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Definition 1. A set S C 'V is orthogonal if u L v for all distinct u,v € S,
and it is orthonormal if additionally ||ul| =1 for every u € S.

Lemma 1. Let 'V be an inner product space over field F. If S C 'V is
orthogonal and o ¢ S, then S is linearly independent. In particular, any
orthonormal set is linearly independent.

Proof. Let vy,...,v, € S and aq,...,qa, € F satisfy
a1v + ...+ v, = 0.
For:=1,...,n, we have

0= (0,v;) = {101 + ... + @V, V;)
=y (v1,0;) + ... + (U, ;)

=y <Ui7 Ui) )

since (v;,v;) = 0 for j # i. Since v; # o, we have (v;,v;) > 0, and thus a; =0
for every 1.

Note that if S is orthonormal, then o & S, since |jo]| = 0 # 1. O
Theorem 2 (Properties of orthonormal bases). Let V be an inner product
space and let B = vy, ...,v, be an orthonormal basis of V.

1. The coordinates of a vector v with respect to B are ({(v,v1) , (v,v9) , ..., (v, 0y)).

2. If the coordinates of u,v € V with respect to B are (ay,...,an) and
(81, ..., Bn), respectively, then (u,v) = 11+ ...+ @, 0n.

3. If the coordinates of v € V with respect to B are (f1,...,0,), then
[oll = V112 + ... + [Bal.




Proof. 1. Let the coordinates of v be (84, ..., ), so that
v:ﬁlvl—i—...—i—ﬁnvn.
Fori=1,...,n, we have

(v,v;) = (B1v1 + . .. + B, v;)
= [y (v1,v5) + Ba (2, v3) + ... + B (Vn, v3)

:ﬁh
since (v;,v;) = 01if i # j and (v;,v;) = 1.
2. We have
(u,v) = (V1 + ... + @V, V)
=y (V1,0) + ... + ay (U, V)
= a1 (v,v1) + ... + (v, v,)
=11+ ...+ b
3. We have
[oll = /(v v)
= \/61E+...+67E
= VB2 + .+ [Baf?



Algorithm 1 (Gram-Schmidt process). Let V be an inner product space.
Input: Vectors vy,...,v, € V
Output: Vectors uy,...,u, € V

Letm:=0. Fork=1,...,n:

o Let v, = v — ((Vg, u1) us + ... + (U, Up) Uppy)

U/

o Ifu, # o, then let m :=m+ 1 and u,, = Tk

l[og Il

Example 1. Gram-Schmidt process for vectors (1,1,0),(1,0,1),(3,2,1),(0,1,1).

V2

v; = (1,1,0) Jvi]| = v2 up = 7(1, 1,0)
1 V6 V6
vy = 5(17 -1,2) |vg] = =y Ug = ?(17 1,2)
vg = (0,0,0)
1 2V/3 V3
vy = 5(—2727 2) gl = 3 ug = ?(—2727 2)

The result is %2(1,1,0), ¥9(1,-1,2), ¥3(-2,2,2).
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Theorem 3. Let V be an inner product space, let S = vq,...,v, be a se-
quence of vectors of V, and let T' = uy,...,u, be the result of the Gram-
Schmidt process applied to S. Then T is an orthonormal set and span(T') =
span(S).

Proof. We prove the claim by induction on n. For n = 0, the claim is

trivially true, and thus assume that n > 1. Let uy,...,u, be the result
of the Gram-Schmidt process applied to vy, ...,v,_1, where m’ is either m
or m — 1. By the induction hypothesis, ui,...,u,, are othonormal and
span(uy, . . ., Upy) = span(vy, ..., Up_1).

Suppose first that v,, € span(vy, ..., v,—1) = span(uy, ..., U, ). By Theo-
rem 2, we have v, = (U, u1) Ur+. . .4 (U, Upps) Upy, and thus v, = 0, m = m/,
and T = uq, ..., U, . Observe that

span(7") = span(uy, ..., Uy ) = span(vy, ..., v,—1) = span(S).

Next, suppose that v, & span(vy,...,v,_1) = span(uy, ..., U, ). Since
(Unyur) Uy + ..o+ (Upy Upy) Uy € span(uy, . .., Uyy ), it follows that v, # o,
and thus m = m/ + 1. Note that

’ ol — 1 and

llonll

o [umll =
wll = ||t

e fori=1,...,m,
< > < (<Um u1> up + ...+ <Um um’> um’)a uz)
= (U, u;) — ((Vp, 1) <u1, W) 4 oo (U U ) (U, U))

= (Un, ui) — (U, 1;)

=0,
since uy, . .., Uy is orthonormal, and thus (u,,, u;) = 0.
Therefore, uq, ..., u,, is orthonormal.

Note that w,, € span(ui,...,uny,v,) = span(S), and thus span(7) C
span(S). Furthermore, since T' is orthonormal, we have dim(span(7)) =

m = m' + 1, and since v, € span(vy,...,v, 1), we have dim(span(S)) =
1 + dim(span(vy,...,v,-1)) = 1 + dim(span(ui, ..., uy)) = m’ + 1, hence
dim(span(.S)) = dim(span(7’)) and span(S) = span(7). O

Corollary 4. FEvery inner product space 'V of finite dimension has an or-
thonormal basis. Furthermore, if S C 'V is orthonormal, then there exists an
orthonormal basis B of V such that S C B.

Proof. Let S =wuy,...,u;. Wecanextend S to abasis S" = uy, ..., ug, Vgi1,- - -
of V. By the Gram-Schmidt process, we obtain an orthonormal basis B =
ULy« oy Ugy, Wht1, - - -, Wy (the process does not change wy, ..., ug, since they
are orthonormal). O



