Reminders

Let V be a vector space.

Aset S C Visabasis if
@ Sgenerates V, i.e., span(S) =V, and
@ Sis linearly independent.

Assuming that V has a finite basis:
@ All bases of V have the same size, the dimension dim(V).
@ Every linearly independent set can be extended to a basis.
@ IfU €V, then dim(U) < dim(V).

A square matrix is regular if it has a multiplicative inverse.



Uniqueness of basis linear combinations

LetV be a vector space over a fieldF. If v, ..., v, is a basis of
V, then for every v € V, there exist unique oy, . ..,an € F such
that

@ «aq,...,qpexist, since V = span(vy, ..., vp).

o If v=2avy+ ...+ a,vp then
(o — )i+ ...+ (ap—ap)vp=v—v=o0,and

@ since vy, ..., v are linearly independent, o = «; for
i=1,...,n.
L]



Let V be a vector space over afield F. Let B=v4,...,v, be a
basis of V.

The coordinates of a vector v € V with respect to the basis B
are the vector [v]g = (a4, ..., an) € R" such that

V:a1v1+...+anVn.
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@ the standard basis (0, 1), (1,0): coordinates
@ the basis (1,3), (1, —1): coordinates



Example

Problem

LetB =1, . X2+ x + 1 be a basis of P,. Determine the
coordinates of x?> + 3x + 6 with respect to B.

We need
aq - 14 ag( )+ azg(x® + x +1) = x% + 3x + 6.

By comparing the coefficients

ag =1 at x2 az =1
as+az3 =3 atx ap =2
oy +as+a3 =6 constant term a1 =3

[x? +3x +6]g = (3,2,1)



Size of vector spaces over finite fields

Corollary

IfV is a vector space over a finite field F,, then

‘V| _ ndim(V)‘

Each element of V bijectively corresponds to a dim(V)-tuple of
its coordinates. Ol




Sum of subspaces

Let V4, V> be subspaces of the same space.
@ Union of two subspaces typically is not a subspace.

V1—|—V2:{V1+V2:V16V1,V26 }





Sum and union

Lemma

Vi + V5 is the smallest subspace containing V1 and Vo, i.e.,

Vi + Vo = span(Vy U Vy).

C IfveVy+V,, then

@ V=V + v forsome vy € V; and v, € Vo, and
@ vi+ w € span(VyUVy).




Sum and union

Vi + V5 is the smallest subspace containing V1 and Vo, i.e.,

Vi+V, = span(V1 U Vg)

O If v e span(Vy U V,), then
@ V=oaqly +...+anu, where uq,...,ux € V; and
Ukiq,---,Up € Vo
o Letvi = aqus + ... + akuk € span(Vy) = V4
o Let vo = ak1Ukit + ...+ anuy € span(Va) = Vo
o V=Vvy+weV;+V,.

Ol



Dimension of intersection and sum

LetV have a finite dimension, letV{,V> € V.

dim(V1 N Vz) TF dlm(V1 T Vg) = dlm(V1) T dlm(VQ)

@ Let B be a basis of V; N Vs.
@ Fori=1,2, Bextends to a basis B; O B of V,.
@ By U B is abasis of V{ + Vs




Dimension of intersection and sum

LetV have a finite dimension, letV{,V> € V.

dim(V1 N Vz) TF dlm(V1 T Vg) = dlm(V1) T dlm(VQ)

@ By UB; is abasis of V{ + Vs

B; U B> generates V{ + Va:

Vi +V, =span(V; U V) = span(B; U Bo)




Dimension of intersection and sum

LetV have a finite dimension, letV{,V> € V.

dim(V1 N Vz) TF dlm(V1 T Vg) = dlm(V1) T dlm(VQ)

@ By UB; is abasis of V{ + Vs

Suppose aqVi+...+apvVp=owith vy,... . v, € B, Vkq,...,Vt €
B \Band Vifi,...,Vp € BQ\B Then
X =oqVi+.. +aiVt = —api Vi1 —. . .—apVp € ViNV2 = span(B).

x is a unique linear combination of By O B = «; = 0 for i =
k+1,...,t. Symmetrically fori=t+1,...,n.

Thus, a1y +...+axvyk =o0and a;=0fori=1,..., k by linear
independence of B.



Dimension of intersection and sum

LetV have a finite dimension, letV{,V> € V.

dim(V1 N Vz) TF dlm(V1 T Vg) = dlm(V1) T dlm(VQ)

@ Let B be a basis of V; N Vs.
@ Fori=1,2, Bextends to a basis B; O B of V,.
@ B; U B is abasis of Vi + V5
dim(Vy N Vz) +dim(Vy + Vy) = |B| + |By U By|
= |B1 N B[ + By U By
= |Bi| + B
=dim(V¢) 4+ dim(Vy)




Let V4, V, be 2-dimensional planes in R*. One of the following
holds:

oV,=V, dlm(V1 N V2) = dlm(V1 + Vg) =2,0r
@ VyNnVyisaline (dimension 1), dim(Vy + V) = 3, or
@ V;NVjis {o} (dimension 0) , V4 + Vo = R%.




