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Quantum Versus Classical Simultaneity in
Communication Complexity

Dmitry Gavinsky

Abstract— This paper addresses two problems in the context
of two-party communication complexity of functions. First,
it concludes the line of research which can be viewed as
demonstrating qualitative advantage of quantum communica-
tion in the three most common communication “layouts”: two-
way interactive communication, one-way communication and
simultaneous message passing (SMP). I demonstrate a functional

problem ;E;T, whose communication complexity is O ((log n)2)

in the quantum version of the SMP and Sl(ﬁ) in the classical
(randomized) version of SMP. Second, this paper contributes
to understanding the power of the weakest commonly studied
regime of quantum communication-SMP with quantum messages
and without shared randomness (the latter restriction can be
viewed as a somewhat artificial way of making the quantum
model “as weak as possible”). Our function cEqy has an efficient
solution in this regime as well, which means that even lacking
shared randomness, quantum SMP can be exponentially stronger
than its classical counterpart with shared randomness.

Index Terms— Communication complexity, quantum commu-
nication, quantum computing.

I. INTRODUCTION

OMMUNICATION complexity is among the most inter-
esting computational realms so far: Being one of the
strongest where we can establish non-trivial (often tight)
hardness statements — lower bounds; at the same time, it is
one of the weakest that is capable to “accommodate” rather
involved algorithms — protocols. As of today, communication
complexity is one of the very few computational scenarios
where both upper and (non-speculative) lower bounds play

central roles in the research.
We address two questions, related to the most basic com-
munication complexity setting — the regime of two parties,

solving a functional problem.

A. Two-Way, One-Way and SMP

The three most commonly studied bipartite communication
“layouts” are: two-way (interactive) communication, one-way
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communication and simultaneous message passing (SMP).
These models involve two players, Alice and Bob, who receive
one “portion” of the input each: Alice gets X and Bob gets
Y (which we view as random variables). Their goal is to
use the allowed type of communication (as determined by
the “layout”, see below) in order to compute the value of
f(X,Y), where f is a two-argument function defining the
computational problem that the players have to solve.

« In the model of two-way communication the players can
exchange messages, until one of them outputs the answer.

o In the one-way model Alice can send one message
to Bob, who then produces the answer, based on this
message and his portion of the input.

« In the model of simultaneous message passing both Alice
and Bob send one message each to the third participant
— the referee — who has to produce the answer, based on
these two messages only (unlike the players, the referee
doesn’t directly receive any portion of the input).

In all three regimes we say that a communication protocol
computes a Boolean function f if for every pair (x, y) from
the support of f, when the players receive (X, Y) = (x,y),
they output f(x, y) with probability at least 2/3. The partici-
pants are “all powerful” in terms of their local computational
abilities, and the only resource considered for determining the
cost of a protocol is the “amount of communication” that it
consumes.

o When the communication model is randomized, the par-
ticipants can send (classical) bits, the correctness con-
dition must hold with respect to the random choices
made by them and the complexity of a protocol is the
(maximum) total number of bits sent during its execution.

o When the model is quantum, the participants can send
qubits and perform arbitrary quantum measurements,
the correctness condition must hold with respect to these
quantum operations and the complexity of a protocol is
the (maximum) total number of qubits sent during its
execution.

It is known (and easy to see) that for virtually any type of
communication “primitive” (i.e., classical randomized, classi-
cal deterministic, quantum, ...), the two-way layout is the most
powerful, one-way is intermediate and SMP is the weakest.

Demonstrating advantage of quantum over classical com-
munication in a weaker regime (say, one-way) could — in
principle — turn out to be either less or more challenging than
in a stronger one (say, interactive): While in the latter case
one would have to prove a stronger lower bound, at the same

0018-9448 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0002-0729-7631

GAVINSKY: QUANTUM VERSUS CLASSICAL SIMULTANEITY IN COMMUNICATION COMPLEXITY

time the communication problem being used for the separation
would likely be harder, and therefore easier to prove a lower
bound for.

The history of research seems to suggest that separating
models on the “lower levels” — namely, one-way communi-
cation, and even more so SMP — is more challenging than
under the stronger setting of interactive communication. In
1999 Raz [14] demonstrated a function that had an efficient!
quantum two-way protocol, but no efficient classical two-
way protocol. In 2004 Bar-Yossef et al. [4] demonstrated a
relation that had an efficient quantum one-way protocol, but
no efficient classical one-way protocol. Note that the origi-
nal separation from [14] was demonstrated via a functional
problem; on the other hand, the result of [4] used a relation
— a more general class of problems and a stronger model-
separating tool.” In the same work it has been asked whether
it was possible to demonstrate similar qualitative advantage of
quantum one-way communication via a functional problem,
which was answered affirmatively in 2008 in a joint work
with Kempe et al. [7].

The work [4] has also demonstrated a relation that had an
efficient quantum SMP protocol, but no efficient classical SMP
protocol, and — similarly to the one-way case — it has been
left open whether there existed a functional problem, easy for
quantum and hard for classical SMP.

In the meantime, separations “against classical two-way”
have been strengthened in a sequence of works [5], [6], [11]
that subsumed earlier separations: e.g., in 2010 Klartag and
Regev demonstrated a function with an efficient quantum one-
way protocol, but no efficient classical two-way protocol.
On the other hand, it has remained open till now whether
a function could witness quantum superiority in the case of
SMP? .

This work presents a functional problem cEgr, whose
communication complexity is 0((10gn)2) in the quantum
version of SMP and Q(ﬁ) in the classical (randomized)
version of SMP.

B. Weakening the Weak: SMP Without Shared Randomness

The second aspect of this work is related to understanding
the power of, arguably, the weakest commonly studied regime
of quantum communication — SMP with quantum messages
and without shared randomness.

'We call a communication protocol efficient if its complexity is poly-
logarithmic in the input length.

2There are known cases where a quantum communication model can be
separated from a classical one via a relation, but a functional separation is
provably impossible (see [1], [9]). In particular, [9] showed that the class of
functional problems, efficiently computable in “quantum-classical SMP” — the
regime where Alice could send a quantum message but Bob was classical (or
vice versa) — was equal to the corresponding class of the “fully classical”
SMP regime; on the other hand, a relational separation between these two
models followed from [4]. As in this work we are only concerned with super-
polynomial separations via functional problems, for us the model of SMP with
both players being quantum is the weakest (non-trivial) regime of quantum
communication.

3 The result in [6] implied existence of a function, hard for classical SMP
(and even for classical two-way protocols), but easy for the model of quantum
SMP with shared entanglement — a significantly strengthened version of
quantum SMP, where the players could share an arbitrary (input-independent)
quantum state of finite dimension.
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Let @ and R denote, respectively, the quantum and the
classical models of two-way communication. Denote by Q'
and R! the corresponding one-way models. Although the
above four models are not of primary interest for this work,
we will refer to them from time to time in the discussions.

We will write QI and R for, respectively, the quantum and
the classical version of the model SMP without shared ran-
domness. To denote the corresponding standard counterparts —
those equipped with (unlimited) shared randomness — we will
write, respectively, Qllpub gng RI-Pub  For any model M and
a problem P, we will write M(P) to denote the complexity
of P in M.

Both QI and R/ (i.e., the versions lacking shared ran-
domness) can be viewed as “purposely weakened”, somewhat
artificial versions of SMP — as opposed to the standard
Qll-puband RIP#P 4 The families of efficiently-computable
tasks in Q! and in R! are not closed with respect to mixed
strategies,” and the usual minimax principle does not hold
for these models: for example, the equality function (Eq) has
RI-complexity O(1) over any fixed input distribution, but its
worst-case RI-complexity is Q(ﬁ) due to [13].

Von Neumann, who proved the minimax principle for
the case of 2-player zero-sum games with mixed strategies
in 1928, later remarked: “As far as I can see, there could be
no theory of games [...] without that theorem.” The question
of determining the complexity of a given communication
problem can be phrased in the language of 2-player zero-sum
games, and the case of SMP without shared randomness is
probably the only commonly studied one that goes “without
that theorem”. Although we have seen some non-trivial results
both in Q! and in R, these models still lack the aesthetic
appeal and the cognitive depth of those obeying the minimax
principle.

So, the model of SMP with quantum messages and with-
out shared randomness (Q!) indeed can be viewed as the
weakest commonly studied quantum model in communication
complexity. Prior to this work, Q! was known to be stronger
than RI: in 2001 Buhrman er al. [3] demonstrated that there
existed a Ql-protocol for the function Eq of complexity
O(logn); as we already mentioned, it had been known that
RI(Eq) € Q(ﬁ) Till now it has remained open whether
ol was capable to do more than that — in particular, to solve
efficiently any problem that was hard for the “natural closure”
of RI, namely RI-pub,

We show that the main communication problem studied in
this work — the function cEg; — has an efficient protocol in Q!
as well. Due to the mentioned lower bound of f)(ﬁ) on its
RI-Pub_complexity, this demonstrates exponential advantage of
Qll over RIP*> in solving a functional problem.

One obvious question that remains open is whether there
is a bipartite communication problem — even a relational one

4Note that in the context of “Two-way, one-way and SMP” we only referred
to the “natural” models QI-?#6 and RI-Pub.

SRIPub: _ the “unrestricted” randomized SMP — can be defined as the
“closur”e” of RI' with respect to mixed strategies, and similarly for Qll.pub
and Ol
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— that admits an efficient solution in Q! though not in R.O
Further historical background and some open questions can be
found in Section VII.

C. Why This Is Interesting Technically

As a part of this work, RI-Pb_hardness is argued for a
communication problem, which is easy for virtually any model
stronger than RI-”*> Therefore the argument has to be tuned
rather accurately in order to distinguish between RI"”** and
some other models of communication that are “just slightly
stronger” (like RH.

