which one triangle remains unsubdivided, and of the remaining three edges, at least two
edges are subdivided at least once. A prism is any subdivision of Cg (the complement of Cg)
in which the two triangles remain unsubdivided; in particular, Cq is a prism. A three-path-
configuration (or 3PC for short) is any theta, pyramid, or prism; the three types of 3PC are
represented in Figure 1.4. Note that any 3PC contains exactly three holes. Moreover, any theta
and any prism contains an even hole. On the other hand, every pyramid contains an odd hole,
and it is easy to see that the 3-pentagon is the only pyramid in which all three holes are of
length five. Since all holes in a (2P3, Cy, Cg, C7)-free graph are of length five, it follows that all
(2P5, Cy, Cs, C7, 3-pentagon)-free graphs are 3PC-free.

A wheel is a graph that consists of a hole and an additional vertex that has at least three
neighbors in the hole. If this additional vertex is adjacent to all vertices of the hole, then the
wheel is said to be a universal wheel; if the additional vertex is adjacent to three consecutive
vertices of the hole, and to no other vertices of the hole, then the wheel is said to be a twin
wheel. A proper wheel is a wheel that is neither a universal wheel nor a twin wheel. Note
that every proper wheel has at least two holes of two different lengths. Since all holes in a
(2P5, Cy, Cg, Cy)-free graph are of length five, it follows that all (2Ps, Cy4, Cg, C7)-free graphs
are proper-wheel free, and moreover, that the only wheels that (2P, Cy, Cg, C7)-free graphs
may possibly contain as induced subgraphs are the two wheels represented in Figure 1.5. We
summarize these remarks in Proposition 6.1 (below) for future reference.

Proposition 6.1. Any (2P;, Cy, Cg, C7, 3-pentagon)-free graph is (3PC, proper wheel)-free.

A ring (originally introduced in [1]) is a graph R whose vertex set can be partitioned into
k > 4 nonempty sets, say Xo, ..., Xx—1 (with indices understood to be in Zj), such that for all
1 € Zi, X; can be ordered as X; = {uil,...,ufxil} so that X; C NR[U‘Z'X”] C .- C Ng[ui] =
Xi—1 UX; UX;+1. (Note that this implies that Xo, ..., X;_1 are all cliques. Moreover, note
that for each i € Zy, uZ1 is complete to X;_1 U X; 1. Consequently, for all ¢ € Zj, every vertex
in X; is complete to {u’f1 uilH}, and in particular, every vertex in X; has a neighbor both in
X;—1 and in X;41.) Under these circumstances, we also say that the ring R is of length k, as
well as that R is a k-ring. Furthermore, we say that (Xo,..., Xx_1) is a k-ring partition (or
simply a ring partition) of the ring R.

It may be worth mentioning that rings generalize hyperholes. Indeed, for any integer k& > 4,
if H is a k-hyperhole with an associated k-hyperhole partition (Xo, X1, ..., Xk_1), then clearly,
H is also a k-ring with an associated k-ring partition (X, X1,..., Xk_1).

A long hole is a hole of length at least five, and a long ring is a ring of length at least
five. Theorem 6.2 (below) is a decomposition theorem for (3PC,proper wheel)-free graphs
proven in [1]. The proof of Theorem 6.9 (the main result of this section) will rely heavily on
Theorem 6.2.

Theorem 6.2 (Theorem 1.6 of [1]). Let G be a (3PC, proper wheel)-free graph. Then one of
the following holds:
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e (G has exactly one nontrivial anticomponent, and this anticomponent is a long ring;

G is (long hole, Ks 3, Cg)-free;

a(G) = 2, and every anticomponent of G is either a 5-hyperhole or a (Cs, Cg)-free graph;
e GG admits a clique-cutset.

Before we can use Theorem 6.2 to prove our main theorem of the section (Theorem 6.9), we
need to examine rings a bit more closely. First of all, Lemma 6.3 and Proposition 6.4 (below)
together guarantee that, for each integer £ > 4, a ring R contains a k-hole if and only if the
ring R is itself of length k. Since all holes in a (2Ps3, Cy4, Cg, C7)-free graph are of length five, it
follows that only rings that can possibly be (2Ps, Cy4, Cg, C7)-free are rings of length five.

Lemma 6.3 (Lemma 2.4(b) of [1]). Let k > 4 be an integer. Then every hole in a k-ring is of
length k.

Proposition 6.4. Let k > 4 be an integer. Then every k-ring contains a hole of length k.