Minimum intersection size

Corollary

IfV1 and V> are subspaces of a space of dimension n, then

dim(V; N V) > dim(V;) + dim(Vz) — n.

Example: two planes in R3 cannot intersect in exactly one point
@ w.l.o.g. the point would be (0,0, 0), hence
@ the planes are subspaces
@ their intersection has dimension atleast2 +2 — 3 = 1




Let A be an n x m matrix with entries from field F.

The row space of A is the linear span of its rows.

Row(A) = span(A , Az, - -, Any) € F1XM

The column space of A is the linear span of its columns.

Col(A) = span(A, 1,A.2,...,Acm) € F™

Equivalently:
Row(A) = {xA: x € F'*"}
Col(A) = {Ax : x e F™1}
e 4 4444



Row(A) = span((1,1,1),(1,2,3),(2,3,4)) = span((1,1,1),(1,2,3))

1
Col(A) = span 1],
2
1
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Matrix spaces and multiplication

Let A be an m x n matrix, B an n x p matrix, C an g x m matrix.

Row(CA) € Row(A)
Col(AB) e Col(A)

Row(CA) = {x(CA) : x € F'*9}
= {(XC)A: x e F¥9} C {yA:y € F"*"} = Row(A)

Col(AB) = {(AB)x : x € FP*1}
= {A(Bx) : x e FP*1} C {Ay : y € F™1} = Col(A)




Multiplication by regular matrices

Let A be an m x n matrix, B an n x n matrix, C an m x m matrix.

Corollary

If C is regular, then Row(CA) = Row(A).
If B is regular, then Col(AB) = Col(A).




Multiplication from the other side

... may change the space. But preserves linear dependences.

Lemma

/fa‘] A17* + PP + @nAn7* = O, then

(0% (AB)17* AF o oo AR Oén(AB)m* = 0.
Ifo{Acq1 + ... + apAcm = 0, then

&y (CAYet + ... + &ly(CA)y.m = O.

Oé1 (AB)']’* + oo + Oén(AB),L* = (041 A1 * + o oo + anAn’*)B

=0B=0
A1 (CA) 1 + ...+ ap(CA)em = C(a4Act + ... + ApAcm)
=Co=o0



Multiplication by regular matrix

Let A be an m x n matrix, B an n x n matrix, C an m x m matrix.

Corollary

If B is regular, then
a1A1 s+ ...+ apAn, =0
if and only if
a1(AB)1 4+ ...+ an(AB)n. = 0.
If C is regular, then
A+ . apAim=0
if and only if

&y (CAYet + ... + dly(CA)m = O.



Multiplication by regular matrix and bases

If B is regular and

Ai1 gko e 7Al'k7*
is a basis of Row(A), then
(AB)jy s, - - -, (AB)j, &

is a basis of Row(AB). Hence, dim(Row(A)) = dim(Row(AB)).

If C is regular and
Acjir- A

is a basis of Col(A), then
(CA)ujis-- - (CA),,
is a basis of Col(CA). Hence, dim(Col(A)) = dim(Col(CA)).
e 4 4444



RREF and matrix spaces

Recall: for every A, there exists a reqular matrix C such that

RREF(A) = QA.

Corollary

Let A be an n x m matrix.
Row(A) = Row(RREF(A)),
and

Oé1A*’1 AF a oo AF amA*,m =0

if and only if

a1 (RREF(A))s1 + - .. + am(RREF(A))..m.



Dimensions of matrix spaces

@ Non-zero rows of RREF(A) form a basis of Row(A).

@ If pq, ..., px are the basis colum indices of RREF(A), then
Acpis- -5 Acp, 18 @ basis of Col(A).

Corollary

rank(A) = dim(Col(A)) = dim(Row(A)) = rank(AT)

@ The “proper” definition of rank:

Rank of a matrix A is the maximum number of its linearly
independent rows.

@ A square matrix is regular if and only if its rows (and
columns) are linearly independent.



Description of RREF

Let A be an n x m matrix and let A’ ~ A be in RREF.
@ Forp=1,...,m, the column p is a basis column of A’ if
andonly if A.p & span(A, 1, ..., Acp—1)-
Letpy < po < ... < px be the basis column indices of A'.
® foreveryi=1,....m, Ay, ..., A, are the unique
coefficients such that

! / /
1iApr + A2 iAcp, + -+ A iAcp = Asis

andAj-J:Oforj:k+1,...,n.

Corollary (as promissed in the 2nd lecture)

There exists exactly one matrix A’ in RREF such that A~ A'.
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Row(A) = span((1,0,-1,0,1),(0,1,2,0,1),(0,0,0,1,1))
={(x,y,2y —x,z,x+y+2):x,y,Z€ R}
Col(A) = span((1,1,1)7, T.(1,8,2)7) = R®
(1,3,5) = —(1,1,1)T +2 T
(3,6,6)T =(1,1,1)T + T+(1,3,2)7