On the other hand, the complexity of the analyzed com-
munication task must also be tuned, as it has to be easy
for QI and hard for RI"?*>| which is “just slightly weaker”
(sometimes even incomparable).” In particular we cannot use
a problem with worst-case hardness in spite of average-case
easiness (like Eq), as RI'?“> allows for mixed strategies.

It may be for these reasons that this work is built around
several ad hoc ideas.® Some of them will be informally
discussed in Section III.

II. PRELIMINARIES

For x € {0,1}* and i € [n] = {1, ..., n}, we will write x;
or x(i) to address the i’th bit of x (preferring “x;” unless it
may cause ambiguity). Similarly, for § C [n], let both xg and
x(S) denote the |S|-bit string, consisting of (naturally-ordered)
bits of x, whose indices are in S. For a set (or a family) A,
we will write A|; and A|g to address, respectively, {x,- |x € A}
and {xg|x € A}. We will use similar notation in all cases when
x can be viewed naturally as an element of A} x --- X Xj,.

For x, y € {0, 1}", let |x| denote the Hamming weight of
x and x @ y denote the bit-wise XOR operation.

For a (discrete) set A and k € N, we denote by Pow(A) the
set of A’s subsets and by (’2) the set {a € Pow(A)|la| = k}.
We write “A A B” to denote the symmetric difference between
the two sets and “A U B” to denote the union when A and B
are disjoint (i.e., writing “A J B” implies that AN B = ¢)).

We write U4 to denote the uniform distribution over the
elements of A. Sometimes (e.g., in subscripts) we will write
“c A” instead of “~ U,”. We will sometimes emphasize
that a distribution on {0, 1}2” is “viewed as bipartite” (i.e.,

6As a black-box statement, demonstrating a functional problem with those
properties (whose existence one may question: even a relational separation
like that is not presently known) would subsume the current work, as well
as [6]. On the other hand, here we demonstrate a lower bound in R!-P#0 for
a functional problem that is, intuitively, very close to being within the reach
of this model (as witnessed, in particular, by the fact that the problem is easy
for Qll). The aesthetic appeal of the quest of finding an appropriate fine-tuned
analytic approach has been the author’s main motivation for addressing this
question.

TThere are known examples, where RI-pub g exponentially stronger than
QH for relational problems, see [8].

8Let us remark that technically this work is very different from [6] — except
for the definitions of the core communication tasks that are considered, which
share a few obvious structural similarities (e.g., both the problems are naturally
viewed as “distant derivatives” from the equality problem). We do not know
whether Shape — the core task of [6] — admits an efficient Q”—, or even
QH’pub -protocol (and conjwe that it doesn’t); on the other hand, the core
task of the current work — cEgp — is trivial not only for R, but even for RI
(see Sect. III-A).
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assumed to be the joint distribution of two random variables,
containing n bits each) by addressing it as a distribution on
{0, 1}"*"; similarly, we will write “(X, Y) € {0, 1}, etc.
For (discrete) distributions g1 and p», their relative entropy
is
dkr (ﬂ 1 H ﬂz)

w oy

xesupp(u1)Usupp(u2)

ur(x) - IOg(/“(x)),
12(x)

where the logarithm is base-2. It follows readily from the strict
concavity of log that

dKL(,ul Hﬂz) >0,

where the equality holds if and only if x| = u».
We will use the Chernoff bound in the following form.

Fact 1 (Tail-Estimating Inequalities). For n € N, let X = (X4,
..., Xy) ~ u be mutually independent random variables,
satisfying E ,[X;] = p € [0, 1]. Then for any a € Q(1):

n
Pr Z;Xiz(vaa)-n ,
=

n
I/’lr in <(p—a)-n| e279m,

i=1

Let 4’ be any distribution, satisfying |« — x|, < j, then

n
Pri> Xi=(p+a)n|,
 Li=1
$ B
Pr Xi<(p—oa)-n e 279 L B
| 2

Let S, denote the group of permutations of [n], and let
o; € S, be the i’th cyclic shift (i.e., 6;(j) =i+ jifi+j <n
and i + j —n otherwise). For x € {0, 1}" and 7 € §,,, denote by
7(x) the element of {0, 1}", whose 7(i)’th position contains
x; for each i — in particular, ¢;(x) is the j-bit cyclic shift
of x.

For functions f, g : {0, 1} — R, we define

oo S > ) g
x€{0,1}"

= E_[f(X) g(X)]

Xc{0,1}

and || fll, & JF, 7). For s C [n] and x € {0, 1}", let
x1s(x) def (—D)ksl and f(s) def (f, xs)- The Fourier transform
f— f is a norm-preserving linear mapping in the following
sense: ||f||% = zs f(s)2 (Parseval’s identity). The vectors yg
form an orthonormal basis of R?" and

fe) =" f) xsx)

sC[n]

for every x € {0, 1}".
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Definition 1 (Small-Bias Spaces). For ¢ > 0, we call
T C {0, 1}" an ¢-bias space if

TET[XS ()] <e

for every s C [n], s # 0.

Being a small-bias space is a “pseudorandom property”: it
holds for random subsets of {0, 1}"* almost always, and there
are efficient constructions.

Fact 2 ([12]). For ¢ > 0, an &-bias space can be constructed
deterministically in time poly(?/¢). Every pair of elements
71 # 12 of the constructed space satisfies |71 @ 12| € %:l:o(n).

__The main communication problem studied in this work
(cEqr) will be constructed using a small-bias space. In order
to argue the model separations, we do not need the definition
of the problem to be explicit; nevertheless, we remark that
our construction will be explicit in a rather strong sense:
namely, cEqy(x,y) will be computable in time poly(n) for
any x, y € {0, 1}"*. This is due, in particular, to the complexity
guarantees of Fact 2.

A. Communication Complexity

For an excellent survey of classical communication com-
plexity, see [10]. Quantum communication models differ
from their classical counterparts in at least’ two aspects: the
players are allowed to send quantum messages (accordingly,
the complexity is measured in qubits) and to perform arbitrary
quantum operations locally. An excellent survey of quantum
communication complexity is [2].

Of central importance to this work is the model of simulta-
neous message passing (SMP), where there are 3 participants:
players Alice and Bob, and the referee. An SMP-protocol
for computing a Boolean function f (X, Y) has the following
structure: Alice receives X and sends her message to the
referee; at the same time, Bob receives Y and sends his
message to the referee; the referee uses the content of the
two received messages to compute the answer. The answer is
correct when it equals f(X,Y) (the input is always such that
f(X,Y) is defined). We will consider the following variations
of SMP:

1) In Dilw (sometimes written as DJ;' if u is irrelevant
or clear from the context) the players and the referee
are deterministic, and the answer must be correct with
probability at least 1 — & when (X,Y) ~ x.10

2) In Rl the players and the referee can use local random-
ness, and the answer must be correct with probability at
least 2/3 for every valid input.

3) RIP#b s similar to RN, but the players and the referee
can use shared randomness.

We say that a communication model allows prior (or shared) entanglement
if the players can share any (input-independent) quantum state and use it in
the protocol (in the case of simultaneous message passing, entanglement is
only allowed between Alice and Bob). Models with prior entanglement are
not used in this work, but they are mentioned in some discussions.

101 this work we will only deal with binary-valued functions; accordingly,
we always assume that & < 1/2.
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4) In Q! the players can send quantum messages and the
referee can apply any quantum measurement to compute
the answer that must be correct with probability at least
2/3 for every valid input.

1) Variations of Equality: The communication problem that
we use for our separation is a function that can be viewed as
a variation of the equality problem.

The equality function (viewed as a communication problem)
is the following total!! bipartite function. Let u < [n]
(for technical reasons, we consider a “projected version” of
equality), then

Eq, : {0, 1}"™" — {0, 1},

def |1 if x, = yu3

Eq,(x,y) =
2, ) 0 otherwise.

We write Eq for Eqp,). Define input distributions for Eg,,:
o for a € {0, 1}, let ,u“Eq be the uniform distribution over

Eq,'(a);

. let pgg, = 4 (/‘%qu + ﬂJJEqu)'

The next problem intuitively corresponds to asking whether
Eq,(X & 7,Y) = 1 for some 7 from a predetermined set
T < {0, 1}", usually of size poly(n) (in our analysis T will
be a small-bias space).

Equ,T : {O’ 1}n+n - {09 1}9

def | 1

if( x®71), =y, forsome 7t €T,
Equ,T(x’ y) =

0 otherwise.

Define input distributions for Egq,, r:

o for . € T, let ,ugq be the distribution of (X, Y) when
X ®1,Y) ~ iy,
def |
o let pgg,, = 177 2cer :“f?qu'

Next we define a “noisy” (or gapped) version of Eqy:
Eqr : {0, 1} — {0, 1};

1 ifx@yor| <
for some 7 € T and
x@y@r| ¢ (%212
for every t € T

0 if x@y®r| >
for every 7 € T}

— def
Eqr(x,y) =

undef. otherwise.

Intuitively, E?]T(x, y) “asks” whether x @ 7 is close to y
with respect to one of the “permitted” bit-negations 7 € T.
The promise is that x €& t must be either far enough from y
(at distance > %) or close to it (at distance < ?—’;) for every
7 € T — otherwise the function is undefined.

Define input distributions for EZ]T:

def

o let ILtE‘(’]T = (n,}ﬁ . Zue(y[,’/l%) HEq, -

We are ready to introduce the main communication problem
considered in this work — a function that can be viewed as a

A functional problem in communication complexity is called total when
it is supported on the product set of the players’ individual sets of input.
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“cyclic version” of Egq,, 7:
¢Eqr : {0, 1" — {0, 1},

[ 1 1f|0,(x)69y69f|<6n
for some 7 € T
and j € [n] and
loj(x)®y® 1| & (15» i)
for every 7 and j;

0 if lo;(x)®y®|> —rsl
for every 7 and j;

- def
cEqr(x,y) =

undef. otherwise.