Proof. Let R be a k-ring, let (Xo,..., X,_1) be a ring partition of R (with indices understood
to be in Zg), and for all i € Zg, let X; = {u’l,,ufle} be an ordering of R such that

X; C Nrlufy,] € -+ C Ng[uj] = Xi—1 UX; U X;41, as in the definition of a k-ring. Then
Pt ,a:’ffl,z(l) is a k-hole in R. O

Proposition 6.5. A 5-ring is 4K -free if and only if it is 2Ps-free.

Proof. Let R be a 5-ring, and let (Xo, X1, X2, X3, X4) be a ring partition of R (with indices
understood to be in Zs). Since 4K is an induced subgraph of 2Ps, it is clear that if R is
4K -free, then R is 2Ps-free. Assume now that R is not 4K;-free, and let {a1,a2,as,as} be
a stable set of size four in R. Since Xy, X1, Xo, X3, X4 are all cliques, it is clear that none of
them contains more than one of a1, as, as, as. By symmetry, we may now assume that a; € X1,
as € X9, ag € X3, and a4 € X4. By the definition of a ring, some vertex x7 € X; is complete
to X», and some vertex x4 € X4 is complete to X3.2* But then R[a1,x1, as, a3, x4, a4] is a 2Ps,
and it follows that R is not 2Ps-free. (]

A 5-crown (originally defined in [8]) is a 5-ring R with ring partition (Xo, X1, X9, X3, X4)
such that for some index ¢* € Zs, we have that X;«_; is complete to X;x_o, and X;«11 is
complete to X;«yo. Under such circumstances, we say that (Xo, X1, X2, X3, X4) is a 5-crown
partition of the 5-crown R. A 5-crown with i* = 0 is represented in Figure 6.1.

Note that the vertex set of any 5-crown can be partitioned into three cliques;?® therefore,
5-crowns are 4K;-free. Interestingly, in the context of 5-rings, a converse of sorts also holds, as
per the following lemma.

Lemma 6.6 (Lemma 2.10 of [8]). Let R be a graph. Then the following are equivalent:
o R is a 4K1-free 5-ring;
e R is a 5-crown.

Moreover, any ring partition of a 4Ki-free 5-ring is a 5-crown partition.

24Since a; is nonadjacent to as € Xo, we see that a; is not complete to X2, and consequently, 1 # a1.
Similarly, x4 # a4.

25Indeed, if (Xo, X1, X2, X3, X4) is a 5-crown partition of a 5-crown R, with ¢* as in the definition of a 5-crown,
then X+, X;«_1 U X+ _2, and X;»41 U X;=42 are cliques of R, and clearly, these three cliques partition V(R).
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Figure 6.1: A 5-crown with an associated 5-crown partition (X, X1, X9, X3, Xy) and with
1 = 0. All cliques represented by crosshatched disks are nonempty.

Proposition 6.7. Every 5-crown is (2P3, Cy, Cg, C7, 3-pentagon)-free. Moreover, every 5-crown
18 anticonnected and contains no universal and no simplicial vertices.

Proof. Let R be a 5-crown, and let (X, X1, X2, X3, X4) be a 5-crown partition of R. Let i* be
as in the definition of a 5-crown; by symmetry, we may assume that i* = 0.

Claim 6.7.1. R is (2P3,C4,06, C7)—f7'66.

Proof of Claim 6.7.1. By Proposition 6.6, R is 4K-free; since 4K is an induced subgraph
of 2P, it follows that R is 2Ps-free. Further, the 5-crown R is, in particular, a 5-ring; so, by
Lemma 6.3, all holes in R are of length five, and it follows that R is (Cy, Cg, C7)-free. 4

Claim 6.7.2. R is 3-pentagon-free.

Proof of Claim 6.7.2. Suppose otherwise, and let P be an induced 3-pentagon in R. Since P
contains seven vertices, we see that for some ¢ € Zs, X; contains at least two vertices of P,
call them u and v. Since u, v are distinct vertices of X;, we see that one of u,v dominates the
other in R, and therefore in P as well. But this is impossible since P is a 3-pentagon, and so
no vertex of P dominates any other vertex of P, a contradiction. ¢

Claim 6.7.3. R is anticonnected and contains no universal and no simplicial ver-
tices.

