@ # of ways how to color faces of a cube by k colors, when
colorings differing only by a rotation are considered to be
the same?

@ # of pairwise non-isomorphic graphs on n vertices?
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Counting objects from some set X

@ k-colorings of cube faces

@ graphs with vertex set {1,...,n}
subject to some symmetries

@ rotations

@ permutations of vertices




A group G is a set with a binary associative operation o, the
identity element 1, and the inverse x—':

@ xo(yoz)=(xoy)oz
@ xol=1ox=x

1 1

@ XoX '=x""ox=1

@ R.upe: rotations that map the cube to itself, with
composition of the rotations.

@ Sym,,: all permutations of {1, ..., n}, with composition of
the permutations.




Definition

An action of a group G on a set X: a function - : Gx X — X s.t.
e1-x=x
@ (goh)-x=h-(g9-x)

@ r rotation of a cube, x k-coloring: r - x = x rotated by r.

@ 7 permutation of vertices of a graph H: = - H = graph with
edges {wm(u)m(v): uv € E(H)}.




An action of a group G on a set X: a function - : Gx X — X s.t.
e1-x=x
° (goh)-x=h-(g-x)

Observation
Foray : X — X defined by ag(x) = g - x:
@ ay is a permutation of X

oag

-1 Is the inverse permutation to ag




For a group G with an action - on X:
@ x ~ yifthere exists g € Gsuchthatg-x =y
@ ~ is an equivalence

Definition
The classes of equivalence of ~ are orbits.

@ colorings of cube faces obtainable from x by rotations
@ graphs obtainable from H by permuting vertices

How many orbits does the action - have?




For a group G with action - on X:
@ Fix(g) ={xeX:g-x=x}
@ Map(x,y)={ge G:g-x=y}

Lemma

Let O be the orbit containing x :
o G="U,coMap(x,y).
@ Ifh-y =z thenMap(x,z) ={goh:ge Map(x,y)}.
@ [Map(x, x)| = |G|/|O|




Theorem (Burnside’s lemma)

#of orbits = = 3" Fix(g)
|Gl poer

Let the orbits be Oy, ..., On:

> Fix(g) = {(g.x) : g-x = x}| = > [Map(x, x)|

geG xeX
m m
— Z Z [Map(x, x)| = Z Z |G|/| Ol
i=1 x€0; =1 xe0;

m
=Y |Gl=|G|m
i=1
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Cube rotations:

The identity: k® fixed points.




Cube rotations:

Axis through face centers, +£90°: k3 fixed points.
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Cube rotations:

Axis through face centers, 180°: k* fixed points.
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Cube rotations:
Axis through edge centers, 180°: k* fixed points.
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Cube rotations:

Axis through vertices, +120°: k2 fixed points.

\

l

\ o
k—-) \20

;—4(k6 +3k* + 12k + 8k?)



Vertex permutations:

The identity: 2° fixed points.




Vertex permutations:

(ab): 24 fixed points.




Vertex permutations:

(ab)(cd): 2* fixed points.
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Vertex permutations:

(abc): 22 fixed points.
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Vertex permutations:

(abed): 22 fixed points.
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Is it faster than a direct enumeration?
o 2(2) = 29(") graphs.

o > 2(2) /n1 = 20(m) j28(nlogn) — 28() on-isomorphic
graphs.
@ n! = 20(nloen) permutations.

@ 2°9(VM cycle structures.




Pélya enumeration:
@ k boxes, G: a group of some of their permutations
@ Fori=0,1,2,...: a; kinds of objects of size i

Problem (Pdlya enumeration problem)

# of ways to put an object to each box s.t. the total size is m:
@ the same kind can be used multiple times

@ arrangements differing only by permutations in G are
considered to be the same.




For a permutation :
@ c¢y(m) = number of cycles of 7 of length .

Definition

The cycle index of a group G of permutations is

1 n
ZG(X1,X2,. ) = @ Z HX;Z( )

TeGi>1




Boxes=pairs, G = their permutations induced by vertex
permutations.

The identity: 6 x 1-cycle




Boxes=pairs, G = their permutations induced by vertex
permutations.

(ab): 2 x 1-cycle, 2 x 2-cycle




Boxes=pairs, G = their permutations induced by vertex
permutations.

(ab)(cd): 2 x 1-cycle, 2 x 2-cycle
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Boxes=pairs, G = their permutations induced by vertex
permutations.

(abc): 2 x 3-cycle
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Boxes=pairs, G = their permutations induced by vertex
permutations.

(abcd): 2-cycle and 4-cycle
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@ k boxes, G: a group of some of their permutations
@ Fori=0,1,2,...: a; kinds of objects of size i

@ # of arrangements of total size m, up to symmetries given
by G

A(X) = ap + a1 X + apx® + ...

Generating function for choosing ¢ copies of the same kind:
ap+ aix' + ax® + ... = A(xH)

Arrangements fixed by =: Placing copies of the same kind in

each cycle.
[Fix()| = [x™ [ [ A%
1



The answer to Pélya enumeration problem is

]1G] SO AM(x) = [x™Za(A(x), A(X?), A(x3), ...).

meG £2>1




Number of non-isomorphic graphs with 4 vertices and m edges:

@ a; =1 (non-edge), a; = 1 (edge), A(x) =1+ x.

Zg(1+x,1+x2,..)
1
=54 (1 +x)® +9(1 + x)2(1 + x?)? + 8(1 + x3)?

+6(1+ x2)(1 +x%))

1
24(
=14+ x+2x2 +3x3 1 2x* + x® 4+ xB

24 + 24x + 48x° + 72x° + 48x* + 24x° + 24x°)