The intuition behind this definition is very similar to
that behind E?]T(x, y), but the question here is whether
oj(x)+ 7 ~ y with respect to some cyclic shift ¢; and one
of the bit-negations 7 € T. o

Define input distributions for cEqy:

o for j € [n], let ,u,\, be the distribution of (X, Y) when

(o-j (X) Y) /quT
def | J
o let ppr =0 'zje[n]ﬂ;g,;
Let us also define the variants of our input distributions,
where in the construction U, jy+n replaces ,u%q = Ugy—1(0)-
For every u € (,[L'/li)» reT and j € [n]:

def
o let ,qu‘ Ze % . (u{O,l}"+" +/.léqu)
o let b Eq be the distribution
Xe&r, Y) ~ UEq,
def | —
z el ,uéq .

° let luEQu,T = ﬁ '
Z:ue( ”]) IUE% T

of (X,Y) when

def
let HEqy =

n /3)

the distribution of (X,Y) when

o let ,u/\/ be
(0, (X, 1) ~

def 1
Febqr =

~H EQT;
J
: z jeln] /J"C'Eq/r .
The above variants will be only used in the analysis, in which
context they have a significant structural advantage: Uy jyn-+n

is much more symmetric than ¢ Eq, . At the same time, these

o let

distributions are very close to their ,uE -based originals,
as formalized by the following claim.

Claim 1.
Vue([])rETjE[n]:
/ b b

g, = 70, [y, — Ee,

s
1

Hlquu,T - lquu,T

1’ luEéT_'uEaT 1’
i )

Proof. The first two bounds are due to
Pr Eq,(X,Y)=1|=27",
(Xay)'\’u(()J)n-l—n [ " ]

the rest follow from the observation that for any two sets of
vectors vg,...,0, and uy, ..., u, in an Euclidean space and
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any convex combination coefficients 1y, ..., 4,, it holds that

n n

D hicvi— D Ai-ui| < max{llo; —uilly}.
l

i=1 i=1 |

III. INTUITION BEHIND THE NEW SEPARATION

Recall that we are looking for a functional communica-
tion problem, easy for quantum but hard for classical SMP
(naturally, equipped with shared randomness). The initial
inspiration comes from the observation that the most obvious
quantum SMP protocol for equality with gap (Eg) has certain
“robustness” that seems impossible to achieve in a classical

protocol.
Let .
1 if [x®y| < 3;
Eq(x,y) € 10 if [x @yl > 2

undefined otherwise.

A natural Ql-solution to this problem would be for Alice to
send —= Z |i)|X;), for Bob to send —= Z |i)|Y;) and for the
referee to perform the swap test [3] — a quantum measurement
with two possible outcomes, “pass” and “fail”, where the

probability of passing for states |a) and |5) equals + ' alﬁ)l

2
In our case the passing probability is + M SO esti-

mating it with sufficient constant prec1s1on allows the referee
to give the correct answer with constant-bounded error, thus
solving the problem.!?

Note that the same pair of messages sent by the players can
be used by the referee for solving

Eq(x(X)®1,Y)
for any 7 € S, and 7 € {0, 1}": Upon receiving the messages
and before performing the swap test, the referee would have to
apply the obvious unitary transformation to the message from
Alice (namely, permuting the indices and negating some bit
values).

Let S ¢ Sy, T C {0,1}* and |S|,|T| € poly(n). Using
the above intuition, we conclude that there exists an efficient
quantum protocol for the problem
1 iz erey <’
for some 7 € §
andt e T;
if lz(x)®rdy|> 2—"
for every 7 € §
and 7 €T,

— def
Eqg7(x,y) = 10

undef. otherwise.

To solve it in Q| both Alice and Bob send O (log n) copies of
their messages from the E?]—protocol described above, which
allows the referee to solve any instance of EZ](E X)®r,Y)
with error 1/poly(n) (arbitrarily small). In particular, this
means that he can “reuse” the messages and test EZ](ﬂ/ X)®
t/,Y) for every 7’ € S and t' € T with polynomially-small
error, thus solving the problem.

12Ror simplicity, in this informal overview we only require that a protocol
solves a Boolean problem with error 1/2 — Q(1). The definitions made in this
part are not used elsewhere.
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One can see that the main communication task studied here
- cEqT — is an instance of EqS r with different constants,
S being the set of cyclic bit-shifts and 7 being a small-bias
space.

A. Towards the Lower Bound

Proving a strong lower bound for the RI-Pub_complexity
of cEqr is interesting for several reasons. One of them is
the technical challenge: rather fine tuning of the method is
required.

The bound has to distinguish between the models R!-P40
and R/, whose respective strengths are rather close to each
other. Indeed, not only ?EJT(X, Y), but any EZ]S’T(X, Y) is
easy for (randomized) one-way protocols: Alice can send to
Bob a number of randomly selected pairs (i, X;), letting him
estimate, with sufficient confidence and accuracy, the values
of [z(x) ® v & y| for every # € S and r € T. Sending
O(logn) pairs for uniformly-chosen i-s would suffice, and
therefore R!(cEqy) € O (log(n)).

Ignoring some technical details, our lower-bound argument
for RI“>(cEq;) can be outlined as follows.

First of all, we need a convenient characterization of effi-
cient protocols for Eq. It will be based on the observation that
if a random input satisfying X ~ Y is given to an RI-P#0-
protocol for EZ](X , Y), then the two messages received by the
referee are likely to “witness” that fact. After some technical
manipulations, this idea will lead to

g[Afx : Aiﬂ] e Q(%) (1)

where Al is the “bias” of the referee’s knowledge about
X;, gained from Alice’s message Al(X), and Aiﬁ is defined
similarly with respect to ¥ and Bob’s message Bo(Y).

Next we take 7 into account. We will use its small-bias
properties to conclude that a protocol for EZ]T(X ,Y) must

satisfy
}l_z[l[xi : Al(X)] .I[Yi : Bo(Y)]] c Q(%) )

The bound in (2) is significantly stronger than that in
(1): Both X; and Y; are uniformly-random bits, so “bias”
y > 0 in the referee’s knowledge, say, about X; corresponds
to ®(y?) bits of information. The “quadratic improvement”
from (1) to (2) captures the “added hardness” in the transition
from EZ] to EZ]T — at least, from the point of view of our
analysis.

Finally, we add cyclic shifts in order to ‘“disconnect”
I[X; :Al(X)/LErom I[Y; : Bo(Y)]. We will show that any
protocol for cEqy(X, Y) must satisfy

el o] £[i[ s <a(l). o

and this gives the desired lower bound, as at least one of
E,-[I[X,- : Al(X)]] and E; [I[Yj : Bo(Y)]] must be Q(1/./n)
in order to satisfy (3).
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IV. SOLVING cEqr WITH SIMULTANEOUS
QUANTUM MESSAGES

Here we construct a protocol for solving@?T in Q.13 First
we consider the following simpler problem.
For any 7 € T and j € [n], let
6n

|t i@yl
qu,‘[()c’y)é 0 if IO'](x)@yEBTIEZ_g’
undef. otherwise.

a) A protocol for 1’5‘21]-:,: Upon receiving the input, Alice
and Bob send, respectively,

def

1 <&
lpar) = ﬁ-;}lmx,»

and
n

e 1 Sy
|¢Bo>—ﬁ izzlwm

to the referee. The referee then applies o; to the first register
of |¢pas) and 7(o;(i))-controlled negation to the second, thus
transforming the state into

|¢Az [ Z|°'J(l) |X ®T(Uj(l))>

Note that the above transformation is orthogonal (in particular,
reversible), and therefore can be performed, preserving the
superposition.

At this point the referee can apply the swap test to the
states ‘gzﬁ%l) and |¢p,), which would “pass” with probability

1+ |(¢21|¢30>|2 _ (n— lojo(X) @ 70 ® Y|)*

2 2 2n?
>3 ifEg . (x,y)=1;
< % if Eq; ,(x,y) = 0.

For any ¢ > 0, let 778 denote the protocol that repeats

the above procedure O(log ) times in parallel (in particular,
the players send that many copies of, respectively, |¢4;) and
|$Bo)), outputs “1” if at least —-fractlon of the swap tests have
passed and “0” otherwise — the number of performed repeti-
tions is chosen so that the resulting 73‘;’ . solves EZ]j,,(X ,Y)
with error less than ¢. The resulting communication cost of
P¢ . is O(logn - log D).

Let (Hc I— HS .) be the 2-outcome projective measure-
ment that the referee apphes n 778 to the received messages
in order to determine the answer (with the outcome H8
corresponding to answering “Eq] (x,y) =17), and let thls
be the only step performed by the referee.'*

Note that execution of 775 doesn’t require from either Alice
or Bob the knowledge of either j or ¢ — only the referee has
to know these values in order to apply (IT% Gl — HS .)- This
makes P; . a perfect “building block” for solving the orlglnal
problem.

B3Let us remind the reader that a survey of quantum communication
complexity can be found in [2].
14Puttmg it differently, the measurement (1'[ 1=

1'[?. .) incorporates all
the steps taken by the referee according to ”Pé
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b) A protocol for :‘75?7 Let Alice and Bob send their
messages to the referee, as prescribed by Pr for some &’ to
be fixed soon (recall that these messages do not depend on
the values of j and 7). The referee sequentially measures the
received messages with (', 1 — HE/ ;) forall r € T and

J>T’
j € [n]. If at least one outcome H8 has been
obtalned the referee answers “cEqT(X Y) = 1”, otherwise,
“cEqT(X Y)=0".