Proof of Claim 6.7.3. Since X and X2 U X3 are nonempty, disjoint, and anticomplete to each
other, we see that R[XoU XU X3] is anticonnected. Since X7 is anticomplete to X3 # ), and Xy
is anticomplete to X # 0, we deduce that R[(XoU X2 U X3)U (X7 UX4)] = R is anticonnected.
Since R contains more than one vertex, this implies, in particular, that R contains no universal
vertices.

It remains to show that R contains no simplicial vertices. But this follows immediately from
the fact that for all ¢ € Zs, every vertex in X; has a neighbor both in X; ; and in X;;, and
from the fact that X;_; and X;;; are disjoint and anticomplete to each other. ¢

We are now done: Claims 6.7.1, 6.7.2, and 6.7.3 together prove the proposition. O

Lemma 6.8. Let G be a (2Ps, Cy, Cg, C7, 3-pentagon)-free graph. Then either G is a 5-crown,
or G contains a simplicial vertex or a universal vertez.

Proof. By Proposition 6.1, G is (3PC, proper wheel)-free, and so Theorem 6.2 applies. However,
before applying this theorem, we make some observations. First of all, we may assume that
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G does not admit a clique-cutset, for otherwise, Proposition 4.7 guarantees that G' contains a
simplicial vertex, and we are done. Further, since G is (2Ps, Cy, Cgs, C7)-free, we know that all
holes in G are of length five. If G is additionally Cs-free, then G is chordal and consequently
contains a simplicial vertex (by [2]), and once again we are done. So, we may assume that G
contains an induced C5. Further, we may assume that G contains no trivial anticomponents, for
otherwise, G contains a universal vertex, and we are done. Since G is Cy-free, Proposition 4.10
now guarantees that G is anticonnected.

We now have that our graph G is (3PC, proper wheel)-free and anticonnected, contains an
induced Cjs (and is therefore not long-hole-free), and does not admit a clique-cutset. So, by
Theorem 6.2, G is either a long ring or a 5-hyperhole. In the latter case, we are done (because
5-hyperholes are 5-crowns). We may therefore assume that G is a long ring. Since all holes in
G are of length five, Proposition 6.4 guarantees that G is a 5-ring. But now Proposition 6.5
and Lemma 6.6 together imply that G is a 5-crown. ]

Theorem 6.9. For any graph G, the following are equivalent:

(a) G is a (2P3,Cy, Cg, C7, 3-pentagon)-free graph that contains no simplicial vertices;

(b) G contains exactly one nontrivial anticomponent, and this anticomponent is a 5-crown;
(c) G can be obtained from a 5-crown by possibly adding universal vertices to it.

Proof. Fix a graph G. By Proposition 6.7, any 5-crown is anticonnected, and obviously, it
contains at least two vertices. So, by Proposition 4.1, (b) and (c) are equivalent. It remains to
show that (a) and (b) are equivalent.

Suppose first that (a) holds. Since G contains no simplicial vertices, G is not a complete
graph. Consequently, G contains at least one nontrivial anticomponent. Since G is Cjy-free,
Proposition 4.10 then implies that G contains exactly one nontrivial anticomponent, call it
Q. Since G is (2P5,Cy, Cg, C7, 3-pentagon)-free, so is its anticomponent Q. Since G contains
no simplicial vertices, Proposition 4.2 guarantees that ) contains no simplicial vertices either.
Since @) is an anticonnected graph on at least two vertices, () contains no universal vertices. So,
by Lemma 6.8, @ is a 5-crown. Thus, (b) holds.

Suppose conversely that (b) holds. Then G contains exactly one nontrivial anticompo-
nent, call it @, and this anticomponent is a 5-crown. By Proposition 6.7, the 5-crown @ is
(2P5, Cy, Cs, Cy, 3-pentagon)-free; so, by Proposition 4.3, G is also (2P3, Cy4, Cg, C7, 3-pentagon )-
free. Moreover, by Proposition 6.7, () contains no simplicial vertices; consequently, by Proposi-
tion 4.2, G contains no simplicial vertices either. Thus, (a) holds. ]

Corollary 6.10. For any graph G, the following are equivalent:
(a) G is (2P3, Cy, Cg, C7, 3-pentagon)-free and contains no simplicial vertices;
(b) G is (4K1,Cy, Cg, C7, 3-pentagon)-free and contains no simplicial vertices.