Call the above protocol P. Assume without loss of gen-
erality that cEqT(X Y) € {0, 1} (i.e., the input fulfills the
promise). To analyze the error of P, note that the protocol
can return the wrong answer only if for some (j,7) the
outcome of the corresponding measurement (IT j/T, I— HE/ )
is wrong — that is, the outcome is 1'[‘g while qu (X, Y)=0,
or vice versa. Note that while the probablhty of the out-
come of the first performed measurement being wrong
is bounded above by & (as follows trivially from the
error bound of P;?:r), at the subsequent rounds the state
being measured may have been “distorted” by the ear-
lier measurements, which, in turn, may increase the error
probability.

It is known (e.g., see Lemma 2 in [1]) that if a sequence
of m quantum measurements of the same state is performed,
such that in every measurement the most likely outcome would
occur with probability at least 1 — &’ if the measurement were
performed on the “clean” state, then such &’ € poly(l/m) can
be chosen, that all the m obtained outcomes will be the most
likely ones with probability at least 2/3 (or any other constant
less than 1).

For the protocol P to be correct, it is enough for the mea-
surement corresponding to every 7 € T and j € [n] to return
the most likely value. Accordingly, choosing &' € Lpoly(n-|T}) is
sufficient for the resulting P to solve cEgy (X, Y) with error at
most 1/3. The respective protocol’s communication complexity
is, therefore, 0((log n)? +logn - log |T|).

Corollary 1. For every T C {0, 1}",
Q”@T) € 0((10gn)2 +logn -log|T|>.

V. A PROBABILISTIC INTERLUDE

Here we prove several claims addressing the behavior of
non-independent random variables. The statements are rather
intuitive, though we are not aware of previously published
proofs.

A. Optimistic Inequalities

Claim 2 (Optimistic Chain Inequality). Let Xi,..., X,, be

random variables, where each X; is supported on (finite)

G; U B;. Let u denote the joint distribution of X = (X1,
, Xm), then

/\x G, o
X~,u _
m i—1
:H;:rﬂ X, € G; /\IXjEGj
]=
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m B B i—1 Tli-1 T
H ){-:ry X,‘EG,‘/\XJ‘ZX; /\X}EG]'
. T T i 1 m .

SH ){iry X,‘EG,‘/\XJ‘ZX; /\X}EG]' R
i1 ! i1

where X’ = (X/,..., X},) and X are independent from one
another, unless conditioned explicitly. Moreover,

og| Pr /\ X; €G; )
j=1
m i—1 m
< E |1 Pr | X;eG; X; _X/ X eG;|.
<2, og| Pr ; /\1 i /\1 1€G;
i= J J=

The equalities in (4) correspond to the standard “chain”
decomposition (included here for convenience). In comparison
to the standard decomposition, the inequality offers a more
symmetric upper bound on Pr[AX; € G,] at the expense of
tightness.!>

We call the above claim optimistic, viewing the subsets G;
as good, Bj-s as bad and interpreting the statement of (4)
as saying that the estimated probability of m good outcomes
doesn’t decrease as a result of making the estimation “opti-
mistically biased”: instead of conditioning the expectation on
[ /\lj 11 X ' € G| (which would give the actual probability of
all good outcomes), the right-hand side of the above inequality
uses more ‘“good-oriented” (and more restricting) condition
I:/\;r;l X} €Gj|.

Moreover, the right-hand side of (5) is likely to have grown
as a result of making the expectations “optimistically biased”
(i.e., conditioning it on [/\7;1 X € ij
concavity of log, the statement wouldn’t

A X;. € Gj] were replaced by [/\3;11 X;. € Gj], unless
the quantities under the expectations are constant (that is,
unless every event [X; € G;] is independent from the values
of Xy,...,Xi_1, subject to L/\;;ll Xje Gj]).

Note also that the inequality in (4) isn’t necessarily true
“element-wise”: there may exist a situation, where for some
ig € [m]:

): due to the strict
old if the condition

ip—1
Pr | X;, € G, /\ X;eqGj

X~u izt
B B io—1 io—1

= E | Pr | X <Gy /\X,:X’ /_\1X}eGj
— — o1 - "

> E | B, XioeGiO/\ijX /_\lx;eGj

The following statement implies that the above inequality
might hold only for ip < m.

15The statement of Claim 2 can probably be made tight via expressing the
difference between the two sides of (5) as a sum of relative entropies, cf.
Claim 3.
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Claim 3 (Optimistic Conditioning). Let X and X, be random
variables, each X; supported on (finite) G; U B;, and let u be
the joint distribution of X =

X1, X2). Then
log({’r [Xz IS Gz’Xl S G1]

zlog( [ X2€G2’X1 X1] X EGID
X'~u X’v,u

[ ( X26G2’X1 X’])X/eGl,Xzer}
X/'v,u

—dgL ,3

|:log( X € G2’X1 Xl])‘Xl €GLX) e G2:|

< E

X'~u
where X' = (X, X)) is independent from X (unless con-
ditioned explicitly), and a and f denote the distributions
of X, conditioned, respectively, on [X; € Gip] and on
(X1 € G, X2 € Gy].

The statement of Claim 3, similarly to (5), witnesses the
qualitative “benefit” of optimistic conditioning: since log is
strictly concave, whenever [X> € G»] depends on X (subject
o [X1 € Gi]), the above inequality wouldn’t hold if the
expectation were not subject to [X} € G].

Proof of Claim 3. For every ¢ € Gi, let p. & pr [X1 =c]
and ¢, o Pr[X> € G2|X1 = c|. Then

Pr[X, €G] = ,

prﬂ[ 1 1] Z Pd

deGy
a(c) = [Xl—c’Xl EGl] L
ZdeGl pa’
and
Pr [X| = ¢, X2 € G2] = pcqc,
X~
Pr(X, €G.X2€Gl= D piqa.
X~u
dEG]
pc)= Pr [X1 - c‘xl €G, Xz € Gz]
~p
_ Pcqc
2 deG, Pddd
Let
dqd
def 2 deG, Padd _ a(c) “ge (forany ¢ € Gy).
ZdeGl pd ﬂ( )
then

log(Pr [Xz € Gz’Xl € G1])
X~u

=log| > a(d)-qa| =log| > k-p(d) | =logk)
deG deG
B B
=5 s P9) 5 g (29)
;} a(d) ; @)
= > B loglan) — dxi (8]«)
dEG]
- XEﬂ[log(}irﬂ[Xz c G2’X1 - Xq])’Xq €GLX)e G2:|

(o)
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as required (the stated inequality follows from the non-
negativity of relative entropy). MClim 3

Proof of Claim 2. Let us first consider the case of two variables
(Y1, Y2) ~ v, supported, respectively, on G; U1 and GoWUS3;:

IOg(I:r[Yl €eg, e Qz]) (6)
= log(Pr[Y1 € g1]) —Hog(Pr[Yz € gz‘Yl e gl])
< log(Pr[Y1 € gl])

E [log(Pr[YzEQz’Yl:Y{])’Y{Egl,yz/egz],
(Y], Yp~v

as follows from Claim 3.
Let u’ denote the distribution of (Xy,...,X,) ~ u,
conditioned upon [ /\7’1:1 X; € Gj]; in other words,

it A\

otherwise.

H(X5ees Xim)

def { w(G1xxGp) —1%j €Gj3
0

f s xm) =

Note that

1 X;eG;
og XN# /_\ j

< log()g’r [X1 € G1])
~u

m

N\ X

j=1

+ E

/\X € Gj|X1 =X,
X'~u

j=2

log €G;

= log(Pr [X, € G1])
X~u
. -
N\ XjeGj|xi=X]
j=k+1

+ E |log Pr
X'~u' ~u

holds for k = 1, as a direct application of (6).
Inequality (5) follows by induction on k.'® Assume that

1 X; 7
og leu /_\ €Gj (7

k i—1

= ZIOg Pr | Xi € Gi N\ X=X, )}
” i=1 j=1
k

/

+x/€,/ log|{ Pr ,/k\+1X €G, /:\ =X, )}
k i—1

_X’E,u/ lelog Pr | X; € G, /\X,_X; )}
i= j=

/ I .1 P
+ > 4 log pr
x'€{0,1}"

holds for some k > 1.

16we could have started from the trivial case of k = 0 and handle k = 1
as a generic inductive step; we treat the latter as the base case in order to
present the main idea behind the induction in a somewhat simpler form.
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For any x’ € {0, 1}", let &
m
ofk (Xj)j=k+l when  (X;)7,

Nj=1 Xj = x}; in other words,

~

,) denote the distribution
4, conditioned upon
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k
PrXW/,[/\jzl X; :xj'/\/\;-n=k+1 X; € Gj:l

Prxwﬂ[/\];-=1 X; :xj]

/ /
(k)( y(xl,...,xk,xk+1,..., m)
Ux/ xk+la~'~’xm) m k
dEf /.l(xi,.. -x]/(’xk+1,"'a-xm) = Pr /\ XJGG] /\Xj:_x]-
Z"i/m _____ o y(xl,...,x,’(,x,/(’ﬂ,...,x,’,/l ' Bl A j=1
/ /
. (X1 e ey Xhey X s -+ s X )i
Next we inspect & / J— o " / ’
. Pr[(X ,...,Xk,XkH,...,X,,):(xl,...,xk,ka,...,xm)]
m
/ / /
Wil prl A Xe6) \x; = ® W)
i=k+1 i=1 . .
! ! where we have somewhat abused the notation by writing
i p ;’\ ¥ G “v(]f?___, ” (note that vi’f) indeed depends only on the first k
= log r i € /
xm®| LN J J bits of x'). ' N
J= Accordlngly, it follows from (8) and from the definition
(k)
of v;” that
<
<log Xf:(k)[xk+1 € Gy N L
Z u'(x") - log }{’r /\ XjeGj/\ijx}
_ ¥'el0,1)" L=kt j=1
E |log| Pr /\ XjeGi|Xem =X | %],
X//’VUX/ X~v ! ] =k+2 ®
where “x” stands for A7, X} € G, “X ~ v(k)” stands = Z//(X/) -log Pr(k)[Xk+1 €G] |+ z,u/(x’)
’ X~v7, ’
for (Xk+1,... Xp) ~ v X" = (X[,,,..., X]) and the x ' Yo
inequality is an apphcatlon of (6). m .
Consider the following distribution. - E o log| P T /\ Xj€Gjl X1 = Xy *
X" ~v v Xvot | iz
o Let X' ~ u’; denote by x’ the value taken by X’ j=k+2 :
o let X/ ~ v(,), subject to [ "o X"eG ]V
. Ject 0 | Ajosin X; € G = > ) dog( pr | X € Gen| A Xy =,
We claim that the resulting distribution of (X{, ..., X}, X}/ 1 ™ =l
., X)) is simply p”: " .
V(x1,...,xm) €G1 X -+ X Gp, —i-z,u/(x’)- E(k) log Pr /\ X;jeGj|xx %
/(x x )_ /u(xl,n-»xm) . x X NUX/ - j:k+2
lu 1s o5 dm ILt(GlX"'XGm)’ k
Pr[(X;,...,X,/() = (xl,...,xk)] =X/§,u/ log }ir,u Xi+1 € G4 /\ X :X}
j=1 i
_ Z y(xl,...,xk,x,/(’ﬂ,...,x,’,/l . . -
Gy x---xG
Lo okl €G e X G 1(Gi m) + E | log| Pr. N XjeGiiN\Nx;=x]|]].
V(X5 o0 Xp) € Grgl X oo X Gy j=k+2 =l -
Pr[(X’l,...,X,/(,XZH,...,X,’,/,):(xl,...,Xk,x,/(H,...,x,/ﬂ)] where “x” stands for /\j k+1X € G and “xx” stands for
:Pr[(X/l,...,X,/{) — (Xl,---,xk)] /\j 1XJ —x A X1 = k+1 Substltutlng it to (7) gives
(k) ’ ’ m
v XpqsererX
e 0 (et m) log| Pr| \ X;j €G,
U;E ..... x (Gig1 X - x Gp) Xl
k p—
B Pr[(X’),..,X,’():(xl,.. xk)] vxl?“.jxk(x,/{ﬂ,...,x@' k i1 /
B ’ < log| Pr | X; € G; X. =X
Prxwﬂ[/\;'»l:kﬂ XjEGj‘/\jzl Xj:xj] X'~ ; ~u| i j/_\l J J
Pr[(X1> Xk)_(xl’“-’xk)]'vxl ..... xk(xl/c+1""’xr/n) [ [ k
E |log| Pr | Xi+1€G X;j=X,
Z(X]/(/+la X )EG 41 XX Gy 'u(xl’ o Xk x]/(/+1 st xt;/1 + X'~u' o8 XN',;t s o /\1 ! ’
= J=
14 1 - -
ZXL’H,.-.,XL’[ XLy e Xy X s e X)) — . il
()Cl, '»-xkﬂx]/(+]""9-x;n) +X/€ 10g XPin /\ XJEGJ X]:X;
1(G1 % - x Gp) “L #lLi=kt2 j=1
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k+1 i—1
= E_ Zlog Pr Xi e Gi| \ X; =X
Xu l 1 j=1
i k+1
+ E |log| Pr /\XEGJ/\X =X/ ,
X! Xl e

thus completing the induction step; for k = m — 1 the above
reads:

1 P
og prﬂ

_’n
/\XjEGj
| j=1

ng )ﬁrﬂ X, € G /_\

X/~
4 e

i—1

= E §1og Pr Xi e Gi| \X; =X |]]*|.

I~ /
i=1 j=1

“ Lt}

where stands for /\;'»;1 X} € G, which is precisely (5);
4) follows by the concavity of log. M (Claim 2

As a side note, we give the following generalization, where
the i’th “goodness criterion” may depend not only on the value
taken by X;, but also on the values of X, ..., X;_1, as long
as the condition is “monotone non-increasing” (e.g., the value
of (X1, X») cannot be good when that of X is bad).

Corollary 2. Let Xy,..., X;;, be random variables, so that
for each i € [n] the tuple (X j)}:1 is supported on (finite)
Gi U B; and for all i; < iy it holds that G;, projected to the
first i1 coordinates is a subset of G;,. Let u denote the joint

distribution of X = (X1, ..., X;), then
P" [X € Gul
X~
m i—1
N\ . — Y/ ’
i=1 j=1
where X’ = (X}, ..., X},) and X are independent from one

another, unless conditioned explicitly.

Proof. For every i € [m], let ¥; be a random variable that
takes value (X;, Q;), where

1if (X)), € Gis

0 otherwise.

o]

Let G; of supp(X;) x {1} and apply Claim 2 to the case of
random variables ¥; and “good” sets Gj. [ |

B. Confidence-Weighted Accuracy of Boolean Prediction
Claim4. Let X and Y be random variables, X being supported

on {0, 1}. Then
,} 1
Y:Y] -
2

E [Pr [x=x
XLy | X,y
1 2
—2. E (E[X’Y:y]——) ,
Y=y \ X 2
where (X’,Y") are distributed independently and identically
to(X,Y).
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In particular, if X ~ Ujo,1y, then

y=v]- ﬂ eo(1[x:v]).

Intuitively, if we view X as unknown, Y as known, and try
to predict the former using the latter, then the expectation of
Pr[X = X'|Y =Y'] — 1/2 can be interpreted as confidence-
weighted accuracy when X ~ U 1}.!7 Tt can be opposed to
the standard notion of confidence:

£ |

E[X’Y: ]——
X 4 2
_E [

Xy

Y = Y’]—%H e @( 1)x: Y])

The qualitative difference between the two quantities is wit-
nessed by the claim.

Proof of Claim 4. Let g(y) & pr
y € supp(Y), then

E |:Pr [X =X
x| Xy

Pr [X =X
Xy

[X = 0|Y = y] for every

E [Pr[xzx’ :Y/] = E [%]
x| X,y |1 v

= E[g(r') - g(r') + (1 - g(¥) - (1 = g(7')]
=2-E Y AN

— <" v (g( )_ 5) | + 5

—2. E (E[X’Y— ]—1)2 41

T vsy | \X = 2 2’

where “x” stands for Pr [X’ = 0|Y/ = y’]
Prix' =1l =y'T-(1-g().
If X ~ Ujo,1}, then

H(X)—H(X‘Y:y)zl—H(X’y:y)

o (exlr =] - ;))

for every y € supp(Y), and therefore,

1[x:v]= Y€y|:H (X)—H (X’Y2= y)]
<o | (e[ =]-3) )

VI. THE RI"?**-COMPLEXITY OF cEqy — A LOWER BOUND

- g0y +

as required. M Claim 4

Definition 2 (Protocols in D ) Let P be a protocol in Dﬂ,
where both Alice and Bob send r bits to the referee.

o Let Al : {0,1}" — {0,1}" be the “message function”
of Alice, according to P — i.e., Al(x) is sent when she
receives input x;

o let « {0,1}" — Pow({0, 1}"*) be the ‘“neighbor-
hood function” corresponding to Al(:) — i.e., a(x) def
{x'|Al(x") = Al(x)};

o define Bo(y) and f(y) similarly.

l7Interpret the pair (X', Y’) as the “actual outcome” of the experiment, then
Pr[x =x’
conditioned upon the value of ¥ being Y.

Y = Y’ | measures “how likely” the value of X was to equal X',
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Note that a(-) and £(-) naturally correspond to partitions of,
respectively, Alice’s and Bob’s input spaces: every possible
message sent by a player corresponds to an element of his
partition which is the set of input values corresponding to this
message. These partitions are fully determined by the message
functions Al(-) and Bo(:) and, in some sense, they reveal
“all that matters” about a protocol in D/H,,g, as we can always
consider (in the context of lower bounds, assume) an “optimal”
referee — the one who outputs a most likely guess regarding
f(X,Y) with respect to u, given the messages Al(X) and
Bo(Y) from the players. -

To analyze the complexity of cEqy, we reason as follows.

« We identify a useful property of all sufficiently accurate
protocols for Eg, (cf. Corollary 3).

o We consider protocols for Eg,, y and see that a more rigid
form of the above property must hold if 7 is a so-called
“small-bias space” (cf. Lemma 4).

e We view EZ]T as “Eq,r on a random subset u” -
accordingly, a protocol for I’ZET must satisfy the above
characterization with respect to “random projections”,
which leads to a more symmetric gr\it/erion (cf. Lemma 5).

o We observe that a protocol for cEqy must, in a sense,
simultaneously solve n “rotated instances” of Eq; —
therefore, such a protocol must satisfy the n ‘“rotated
versions” of the above characterization, which in turn
leads to an even more symmetric criterion (cf. Lemma 6)
and then to the desired complexity lower bound
(cf. Corollary 4).

A. Characterizing Protocols for Eq,

To characterize protocols that solve the equality problem,
we use the following idea: Suppose for simplicity that u = [n]
(i.e., the protocol solves the standard Eg). If the partitions of
{0, 1}"* defined by a(-) and f(-) are suitable for solving Eq,
then with respect to X = Y & {0, 1}", the pair of subsets
(a(X), p(Y)) will (typically) be such that [X = Y] is “likely”,
given the messages — namely,

Pr [X =Y]
(X" Y)Ea(X)xf(X)
1
> Pr X' =Y]=—.
(X/,Y/)e{o,l}”*”[ | 2"

Applying the optimistic chain inequality (Claim 2) with
respect to the event [X' = Y'] = [ \; X/ = Y/] and integrating
over the rectangles of the form a(x) x f(x) will lead to a
convenient protocol characterization.