Proof. Since 4K is an induced subgraph of 2Ps, it is clear that (b) implies (a). We now assume
(a) and prove (b). It suffices to show that G is 4K;-free, for the rest follows immediately from
(a). Since (a) holds, Theorem 6.9 guarantees that G has exactly one nontrivial anticomponent,
call it @), and this nontrivial anticomponent is a 5-crown. By Lemma 6.6, () is 4K;-free. Since
4K, contains no universal vertices, Proposition 4.3 now implies that G is also 4K;-free. This
proves (a). O
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7 The main structural results

We now put the results of the previous sections together in order to state and prove our main
structural results: Theorems 7.1 and 7.2 (below). Theorem 7.1 gives a structural description of
(2P5, Cy, Cs, C7,Tp)-free graphs that contain no simplicial vertices, whereas Theorem 7.2 gives
a structural description of (2P5, Cy, Cg)-free graphs that contain no simplicial vertices. (We
remind the reader that the 3-pentagon was defined in subsection 5.1, and it is also represented
in Figure 1.3. Further, 5-baskets, villas, and mansions were defined in subsection 5.1, and 5-
crowns were defined in section 6. Meanwhile, graphs Ty and T3 are represented in Figure 1.2,
and the family M was defined in section 3.)

Theorem 7.1. For every graph G, the following are equivalent:
(a) G is (2Ps,Cy, Cg, C7,Tp)-free and contains no simplicial vertices;

(b) G has exactly one nontrivial anticomponent, and this anticomponent is a 5-basket, a villa,
a mansion, or a 5-crown.

(¢) G can be obtained from a 5-basket, a wvilla, a mansion, or a 5-crown, by possibly adding
universal vertices to it.

Proof. Recall that the 3-pentagon is an induced subgraph of Ty, and consequently, a graph is
(2P5, Cy, Cs, Cy, Ty, 3-pentagon)-free if and only if it is (2P, Cy, Cg, C7, 3-pentagon)-free. The
result now follows immediately from Theorems 5.7 and 6.9. O

Theorem 7.2. For every graph G, the following are equivalent:
(a) G is a (2P3,Cy, Cg)-free graph that contains no simplicial vertices;
(b) G has exactly one nontrivial anticomponent, and this anticomponent is one of the following:

e a thickening of a graph in M U {Ty, 11},

e a 5-basket, a villa, a mansion, or a 5-crown.

(c) G can be obtained from one of the following graphs by possibly adding universal vertices to
1t:

e a thickening of a graph in MU {Ty, T1},

e a 5-basket, a villa, a mansion, or a 5-crown.

Proof. This follows immediately from Theorems 3.1 and 7.1. O

8 Clique-width

Our goal in this section is to prove that (2Ps, Cy, Cg, C7,Tp)-free graphs that contain no sim-
plicial vertices have bounded clique-width (see Theorem 8.8). Combined with Theorem 3.2,
this will imply that (2Ps, Cy4, Cg)-free graphs that contain no simplicial vertices have bounded
clique-width (see Theorem 8.9). The following lemma was proven in the first part of our series.

Lemma 8.1 (Lemma 6.4 of [10]). If a graph G can be obtained from a graph Q by possibly
adding universal vertices to Q, then cwd(Q) < cwd(G) < max { cwd(Q),2}.
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Theorem 7.1 and Lemma 8.1 reduce the problem of showing that (2Ps, Cy, Cg, C7, Tp)-free
graphs that contain no simplicial vertices have bounded clique-width, to the problem of showing
that 5-baskets, villas, mansions, and 5-crowns have bounded clique-width. But in fact, it was
already shown in [8] that 5-baskets and 5-crowns have bounded clique-width. More precisely,
we have the following.

Lemma 8.2 (Lemma 3.4 of [8]). Every 5-basket @ satisfies cwd(Q) < 5.
Lemma 8.3 (Lemma 3.5 of [8]). Every 5-crown Q satisfies cwd(Q) < 5.

This reduces the problem to showing that villas and mansions have bounded clique-width.

We start by defining “labeled graphs” and their clique-width, as in [8]. A labeling of a graph
G is any function whose domain is V(G). A labeled graph is an ordered pair (G, L), where G is
a graph, and L is a labeling of G; for a vertex v € V(G), L(v) is the label of v. The disjoint
union of two labeled graphs on disjoint vertex sets is defined in the natural way. To simplify
notation, for a labeled graph (G, L) and an induced subgraph H of G, we often write (H, L)
instead of (H,L | V(H)).?