Definition 3 (Protocols for Eg,). Fix some u C [n] and let P
be a protocol that solves Eg, in Dﬂ, £q,-¢- 10 addition to Al(-),
Bo(-), a(-) and B(-) defined earlier, we will use the following
variations: Let z € {0, 1}/, then
o denote by Al*(z) the distribution over {0, 1}", corre-
sponding to Al(X’) when X’ is chosen uniformly at
random from {x’ € {0, 1}"|x], = z};
o denote by a*(z) the distribution over Pow({0, 1}"), cor-
responding to {x'|Al(x) = mo} when mq is the value
taken by M ~ Al*(z) (alternatively, a*(z) can be defined
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as the distribution of a(X’) when X’ is chosen uniformly
at random from {x” € {0, 1}"|x}, = z});
o define Bo*(z) and f*(z) similarly.
We will argue that the following type of objects are, in a
sense, “typical for P (that will be the technical core of our
characterization).

Definition 4 (Good Rectangles). Let A, B C {0, 1}". We call
the rectangle A x B C {0, 1}"™ good if

Pr [X/:Y/]>;-L
(X', Y)cAxB" " =4 e 42l lul”
Our first step in this part is characterizing good rectangles
in a technically-convenient manner. We need the following.

Definition 5 (Delta-Properties of Sets and Partitions). Let
W C {0,1}", i € [|u|] and z € {0, 1}!*!. Then

. def . | — = 1
Iy (@) = Xférrl:Xu(l) =z; | Xu([i = 1) Z“*”] 2’

i def X, () =z X, (i — = 1
A (2) = xsljﬁ(z)[ u(@) = z; | Xy ([i —1]) Z[i*”] 2

IZ A~aE*(z) [53"1’ (Z)] ]

and similarly for AZ’i(z).
Lemma 1. Let A, B C {0, 1}". If the rectangle A x B is good,
then

[u]

U, i u,i 1 1
E| > 03 (2)- 05 (2) 21.1n(74ﬁ+2_u|),

i=1

where Z is distributed as X, when (X,Y) & A x B condi-
tioned on [X, = Y, ].

Proof. By the definition of good rectangles,
1 1
4fe 420l 2l
Jue]
= P X =Y']l=P X' () = Y (i
- (X’,Y’)gAxB[ u=Yu]=Pr l/_\l u (@) = Y, (@)
||

< E [ ®
- E (X',Y')SAXB

u u

X = Y’]

|u]
- Eg[(x,yferf\xg[x”(i) - Yu(i)’%ﬂj

where “%” stands for X,([i — 1)) = Y, (i — 1)) =
Zji—1), the second inequality is the optimistic chain inequality
(Claim 2), % stands for
P [X ) =Y, (i ‘]
(X,Y)GrAxB u(@) u (@)

conditioned upon [X,([i — 1]) = X, ([i — 1]), Y, (i — 1]) =
Y, ([i —11)], and Z is distributed as X, when (X', Y") € Ax B
conditioned on [X], = Y} ].
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On the other hand, for every i € [|u|] and z € {0, 1}/*I:

R G EACES A ARSI ES ARSI

- Pr[Xu(i):Yu(i)ZZi

Xulli = 1D =Ya(li = 1) =-1))
+Pr{ X, () =Yu () =1~z | X, (i = 1) =Yu(li = 1) =21
EACEE ARV T
- Pr Va0 = 2 Yalli = 1) = 251

+ Pr [Xu(i):l—z,-
XcA

= Pr
XcA

Xu([i — 1)) = Z[i—l]]

. yI;rB[Yu(i) =1-z

Y, (i —1]) = Z[i—l]]

1 1
=5+2 (XPGrA[XM(i) =zi| Xu(li — 1D = Z[HJ] - 5)
: (yI;rBI:Yu(l) =zi|Yu(li = 1) = Z[i—l]] - 5)

1 ) )

=5 +2-04'(2) - 95" ().
Therefore,

1 1

4fe 2 2k

||

1 U, i u,i
sg(fz'g[@ (2)- (Z)]),

where Z is distributed as X, when (X,Y) & A x B condi-
tioned on [X, = Y, ].
So,

1 1
1“(4ﬁ+ 2l 2l_)

d 1 u,i u,i
< ;(ln(z) +ln(1 4. ’ZE[@{ (2) - " (Z)]))

Jue]

< Jul .m(%) va > E[o @) )
i=1

as required. Miemma |
Next we will “look inside” P, for which we need the
following.

Definition 6 Variables
to [X, = Y, ]).
o Let Z ~ U{O,l}w.
o Let the pair of Pow({0, 1}")-valued variables (A, 1) be
distributed as (a*(Z2), p*(2)).
o Let Z' be distributed as X, when (X,Y) € A x B
conditioned on [X, = Y,].

(Random Corresponding

Intuitively, the variable Z corresponds to sampling the
protocol input from u 1]9%: think of it as drawing uniformly-
random (X, Y), subject to X, = Y, = Z. Then the rectangle
A x B can be viewed as the knowledge that the referee
obtains from the players’ messages regarding the input pair.
View Z’ as a “sibling of Z”, used in the proof for technical
reasons.
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Note two Markov chains that correspond to these random
variables:

Ao Z < B and Z < (A B) < Z,

in other words, A and B are independent when conditioned
on Z, and Z and Z' are independent when conditioned
on (A, B).

We claim that the latter chain is symmetric in the following
sense:

Lemma 2. The marginal distributions of ((A, B), Z) and of
((A, B), Z') are the same.

Proof. Let (a, ) € supp(A, B) and denote by [(a, 6)] the event
that (A, B) = (a, b), by [a] the event that A = a and by [5]
the event that B = 6. Let zo € {0, 1}*!, then

Pr[(a, 5)‘2 - Zo]

= Pr[a 7Z = ZO] . Prl:E‘Z = ZO]
= Pr[z=zfa]. 7”‘; > [fzo]

- Pr [Z - ZO‘E] ’ Prl[DZr [Z]zo]
= Pr[Z =20 a] - Pr(a]

Pr(z =z|6] Pr[s]- 22",

On the other hand,

Prlal= Pr [o"(Z)= 4]
Ze{0, 1)1
= Pr [a(X)Za]ZM,
Xe{0,1)" n
Pr[Z =7z0 a] = Pr[Z =z0la*(Z) = a]

= Pr[X, = 20|a(X) = o] = PriX, =z,
XCa

and similarly for Pr[6] and Pr[Z = zg|6]. Accordingly,
Pr[ (e, 6|7 = 2]
= Pr(X, =zl Pr[Y, =zol-lal 6] - 227",
Xca Yeb
Therefore,
Pr([(a, )] A Z = 2] ©)
= Pr[Z = z0]- Pr[(a, 6)‘2 = ZO]
= Pr(X, =z0]l- Pr(Y, =2zo0l-lal-|6] 2M—2"
Xca Y&b
and
Pr|(a, b)]

:ZPr[Z:z]- Pr[X,=z]- Pr[Y, =z]
. X€&a Yeb

(10)

-la] - 6] - 2211720

= Pr(X, =Y, |a|-|6] 2/-2"
X€Ca
Yeb
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On the other hand,
Pr([(a, O] A Z' = z0]

- Pr[z/ - ZO‘(a, 5)] . Pr[(a, 6)]

Prxca Xy = z0l - PrycslYu = zo] P
= - rr

PrXGa[Xu = Yu]
Yeb

= Pr(X,=z0l- Pr(Y,=zo0l-lal-|6] 2"~
Xca YEb

[(a. 5)]

= Pr([(a, B A Z = 2],

where the last two inequalities follow from (10) and (9),
respectively. Miemma 2

Our characterization of P will be based on the following
structural observation.

Lemma 3.
,{l’%[A x B is a good rectangle] > 1 —2¢ — 2/e.

Proof. Let (a,b) € {0, 1} be a pair of players’ messages
and

err(a,b)
&f Pr[P(X, Y) makes an error’Al(X) =a,Bo(Y) = b],

where (X, Y) ~ ugq, . By the correctness assumption,

Pr [err(Al(X), Bo(Y)) > \/E] < Je.
(X, Y)~uEq,
Call a pair of messages (a, b) € {0, 1}t bad if err(a, b) >
/€ and good otherwise.

Recall that ugg, is the “uniform mixture” of ,u%q and u éq .
Accordingly, from the correctness assumption it follows that
with respect to (X, Y) ~ ,uéqu,

o P accepts (that is, produces output “1”) with probability

at least 1 — 2¢;

o (Al(X), Bo(Y)) is a bad message with probability at most

2./e.
Note that sampling (Al(X), Bo(Y)) when (X,Y) ~ ,uéqu is
the same as sampling (Al*(Z), Bo*(Z)) when Z ~ Z/{{O,l}\u\
— therefore, (Al*(Z), Bo*(Z)) is a good pair of messages
accepted by the referee with probability at least 1 —2¢ —2./e.

We will see next that a good pair of messages accepted
by the referee defines a good rectangle (Def. 4); this will
imply the lemma, as the rectangle corresponding to the pair of
messages (Al*(Z), Bo*(Z)) under Z ~ Uy, 1y is distributed
the same way as A x B.

Suppose that (a,b) is a good pair of messages
accepted by the referee and let [(a,b)] denote the event
[(AI*(Z), Bo*(Z)) = (a, b)]. Then

Pr [(a,b)’Xu £ Yu]

(X,Y)c(0,1y+"
= Pr{(@.b)|X, # 1.