The clique-width of a labeled graph (G, L), denoted by cwd(G, L), is the minimum number
of labels needed to construct (G, L) using the following four operations:2

1. creation of a new vertex v with label ;

2. disjoint union of two labeled graphs;

3. joining by an edge every vertex labeled i to every vertex labeled j (where i # j);
4. renaming label 7 to label j.

Thus, at the end of the procedure, each vertex v € V(G) is supposed to have label L(v). Clearly,
cwd(G) < ewd(G, L).

Lemma 8.4 (Lemma 3.1 of [8]). Let G be a complete graph, and let L : V(G) — C be a labeling
of G. Then cwd(G,L) < |C|+ 1.

For a positive integer ¢, a t-spike is a graph () whose vertex set can be partitioned into
nonempty cliques By, ..., By, C1,...,C; that satisfy the following:

e cliques Bj, ..., B; are pairwise anticomplete to each other;
e cliques C1,...,C} are pairwise complete to each other;

e for all distinct 4,5 € {1,...,t}, B; is anticomplete to Cj;

e forall i € {1,...,t}, B; can be ordered as B; = {bl,...,b. } so that No(b.)NC; C--- C
NQ(bi) N C;.

Under these circumstances, we also say that (B, ..., B; Ch,...,Cy) is a t-spike partition of the
t-spike Q.

Proposition 8.5. For all positive integers t, all t-spikes QQ with an associated t-spike partition
(Bi,...,B;C1,...,Cp), and all labelings L of Q that assign one label to all vertices of By U
.-+ U By and another label to all vertices of C1 U ---U C;,?® we have that cwd(Q, L) < 4.

26 As usual, for a function f: A — B and a set A’ C A, we denote by f | A’ the restriction of f to A’.

2"Note that these are the same four operations that we had in the definition of the clique-width of nonlabeled
graphs. The only difference is that, here, we insist that the labeling of G at the end of the procedure be precisely
the labeling L.

28To be fully precise, we mean that there exist distinct p, ¢ such that:
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Proof. We proceed by induction on ¢, and in the base case (see Claim 8.5.1), we proceed by
induction on the number of vertices of the graph.

Claim 8.5.1. For all 1-spikes Q, with an associated 1-spike partition (B,C), and
for all labelings L of @ that assign one label to all vertices of B and another label
to all vertices of C, we have that cwd(Q, L) < 4.

Proof of Claim 8.5.1. Fix a 1-spike @), and assume inductively that the claim holds for 1-spikes
on fewer than |V (Q)| many vertices. Let (B, C) be a 1-spike partition of (), and fix a labeling L
of () that assigns one label to all vertices of B and another label to all vertices of C'. Clearly, we
may assume that L(b) =1 for all b € B and L(c) = 2 for all ¢ € C. Next, using the definition
of a 1-spike, we fix an ordering B = {b1,...,b,} of B such that Ng(b,)NC C --- C Ng(b1)NC.

Set By := B\{bl} = {bg, ce br}. Next, set Oy := NQ(Bl)ﬁC, i = (NQ(bl)\NQ(Bl))ﬂC,
and Cp := C\ (C; U Cy). Thus, Cy is the set of all vertices in C' that have a neighbor in
By = B\ {b1}; C} is the set of all vertices in C' whose only neighbor in B is by; and Cs is the
set of all vertices in C' that are anticomplete to B. Clearly, sets Cp, C1, Co form a partition of
C. Moreover, it follows from our ordering of B that b; is complete to C; Uy and anticomplete
to C(].

Suppose first that By = ), so that B = {b1}. Then Cy = () and C' = CyUC;. We now define
Lc : C — {2,3} by setting Lo (c) = 2 for all ¢ € Cy and setting Lo(c) = 3 for all ¢ € Cy. By
Lemma 8.4, we know that cwd(Q[C], L¢) < 3. So, we construct (Q[C], L¢) using only labels
1,2,3. Next, we create the vertex b; with label 1, and make vertices labeled 1 adjacent to
vertices labeled 2. (Now b; is complete to C; and anticomplete to Cp.) Finally, we rename
label 3 to label 2. We have now constructed (@, L) using only labels 1,2, 3, and we deduce that
cewd(Q, L) < 3.

From now on, we assume that By # (). Since by ¢ By UC5, we see that Q[ByUC5] is a proper
induced subgraph of Q. Moreover, if Cy = (), then Q[B; U Cs] = Q[Bj] is a complete graph,
whereas if Cy # 0, then Q[B; U O3] is a 1-spike with an associated 1-spike partition (B, Cs),
and this 1-spike has fewer than |V (Q)| vertices.

We now define L' : ByUCy — {1,2} by setting L'(b) = 1 for all b € By and setting L'(c)
for all ¢ € Cy. By Lemma 8.4, or by the induction hypothesis, we have that cwd(Q[B1UCs], L
4, and we construct the labeled graph (Q[B; U Cy], L) using only labels 1,2, 3, 4.

Next, define L” : {b1} UCy — {3,4} by setting L”(b1) = 3 and setting L"(c) = 4 for
all ¢ € C;. Note that Q[{b1} U C1] is a complete graph, and so by Lemma 8.4, we have
that cwd(Q[{b1} U C41], L") < 3. We now construct the labeled graph (Q[{b1} U C1], L") using
only labels 1,3,4. We now take the disjoint union of the labeled graphs (Q[B; U Cs], L) and
(Q{br1} U 4], L"), we make vertices labeled 3 adjacent to vertices labeled 1 or 2, and we make
vertices labeled 4 adjacent to vertices labeled 2. Then, we rename label 3 to 1, and we rename
label 4 to 2.

So far, we have constructed the graph (Q \ Co, L) using only labels 1,2,3.4. If Cy = 0,
then we are done. So, we may assume that Cy # 0. We now define Ly : Cy — {3} by setting
Lo(c) = 3 for all ¢ € C. Now, Q[Cy] is a complete graph, and so Lemma 8.4 guarantees that
cwd(Q[Col, Ly) < 2. We then create the labeled graph (Q[Cy], L) using only labels 1,3. We
now take the disjoint union of the labeled graphs (Q \ Cy, L) and (Q[Cy], Lo), we make vertices
labeled 3 adjacent to vertices labeled 2, and we rename label 3 as label 2. We have now created
the labeled graph (@, L) using only labels 1,2,3,4, and we are done. ¢

=2
/)S

o L(b)=pforallbe BiU---UBy;
e L(c)=qforallce C1U---UC.
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We now complete the proof of the proposition. We proceed by induction on ¢. The base
case (“t =17) follows immediately from Claim 8.5.1. Now, fix a positive integer ¢, and assume
that the proposition is true for ¢-spikes. Fix a (t + 1)-spike @, with an associated (t + 1)-spike
partition (By,..., B, Bi+1;C1,...,C; Ciyq1). Let L be a labeling of @ that assigns one label to
all vertices of ByU---UB;U By1, and assigns another label to all vertices of C1U---UC,UCy41.
By symmetry, we may assume that L(b) =1 for all b € By U---U By U Byy1, and that L(c) = 2
forall c € C1U---UCUCy1. Set Qo := Q\ (B+1UC+1). By the induction hypothesis, we have
that cwd(Qo, L) < 4, and we create the labeled graph (Qo, L) using only labels 1,2, 3, 4. Next,
define L' : By41UC41 — {1, 3} by setting L'(b) = 1 for all b € By41, and setting L'(¢) = 3 for all
¢ € Cy1. By Claim 8.5.1, we know that cwd(Q[Bi+1 U Cyy1], L) < 4; so, we create the labeled
graph (Q[Bi+1 U Cy41], L) using only labels 1,2,3,4. Then, we take the disjoint union of the
labeled graphs (Qo, L) and (Q[Bi+1 U Cy11], L), we make vertices labeled 2 adjacent to vertices
labeled 3, and we rename label 3 to label 2. We have now created the labeled graph (@, L) using
only labels 1,2, 3,4, and we deduce that cwd(Q, L) < 4. This completes the induction. ]

Lemma 8.6. All villas Q satisfy cwd(Q) < 4.

Proof. Let Q be a t-villa (¢t > 3) with an associated t-villa partition (A; By, ..., B; C1,...,Cy).
Set B:=BjU---UByand C:=C1U---UC;. Let L: V(Q) — {1,2,3} be defined by setting
L(a) = 1 for all a € A, setting L(b) = 2 for all b € B, and setting L(c) = 3 for all ¢ € C.
First of all, since A is a clique, Lemma 8.4 guarantees that cwd(Q[A],L) < 2. On the other
hand, Q[BUC] is a t-spike with an associated t-spike partition (Bj, ..., By; C1,...,Cy), and so by
Proposition 8.5, we have that cwd(Q[BUC], L) < 4. We now create the labeled graphs (Q[A], L)
and (Q[B U (], L) using only labels 1,2, 3,4, we take the union of the two labeled graphs, and
we make vertices labeled 1 adjacent to vertices labeled 2. We have now created the labeled
graph (@, L) using only labels 1,2,3,4, and we deduce that cwd(Q) < cwd(Q, L) < 4. O

Lemma 8.7. All mansions Q satisfy cwd(Q) < 5.