HEq,
Pr [(a, b)]
— Pr [Xu £7Y, (a,b)] . ”E‘fu—()
HEqy Pr,quu [Xy 7é Yul

=< 2\/5 Pr [(aﬂb)]ﬂ
MEq,
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as Pr'quu [X, # Y,] = /2. Similarly,

Pr [(a,b)’Xu = Yu]
(ij)G{O’l})l+)L

>2(1 = Ve) - /Pr [(a, b)].
LEqy

So,
Pr [(a,b)’Xu £ Yu]
(X,Y)e{o, 13"
- py [(a,b)’Xu - Yu]
1— Ve xyeioy
and
Pr [(a, b)]
(ij)G{O’l})l+)L
= Pr[Xu = Yu] ' Pr[(a,b)’xu = Yu]
+ Pr{(@.b)| X, # .
1 Ve
= (2|— o JE) Prl@b)]x. =1,
Finally,
Pr [Xu —v, (a,b)] (11)
(X’Y)G{O’”)H»)L
Pr|(a,b)|X, =7,
_ [( )’ u u] Pr(X, =Y,
Pr((a,b)]
1 1 1 1
= N WA =TT
R
as ¢ < 1/2. The result follows from the definition of good
rectangles. Miemma 3

We are ready for the main statement of this part.

Corollary 3. Let P be a protocol that solves Eg, in DLL e
with A" and A}" as defined earlier. Then

||

Sjer 51

i=1

1 1

Proof. We analyze the quantity

|ul

u,i / u,i /
JE > 8412 - o512 |.
T i=1

On the one hand,
|ul

E 5u,i Z/ .5u,i Z/
AE | 22900@) o5 @)

i=1
> Pr [A x B is a good rectangle]
v ln(;)
4 4./ + 271Ul
+ (l — Pr [A x B is a good rectangle])
|| ] ]
- min D64 05 )

i=1
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(1
> RS
4

1 1
>—-In{ ———
4 (4ﬁ + 2 lul
where the first inequality is Lemma 1 and the second one is

Lemma 3. On the other hand,

ful

Zéﬁl (Z/) . 5%,1(2/)
i=1

JE) -ln(ﬁ) — Ve |ul
) - 245

E
(AB),Z'

|ul

Zaﬁ( VAR VA

=288 p
ul
§Ze{ol}u[(ma*(z)[ (Z)]) (B ﬁ*(Z)[ (Z)])i|
— S E [A’“(Z) A (Z)] ZM:(AZ”',A;”'),

u
— Zc{o,1) p

where the first equality is Lemma 2. M Corollary 3

B. Characterizing Protocols for Eq, r

Lemma 4. Let T be a J-biased space for some 0 > 0 and
assume that P solves Eg, 7(X,Y) in D! Then

HEqy 58"

1 [X-:X -,AIX]
Z.EZMXG{OJ}n i u\{i} ( )

oI [Y-:Y -,BoY]
yelo.1y" i u\{i} ( )

1
© Q(ln(m @ +2—Iu>))

—o((VITT -2 + ) - lul).

Proof. From the definition of u Eqy7 and the correctness
assumption it follows that for any 7 € T, if (X+17,Y) ~ u Eq,»
then P solves Eq,(X + 7, Y) with error at most

er ET) - (e +271).

Let T, def {r"r,; € T|u, e = O} — in other words, T,
contains the elements of T’ w1th bits outside u set to 0. To keep
the notation simple, assume that |7,| = |T|,'8and therefore,
Tylu € {0, 1} is a 5-biased space.

Observe that for any 7 € T and the corresponding
7’ € T,, it holds that Eq,(X + 7,Y) = Eq,(X +7/,Y) and
(X+7,Y) ~ ugq, whenever (X+1',Y) ~ ugy,. Accordingly,

P solves Eq,(X +1,Y) when (X 41/, Y) ~ ugy, with error
at most ¢7.
Corollary 3 implies that
|u]
u,i u,i
T’ETM 2<Aa,r” Aﬂ >
i=
(o 2eT - lul
> - In| —————— ) —2e7 - |u
4 \ayer +27M !

18This assumption does not cause any loss of generality: without it we
would view Tj as a “multiset”.
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for Al ’,(z) def A% (z@t)) for every z € {0, 1}“ and 7" € T,,.
For any iellull:

E I:<Au,i/ , Au,i}]
o'eTy, T p

:E/- Z Aul,(s) Aul(S)

T

sC[lul]
- > a0 pw afo)
sC Iu\]
= > (Af;;"(s) CAR(s) - g[xs(r;)])
sCllul]

< ALT@) - A+ mﬁx[ [s(c, )]]

—_——

: o
< AL @) - AL @) +

where the first two equalities are basic properties of the Fourier
transform (see Sect. II), the first inequality follows from the

Parseval’s identity and the fact that , ’A;J(z)‘ <1

for every z, and the ultimate step utilizes the crucial property

of Tyl. C {0, 1} being a d-biased space. So,
ful — —

S AL@)- AL @)

i=1

1 1 P
o —— ) (27 + 2 ) -
~ % “(4ﬁ+2—lu) ( or 4) Jul

—

Let us take a closer look at A'&’i(@).

(12)

MW= E [AM(@2)]
AS(SIL

= E[ Pr[X,(0) = Zi|Xu(li = 1) = Zj | - 1}

Z | Xca*(Z) 2

. . 1
= sz: [XPGrA[Xu(z) = Zi’Xu([l —1]) = Z[i—l]] _ _].
A~a*(Z)

2

By the definition of a* (Def. 3), the “chain”
Ze{o, )" - A~a*(2) > Xc A

results in the same distribution of (Z, A, X) as

Xec{o,}' > A=aX) > X' cA—> Z=X,.

] 1
Xl—==

2
where x stands for X, ([i — 1]) = X ([i — 1]).

Moreover, the marginal distributions of (A, X) and of
(A, X") are the same: we can sample (X, A, X') by first
drawing A according to its distribution,!® followed by
mutually-independent selecting X & A and X' & A

Therefore,

Al @) = [X.@) = X,6)

E |: Pr
Xe{0,1}"| X' ca(X)

19This is the distribution where the probability of A = a is proportional to
lal.
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Accordingly,

—

()

—E| P [X =X (i
A{XG’_‘A u(l) u(l)
X'cA

%]——

1
= E | Pr[X,)=X,0)x| -
£ | pr[x0=x0)] -]
X'cA
1
- E 1;([xu(i)=x;(i)>:<,,4=,4/]—§,
XeA |LXcA

where % stands for X, ([i — 1]) =
distributed identically to A.

Denote W = (A, X, ([i — 1])) and W' = (A, X/, (i — 11)).
As the marginal distribution of X is uniform, we can apply
the second part of Claim 4 with respect to W and X, (i):

%ol
W/ X! (D) [ W, Xu ()

AL ()
1
w=w]- z}
c @(I[Xu(i) : W])
_ @(I[Xu(i) - a(X), Xu(li — 1])])
[Xu(z) ALX), Xu(li — 1])])

—
u,i

Applying similar reasoning to A ;
(12) leads to

|ul

EXG{IO,H" [X”(i) AIX), Xu (i — 1])]

X, (i —1]) and A’ is

Pr [Xu(i) = X' (i)

_ @( I
Xc{0,1

(¥) and plugging into

I [Yu(i) - Bo(Y), Ya(li — 1])]

Ye{o,1}"

€ Q(ln(ﬁ)) — O((Jer +9) - |ul).

By monotonicity of mutual information,

1 [X- - ALX), X ]
ZXG{O,]}" i ( ) u\{i}
€U

o [Y-:BoY,Y ]
ye(o.1y i () u\{i}

. g(m(ﬁ)) — O((JeT +0) - ul),

as required. Wiemma 4

C. Characterizing Protocols for EZ]T
Lemma 5. For sufficiently large 1, some J € @(1), any o-

biased space T of size 2°) and some ¢ € © any

|T| 1T1n% )
protocol P that solves EqT(X Y) in D — ¢ satisfies

ZE[ 1 [x,-:xul,Al(X)H
0 ul| Xef0,1}3"

E[ 1 [Y,- Y, Bo(Y)]:| > logn,
uz| Ye{0,1y"

iy

where ui, up & ( 23
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Proof. Suppose that a protocol solves EZ]T with respect to u Ear
with error at most ¢, and let 31/4 be the error that the same
protocol makes in solving Eq, r with respect to 1k, ..

By the definition of the two distributions (Sect. II-A.1),

Hig = B [ q”]'
n/x)
Therefore, (X,Y) ~ ug; Eq, can be sampled by first choosing
uc (,,/3) followed by (X, Y) ~ ugg, .. Then
E A N
uc an)[gu] ¢
ns3

Pr

< E Eqr(X,Y) # Eq, 7(X,Y)
ue<,£7%>[<X>Y>~ﬂEqu,r[ ' 1)

< FE Pr
MG(’E’}%) (X,Y)’\',quu’T

+ 2*9(’1) ,

[E’ZT(X, Y) 75 EQM,T(Xa Y)]i|

where the latter inequality is Claim 1. As our construction of
T is such that |11 @ 72| € 5 £ o(n) for every 71 # 12 € T
(cf. Fact 2), it follows from the Chernoff bound (Fact 1) that

On 11
[|(T1 @D 1)yl € ( " n)i| c 1_279(11),

Pr
[n 60’ 60

“G(n/s)

and, on the other hand, it follows by the same Fact 1 from the
definitions of HEq, 1> Eqr and Eq, r that

(21 ® )] € 9n 1ln
71 T2)u 60 60

Pr_ [Eqr(X,Y) # Eq, (X, V)] € 2790,

(X, Y)N,quu’T

Accordingly,

E [g,;] < g 4279,
”G([/z)

From Lemma 4, our assumption about |7'| and the concavity
of log(1/x), there exist choices of ¢ and J in the range given
by our statement, so that

E 1 [X-:AZX,X ] > 21logn,
. [%xgo,l}" i (X), X\ (i) *]_ ogn

”G(n/s)

where s stands for I'yco 1)2[Yi : Bo(Y), Yinq)]. and there-
fore for sufficiently large n,

E E II:X, : AI(X), Xulﬂuz\{i}] - X
[n] . X
”1>"‘2§(2n/3) ieuNuy
> Pr [luyNuzl >n/3]-2 > logn,

uj ,uzé(zl,?ﬁ)

where 3 stands for Iy[Y,- : Bo(Y), Yumug\{i}]-
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By the monotonicity of mutual information,

logn

<E| > g([Xi:Al(X),Xu.\{i}]'*

icuiNuy

<ZE[ [X Al(X), Xu,] ‘£[Yi : Bo(Y),YM”,

where “” stands for Iy[Y; : Bo(Y), Yy,\(i} ], the expectations

2[,:’/]2) in the first case
and with respect to uj,uy; € ([”ln\/g”) in the second, as

required. Miemma 5

are taken with respect to uj,uy € (

D. Characterizing Protocols for ;E?T

Lemma 6. For sufficiently large 7, some 6 € © (1), any J-
biased space T of size 2°C") and some ¢ € ®(|T| 3) any

protocol P that solves cEqT(X ,Y) in Dﬂ,qu
ckqT

E[ 1 [Xi,:Xu,,Al(X)H
i1,ur| Xe{0,1}"

" E [ 1 [Yi2 : Yuz,Bo(Y)]:| >
ir,uz| Ye{0,1}"

wher 1,12 o]y ("M and s (715

L& satisfies

logn
2n "’

Proof. Suppose that a protocol solves ZTZ;T with respect to
Mk, with error at most ¢’.
By the definition of the input distributions (Sect. II-A.1),

J

Therefore, with probability at least 1/2 with respect to j & [n],
the same protocol solves cEqy with error at most 2¢’ with

respect to ,uA/ and — according to Claim 1 — with error at
cEqr

most 2¢” + 2720 with respect to ,u/\/ Let J C [n] be the

set of indices j for which the above holds then |J| > n/2.
Let joe J. It follows by the Chernoff bound (Fact 1) from

the definitions of ,uA/ cEqT and EqT that

- E
Eqr je[n][

Pr_ [cBqr(X, ) # Eqr(ajo(X), 1) | € 2790,
(X V)~
cEqr

and therefore our protocol solves EZ]T (0j,(X),Y) with error
at most 2¢’ 4+ 279 with respect to (X,Y) ~ ,uf%/,
cEq

which corresponds to (o, (X),Y) H gy Via another
application of Claim 1, this means that the protocol solves
Eq7(0jy(X),Y) with error at most 2¢’ +27R0 with respect to
(0o (X), Y) ~ ugg,-

Accordingly, Lemma 5 implies that for some choices of ¢
and J in the range allowed by our statement the following
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holds:

|: E[x]- E **]:|
> 1 Zn:E[ae] E[x] . logn
2',eJ 2

where “x” stands for Ixcqo1yn[Xi: Xuy, ALX)], <37
stands for IYG{O,_I}” [Ya_,(i) Yo () Bo(Y)]
up,upy € ([”2]”\/2’}). That is,

logn
2n <,-1,,-fe[,,][g[>e] E[[ .Yuz,Bo(Y)]:H

where “x%” stands for IX[Xll Xul,Al(X)] Uy ([
[n\{i2}

2n/3

n]\li1})

273

and up & ( ), as required. Benma 6

Corollary 4. Th_ere exists a family 7 = Ty, T, ..., where
every T; C {0, 1}' can be constructed detg\m/inistically in time
poly(i), such that for the corresponding cEgy it holds that

RIP(cEqy) = D!

—_—~— n
cE e Qf ./ .
#E;T’é( ar) ( logn)

Proof. Let n be sufficiently large, 6 € © (1) be sufficiently
small, T be a J- biased space of size poly(#/s) (as guaranteed by
Fact 2) and ¢ € 5 oly(n) be sufficiently small, so that Lemma 6

guarantees that for any protocol P solving cEqT in D &
it holds that

E|: I [X,-I:XMI,AI(X)H
i1,ur] Xe{0,1}"

E| 1 [Y Ye,, B (Y)] logn
. i Yy, Bo >
i | Yoyl 2" 2n

Without loss of generality, assume that

1
E [ I [X,-l :Xul,Al(X)” > 2B
ir,ur | Xe{0,1)" 2n

fori; € [n] and u; & ([";b/{;l}), then

(2] .
Ju e (2n/3) .%XG{IOJ}”[X, .Xu,Al(X)]

- n /logn,
3 2n

and therefore the complexity of P is at least

vn -1
1 [AI(X) : X’Xu] 5 VI O8H
Xe{0,1)" 6
If, on the other hand, a protocol solves ?EET in D” I

Hebqy?3
then repeated k times in parallel for a sufficient k € O (logn),
it would solve cEqy with error at most ¢. B Corollary 4

VII. CONCLUSION

From Corollaries 4 and 1:

Corollary 5. Th_ere exists a family 7 = Ty, T, ..., where
every T; C {0, 1}' can be constructoggeterministically in time
poly(i) and for the corresponding cEqy it holds that

Ql(cEqr) e 0((ogn)?)
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and

Rire g e of o)
logn

a) The landscape of quantum superiority and further
questions: One of the main questions related to quantum
communication complexity is “When can quantum outperform
classical?” — formally, for which pairs of quantum and classical
communication models the former is super-polynomially?®
more efficient than the latter in solving a specific problem.

There are three main types of communication problems used
for model separations: functions, total functions and relations.
Functions — probably, the most natural class of communication
problems — are a special case of relations. Total functions
are a restricted special case of functions, where the support
is required to be the product set of the players’ individual
sets of input.”! There are known cases where a quantum
communication complexity class can be separated from a
classical one via a relation, while a functional separation is
provably impossible (see [1], [9]).

The history of (super-polynomial) separations that showed
advantage of quantum communication can be briefly outlined
as follows.

e In 1999 Raz [14] demonstrated a function that had
an efficient quantum two-way protocol, but no efficient
classical two-way protocol.

o In 2001 Buhrman et al. [3] demonstrated a total function
(namely, Eq) that had an efficient quantum simultaneous-
messages protocol without shared randomness, but no
efficient classical simultaneous-messages protocol with-
out shared randomness.

o In 2004 Bar-Yossef ef al. [4] demonstrated a relation that
had an efficient quantum simultaneous-messages protocol
without shared randomness, but no efficient classical one-
way protocol.

o In 2007 in a joint work with Gavinsky et al. [7] a function
was demonstrated, that had an efficient quantum one-way
protocol, but no efficient classical one-way protocol.

o In 2008 a relation was demonstrated [5] with an efficient
quantum one-way protocol, but no efficient classical two-
way protocol.

« In 2010 Klartag and Regev [11] demonstrated a function
with an efficient quantum one-way protocol, but no
efficient classical two-way protocol.

o In 2016 a function was demonstrated [6] with an efficient
quantum simultaneous-messages protocol with entangle-
ment, but no efficient classical two-way protocol.

o This work presents a function with an efficient quantum
simultaneous-messages protocol without shared random-
ness, but no efficient classical simultaneous-messages
protocol with shared randomness.

Is it the case that “everything separable” has already been
discovered — in other words, that for the pairs of a quantum
and a classical model, where we do not yet have an example of

20 A1l known super-polynomial separations are, in fact, exponential.

2l emphasize the distinction from total functions in the context of
communication complexity, the term partial functions is often used to address
the unrestricted functions.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 10, OCTOBER 2019

quantum superiority, such examples do not exist? Our current
knowledge of “limitations to separability” is very limited: in
particular, virtually nothing is known in this respect regarding
the models considered in this work.

To summarize what is known and what is still missing, let us
consider the three “canonical” randomized models: two-way
(R), one-way (R') and SMP (RI-P#?), and add to our picture
the “purposely weakened” SMP (RIl). We are interested in
their “strength relationship” with the quantum counterparts —
both the closest (e.g., R vs. Q) and “topologically” weaker
(e.g., R vs. QM.

« If we only allow functions and only consider the closest
pairs, then our knowledge has been completed by this
work:

Rl < Rbvb < R < R
A A A A
QH < QH,pub < Ql < Q

(we have just seen that Qlpub . RI.pub the rest has been
known for some time).

o As for “diagonal” relationship via functions, it has been
known that Q' can be stronger than R and we have just
seen that Q! can be stronger than RI-P40.

Question 1. Can some of {Qll, QI-?**} be stronger than
some of {RI , R} with respect to a function?”?

o If we allow relational problems, then one additional
“diagonal” separation is known: Q! can be stronger
than R'.

Question 2. Can Q! or Qll-rub pe stronger than R with
respect to a relation?

As we mentioned earlier, looking for the weakest quan-
tum model that can outperform R and for the strongest
classical model that can be outperformed by ol are,
probably, the two most natural approaches towards under-
standing the strength and the limits of quantum commu-
nication. Ultimately, we would like the two approaches
to “meet” — that is, to find a communication prob-
lem (even a relational one), easy for Q! but hard
for R.

o For the case of total functions our current lack of
understanding is almost perfect. We know nothing about
“diagonal” relationship and nearly nothing about the
closest pairs:

Rl < Rbpwo o RI o R
A ? ? ?

ol < glwb - o - Q@

Question 3. In the case of total functions, can Qll-pub 1e
stronger than RI-”**? How about Q' vs. R'? Q vs. R?
Can Qll, glbrub or Q! be stronger than R? Can ol be
stronger than RI-P*> or R1?

Lastly, we would like to mention
22Although not directly related to quantum superiority, nonetheless an

interesting question is: Can RI-PUb be stronger than ol with respect to a
function? For relations this possibility has been demonstrated in [8].
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Question4. What is the complexity of our ZE?T in the model
of classical SMP with shared entanglement (R/-¢)?

If it has an efficient solution, that would imply a functional
separation between Rlent and RI-P4P  which we do not have
yet ( (a relational separation is known); if, on the other hand,
cEqy is hard for RI", that would imply the possibility of
qualitative advantage of Q!l over RI-**, which is currently not
known even for relational problems.
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