Proof. Let @ be a t-mansion (¢t > 3), let (4;Byq,...,B;Cy,...,Ci; F; X;Y) be an associated
t-mansion partition of ), and let j* be as in the definition of a {-mansion; by symmetry, we may
assume that j* =1. Set B:=B;U---UB;and C :=C1U---UCY. Define Ly : (BUCUF) —
{1,2,3,4,5} by setting:

e Li(b)=1forallbe B\ By;
b) =4 for all b € By;

)

)

2 forall ce C\ Cy;

c) =5 for all ¢ € Cfy;

Ly (
e Li(c
Ly (
Li(f) =3 for all f € F.

Claim 8.7.1. cwd(Q[BUC UF],Ly) <5.

Proof of Claim 8.7.1. First, note that Q[(B\ B1)U(CUC})] is a (t — 1)-spike with an associated
(t — 1)-spike partition (Ba,...,By;Co,...,Cy). Therefore, by Proposition 8.5, we have that
ewd(Q[(B\ B1) U (C'\ C1)],L1) < 4. Next, By UCj and F are both cliques, and L; uses two
colors on the former and one color on the latter. So, by Lemma 8.4, cwd(Q[B; U C1],L1) < 3
and cwd(Q[F], L1) < 2. Since the labeling L; uses labels 1,2,3,4,5, we conclude that we can
create labeled graphs cwd(Q[(B\ B1)U(CUC)], L1), (Q[B1UC1], L1), and cwd(Q[F], L1) using
only labels 1,2,3,4,5. Then, we take the disjoint union of these three graphs. Finally, we make
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all vertices labeled 3 adjacent to all vertices labeled 1 or 2, and we make all vertices labeled 5

adjacent to all vertices labeled 2. We have now created the labeled graph (Q[BUC U F|, L)
using only labels 1,2,3,4,5, and we deduce that cwd(Q[BUC U F|,L1) <5. ¢

Next, we define Ly : (BUCUFUY) — {1,2,3,4,5} by setting

(b) =1 for all b€ B\ By;

2(b) =4 for all b € By;

e Ly(c)=2forall c e C;

o(f) =3 for all f € F,

La(y)=5forally €Y.

Claim 8.7.2. cwd(Q[BUC UF UY], L) <5.

Proof of Claim 8.7.2. First, using Claim 8.7.1, we create the graph (Q[B U C U F|, L1) using
only labels 1,2,3,4,5, and we rename label 5 to 2. We have now created the labeled graph
(Q[BUC U FJ, Lg) using only labels 1,2,3,4,5. Thus, if Y = ), then we are done. So, assume
that Y # 0. Since Y is a clique, Lemma 8.4 guarantees that cwd(Q[Y],L2) < 2. We now
create the labeled graph (Q[Y], L2) using only labels 4,5, and then we take the disjoint union
of the graphs (Q[B U C U F1J, L) and (Q[Y], L2), and we make the vertices labeled 5 adjacent
to vertices labeled 2 or 3. We have now created the labeled graph (Q[BUC U F UY], Ly) using
only labels 1,2, 3,4, 5, and we deduce that cwd(QBUCUFUY],Ly) <5. ¢

Next, we define L3 : (AUBUCUFUY) — {1,2,3,4,5} by setting

=4 for all a € A;

Ls(a
Ls(b
o Ls(b
Ls(
Ls(
Ls(

)

)=1forallbe B\ By;
) =3 for all b € By;
)

c¢) =2 for all c € C;

f)=3forall f € F;
y)=2forally €Y.

Claim 8.7.3. cwd(Q[AUBUCUF UY],L3) <5.

Proof of Claim 8.7.53. Using Claim 8.7.2, we create the labeled graph (Q[BUC U F UY], L)
using only labels 1,2,3,4,5. Next, we rename label 5 to 2, and we rename label 4 to 3. So
far, we have created the labeled graph (Q[BUC U F UY], L3). Next, by Lemma 8.4, we know
that cwd(Q[A], Ls) < 2. So, we create the labeled graph (Q[A], L3) using only labels 3,4, and
then we take the disjoint union of the labeled graphs (Q[A], L3) and (Q[BUC U F UY], L3).
Finally, we make vertices labeled 4 adjacent to the vertices labeled 1 or 3. We have now created
the labeled graph (Q[AUBUC U F UY], L3) using only labels 1,2,3,4,5, and we deduce that
cwd(QMAUBUCUFUY],L3) <5. 4

We now proceed as follows. We define L : V(Q) — {1,2,3,4,5} by setting

o L(z)=>5forall z € X,
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o L(z)=Ls(x) forallz € V(Q)\ X.

Using Claim 8.7.3, we first create the labeled graph (QAUBUCUFUY],L3) = (Q\ X, L)
using only labels 1,2,3,4,5. If X = (), then we are done. So, we may assume that X # (). By
Lemma 8.4, we know that cwd(X,L) < 2. We now create the labeled graph (Q[X], L) using
only labels 4,5. Then, we take the disjoint union of the graphs (Q \ X, L) and (Q[X], L), and
we make all vertices labeled 5 adjacent to all vertices labeled 3 or 4. We have now created the
labeled graph (@, L) using only labels 1,2, 3, 4,5, and we deduce that cwd(Q) < cwd(Q, L) < 5.
This completes the argument. O

Theorem 8.8. Let G be a (2P5,Cy, Cy, C7,Ty)-free graph that contains no simplicial vertices.
Then cwd(G) < 5.

Proof. By Theorem 7.1, G can be obtained from 5-basket, a villa, a mansion, or a 5-crown,
by possibly adding universal vertices to it. By Lemma 8.1, it is therefore enough to show
that if @ is any 5-basket, villa, mansion, or 5-crown, then cwd(Q) < 5. But this follows from
Lemmas 8.2, 8.3, 8.6, and 8.7. U

Theorem 8.9. If G is a (2Ps,Cy, Cg)-free graph that contains no simplicial vertices, then
cwd(G) < 12.

Proof. This follows immediately from Theorems 3.2 and 8.8. O

9 Coloring (2P3, Cy, Cg)-free graphs

Theorem 9.1. [11] GRAPH COLORING can be solved in polynomial time for graphs of bounded
clique-width.

Theorem 9.2. GRAPH COLORING can be solved in polynomial time for (2Ps,Cy4,Cg)-free
graphs.

Proof. By simply examining the neighborhood of each vertex of an input graph, we can ei-
ther find a simplicial vertex in the graph, or determine that the graph has no simplicial
vertices. Moreover, if v is a simplicial vertex of a graph G on at least two vertices, then
X(G) = max{dg(v) + 1,x(G \ v)}, and so for any integer k, we have that G is k-colorable
if and only if dg(v) < k—1 and G \ v is k-colorable. On the other hand, by Theorem 8.9,
(2P5, Cy, Cg)-free graphs that contain no simplicial vertices have bounded clique-width, and so
by Theorem 9.1, GRAPH COLORING can be solved in polynomial time for such graphs. The
result is now immediate. O

By Theorem 9.2, GRAPH COLORING can be solved in polynomial time for (2Ps, Cy, Cs)-
free graphs. However, since it relies on bounded clique-width, the algorithm is in fact very
slow (see [3]). So, it is natural to ask whether there might be a faster coloring algorithm for
(2P3,C4,Cg)-free graphs. In the first part of our series [10], we explained that (2Ps, Cy, Cg)-
free graphs that contain an induced C; or Ty can be colored in O(n?) time, although the
algorithm relies on integer programming (and in particular, on the results of [6, 7]) and is
therefore not combinatorial. The question is therefore whether there is reasonably fast coloring
algorithm for (2Ps,Cy4, Cs,C7,Tp)-free graphs. Simplicial and universal vertices can easily be
handled in the context of graph coloring, and so Theorem 7.1 reduces the problem of coloring
(2Ps3,C4, Cs, C7, Tp)-free graphs to that of coloring 5-baskets, villas, mansions, 5-crowns. How-
ever, since 5-baskets and 5-crowns are (4K, Cy, Cg)-free (see Lemmas 5.1 and 6.6), they can in
fact be colored in O(n?) time (see [9]). This further reduces the problem to that of developing
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a reasonably fast coloring algorithm for villas and mansions. To summarize, combined with
the previously obtained results (listed above), any O(n*) time coloring algorithm for villas and

mansions will yield an O(n™#{*3}) time coloring algorithm for (2Ps, Cy, Cg)-free graphs.
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